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Abstract

We considerthe irreducible variety Ng of nilpotent ele-
mens of the comnutator Gz of a nilpotent n! n Jordan
matix B having Jordan blocks given by the partition P of n,
over a beldK . Fix a homomorphism:! : G " Mg, where
Mg is a product of matrix algebrasover K, with kernelthe
Jacobsonradical Jg of Gs. The inverseimage of the subva-
riety U, correspnding to strictly upper triangular matrices,
Is a maximal nilpotent subalgebraUg of Gz. R. Basili gave a
specibchomomorphism! , and parametrization of Ug, that
has beenusedby seweral. We descrike an involution on Ug,
that is a generalizedtranspose. This involution underlies
some of the symmetrieswe reported last year, in matrices
related to the vanishing of elemerts of AX, A genericin Ug.

We poseseeral guestionsrelated to the open one of de-

termining the Jordan partition of the genericelemen of Ng.
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Intro duction . Seweral groupsare studying similar problems.

¥ V. Baranovsky, R. Basili, and A. Premet.
Let R = K{x,y}, pow.series;K alg. closed.V = K";
N P,(K) = pairs (A, B) of nilpotent n! n matrices, [A,B] = 0.
NP%(K) = pairs having a cyclic vectorv & V.
Fibration: #:NP%(K)! V " Hib"R:
#:(A,B,v)" KIJA, B], Artinian algebra.
BriandonOFhm. (1977). Reproved/extended by M. Granger (1983)
Hilb"K [x, y] isirred, over beldK, char K = 0. (l.-alsocharK > n).
Thm. (Baranovsky, 2001)
Hilb"(R) irreducible’ NP,(K) irreducible.
I NP,(K) irred. char K = Qor charK = p> n.
Thm. [Basili 2003],char K = 0 or p> n/2; [Pre] all alg. cld K:

N P,(K) isirred (proven directly). ! Hilb"(R) irred. (K.

¥ R. Basili-l.: Goal: Understand#*1Z,,,H a bxedHilbert function.
Let Ng ={ nilpotent A | [A,B] = 0}. Subgoal: Understand Q(P) =
largest Jordan block partition of A & Ng.

Thm. Q(P) = P il parts of P diler pairwiseby ) 2.

Thm. A & Ng and * cyclicv + generalA + tB haspartition P(H),

(P(H) = partition giving lengths of the rows of bar graph of H.)
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¥ T. Kogir, P. Oblak: Goal: Understand Q(P). Motivation: PDE.
Thm. (P. Oblak, 2006): Finds index of Q(P). (Later alsohby BIl).

Thm. (T. Kogir and P. Oblak): Q(Q(P)) = Q(P) (Q(P) OstableO).

¥ G. McNinch: Pencilsof nilpotent matrices (char p Lie groups).
Thm. A & Ng + A, B & Jacobsonradical of A + tB for t generic
(char K = 0 or most p, no needfor cyclic v.)

¥ D.l. Panyushev: Goal: Understand Premet, (from Lie theory).
Thm. DeterminesOsellargeQorbits for any Lie group G, char K = 0.
(In specialcaseG = gl(n), OsellargeO=stable). Pencils,char K = 0.
¥ T. Harima and J. Watanabe. Strong Lefsdetz properties (SLP) of
X & A, Artin algebra. Def x hasSLP if m,i hasmax rank for H,i > 0.
Thm. A any gradedArtinian x & A; generic+ X hasastronglefsthetz

property, under suitable (strong) conditions.

¥¥¥

Goal of presen work:

A. Describe an involution " on the bbresof ! .

B. Contribute to understanding algebra structure of Ug, maximal

nilpotent subalgebraof Ng: we give basesfor (Ug)'.

C. Generalizethe problem of bnding Q(P).



1 What is Q(P), maximal nilp otent orbit in G?

Let K = algebraicallylosedreldM,(K) = n! n matrices.
N (n,K) = {nilpotert A & M,(K)}.
Fix B & N (n, K) inJordanform,of partitionP = ($4,...,%).

G=A&M (n,k)|[A,B]=0. Ng=G, N(nK).
Problem 1.1. FindQ(P) = {Jordanpartitionsof A & Ng}.

