A SURVEY OF ALGEBRAIC COBORDISM
MAR C LEVINE

Abstra ct. This paper is based on the author's lecture at the
ICM Satellite Conferencein Algebra at SuzhouUniversity, August
30-Septenber 2, 2002, describing a joint work with Fabien Morel.

1. Intr oduction

Togetherwith Fabien Morel, we have constructed a theory of alge-
braic colordism, which lifts the theory of complex cobordism to alge-
braic varieties over a eld of characteristic zero, as the theory of the
Chow ring lifts singular cohomology or the theory of algebraicK  lifts
the topological K. In this paper, we give an introduction to this the-
ory for the non-expert. For those interestedin more details, we refer
the readerto [5, 6, 7, 8.

We would like to thank the organizersof the Satellite Conferencen
Algebraat SuzhouUniversity for providing a warm and stimulating at-
mosphereat the conferenceand for promoting the cortinued exdange
of ideasamong mathematicians.

2. Complex cobordism

We recall that the Thom space Th(E) of a vector bundle E ! X
is the quotient spaceD (E)=S(E), whereD(E) and S(E) are the disk
bundle and spherebundle

D(E):=fv2Ejjvi 1g

S(E) :=fv2 E jjjvii = 1g;
with respect to a chosenmetric on E. It is easyto seethat Th(E) is
independen of choice of metric; in fact, onecande ne Th(E) without
referenceto a metric as

Th(E) := P(E  ec)=P(E);

where P is the assaiated bundle of projective spaces,and ec is the
trivial complexline bundle.

The author gratefully adknowledges support from the N.S.F., grant DMS

0140445.
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Taking the example of the universal rank n complexvector bundle
U, ! Gr(n;1), we have the 2nth universal Thom space
The bundle U, e ! Gr(n;1) is classied by an inclusion i, :
Gr(n;1)! Gr(n+ 1;1), giving the isomorphism

Un ec = inUn+1:
This in turn yieldsthe map of Thom spacesTh(U, ec)! Th(U+p).
In addition, one hasthe homeomorphismTh(U, €) = S?” Th(U,),
which yields the connectingmaps
SZA MUy " MUgpso:

We set M Uyys1 := ST~ M Uy,. The sequencef spaces

with attaching maps
S'A MU = Manay
Sll\ M U2n+1 = SZA M U2n "M U2n+2

de nes the Thom spectrum M U; for a topological spaceX, the com-
plex colordism of X is de ned asthe set of stable homotopy classesof
pointed maps

M 2n+1

MU"(X) := N“'En [ NX+;MUN+n]:

Sending X to the graded group MU (X)) evidertly de nes a con-
travariant functor. In fact, this satis es the axioms of a cohomology
theory on topological spaces.

2.1. Quillen's construction. Restricting to di erentiable manifolds,
the cohomologytheory MU was given a more geometric avor by
Quillen [9], following work of Thom. In [9] Quillen descrikesM U"(X)
as generated(for n ewven) by the set of complexoriented proper maps
f : Y ! X of codimensionn. Herea complexorientation is given by
factoring f through a closedenbeddingi : Y ! E, whereE ! X
is a complexvector bundle, together with a complex structure on the
normal bundle N; of Y in E (for n even). For n odd, one puts a
complexstructure onN; er. Onethen imposeghe colordism relation
by idertifying f (X 0)andf (X 1),iff :Y! X Risaproper
complexoriented map, transverseto X  f0; 1g.

From this de nition, it becomesapparart that MU (X ) hasnatural
push-forward mapsf : MU™(X)! MU" 9(X9 for aproper complex-
oriented mapf : X ! XO%of relative dimensiond. Pull-back is de ned
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by noting that, given a di erentiable mapg: X°! X, and a complex-
oriented mapf : Y ! X, onecanchangef by a homotopy to make f
transverseto g. Onethende nesg (f ) asthe projectionY x X% X°©
One also hasthe compatibility g f = f%° for cartesiansquares

0
xO X Y g_/Y
fO
X 0—5—IX

f

with f proper and complex-orietted, and g transverseto f .

