GRADUATE SCHOOL APPROVAL RECORD

NORTHEASTERN UNIVERSITY

Graduate School of Arts and Sciences

Dissertation title: Semiclassical Asymptotics on Manifolds with Boundary
Author: Niliifer Koldan

Department: Mathematics

Approved for Dissertation Requirements of the Doctor of Philosophy Degree

Dissertation Committee

Mikhail Shubin, Advisor Date
Pierre Albin (MIT) Date
Maxim Braverman Date
Christopher King Date
Peter Topalov Date

Head of Department

Robert McOwen Date

Graduate School Notified of Acceptance

Director of Graduate Student Services Date



DEPARTMENTAL APPROVAL RECORD

NORTHEASTERN UNIVERSITY

Graduate School of Arts and Sciences

Dissertation title: Semiclassical Asymptotics on Manifolds with Boundary
Author: Niliifer Koldan

Department: Mathematics

Approved for Dissertation Requirements of the Doctor of Philosophy Degree

Dissertation Committee

Mikhail Shubin, Advisor Date
Pierre Albin (MIT) Date
Maxim Braverman Date
Christopher King Date
Peter Topalov Date

Head of Department

Robert McOwen Date

Graduate School Notified of Acceptance

Director of Graduate Student Services Date



SEMICLASSICAL ASYMPTOTICS ON MANIFOLDS
WITH BOUNDARY

A dissertation presented
by

Niliifer Koldan

to

The Department of Mathematics

In partial fulfillment of the requirements for the degree of

Doctor of Philosophy

in the field of

Mathematics

Northeastern University
Boston, Massachusetts
March, 2009

1



SEMICLASSICAL ASYMPTOTICS ON MANIFOLDS
WITH BOUNDARY

by

Niliifer Koldan

ABSTRACT OF DISSERTATION

Submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy in Mathematics
in the Graduate School of Arts and Sciences of
Northeastern University, March 2009

2



We find the semiclassical asymptotics for every eigenvalue of the Witten Lapla-
cian up to any fixed index (in increasing order) for compact manifolds with bound-
ary in the presence of a general Riemannian metric. To this end, we modify and
use the variational method suggested by Kordyukov, Mathai and Shubin (2005),
with a more extended use of quadratic forms instead of the operators. We also
utilize some important ideas and technical elements from Helffer and Nier (2006),
who proved more accurate asymptotic expansions but only for the exponentially

small eigenvalues.
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Introduction

In his famous paper [37], E. Witten introduced a deformation of the de Rham
complex of differential forms on a compact closed manifold M. It is a new (“de-
formed”) complex which depends upon a given Morse function f on M and con-
tains a small parameter h > 0 (“Planck’s constant”). The deformed differential

is given by the formula
dy jw = he IMd(e! ") = hdw + df Aw,

where w is an exterior differential form on M, d7 s = 0. Choosing a Riemannian

metric g on M, we can take the corresponding normalized deformed Laplacian
Ah,ﬁgw = hil(d;;fdh,f + dh,fdz,f) = hAw + (Evf + ‘C*Vf) w + h’l\Vf|2w,

where Ly is the Lie derivative along V f, the adjoint operators dj, ;, L5, (to dp,f,
Ly respectively) are taken with respect to the scalar products defined by the
metric g (and by the corresponding smooth measure on M) on the exterior forms
on M; A = d*d + dd* is the usual Laplacian on forms. The deformed Laplacian

Ay, 1.4 is often called the Witten Laplacian.



Multiplication by vk ef/" defines an isomorphism between the deformed com-
plex with the differential dj, ; and the standard de Rham complex (with the differ-
ential d). In particular, the cohomology spaces of these complexes are isomorphic.
By the Hodge theory, these cohomology spaces are naturally isomorphic to the
corresponding spaces of harmonic forms, i.e. the kernels (null-spaces) of the Lapla-
cians. It follows that

dim Ker Agf},g = dim Ker AP = b,(M),

where Agf } g1 A® denote the restrictions of the corresponding Laplacians to p-
forms, b,(M) is the pth real Betti number of M.

An important feature of the Laplacian Ay s, is as follows: for small h the
eigenforms corresponding to the bounded eigenvalues, are small outside a small
neighborhood of the critical points of f because the potential V' = |V f]? does not
vanish there, and if eigenforms do not localize around the critical points, then the
term h~!|V f|? will be larger than the sum of all other terms in the equation for
the eigenform, provided h is sufficiently small. Therefore, we can expect that only
small neighborhoods of the critical points play a role in semiclassical asymptotics
of the eigenvalues; in particular, we can expect that only “principal parts” of f
and g are relevant. For example, we can hope that only quadratic parts of f and
constant (flat) metrics at every critical point contribute to the principal term in
the semiclassical asymptotics of the eigenvalues (i.e. asymptotics as h — 0).