Thm 1.2. Ny isirr educible. Q(P) hasa maximum, Q(P).

Ex 1.3. P = (4), goB isregular (singleJordanblock).

5—550010§ A_EEOOab§
20001% ;OOOaé
0000 0000

Whena= 0, A3= 0andP(A) = (4).
Whena= 0,b= 0,A3= 0, P(A) = (2,2)
Whena= b= 0,c= 0, thenP(A)= (2 11).
Whena= b= c=0thenP(A) = (1,1,1,1).
(3,1) cannot occur for P(A),A & Ng,P(B) = (4).
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1.1 The morphism ! :G " Mg. (semisimple part)

R. Basili[Basili2000]Jusing[Tur, Ait] parametrizedNg:

Ex 1.4. Leth =(3,3,2,B =Jp. ThenA & G sgtisbes:

2
w

oAl a2 a3 |al a2 a3 | al
"oy dp a1y |81p A1p App| A3

1 a2 1 a2
; O aj; af; 0 ap ag, O

Q
Y
w

0O 0 a};] 0 0 ai, O

o

"1 2 a3 [al a2 a3 | al
A = "o 81 81 831|85 Ay dyy| a3
" 1 2 1 2
. 0 a3 a5 0 a3 aj| 0
» 0 0 a3 0 0 a5 O

2 43 2 .3
;{; 0 a5 a3 | 0 a3 a3 i@s

N
w

o

QJI\.)
R S S S S S S S S S S S 58

S
w

0 0 &, 0 0 a% 0 %,

with ertriesin thering Z[ai,, ..., a33] in 21 variables.Let

J = Jacobsomad. of Cg, Mg = C(B)/ J semisimpleuotien.

v ap, aip %
SetA(3) = # L A= (%,
1 A1
ay; Ay

Morphism :! :G " Mg:A" (A(3),A(2)).

HereUg = ! #1 (strictly upper triangular2! 2 matrices, 0).

7



1.2 Maximal nilp otent subalgebra Ug of Gs.

Let the partition P = (p!, ..., ps), pr > 888> ps.
Mg = M, (K)! &8& M, (K),
N:(B) = N, (K)! &4 N, (K). WehaveNg = ! *}(N,(B)).
U/(B) = U, (K)! &4& U, (K). LetUs = ! *}(U,(B)).
Lemma. Uz = a maximalnilpotent subalgebraf G.
Def. DigraphD(A) of amatrix A & M,(K): Directedgraph:
Vertices= {1,2,...n}; Anarrov fromi to j i A; = 0.
Lemma . For A generian Ug, D(A) hasnoloops.Also
(K&N,(i,j 1. i,j. n,(AK); =0+ (AK1); = 0.
Question. Is the rank of AX,k = 1,2,... aninvariart of
D(P)? Is this rank the sameasthat for a genericmatrix of
zerosand variableswith the samedigraph[Pol, KnZe]?
Thm. (P. Oblak): Yes,for min{k | AX = 0}: indexof Q(P).
P. Oblak determinedhis index[Ob1].

Thm [BI1, Pan]. Q(P) = P ' partsdiler pairwiseby ) 2.



(Bl: P Ostable® Q(P) = P. Paryushev:P OselfargeO)

Thm. (T. KosirandP. Oblak)[KO]: Q(Q(P)) = Q(P).

Proof: Shav K [A, B] is Gorensteinf A & Ng is generic.

Ex 1.5. P = (3,1). ChooseA generidn U(B) = ! #1(0,0) .

[]] O 1 O

" 001

#

w000

$

O

000

0

«w 0ab

" 00 a

#

w000

&

RS

00d

ThenA? = %13, %= a’+ d . If %= 0,P(A) = (3 1)

When%= 0,P(A) = (22)or(2,1,1)or(1,1,1,1).

Ex 1.6. P =(3,11). Us =!%1(0,(3%))
| $ !