Disjoint union de nes the addition in MU (X), and \reversing" the
orientation de nesthe minus. Taking products of mapsde nes external
products MU"(X) MU™(Y)! MU"™™(X Y). Taking X =Y
and pulling badk by the diagonal de nes cup products on MU (X),
making MU (X) a gradedcomrnutativ e ring with identity 1y = idy .

2.2. Chern classesand the pro jectiv e bundle formula. LetL !
X be a complexline bundle on a di erentiable manifold X, and let
s: X ! L bethe zerosection. De ne ¢;(L) 2 MU?(X) by

a(l) =s s (Ix):

One hasthe projective bundle formula: Let E! X bearankn+ 1
vector bundleon X, L I P(E) the tautological line bundle on P(E),
andlet = ci(L). Then MU (P(E)) is afree MU (X)-module, with
basisl; ;:::; ". Infact, MU isthe universalcohomologytheory with
Chern classesand a projective bundle formula.

2.3. The formal group law. It is not the casethat c;(L M) =
ci(L)+ c(M)! To make this failure precise,oneconsidersthe universal
caseof the tautological complex line bundle L,, on P" and the limit
bundle L; on P! . Letting , = ci(L,), sendingu to , de nes an
isomorphism
MU (P") = MU (pt)[u]=u"*!:

Taking limits givesM U (P*) = MU (pt:)[[u]], with u mappingto ; .
Similarly, we have MU (P*  P') = MU (pt:)[[u;V]], with u going
to ci(p,L1 ), and v to c;(p,L1 ). We have the power seriesF (u;v) 2

MU (pt:)[[u;Vv]] de ned as the elemen correspnding to ¢;(p,L1
p,L1 ). Thus, for any two line bundlesL; M, we have

c(L M) =F(c(l);a(M)):
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From the elemenary properties of tensor product, we seethat F
de nes a comnutativ e formal group law on MU (pt:), that is

F(u;0)= F(Q;u) = u;
F(u;v) = F(v;u);
F(u;F(viw)) = F(F(u;v);w):

In fact, Quillen [9] hasshawn this is the universalformal group law, so
the failure of c; to be additive is ascompleteasit can possibly be.

2.4. The Lazard ring. The coe cient ring of the universal formal
group was rst studied by Lazard [4], and is thus known asthe Lazard
ring L. The Lazard ring is known to be a polynomial ring over Z in
in nitely many variables

L = Z[Xq; %2500

L is naturally a gradedring with degx;) = 1.

Explicitly, one constructsL and the universal group law F, as fol-
lows: Let C = Z[fA; ji;]  1g], wherewe give Aj d|e:gree ]+ 1,
and let F 2 C[[u;v]] be the power seriesk = u+ v+ Aju'Vv. Let

L = C=F(u;v) = F(v;u); F(F(u;v);w) = F(u; F(v;w)):

and let F_ bethe imageof F in L[[u;V]]. Then (F_;L) is eviderly the
universalcommutativ e dimensionl formal group; L is thus the Lazard
ring.

3. Oriented cohomology theories

We abstract the properties of MU in an algebraic setting. Fix a
base eld k andlet Smy denotethe categoryof smaoth quasi-prgective
k-sdhemes.

De nition  3.1. An oriented cohomolay theory on Smy is given by

D1. A contravarient functor A from Smy to gradedrings.

D2. For eadh projective morphismf : X ! Y in Smy of relative
codimensiond an A (Y)-linear push-fornard homomorphism
f oA X)! ATYY).

Thesesatisfy:
Al. (f g =f g.id =id.
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A2. Let
w iy
f0 ‘f
Y -z

be a cartesiansquare,with X, Y, Z and W in Smy, and with
f projective. Then

gf =1%°:

A3. Projective bunde formula. For a line bundle L on X 2 Smy
with zero-sections: X ! L, dene

ci(L) := s s (1x) 2 AY(X):

Let E! X bearank n+ 1 vector bundle over X 2 Sm,
and P(E) ! X the assaiated projective bundle. Let =
c1(0O(1)). Then A (P(E)) is a free module over A (X) with
basis1; ;:::; M.

A4. Homotopy. Let p: V! X bean A" bundle over X 2 Smy.
Thenp :A (X)! A (V) is anisomorphism.