Based on this idea, Witten gave an analytic proof of the Morse inequalities on
compact smooth manifolds without boundary. In their simplest form (see [24]),

these inequalities state that the number m, of the critical points with index p of
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a Morse function f can not be less than the Betti number b, of the underlying
manifold: m, > b,, for all p. Semiclassical asymptotics of the eigenvalues relate
these two numbers by including both of them into one mathematical object: the
Witten deformation of the de Rham complex, where m, becomes the number of
small eigenvalues (multiplicity counted) of A;f } , and b, is the multiplicity of the
0 as the eigenvalue of the same deformed Laplacian on p-forms. This immediately
implies the Morse inequalities above.

Rigorous versions of Witten’s proof, with additional attention to details related
to the quantum tunneling, appeared in papers by B. Simon [34] (see also the book
[14]), B. Helffer and J. Sj6strand [19] and others.

The definition of Morse function f extends to manifolds with boundary if
in addition we assume that f has no critical points on the boundary and the
restriction of f to the boundary is also Morse. In its simplest form the Morse
inequalities state that the number of critical points of index p of f plus the number
of critical points of index p — 1 (resp. p) of flon with positive (resp. negative)
outward normal derivative is not smaller than the p-th relative (resp. absolute)
Betti number of the underlying manifold. A topological proof of this fact was
obtained by E. Baiada and M. Morse in 1953 in [2]. For a modern topological
treatment and generalizations to manifolds with corners see [16].

On manifolds with boundary the Witten Laplacian is defined by the same
formula as in the case without boundary, but now we need to specify its do-
main. To obtain a differential complex, it is natural to choose the domain of the

Witten differential dj ; as consisting of the forms with vanishing tangential (or



normal) components on the boundary. This defines the quadratic form of the cor-
responding Witten Laplacian, and we will mainly consider Witthen Laplacian as
the operator, defined by the closed quadratic form. The domain of the Laplacian
requires additional vanishing conditions on the adjoint of the Witten differential
([18)).

K. C. Chang and J. Liu [15] were the first to use the method of the Witten
Laplacian to give an analytic proof of Morse inequalities for compact manifolds
M with boundary by considering semiclassical asymptotics of small eigenvalues
for the Witten Laplacian. Following the ideas in [14], Chang and Liu only had to
study the case when the metric ¢ and the Morse function f have canonical flat
forms near the critical points. (This is sufficient to prove the Morse inequalities
as a statement in differential topology.)

In 2006, B. Helffer and F. Nier [18] found asymptotics for the exponentially
small eigenvalues of the Witten Laplacian on compact manifolds with boundary
with the general Riemannian metric. They were mainly interested in obtaining
very accurate asymptotics for the first (exponentially small) eigenvalue on func-
tions. A new feature which appears here is an influence on the asymptotics of
the behavior of the Morse function f near some critical points of its restriction
to the boundary. In particular, B. Helffer and F. Nier had to study the “rough”
localization of the spectrum of the Witten Laplacian on forms.

In this dissertation, in contrast to [15] and [18], we prove the semiclassical
asymptotics for every eigenvalue of the Witten Laplacian up to any fixed index
(in increasing order) for compact manifolds with boundary in the presence of a

general Riemannian metric. To this end, we have to modify a method suggested
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in [22] (where a similar result with some applications, including a vanishing result
for the Quantum Hall conductivity, was obtained on regular coverings of compact
manifolds without boundary). We will use some important technical elements
from Helffer and Nier, as well as the technique of model operators, as formulated
in [35].

The purpose of this dissertation is to provide a new method of establishing
semi-classical asymptotics of any eigenvalue of Witten’s Laplacian in the case of
a smooth compact manifold with smooth boundary. We consider the boundary
conditions obtained by choosing a domain for dj, ;. Namely, we take the domain of
the corresponding quadratic form to consist of all forms of appropriate smoothness
which have vanishing tangential (resp. normal) parts on the boundary. In this case
eigenforms with bounded eigenvalues localize around the interior critical points
and only those boundary critical points, i.e. critical points of f|sss, which have a
positive (resp. negative) outward normal derivative of f. In the spirit of [35] and
[36], we construct the model operator which is the direct sum of two parts: one
corresponding to the interior critical points and the other to the boundary critical
points, as specified above. The part of the model operator corresponding to the
interior critical points is the same as for manifolds without boundary. Namely, we
choose coordinates such that the critical point x; is the origin. In these coordinates

Ay, 1,q can be written as
Ah,f,g = —hA + B + ]’L_IV(J/’)
For each z; we obtain the model operator on H?(R"; AT*R") by replacing A with

its highest order terms with the coefficients frozen at the critical point, B with
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B(z;) and V with its quadratic part near the critical point. Then we take the
direct sum of these operators over all interior critical points. At the relevant
boundary critical points we construct the model operator in the same way, but
this time for the Witten Laplacian on M with the function f|gy; and the constant
metric ¢’ which is obtained by restricting g to the vectors tangent to M and then
freezing it at the critical point. We prove that the spectrum of Witten Laplacian
that is below an arbitrarily chosen constant R concentrates around the part of
the spectrum of the model operator that is below the same constant R as h — 0.
Here we use techniques from [22]. In the proof, the part corresponding to the
interior critical points is the same as the one in case when there is no boundary.
The part corresponding to the boundary critical points is harder to treat, and we
use appropriately modified ideas of Helffer and Nier [18].