" 010

—h

o O

&

o O «

oo? .« 0ab
1 00100 ' 00a
?
B = ooooog, A=+ 000
::ooooog . 00 e
# #
00000 00d

o O
o

O

RSSSSSSSSSTSK



HereA3 = cd E1350Q(P) = (4,1).
Also,A3= 0i! P(A). (311),
Note: the G orbit of (3,1,1)in Ug isreducible thoughits G

orbit in Ng isirreducible

We have
! $ ! $
-:OO%ch% « 00 cd oo%
5500000§ ffooooo?

A’=w 00 0|0 oé, A*=w 00 0 ooﬁ, A*=0.
::OOchOé Z:OOOOOJJ
’ & i ¢
00000 00 000

where%= a+ dg+ ef.

Whencd = OwehaveP(A) = (4,1)= Q(P)

Whencd = 0 but cd or ef or %= 0 we have rankA? = 1,
andP(A) = (3,2) if rankA = 3or (3,1,1) if rankA = 2,
WhenA2=0,P(A) = (2,2,1),(2,1,1,1) or(1,1,1,1,1).

QP)=41)={41),32),(311),(21,1,1),(1,1,1,1,1)}.
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2 An involution " on G that restricts to Ug
2.1 An involution on partitioned matrices

Ex 2.1. Theinvolution &(2, 3) takesM5(R) " Ms(R):
| $

a bo/('f’o/%’o/%"y wd b|% % %
c d R ARG

:EO/@%;ef g

cC a % % %

o % AIm |

W % % | h i j ':‘%%’(V%)l i
# #

%@ % k | m %%k h e

—h

SRS
(@]
PSSR

Debnition 2.2. The actionof &(a, ) on Maw(R) :

I. reRectghe ertriesin thea! a block at the upperleft, and
in the b! bblodk in the lower right, about their non-main

diagonals.

ii. Sendgheb! a blodk in the lower left into thea! bblock
at upperright by transposefolloved by reversingthe order

of rows, thenrewersingthe orderof columns.
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2.2 The involution " for G, P = (p?,d)

. WeletP = (p*,d) = (p,...,p:G...,0),p > qg Let

« M(1,1) M(1,2
t=(a+b,n=ap+ bg LetM = (L1 M )%.

M(2,1) M(2,2)
Replaceahe ertriesof M & M .+ n(K ) by smallblocks, form-

ingM %& M, (K).. TheseblocksareM (1, 1), p! pin the up-
perleftM; M (2,1), p! qintheupperright; M (2,1), q! p
in the lower left; andM (2,2), g! g in the lower right. The

smallblocks have the circulan form foundin A & Ug:

I. The matricesthat comprisethe ertries of M (2, 1) have
the brstp# g columnszero,follonved by a circulart g! ¢

subblak C(2,1),,1. u. b,1. v. a

ii. The matricesthat comprisethe ertries of M (1, 2) have
the last p # q rows zero, precededby a q! g matrix

B(1,2),1. u. a,1. v. b.

Note : We usethat circulart gq! g matricescomnute.
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Def. For P = (p?, ), Wedebnelsp onGs,B = Jp.

a. apply the involution &(a,b) to M, pernuting the small

blocks. However, in applying&s(a, b) we must

b. replaceeat q! pertry M(2,1) = (6, Cuv),é . u.

" Cuv %
a,1. v. bofM,, bythep! gmatrix # é,and
0
! $
" Buv %
c.replaceead p! qgertry M(1,2), = é 1. u.
0

b,1. v. aofMy; bytheq! p matrix (O, By).

This debnitionextendsto " = &p : G " G forall P. Let
K [Xp] the ring of variables ertries of Agen & Gg; dePne

&:K[Xp]" KI[Xp] by theactionof & p on Agen.
Lem 2.3. We havefor U,V & Gz, " = geneal transmse:
"(UV) = "(V)a'(U); U&Us+ "(U)&Us. (2.1
We havefor U,V & subringK [Agen] $ Gs:

"(U) = &U), and"(UV) = "(U) "(V).  (2.2)
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and similarly for K[A], A genericin Ug.

Ex 2.4. LetP = (3%, 1%). ThenagenericA & Cg satisbes
!