Remark 3.2 The readershould note that an oriented cohomologythe-

ory as de ned above is not a cohomologytheory in the usual sense,
as there is no requiremen of a Mayer-Vietoris property. One should

perhapscall the above data an oriented pre-cohomologytheory, but we

have chosennot to usethis terminology.

4. The formal group law
Let A be an oriented cohomologytheory. We have

imA (P P™) = A (K[[u;V]];

nm
the isomorphismsendingu to ¢;(p,O0(1)) andv to ¢;(p,O(1)). The class
of i (p;0(1) p,O(1)) thusgivesa power seriesFa (u;v) 2 A (K)[[u; V]
with

c(p,O(1) p,O(1)) = Fa(c(p,O(1)); cr(p,O(1))):

By naturality, we have, for X 2 Smy with line bundlesL, M, the
idertity

all M) =Fa(c(L);c(M)):
In addition, Fa(u;v) = u+ v mod uv, Fa(u;v) = Fa(v;u), and
Fa(Fa(u;Vv);w) = Fa(u; Fa(v;w)). Thus, Fa givesa formal group law
with coe cients in A (k). In particular, for ead oriented cohomology
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theory A, there is a canonicalring homomorphism » : L ! A (k)
classifyingthe group law Fa.

Note that ¢, : Pic(X) ! A(X) is a group homomorphismif and
only if Fa(u;v) = u+ v; we call sud a theory ordinary.

Examples4.1 (1) The Chow ring of algebraic cycles modulo ratio-
nal equivalence,CH , and etale cohomologyH2 ( ;Z=n( )) (alsowith
Zi( ) or Q( ) coecients). Theseare all ordinary theories. Similarly,
if k! Cisanembedding,and X isin Smy, let X (C) be the
complexmanifold of C-points on X  C. We have the ordinary theory

X 7"H (X (C);2)
whereH ( ;Z) is singular cohomology
(2) For X 2 Smy, we have the Grothendiedk group of algebraicvector
bundleson X, K29(X). For a projective morphismf : Y I X, we
have the pushforward f p: K§9(Y) I K§9(X), de ned by sendingE
to the alternating sum ;( 1)'[R'f (E)]. Here, we needto idertify

KS'Q(X) with the Grothendiedk group of coherem sheaeson X, for
which we require X to be regular (e.g. smaoth over k).

This doesnot de ne an oriented cohomologytheory, sincethere is
no natural grading on Kg'g which respects the pushforward mapsin
the proper manner. To correct this, we adjoin a variable (of degree
-1), and its inverse !, and de ne

f(E] ") :=f (ED " °

forf : Y ! X projective,d = dim¢X dimgY. This de nes the
oriented cohomologytheory theory Ko[ ; 1.

Ko[ ; Y]isnot an ordinary theory, in fact, its formal group law is
the multiplicative group

Fe,(u;v) = u+v uv:

To seethis, it followsfrom the de nition ofc; that ¢;(L) = (1 L-),
where L- is the dual line bundle. If L = Ox (D), M = Ox(E) for
smooth transversedivisors D and E, we have the exact sequences

0! Ox( D)! Ox! Op! O
0! Ox( E)! Ox! Og! O
and

0! Ox( D E)! Ox( D) Ox( E)
I Ox! Op Oy Og! O
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From these,one nds the relation in K 29

[1] (L ™M)-1= (1] [L-D+ (] M-]) (@] [L-D (@] [M-]);

which yields the stated group law.

(3) Asin (1), let :k! C beanembedding. We have the oriented
cohomologytheories

X 7MKL X ©) 5 Y
X 71 MU (X (C))

Theseare both extraordinary theories(i.e., not ordinary). The group
law for Kt%p is the multiplicativ e group, and for MU the universal
group law.

5. Algebraic  cobordism

Let PSchy be the categorywith objects nite type k-sdhemes,and
with morphismsthe projective mapsY ! X let PSmy bethe full sub-
category of PSchy with objects the smooth quasi-prgective schemes
over k. We can now state our main result on algebraiccobordism:

Theorem 5.1 ([5, 6, 7]). Let k be a eld of characteristic zero.