In the last 25 years the method of Witten deformation was successfully applied
to prove a number of significant results in topology and analysis. We provide a
very brief review of literature. We note that our choices are highly subjective and
are influenced by our own interests.

In 1982 J.-M. Bismut [4] modified the Witten deformation technique and com-
bined it with intricate and deep probabilistic methods to produce a new proof
of the degenerate Morse-Bott inequalities (see [6] for topological proof). A more
accessible proof based on the adiabatic technique of Mazzeo-Melrose and For-
man ([23], [17]) was given by I. Prokhorenkov in [29] (see also [20] for a different
approaches to the proof).

A. V. Pazhitnov [28] used the method of Witten deformation to prove some of

the Morse-Novikov inequalities when the gradient of Morse function is replaced
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by a closed 1-form. More details on the Novikov inequalities for vector fields
and related topics were established by M. A. Shubin [36] and extended by M.
Braverman and M. Farber [8] to the case when 1-form (or corresponding vector
field) has non-isolated zeros or to the equivariant case in [9)].

J. Alvarez Lépez [1] used the method of Witten to prove Morse inequalities
for the invariant cohomology of the space of orbits with applications to basic
cohomology of Riemann foliations. V. Belfi, E. Park, and K. Richardson [3] used
the Witten deformation of the basic Laplacian to prove an analog of Hopf index
theorem for Riemannian foliations. Further applications of the method of Witten
deformation to index theory were developed in [30] and [31].

The method of Witten Laplacian was also used to study the analytic torsion of
the Witten complex. The analytic torsion was introduced by D. B. Ray and I. M.
Singer [32]. For odd dimensional manifolds, D. B. Ray and I. M. Singer conjectured
that the analytic torsion and the Reidemeister torsion coincide. Independently,
J. Cheeger [13] and W. Miiller [25] have proved this conjecture. The methods
of J. Cheeger and W. Miiller are both based on a combination of topological
and analytical methods. Then J.M. Bismut and W. Zhang [5] suggested a purely
analytical proof of the Cheeger-Miiller theorem and generalized it to the case where
the metric is not flat. Later another analytic proof was suggested by D. Burghelea,
L. Friedlander and T. Kappeler [11] which was shorter but based on application
of the highly non-trivial Mayer-Vietoris type formula for the determinant of an
elliptic operator. In this paper they generalize the theorem to the case of manifolds
of any dimension (not necessarily odd). M. Braverman [7] found a short analytic

proof by a direct way of analyzing the behaviour of the determinant of the Witten
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deformation of the Laplacian.

Finally, M. Braverman and V. Silantiev used the method of Witten deforma-
tion to extend Novikov Morse-type inequalities for closed 1-forms w to manifolds
with boundary in [10]. In the paper they require that the form w is exact near
the boundary of the manifold and that its critical set satisfies the condition of F.
C. Kirwan (see [21]). The Witten deformation technique then is used to obtain
discrete spectrum and to localize topological computations to the neighborhood

of the critical set of w.
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Chapter 1

Witten Deformation on Manifold

with Boundary

Suppose that M is a C*° compact manifold, dimg M = n, with C"™° boundary
OM, and g is a Riemanian metric on M. Let f be a Morse function on M, that
is, f is a Morse function on M with no critical points on the boundary and f |ga
is also a Morse function on OM.

We will use the following notations. The cotangent bundle on M is denoted
by T*M, and the bundle of exterior forms is AT*M = @&7_ A*T*M. The spaces
of smooth sections of the bundles AT*M, A*T*M are denoted by A(M), A¥(M)
respectively. The elements of the sets A(M) and A¥(M) are called smooth differ-
ential forms on M and smooth k-forms respectively. Given a manifold M and a
metric g on M, we will use the notations (-, -), and || - ||, for the L*-inner product
and the L%norm on A(M) defined by the metric g.

Let n be the outward unit normal vector field defined on the boundary of M

and n* be its dual 1—form with respect to the metric g. For any w € A¥(M),
15



define the tangential part of w as t(w)(y) = inq)(n*(y) A w(y)) and the normal
part of w as n(w)(y) = w(y) —t(w)(y) for any y € OM. So tw and nw are sections
of AT*M|pps. If j : OM — M is the inclusion map then j* defines isomorphism

between A(OM) and {t(w) : w € A(M)}. By the Sobolev trace theorem, t extends

by continuity to a linear map of Sobolev spaces
t . HY(M;AT*M) — HY*(OM; AT*M) C L*(OM; AT*M),

and so does n.

1.1 Deformed exterior differential and
associated Witten Laplacian

The Witten deformation of the exterior derivative is defined by
dpy = e /Phde!/ = hd 4 df A,

where h > 0 is a parameter The adjoint of dj, ; with respect to the L% inner
product (-, ), is

d;kz,f,g = ef/hhd*e_f/h = hd" + ivf.

