Matrix, Matrices

As is common in multidimensional calculus, points in space are represented by vectors. For
example

5
B = 0
-9
is the three-dimensional column vector that represents the point (5, 0, —9) in
three—dimensional space.
We can also write our vectors in “row” form:
[3 2 —9]

Two vectors are equal if  a. they are both columns, or both rows,
and b. they have the same dimensions, that is, the same number of entries
and c. the entries are each equal to the corresponding entry of the other

The basic operations on vectors are multiplication by a “scalar” (that is a real number)

15
3B = 0
— 27
and addition
5 -4 1
-2 + -3 = -5
2 4 6

Two vectors can be added together if they are the same size and type and only if they are the
same size and type.



We define a matrix to be a recatangular array of numbers. A matrix can be thought of as a
horizontal list of column vectors of the same size, or alternatively as a vertical list of row
vectors of the same size. For example

2 1 -1 5
6 —7 1 -9
isa3 x 4 matrix (read “three by four matrix™). It has three rows and four columns and can
be thought of either as 4 column vectors of length 3, or 3 row vectors of length 4.
Two matrices are equal if  a. they have the same dimensions, that is, the same number of
rows and the same number of columns

and b. the entries are each equal to the corresponding entry of the
other

The basic operations on matrices are multiplication by a scalar

6 3 -3 15
3C = 12 -6 0 0
18 -21 3 =27

and addition

2 1 3 6 107
3 2 4 2| 10
o4l T | 4 1| T 4 3
10 3 0 2 0

These are 4 x 2 matrices. Two matrices can be added together if they have the same
dimensions and only if they have the same dimensions.



How do we multiply two matrices? We first answer the question for two special matrices;
namely, the product of a1 x n matrix, which is a row vector, and an n. x 1 matrix, which is
a column vector. It is done as follows

4 1 3] 1| = [(4-3)+(1-1)+(3-0)] = [13]

This is sometimes called the dot product of two vectors. To extend the definition to the
product of a matrix and a column vector, just take the product of each row of the matrix with
the column vector and stack the results in a new column vector:

4 1 3 3 (4-3)+(1-1)+(3-0) 13
2 6 8 o [@3)+(6n+(8-0) _ |12
1 09 0 Tl @-3)+(0-D)+(9-0)| 3
2 21 (2-3)+(2-1)+(1-0) 8

Note that the number of columns of the matrix must equal the dimension of the vector being
multiplied.



This definition can be used to represent a system of linear equations

2U+ v—w = 5
4u — 2v 0
6u—7v+ w = -9

as a matrix multiplying an unknown vector equalling a known one as follows:

2 1 -1 u 5
4 -2 0 Y = 0
6 —7 1 W -9

If we multiply out the left side we get an equation expressing the equality of two vectors.

20U+ V— W 5
4u — 2v = 0
6u —7v+ w -9

If we equate each of the three components (or entries) of these vectors we get the original
equations.

This is an equation of the form Ax = b where the known matrix A, called the coefficient
matrix of the system, multiplies the unknown vector x and equals the known vector b. The
problem is to find the vector x. Note that the solution vector

u 1
X = Vv = 2
w -1
satisfies the equation
2 1 -1 1 5
4 -2 0 2| = 0
6 -7 1 -1 -9

This shows that our definition of a matrix times a vector has some practical value and is not
just some more mathematcal generalised abstract nonsense. We’ll see, soon enough, that
matrices can also represent a system of differential equations.



Finally, to multiply two matrices just multiply the left matrix times each column of the right
matrix and line up the resulting two vectors in a new matrix. For example

4 1 3 13 23
2 6 8| |5 ° _ |12 18
10 9| [¢g5 T |3 u
2 2 1 g8 11

Note again that the number of columns of the left factor must equal the number of rows of the
right factor for this to make sense.