(1) There is a universal oriented cohomolay theory ~ on Smy.
(2) The homomorphism :L! (k) is an isomorphism
(3) For X of dimensiond, write ,(X) := 9 "(X). Then the
covarient functor on PSm, extendsto a covariant functor
on P Schy satisfying
(@) haspull-backhomomorphismdor smath quasi-piojective
morphisms,compatible in cartesian squaes.
(b) Leti:Z ! X beaclosal emhleddingwith open complement
j :U! X. Then the sqquene

@) )Y oo
is exact.

Idea of construction: For a nite type k-sdhemeX, let M (X) be the
set of isomorphismclassesof morphismsf : Y ! X, with Y 2 Smy
andf projective. M (X) is agradedmonoid under disjoint union, with
f :Y ! X in degreedimc(Y), let M (X)* be the group completion.
Composition with a projective morphismg : X | X%makesM * a
functor on PSm,

We construct (X)) asa quotient of M (X)* in three steps:
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(1) Imposethe relation of \classical cobordism™: f (0) = f (1)
forf :W! X A W 2 Sm,,f projective,andf transverse
with respectto the inclusionX f0;1g! X AL

(2) ForL! X aglobally generatedline bundleandf : Y ! X in
M (X), leti:D! Y bethe zerolocusof a generalsection of
f L. Setcy(L)(f):=f i:D! X. Onecheks that this is
well-de ned modulo the relation of classicalcobordism.

Imposethe universalformal group law:

ol M)(F) = Fo(e(L);c(M))(F)

for globally generatedliine bundlesL andM on X andf :Y !
X in M (X).

(3) Imposethe \Gysin relation”, by identifying ¢;(Ow (D))(id w)
with the classofi : D! W for D a smaoth divisor on W.

Remarks 5.2 (1) The above gives the rough outline of a somewhat
simpli ed version of the actual construction. We refer the reader to
[7, 8] for more details.

(2) The restriction to characteristic zeroin Theorem 5.1 arisesfrom
a heary use of resolution of singularities [3]. In addition, the weak
factorization theorem of [1] is usedin an essetial way in the proof of
Theorem5.1(2).

6. Degree formulas

In the paper [10], Rost made a number of conjecturesbasedon the
theory of algebraic cobordism in the Morel-Voewdsky stable homo-
topy category; assumingthese conjecture, Rost is able to construct
the so-calledsplitting varieties which play a crucial role in Voewod-
sky's approad to proving the Bloch-Kato conjecture. Many of Rost's
conjectureshave beenproved by homotopy-theoretic means(cf. [2]);
our construction of an algebro-geometriccobordism givesan alternate
proof of theseresults, and settles many remaining open questionsas
well. We give a sampling of someof theseresults.

6.1. The generalized degree formula. All the degreeformulas fol-
low from the \generalized degreeformula”. Before stating this result,
we rst de ne the degreehomomorphism

deg: (X)! (k):

We assumethe base- eld k has characteristic zero.
Let X be an irreducible nite type k-schemeand let iy : x ! X
be the genericpoint of X, with structure map px : x ! Speck. By
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Theorem5.1, we have the comnutativ e diagram

(kw (k(0))
=k =k (x)

L
with o and ) isomorphisms.Thus the base-tangehomomor-
phismp, : (k) ! (k(x)) is alsoan isomorphism.

Letf : Y ! X bein M (X), with X irreducible. De ne degf 2

(k) to bethe elememn mappingto f, : Y xx! xin (k(x)) under
the isomorphismp, : (k) ! (k(x)). More generally if in any
elemem of (X), letdeq )2 (k) bethe elemen with

pc(ded ) =i, 2 (k(x)):

Theorem 6.2 (Generalizeddegreeformula). Let X be an irr educible
nite type k-scheme,andlet bein (X). Letfg:Bg! X bea
resolution of singularities of X, with B quasi-piojective over k. Then
therearea 2 (k), fi:B;! X in M (X),i= 1;:::;s, suchthat
Q) f; : B; ! f(Bj) is birational and f (B;) is a proper closeal subset
of X, i=1::1sp
(2)  (deg )[fol = alfilin (X).