Now define a quadratic form which is the closure of

1 *
Qnro@) = 3 (lduswllg + 1l di pge 15) (1.1.1)
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with the domain {w € C*(M;AT*M) : t(w) = 0}. The same notation will be

used for the closure of this form. The closure is well defined and its domain is
D(Qn,fg) = {w € H'(M; AT*M) : t(w) = 0} (1.1.2)

where H' denotes the Sobolev space of forms.

The quadratic form @) 7, can be written as

Qnfglw) = h (Aw,w)g + ((Evf + E*vf)w,w)g +hnt (|Vf|2w,w)g (1.1.3)

+ /aM(tw) A (*ndhjw) — /aM(td;ﬁgW) N (*Il(;}).

(see (2.12) in [18]). In this formula Ly, and L3 denote the Lie derivative in the
direction of Vf and its L*-adjoint, and « is the Hodge operator.

The Witten Laplacian is the elliptic self-adjoint operator associated with the
closed quadratic form @y r, by the Friedrichs construction ([33], vol.1, section

VIIL.6). It is the operator defined by
Apjow = hAw + (Lvs + LG;) w +h 7V f]Pw (1.1.4)

with the domain D(Ay z,) = {w € H*(M;AT*M) : t(w) = 0, t(d; ; ,w) = 0}
where H? is the Sobolev space of the corresponding sections.

On its domain, @5 s, can be also written as

Qnsgw) = h(ldof+ 1 dw3) + ((Los + Lypw,w), (1.1.5)
+h1 (\Vf|2w,w)g — /aM %(:v) <w,w >4 (z) dpan ().

17



(see (2.15) in [18]) where < w,w >, () is the inner product on AT M induced
by the metric g (see p. 226-227 [14]) and sy is the measure on M defined by
the metric g.

Definition: The set of critical points is a disjoint union of the sets Sy, Sy
and S_ where Sy is the set of interior points which are critical points of the Morse
function f, S, and S_ are the sets of boundary points which are critical points of
floar with % > 0 and % < 0 respectively. Let S = Sy U S,.

If y € OM then y € Sy if and only if g—g(y) = +|V f(y)| respectively.

Assume that there exist Ny interior critical points denoted by {Z1, ..., Zn, } and
N points in S, denoted by {71, ...,yn}. In Chapter 3, we will prove that these

points are the critical points we need to consider.

1.2 Model operator for Witten Laplacian on
manifold with boundary

Now we want to form the model operator for the Witten Laplacian Ay, f, which
provides the best approximation of Ay, ¢, by a direct sum of harmonic oscillators
near the critical set Sy .

For each critical point Z; € Sy, we define the operator A; on H*(R™; AT*R"™)
to be

A; = —hA; + B; + h'V(x),

where the operator —A; is the principal part of the Laplacian A at z;. It is an
elliptic second order differential operator with constant coefficients. Operator B; is

the value at z; of the bounded self-adjoint zero order operator Ly, + L% ;. Finally,
18



Vi(z) is the quadratic part of the potential |V f|* near Z;. In local coordinates

x1, ..., T, near T, let g; = g(z;), then

A, = tk
Z Ji 8x18xk ’

k=1

n an

- = *k r  r _xk
B; 0xraxk(xl) (@™ a" — a"a™)
k,r=1
and
N AN
Vilw) = lkg;zlgi 0x, 01 <xi)8x80$k (Zs)ziay

where af = (dzxA)* and a** = (a¥)* = dxpA are the fermionic annihilation and
creation operators. Note that at the interior critical points, the model operator is
the same as in the model operator for manifolds without boundary (see [35]).

For each boundary critical point g; € S, in a small neighborhood of y; let
fi=1f lons and g; be the metric obtained by restricting g on the tangential
vectors and freezing it at the critical point. Now define the operator A, on
H2(R" L AT*R™ 1Y) as

Aj = —hAj+ By + bV (x)

j=—

where we define operators A, B, and V] as before by considering M as a
manifold without boundary. In local coordinates x, ..., 2,1 for OM near y; we

have

19



n—1 82]0/

a*kar o ara*k
kyr= 16 aﬁk )
and
-1
n . azf/ an/
lkgl(gj> 0x,0x; (y )8$ axk( )Izl’k.

The model operator is defined by
Amod = (B A) & (BL14;) . (1.2.1)

The model operator does not depend on the choice of local coordinates on M.
It follows from the general theory of elliptic operators on manifolds with bound-

ary that the operator A, ¢, has discrete spectrum with eigenvalues

A(h) < Xa(h) < A3(h) < ...

such that A\;(h) — oo as [ — oo for each h > 0.
The spectrum of the model operator A,,.q is also discrete and the eigenvalues
are independent of h [35]. We list all elements of the spectrum of Anq in the

increasing order as

1 < 2 S pg S

such that pu; — oo as | — oo.