52

" 0h, a1 & d d2 d3 f4 f5 f60

" 0 0/(11 A 0 d d2 0

o O
o O

w 0 0 % 0 0 d|O0

—h

N
—h

w

" %1 C G %o 8 au | f
A::: 0 %, cC 0O %, az| O

O 0 % | 0 0 %, 0 O

o

o
o
R S S S S S S8

5500e30

0

. 0 0O & | 0 O e |"21"20 t
0
|

€& | 11 S S

€ | 31 32 33

= $ .y s s %8/
non Oy d gy m (/’({0
L(A) =1 # ot t 9.
# %, Yo # .o éé

"31 32 33
Then & p refl3ectd (A) about the non-maindiagonalsand
&,p ‘' ag,a ' age" f,e, " fi,2. | . 6.

14



2.3 The vanishing-order matrix Pow(P); the matrix Powxe(P)

Def. Xp = {x;j | both Aj = 0,A% = 0,A generidn Ug}/mod
Hanlel relations}. (i.e. We idertify equalcircularn entries)

Mx,(P) = n! n matrix with

; Xj & Xp if A generidn Ug hasertry A; & Xp
Mxl(P)ij =

é 0 otherwise
(2.3)

PQNXGP) - MX1 + (MX1)2+ aaa.
Powx(P);j = highestdegred¢erm of Powxe); ,

Pow(P) integermatrix, Pow(P); = degreef Powx(P)j; .

Ex 2.5. P = (3),
! $ ! $
0 a O? Oaaz%
My, =" 00a§, PovxeP) =1 0 0 a%
# #

000 00O
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For P = (3,1,1), the genericA & U(B) andPowxe[P) are
|

o «
A7

>

I
o
o
o
o
o

PSSR

o
o
Q
o |

(2.4)

o
o
)
o
1O

o
o
o
o
o
&

o
Q

8,
+

gJl\.)
—
Q.

. 00 a

o O
o O

PovxeP)=+ 00 0 (2.5)

w 00 cd
#

o
o

RS

00 d 0O 0

Here&:d" f,e" gand"(PowxeP) = &Paowxef)).

Also&cd + a?) = cd + a? - entry bxedby ";
! $

+ +
n Cdoo ! !
and" takes # to f o =& dcd

d
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2.4 Constructing Powxe(P), an example.

Ex 2.6. ForP = (3%,13). A & Ug and Pow = Pow(P) are
! !

0

0

0

0

0 a3 a

d dy ds
0 d d
00 d

fq f5 fg

00
0

o O

0

0

0 a3 ay
O 0 a3

00O

f fs

—h
w

0
0

o O

0

0

0

0

P P

e

0 0 &
0 0 g

0 0 &

O s

w
N

ESRSRS S S S S S SSISSSS i :8 @

0O

—~t

00

o

, Pow =

" 025
w 002

. 000

136

013

001

" 014

001

" 000

025

002

000

55 003

. 002

001

004

003

002

Herethe variablesX; of Mx, are{c,d,e,f,s,t} and corre-

spondto the ertries 1 of Pow(P).
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We havefor P = (32,1 = (3,3, 1, 1, 1), Powxef) is

!

0 cd defst+ c°d?|d cd® d’efst+ c?d®|d d's ofst;
» 00 cd 0 d co? 0 0 O %
‘00 0 00 d 0 0 0 g
0 c efst+cd 0 cd defst+ d?|f fs fsté
00 C 00 cd 0 0 O %
00 0 0 O 0 O 0 O ?
. 00 est 0 O dest 0 s st %
w00 et 00 det 0 0 t %
H

00 e 00 de O 0 O

Here Q(P) hastwo parts (by an R. Basili result, as P

p?, o, p > q+ 1 hasrp = 2); the highestnonzergpower of a

genericA & Ug is A® = d?ef st E1¢, henceQ(P) = (7, 2).

HerePowxe(P) shavsthe symmey

"(PowxeP)) = &(Powxe),

andis evidemly simplyconstructedromMx, & Ug. [BI2].
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2.5 Pow(P) and a basis for Ug'.

LietP = (pf,...,ptY), p1 > 884> p, andlet A be a generic
elemenhof Ug. If theertry A = OandAj = Aiggjz1 We
denoteit by x; , andthe setof all sut by Xp (onevariable
for ead small Hanlel diagonal). Let s; = r; + aaa+ rj;.