Proof. It follows from the de nitions of that, for X an irreducible
nite type k-sdheme,we have

(k(X)) = lim  (U);
U

wherethe limit is over denseopensubstiemesU of X, and (k(X)) is
the value at Speck(X) of the functor  on nite type k(X )-schemes.
Thus, there is a smaoth open substiemej : U ! X of X sud that
] = (deg )[U]in (U). Shrinking U if necessarywe may assume
that Bog! X is anisomorphismover U. Thus,j (  (deg )[fo]) = O
in  (U).

Let W = X nU. From the localization sequence

w)yl o' ()

we nd anelemen ;2 (W) with i (1) = (deg )[fo], and
noetherian induction completesthe proof.

Remarks 6.3. (1) If X isin Smy, we can take fo = idy, giving the

formula
xn

(deg )idx]=  a&[fi]

i=1
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in  (X).
(2) If X isin Smy, and = [f]forsomef : Y ! X in M (X), we have
xXn
[f]1 (degf)lidx]=  alfi]
i=1
in  (X).

@Iff:Y! Xisin M(X), anddimY = dimX, then degf is
an integer, namely, the usual degreeof f if f is dominant, and zero
if f is not dominart. Indeed, the map  (k(X)) ! k(X)) is an
isomorphism(k(X) the algebraicclosureof k(X )), and it is clear that
the image of [f]in  (k(X)) is [k(Y) : k(X)] [Speck(X)] if f is
dominart, and zeroif not.

6.4. Classical cobordism and algebraic cobordism. From the the
universal property of , one seesthat a homomorphismof elds :
k! C yieldsa natural homomorphism< : (X)! MU? (X (C)),
with f : Y I X goingto the classof the map of complex manifolds
f :Y (C)! X (C).

Let P = P(cy;:::;¢q) be a degreed (weighted) homogeneougpoly-
nomial. If X is smooth and projective of dimensiond over k, we have
the Chern numter

P (X) isin fact independen of the choice of

Let sq be the polynomial which correspndsto g, where g;:::
are the Chernroots. The following divisibility is known: If d=p" 1
for someprime p, and dim X = d, then sq(X) is divisible by p.

In addition, for integersd = p" landr 1, there are mod p
characteristic classedq., with tg, = s4=p mod p. The sy4 and the tq,
have the following properties:

(6.1)

(1) s4(X) 2 pZ isde ned for X smooth and projective of dimension
d=p" 1. t4 (X) 2 Z=pisde ned for X smooth and projective
of dimensionrd = r(p" 1).

(2) sq and tg, extendto homomorphismssy @ 4(k) ! pZ, tg, :

k) Z=p

(3) If X andY aresmaoth projective varietieswith dim X;dimY >
0,dmX + dimY = d, thensy(X Y)=0. =)

(4) If Xq;::: ;Xséll’e smooth projective varietieswith ~ , dim X; =
rd, then tg, ( ~; X;) = Ounlessdj dim X; for ead i.
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Theorem 6.5. Letf : Y ! X be a morphism of smath projective
k-schemesf dimensiond, d= p" 1 for someprime p. Then there is
a zemw-cycle on X suchthat

sa(Y) (degf)sq(X) = p ded ):

Theorem 6.6. Letf : Y ! X be a morphism of smath projective
k-schemesf dimensionrd, d= p" 1 for someprime p. Suppsethat
X admits a sequene of surjective morphisms

X =Xl Xg! il Xy 1! X, = Speck

suchthat,
Q) dimX; = d(r ).
(2) Let beazemw-cycleon X; x,.,, Speck(Xi+1). Thenpjded ).
Then
tar (Y) = dedf )tqy (X):

Proof. Thesetwo theoremsfollow easily from the generalizeddegree
formula Theorem 6.2 and the ampli cations of Remark 6.3. Indeed,
for Theorem 6.5, we have the idertity

_ X

[Y ! X] (degf)lidx]= a[Bi! X]
i=1

in  (X) with the g in (k) and with dim(B;) < d for all i. Pushing
forward to (k) givesthe identity

xn
[Y] (degf)[X]=  a[Bi]
i=1
in  4(k). We can expresseat a; asa sum
X
a=  mMl

|
wherethe Y are smaoth projective varietiesover k. Applying sq gives
X
sa(Y) dedf)sq(X) = mnisa(Yi  Bi):
il