20



1.3 The main theorem: Asymptotics of the spec-
trum of Witten Laplacian

We will prove that up to any fixed real number R ¢ spec (Anoq), the spectrum of
the operator Ay, s, concentrates near the spectrum of the model operator Ayoq

as h — 0. More precisely, our main result is

Theorem 1.3.1. For every positive number R ¢ spec(A0q) there exist M > 0,
ho > 0 and C' > 0 such that both A,,q and Ay f4 have evactly M eigenvalues less
than R and

IN(h) — | < Chs, 1=1,2,..,M, he(0,h).

Remark 1.3.2. One can replace the tangential boundary conditions (1.1.2) for

the quadratic form Qy,fq with the normal boundary conditions
D(Qnrq) = {w € H'(M;AT*M) : n(w) = 0}. (1.3.1)

The corresponding domain for the Witten Laplacian Ay, ¢4 is

D(Anyy) = {w € H*(M;AT*M) : n(w) = 0, *n(dysw) = 0}. The case
of the normal boundary conditions can be reduced to one of tangential boundary
conditions by observing that the Hodge = operator maps the space

{we H*(M;AT*M) : n(w) = 0,*n(d jw) = 0} to the space

{we H*(M;ANT*M) : t(w) =0, t(dh (s @) = O}, and that %Ay 1.y = Ap p) g*.

We will prove our main result in Chapter 3 by comparing the Witten Laplacian
21



to the model operator in a way suggested in Theorem 2.1 in [22]. We will give
the abstract setting in Chapter 2, which emphasizes the use of quadratic forms

instead of operators.
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Chapter 2

General Results on Equivalence
of Spectral Projections in

Semiclassical limits

Consider Hilbert spaces H; and Hs equipped with inner products (-, -); and (-, -)s.
Let 1 and ()2 be closed bounded below quadratic forms with dense domains
D(Q1) C Hy and D(Q2) C Ha respectively. Let A; and Ay be the self-adjoint
operators corresponding to the quadratic forms.

Let us take A\g1, Ag2 < 0 such that
Qi(w) > allwllf, weD@), 1=1,2 (2.0.1)

Let Hy be a Hilbert space, equipped with injective bounded linear maps 7 :
Ho — Hy and iy : Hg — Hs. Assume that there are given bounded linear maps
p1: Hi — Ho and ps : Hy — Hy such that p; o4y = idy, and py 019 = idy,, as

23



in the following diagram:

Let J be a self-adjoint bounded operator in Hy. Assume that

(iszl)* = i1 ps.

Since the operators i; : Hy — H;, [ = 1,2, are bounded and have bounded left-
inverse operators p;, they are topological monomorphisms, i.e. they have closed
images and the maps 7; : Hy — Im ¢; are topological isomorphisms. Therefore,

we can assume that the estimate

pleiQJwHQ S HzleHl S p”’igJWHg, w € Ho, (202)

holds with some p > 1. (Although we can choose the constant p in the estimate
(2.0.2) to be independent of J, it may be possible to choose p closer to 1, due to
the presence of J.)

Define the bounded operators J; in ‘H;, [ = 1,2, by the formula J;, = i;Jp;. We

assume that
e the operator J;, [ = 1,2, maps the domain of (); to itself;

o J; is self-adjoint, and 0 < J; < idy,, [ =1,2;
24



e for w € Hy, i1Jw € D(Q4) if and only if isJw € D(Qs).

Denote D = {w € Hy : i1Jw € D(Q1)} = {w € Hop : iaJw € D(Q2)}.

Introduce a self-adjoint positive bounded linear operator J; in ‘H,; by the for-

mula J? + J/? = id4,. We assume that
e the operator J/, [ = 1,2, maps the domain of @Q); to itself;

e the quadratic forms @Q;(Jiw) + Qi(Jjw) — Qi(w) are bounded i.e.

Qi(Jw) + Qu(Jjw) = Quw) < wllwllf, we D@), 1=1,2.

Finally, we assume that

Ql(‘]l/w) > al“‘]l/w”lza w € D(Ql)> l= 172a

for some a; > 0, and

Qa(izJw) < B1Qu (i1 Jw) + el Jwli, w € D,

Qi(i1Jw) < BrQa(izJw) + eollizJwl3, w € D,

for some 31,02 > 1 and £1,e5 > 0.

(2.0.3)

(2.0.4)

(2.0.5)

(2.0.6)

Denote by Ej(\), | = 1,2, the spectral projection of the operators A;, corre-

sponding to the semi-axis (—oo, AJ.

25



Theorem 2.0.3. Under the assumptions in this section, let by > a; and

_ 2
as = p [ﬁl (a1 oy (a1 + 71 = dot) ) + 51} : (2.0.7)

a)p —a; —Mn
_ By (bip™! —ez) (0 — 72) — 272 + 2X0272 — A
ag — 2Xg2 + By (bip~! — 3)

by (2.0.8)

Suppose that oy > ay + 1, g > by + 2 and by > ay. If the interval (a1, by) does
not intersect with the spectrum of Ay, then:

(1) the interval (as,bs) does not intersect with the spectrum of As;

(2)The operator Ey(Xo)isdp1E1(A1) @ Im Ey(A\) — Im Ex(\2) is an isomor-

phism for any Ay € (ay,b1) and Ay € (ag, bs).