In the example above we multiplied a 4 x 3 matrix times a 3 x 2 matrix and obtained a 4
x 2 matrix. Ingeneral,if Aism x nand Bisn x p,then ABism x p.

Matrix multiplication satisfies the associative law, (AB)C = A(BC), and the two

distributive laws, A(B + C) = AB + AC and (B + C)D = BD + CD. Itdoes not,
however, satisfy the commutative law. That is, in general EF # FE. For example

2 3 01 y 0 1 2 3
1 2 11 11 1 2
In fact, for many pairs of matrices, |1 can multiply E'F but not FE. (See Exercise 2.)

For every n there is a special n x n matrix, which we denote I, with 1's down its diagonal
and zero's everywhere else. For example, inthe 3 x 3 case

o - O
= O O

It is easy to see that for any 3 x 3 matrix A we have lA = Al = A. Forthisreason | is
called the identity matrix.



As a final bit of notation, we write the general matrix A with m rows and n columns as

ajl
dog
asy

| A1

a2
dog
aso

A2

a3
dos
dss

a3

where a;; denotes the entry in the ith row and the jth column.

Exercises
1. Compute the following:

S

4 0 -1 3
(¢ [0 1 O 4
2 -2 1 -5

ENE;)

2
1
2 5 —7

1 -2
3 6

2 -1
) [5 0
0 -1
4 0
h)y |0 1
2 -2
4 0
@M |0 1
2 -2



2. Which of the expressions 2A, A + B, AB, and BA makes sense for the two matrices
below? Which do not?

e e

3. Give 3 x 3 matrices that are examples of the following.
(a) diagonal matrix: a;; = Oforalli # j.
(b) symmetric matrix: a;; = a; foralliand j.
() upper triangular matrix: a;; = Oforalli > j.

n
(d) stochastic matrix: 0 < a;; < 1foralliandj,and >  a;; = 1forallj.
i=1

() predator-prey matrix: a;;a; < Oforalli # j,anda; < Oforalli.

4. Show with a 3 x 3 example that the product of two upper triangular matrices is upper
triangular.

5. Show with a 3 x 3 example that the product of two nonzero matrices can be Z, the zero
matrix (the matrix consisting of nothing but zeros).

6. For any matrix A, we define its transpose A" to be the matrix whose columns are the
corresponding rows of A.

(&) What is the transpose of

(b) If a matrix satisfies A™ = A, then what kind of matrix is it? (See problem 3 above.)

(c) The formula (AB)" = B'A' holds as long as the product AB makes sense.
Ilustrate this witha 3 x 3 example.

(d) Show that for any matrix C', the matrices CC'™ and C"C' are both symmetric. (Use
(b) and (c) above.)



7. Verify |0
2

Some Answers
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More
Matrix Homework

] 3 oy e[

-1 2 3 4 -3 a

compute

a.AB

b.BA

c. Al

dB+1

eeB—-1

f.B—2I

g.B—->51

h.B—rl

.3B+2A+C

j-A(B+1)
If B is any square matrix describe in words what the following operations do:

a.B+1

b.B—1

c.B—>5I

dB-—rl

2 0 1 0 2 1
LetA=1| —1 1 3|,B=|—-1 0 -2

0 -2 1 0 3 0
compute

a. A+ B

b.A—-B

c.2A+ B

d A-1

e. AB

Probable answers:

[ 2 2 2 2 -2 0 4 2 3 1 ) 1 07 2
al—2 1 1|b.{0 1 5jc.| =3 2 4]d| -1 0 3le| -1 7 =3
| 0 1 1 0 -5 1 0 -1 2 0 -2 0 2 3 4

6

a-58b05021d22e02f712 —4 2h27r2i11
'_56'211'—12'35'33'32g'3—1'35—7"416+a

a.Add 1 to the diagonal. b.Subtract 1 from the diagonal. c.Subtract 5 from the diagonal. d.Subtract r from the diagonal.

I

79
4 8

|