As dim(B;) < dfor all i, we have dim(Y;) > O for all i; I.
Sincesy vanisheson non-trivial products, only the terms with B; a
point z; of X survive in this last sum. Rewriting the sum, this gives

saY) degf)se(X) = mse(Y;)degz)
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for smooth projective dimensiond k-sdhemesy;, integersm; and points
z; of X. Sincesy(Y;) = pn; for suitableinteg(ersn,- , We have

sa(Y) dedf)sq(X)= pded mjn;z);
j
proving Theorem6.5.
For Theorem 6.6, we have as before

X
[Y ! X] (degf)lidx]=  a[Bi! X]
i=1
in  (X). We then decommseeadh B; ! X, using Theorem 6.2,
giving X
[Bij] = ag [X2]+  nja;[Bjl:
i
in  (X3y). lterating, we have the idertity in (k)
X Y
[Y] (degf)[X]= nl o Yl;
I=(ig;uir)  J=0
wherethe Y; are smooth projective k-shemes. In@ddition, the con-
ditions on the tower imply that for ead product jrzo Y sud that
didimY; for all j has pjn,;. Thus, arguing as above, we see that

7. Comparison resul ts

In this last section, we explain how one can recover both the Chow
ring CH (X) and K@9(X) from  (X).

Suppose we have a formal group law (f;R), giving the canonical
homomorphism ¢ :L ! R. Let ., bethe functor

cr(X)= (X)) LR;
where (X) isan L-algebravia the isomorphism L ! (k). For
X a nite type k-sdheme,de ne (f;R)(X) similarly.
Since s right exact, the theories .5, and ™ have the same

formal propertiesas and . In particular, ) isanoriented coho-

mology theory, and ("R) satis es localization. The universal property

of  givesthe analogousuniversalproperty for  g.

In particular, let , bethe theory with (f (u;v);R) = (u+v;Z), and
let be the theory with (f (u;v);R) = (u+ v uv;Z[ ;  1). We
thus have the canonicalnatural transformations of oriented theories

(7.1) ,! CH; K3 Y
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Theorem 7.1. The natural transformations (7.1) are isomorphisms.
Proof. We de ne mapsbadwards:
CH ! ; K& !

For CH , we rst notethat "(k). = Oforn & O,sinceL = (k), and
L is generatedby the coe cien ts of the universal group law. To map
CH to .,sendasubvarietyZ X tothemapZ! X,whereZ! Z
is a resolution of singularities of Z. It follows from localization that
the classof Z in , (X) is independern of the choice of the resolution.
A similar argumern shaws that the relations de ning CH goto zero.
It is evidert that the composition CH ! . ! CH isthe idertity.
Finally, the generalizeddegreeformula Theorem 6.2 shows that the
map CH ! , is surjective, proving the result.

ForK29[ ; 1], weusea\Chern character" to ds ne the badwards
map. In fact, sendinga line bundle L to ch(L) := ¢, (L)' is easily
seento satisfy

I:)ch(L M) = ch(L)ch(M):
De ning ch( iL;) = ;ch(L;) and usingthe splitting principle de nes
the ring homomorphismch : K29 ; 1] ! . One calculatesthe
asseiated Todd gerus as follows: The respective projective bundle
formulas give isomorphisms

ImKGo[ 5 1P =2z[; Ml lim o (PY)=2[; )V

with u goingto 1 O( 1), andv goingto the classof a hyperplaneH.
Thus, onecanwrite ch(1 O( 1)) as ([H]) in  (P") for a unique
power series (v) = av+:::. ThenTodd(v) = (v)=v. But oneeasily
computes (v) = v, giving Todd(v) = 1. The Riemann-Rah formula
then gives

ch(Oz) = [Z]2  (X)
for Z ! X a smooth closedsubstiemeof X 2 Smy. This and lo-

calization implies that ch : Kg'g[ o is surjective; one easily
computesthat the composition
KOs 1t 1KLY

is the identit y, completing the proof.
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