Remark 2.0.4. If the spectral projections Ey(X\), | = 1,2 have finite rank for all
A, then the condition (isJp1)* = i1Jps is not necessary and the condition that the
operator Jy is self-adjoint can be replaced by a weaker condition that Jo is merely
symmetric on Im (Jy) C Ha. The projections Ey(X), | = 1,2 have finite rank in

the case of the Witten Laplacian Ay 5.,

Remark 2.0.5. Since p > 1,8, > 1,71 > 0 and 1 > 0, we, clearly, have as > a;.

The formula (2.0.8) is equivalent to the formula

b — Ao2)?
1)1—,11[@2(524—724-(2—'—72 02))4‘82},

ag — by — 7o

which is obtained from (2.0.7), if we replace oy, B1,71,€1, Ao1 by o, B2, Y2, €2, Ao2
accordingly and a; and ay by by and by accordingly. In particular, this implies that
b1 > bg.
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2.1 Localization theorem for spectral
projections

The goal of this section is to prove Proposition 2.1.1 below, which we need for the
proof of Theorem 2.0.3.

Let @@ be a closed bounded below quadratic form on a Hilbert space 'H with
the domain D(Q) which is assumed to be dense in H. Let A be the self-adjoint
operator corresponding to the quadratic form.

Let us take \g < 0 such that
Q) = Mllwl?, we D). 2.11)

Let J be a self-adjoint bounded operator in ‘H that maps the domain of () into
itself, J : D(Q) — D(Q). We assume that 0 < J < id 4. Introduce a self-adjoint
positive bounded operator J' in ‘H by the formula J? + (J')? = id . We assume
that J' maps the domain of @ into itself, the quadratic form Q(Jw)+Q(J'w)—Q(w)

is bounded i.e. there exists v > 0 such that
Q(Jw) + Q(J'w) = Qw) <[wl*, w e D(Q). (2.1.2)
Finally, we assume that
QUJ'w) > al|Jw|?, we D(Q), (2.1.3)

for some a > 0.
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Denote by E(A) the spectral projection of the operator A, corresponding to

the semi-axis (—oo, A]. We have
QENWW) < M[EWw|?, weH. (2.1.4)

Proposition 2.1.1. If @ > A + v, then we have the following estimate

a—A—r

E\Nwl|? >
Tl > T

IE\w|?, weH. (2.1.5)

Remark 2.1.2. Note that in the case A <\ o the statement is trivial. In the
opposite case X > \g, since a > A+ and v > 0, the coefficient in the right-hand
side of the formula (2.1.5) satisfies the estimate

a—)\—7<

1.
Oé—)\() -

0<

Proof. (of Proposition 2.1.1) Combining (2.1.1), (2.1.2) ,(2.1.3) and (2.1.4) we

get
|7 B < SQUE())
< = (QUEN) — QUENW) + 7] EQ) P)
< (A4 DIEWLI? ~ Ml TEO)e]?).
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Hence, we have

2 2 1 2 A+ AT 2
ITEQN@? = [EQ)@ P =T ENw* 2 (1= —— ) [EQ)|? oo ||JE( Jwll,
that immediately implies the required estimate (2.1.5). O

Corollary 2.1.3. If a > XA+ v, then we have the following estimate:

)\—f—’)/ )\0

|J ENw|]? < IENw|]?, weH. (2.1.6)

Proof. This follows immediately from the equality || Jw||*+||J'w||?* = ||w]|? for any
weH. O

Corollary 2.1.4. If « > XA+ 7, then we have the following estimate

)\+’)/ /\0

W ) IENw|?, weH. (2.1.7)

QUENW) < (A+W’ A

Proof. From (2.1.2) ,(2.1.3), (2.1.4) and (2.1.6) we get

(EMw) = QU EMNw) + v ENw]l*
NIEN@I* = Aol ENw]?)

Q(
(A

A A
(A+7 e L

as desired. O
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2.2 Proof of Theorem 2.0.3

In this section, we will use the notation of Section 2. We start with the following

Proposition 2.2.1. If a1 > A\ + 1 and

A —Xo1)?
51<A1+’71+(1+71 01))-1—81}7
o= —m

)\2>,0

then there exists eg > 0 such that

[ E2(A2)iaJpr Ex(M)wll3 > ol Es(A)wllf,  w € Ha.