Considerind : G " Mg, dimk (Ug) = # Xp satisbes
+ +
- ) ri+1
# Xp = iri(ri + 2s)# r; >

LetSp = {i|ri> 0},and(i & Sp, ji = ri+t maXriz1,ris}

(2.6)

(jumpindex),s = r;, andrecallt =# Sp. We denoteby
X = {xj &Xp | Af = 0but Af™* = 0} (2.7)

Thus, X comprisehe distinct variablefrom X p correspnd-

ing to ertriesk of Pow(P). We have [BI2, Sec.3.1]

# Xy= s+ 2t# D# # {ilji> ) (2.8)

1This section, an algebraic interpretation of some of the results in [BI2], was inspired by our

discussionsat the OCAmeets ACCOconferenceJanuary 08 with J. Weyman and T. Kosir.
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Welet Bp = | + Ug, andblterit by the ideals
Bo/ Ug/ Ug?/ &4l Ug® | O

Hereep = i(Q(P)) # 1,i1(Q(P)) = indexof Q(P), the largest
part. WesetUg = Bp. Denoteby E = O{g;,1. i,j . n}l,

the n2-dim vector space. For Xj & Xp, letv; & E satisfy
vi = & where” "isover {uv | Ay = x;}. LetV =

{vi,| Xj &Xy}, andOV1$ E theirspanV = *, W.

Thm . We have the internal directsums
A.Bp =22 ,0M13 22 Ugklught;
B.fori) 0, (Ug) = 240Vl

Proof Outline. Wewrite e; alsoforthe correspndingelemen
of Ug, providedx; & Xp. (SoUg $ V). Letu & Ug* $ E
have nonzerccommnen on someg; (with x; & Xy). Then

weadiewyv; asaproductofk elemetsv;! &8 v,V & Vi.
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Ex 2.7. P = (3,11).
|

&

o
X
=
N
X
[ —
w
X
[ —
N
X
=
a1

o
o
X
=
N
o
o

w 0 0 X243

o

X
IS
(6)]

>

I
o
o
o
o
o

RS

o
o |

0 O Xs3
Herevi; = €12+ €3, V33 = €33, ..., V53 = €53
Ug/Ug? = Vi = Oviz V14, Vas, Vssl
Ug?/Ug> = Vo = Ovss, VazlandUg® = V3 = Ovysl

The actionof " extendgo V, andeat V, is "-invariart.

Remark . Thereis symmetryhereand for someother (not
all) P in the QJg-Hilbert functionsOwhenstratibedby large
matrix blocksOcorrespndingto 3, (3, 1), 1. HereH ug (V1) =
(1,2,1),Hy, (V2) = (0,2,0).

Problem. Let A; = genericelemen of Ug'. We have, evi-

dertly, rank A; ) rank A'. Comparetheseranks.
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3 What is Qs(P) B maximal nilp otent orbit in

1 #4(Ms(B))?
3.1 Nilp otent multi-orbits Mg(B) $ M (B).

Debnition 3.1. LetP = (prll,...,prkk),pl > ... > pk. Let
i1l = POSof partitionsof r;. LetS = (Sy,..., %), S &
ri,l. i. k. LetS(P)={S&0r1! &a 01}

Ms(B) = nilpotert multi-orbit in M,,(K)! adal M, (K)

determinedby S.

SinceMg(B) isirreducibleand! #(Mg(B)) is Pbredover
Ms(B) by an a"ne spacasomorphido the Jacobsomadical
J of Gg, we have! #(Mg(B)) isirreducible.

We denoteby Qs(B) the partition givingthe Jordanblodks

of a genericelemenof ! #}(Mg(B)).

Ex 3.2. WhenS = ((ry),...,(rk)) (ead S; a singleJordan
block), thenMg(B) = M (B), Qs(B) = Q(B).

LetO= Sp= ((1"),...,(1)) thenMs(B) = {(O,...,0)},
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and Qq(B) is the maximalpartition for an elemenof J.
Observ ation . Whenthe distinct partsof P diler by two or
more,then Qp(P) = P; otherwiseQy(P) = P.