Proof. Applying (2.0.5) to a function py £ (A)w, w € H; and taking into account

that J; = i1Jpy, we get

Q2(izJprE1(M)w) < S1Q1(J1Er(M)w) + 1|1 Er(Ar)wl]F- (2.2.1)

Clearly, for any A and [ = 1,2 we have the estimate

Qu(idw, — Bi(N)w) > A[(idy, — E(N)wll}, w € D(Qy). (2.2.2)
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By (2.2.2), (2.0.1) and (2.0.2), it follows that

Q2(iaJp1 Er(A\)w) (2.2.3)
= Q2(Ea(A2)iaJprEr (M)w) + Q2((id 3, — Ea(A2))inIp1Er (Ar)w)
> Noa[| Ea (Ao )ia Jpr By (A)wll5 + Nol|(id 4, — E2(Xa))ia T p1 Ex(M)w|[3
= XolliaJp1 By (A)w|3 — (A2 = Xo2) [| B2 (A2)ia Jpy By (A1)

> Xop A E (A)w|; — (A2 = Xo2) | E2(A2)i2 I pr By (Ar)w|3-
On the other side, by (2.2.1), (2.1.7), we have

Qg(igjp1E1()\1)w) S 61Q1(J1E1()\1)w) + €1||J1E1()\1)w||% (224)

A+ = Ao

<5 (/\1‘1‘71—)\01 3
— Aot

) VE Ol + 21l O .

Combining (2.2.3) and (2.2.4), we get

Xop AW E(ADw|l; — (A2 — Ao2) [ E2(A2)iz T pr By (Ar)wlf3

A7 = Ao
a1 — Aot

<6 (Al = ) 1B Ol + 21l By (Ao
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that implies, due to (2.1.5),

| E2(Xg)iadp1 By (A )wl]3 > [(Aep™! =) |hEL (M)}

1
A2 — Aoz

M+ — A
R B Y A 1 X
a1 — Aot
1 _ o= =M
> (Mp t—g)—F— =
“ A2 — Ap2 {( 2P £1) ap — Aot
MFv— A
— B (M= A O B (A w2
ay — >\01
as desired. O

Remark 2.2.2. Note that we only used estimate (2.0.5) (but not (2.0.6)) in the

proof of Proposition 2.2.1. By using 2.0.6 we can get

IEx( M) Jpa Es(Aa)wllf > ol Ba(Mo)wll3,  w € Hoa.

Proof. (of Theorem 2.0.3) As above, we will use the notation of Section 2. Take
arbitrary )\1 < (CLl, bl) and )\2 € (CLQ, bg)

Since

— An1)?
/\2>CL2=P[ﬁ1<CL1‘|‘71+(a1+71 01))+61]

a;p —ar—m

and (see Remark 2.0.5)

by + Y5 — Ag2)?
b1zp{52<bz+72+(2 72 02))+€2]
ay — by — 72

Ao + Y2 — Ao2)?
>P[ﬁz<)\2+72+(2 72 02))4-52},




it follows from Proposition 2.2.1 that the map

EQ(}\Q)?:QJPlEl()\l) = EQ()\Q)iQJplEl((ll + 0) : Im El(/\l) — Im EQ()\Q)

is injective and from Remark 2.2.2 the map

(E2(M2)iadp1Er (M) = Ei(M)indpaFEa(As)

= El(bl - O)lengg()\Q) :Im EQ()\Q) — Im El()\l)

is injective. Hence, the map Es(A2)iaJpiFE1(N) @ ImEy(N) — Im Es()) is
bijective.

Therefore dim (Im Ey(Xy)) = dim (Im E1(A;)). Since the spectrum of A
does not intersect with (aq,b1), dim (Im E1()\1)) is constant for any \; € (aq, by).
Therefore dim (Im E3()q)) is constant for any Ay € (ag, be). This implies that the

interval (as, by) does not intersect with the spectrum of As. O

Remark 2.2.3. If the spectral projections Ej(X\), | = 1,2 have finite rank for
all A, then we do not need the condition (iaJp1)* = i1Jps. In this case the part
(Eo(Ao)iedpr1E1(A))* = E1(A)i1JpeEa(N2) in the proof is not necessary to con-
clude dim (Im Ey(Xs)) = dim (Im Ey(\y)). We can consider the maps

Es(Xo)iaJp1E1( M) = Ea2(Xe)iap1Er(ar +0) @ Im Ey(A) — Im E5(Xg)

and

El()\l)iljngQ()\g) = E1<b1 — O)lengQ()\g) : Im Eg()\g) — Im El()\l)
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These maps are injective by Proposition 2.2.1 and Remark 2.2.2. Therefore,
dim (Im E3(X2)) = dim (Im E1(\1)) because Im Ey (M) and Im Ey(X2) are finite

dimensional.

Denote the spectral projection of the operator A; on the interval (a,b) as

Ei(a,b) for [ =1,2.

Corollary 2.2.4. For any A € spec (A1), there is a positive number € which is of

order h* such that the spaces E1((A—€, A\+€)) and Ey((A—e, A+€)) are isomorphic.
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Chapter 3

Proof of the Main Theorem

In this chapter, we will apply the Theorem 2.0.3 for the Witten Laplacian and its
model operator. We start by describing the setting for the application of Theorem
2.0.3.