For P = (2,1%),S = ((1), (2%), thenQy(B) = (3,1,1) = P.

Problem : Find Qg(B) for eat S. Interpolatesbetween

Q(P), andthe generiarbit for A & J, the Jacobsomadical.

Lem 3.3 (Lifting).  i. Let && Gl,,(K)! &4 Gl (K)
and M,M”& M (B), and let A & Gs with ! (A) = M.

Then there is a unit &%& Gs suchthat ! (&¢A)) = A
i. Qs(P)= P(A) for A genericin ! *!(Js,,...,Js,).

That is, in PndingQs(P) we may assumdhat ! (A) has

compnerts eat in Jordanblock form.
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3.2 The partition Qs(P)

Def: For a bxedP denoteby Q(P) the POS
Q(P)={Qs(P) (S&(P(ry)! aaal P(ry))},

Lem 3.4.: S" Qs(P)isamapof POS:S(P)" Q(P).

For apartition (S; = (S11, .- -, S1t), weletm(S;) = (MSy4, ... MSy).

Ex 3.5 (Observ ation). LetP = (m®) = (m,..., m), and

let S; be a partition of (a). ThenQs,(P) = m(Sy).

Ex 3.6 (Observ ation). [Qs(P) for hooks]LetP = (p,17) |

p> 1. ThenthemapS " Qs(P) : S " Q(P), isan

iIsomorphisnof lattices.

Qo(P)=Pifp) 3; QoP)=(31¥Yifp=2

Let S = ((1),R), T & P(B). Then Qs(P) is obtainedby

Oadding® to Qy(P): addT;# 1to Qu(P)i,i = 1,2, ... urtil

the sumn is attained.

Ex P = (2 1% (seeEx 3.7B).Qq(P) = (3,1,1). S= (2,2)

Qs(P)= (22 + (3, 1,1,1) = (3+ 2# 1,1+ 2# 1) = (4,2)
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Ex 3.7. Hooks,p= 2.

A. P=(213; S=o011 1.

Qs(P)
(5)
(4,1)

(3,1,1)

(3)
(2.1)

(1,1,1)

B. P=(21%; S=o011 0.

Qs(P)
(6)
(5,1) (4,2)
(4,1,1)

(3 1)

S
(4)
31 (2,2)
(2,1,1)

(2%
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Ex 3.8. Hook: p=3. P=(31%;, S =011! M1.
Qs(P) S
(6,1) 4 # (4)
(5,1, 1) 4,21) 4# (31 (22
(4,1,1,1) 4 # (2,1,1)

(3,14 4 # (1%

Ex 3.9. P=(21); S=®l! 0Bl.
Qs(P) S
(7) 4 # 2! (3
5,20 4# (L1 3 (2! (21)
4,3) 4# (1,1)! (21)
4,21) 4# 2)! (1,1,1)

(331 4# (L,1)! (L11)

S(P)" Q(P) isnot anisomorphisnof POS.

((1,1)! (2,1)and(2)! (1,1, 1)areincomparablen S (P).)
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3.3 Questions: the involution " and Qs(P).

a. Towhatexten isQs(P) an invariart of the digraphD(A),

or digraphwih involution”, for A generian Us(B)?
b. What otherinvariarts of P arestepstoward Qs(P)?

c. Fix P. The conditionof A beingin ! *%(J,,,...,J,,) leads
to adilerent digraph-with-ivolutionD "than D for A generic
in Ug. But the lengthsof longestpathsfromi " | areun-

changedasthe matrix M, isin this Pbre.

Is the S. Poljak calculationof partitionsfor the generiana-

tricesofdigraph<D, D"the same?And whatistheir relation

to Q(P)?

d. Can the ranksof AX, A genericin Ug be concludedrom

thoseof certainpowers(or powersand sums)of Mx , ?

e.Fix S = (Sy,...,5). By regardingthe intersectionof

X1(P) with ! #1(Jg,, ..., Js ), Onecanconstructvariables
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X1(S) and matricesMx,s). Can the ranks of powers of
generielemets ofthe samebbrespe Pguredromtheranks

of powersand sumsof M, (s)?
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