3.1 The setting of Theorem 2.0.3
Let Ay be the Witten Laplacian A, ¢, with the domain

DBy = {w € HAM:AT'M) ¢ () = 0, +(d; ;) = 0}
(see (1.1.4)). The operator Ay corresponds to the quadratic form

(I dn, s 1l + 1l i g 00 115)

SRS

Q2(w) = Qnrg(w) =

with the domain D(Q;) = {w € HY(M;AT*M) : t(w) = 0} (see (1.1.1)). Let

Ay = Apoa be the model operator (see (1.2.1)), and ¢y be the quadratic form
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corresponding to the operator A; with the domain
D(Qy) = H'(R", AT"R")™ & H'(R"™' AT*R" ).

We have
D(QQ) CHy= Lz(Ma AT*M)a

and

D(Q:) C Hy = L*(R", AT*R")™ & L*(R", AT*R" )"

=~ (L*(R", AT*R") @ C™) @ (L*(R*H, AT*R" ) @ CV)..

For each interior critical point z; € Sy, we choose local coordinates z1, ..., z,.
Let B(Z;,7) C M be the open ball around Z; with radius r and B;(0,r) be the
corresponding ball in R" in these coordinates. Let g; be the constant metric g(0)
in these coordinates.

Recall that at each boundary critical point y; € S, we have %(gj) = |V £(y,)-
Then it is possible to find local coordinates x1, z2, ..., z,, near y; such that in these

coordinates y; is the origin, OM = {z,, =0}, M = {z, <0},

f(z) =z, + f'(2)), (3.1.1)

and

g = gmn(z)d2?® + ¢'(x), (3.1.2)

where z = (2/,x,) (see (3.27) in [18] and Appendix B in [16]). Here f' =
f lom, ¢ is the restriction of the metric g to the tangent space spanned by
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{0/021,0/0x4, ...,0/0x,_1} and 2’ is any coordinates on dM such that g; is the
origin. Let g} be the constant metric g;(O) on this space and g; be the constant
metric g(0) in these coordinates. Furthermore, since f |9y is a Morse function on

the boundary, the tangential coordinates z, ..., x,_1 can be chosen so that

fi(@') = F0)+ ) dya?, (3.1.3)

where the coefficients d,. for r = 1, ..., n—1 in the expression of f’ are non vanishing
real constants.

Let (-,-), be the inner product on H, defined by the metric g and (+,-); be the
inner product on H; defined by the metrics g; and gj on L*(R™, AT*R™)"* and
L2(R* 1, AT*R™ YN respectively. The spaces H; and H, becomes Hilbert spaces
with this inner products.

Let C(y;,r) ={z e M : || <r, —r <z, <0} for some r > 0 and let
C;(0,7) be the corresponding set in R”. Choose r small enough so that around
each boundary critical points 7; we can choose the special coordinates, all the sets
B(z;,r) and C(y;,r) are disjoint, and each B(Z;,r) is in the interior of M. Let
B(y;,r) C OM be the open ball around gy; with radius r on the boundary 0M,

and let B;(0,7) be the corresponding set in OR™ = R"!. Let
Ho = (&2 L*(Bi(0,7), AT'R"| 5,0.n)) & (&1, L*(B;(0,7), AT"R" |5, 0.)))-

For some technical reasons that will become clear later, we choose k such that

< k< 3. Let p € C®(R") such that 0 < ¢ < 1, ¢(z) = 1if |z| < 1,

Wl

P(x) = 0 if |2| > 2. For small enough h, $\" (2) = w(h="z) € C2(B;(0,r)). Let
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¢ € C*(R"1) such that 0 < ¢ < 1, ¢(x) = 1if |x| < 1, ¢(x) = 0 if |x| > 2. For
small enough h, ¢§~h) (x) = ¢p(h™"z) € C°(B;(0,7)). Let J be the multiplication
operator by (/1" (z)) & (®)L,6]" (z)) in Ho.

Let i1 : Ho — H; be the natural inclusion and let p; : ‘H; — Hy be the
restriction map, then p; 04 = id 4.

Now we will define the operators i3 : Hy — Ho and py : Hs — Hy. Let
¢n € C®(R_) such that 0 < ¢, < 1, ¢p(z) = 1if =1 < 2 <0, ¢,(x) = 0 if
x < —2. For small enough h, ¢4 (z) = ¢p(h~"z) € C>®((—r,0]). Let

a = C(h)pM (x,)en dz, (3.1.4)

be a 1-form on R_. We choose the constant C'(h) so that the form « has L?>-norm
one with respect to the metric g,,(0)dz2.

On L*(B;(0,7), AT*R"™|p,0,)) Wwe define is to be the inclusion given by the
choice of the special coordinates near z; in B;(0,r), and on

LQ(BJ'<O, T'), AT*R1 |Bj(0,r)) it is defined by
ow = i(a Aw) (3.1.5)

where i : L*(C;(0,7), AT*R™ |, 0,y) — L*(M,AT*M) is the inclusion given by
the choice of the special coordinates near each g; in C;(0,r).

Let L be the subspace of L?(M, AT*M) which contains only the forms which
are of the form a A w'(z’) in the special coordinates around the boundary critical

points where w' is a form which depends only tangential components. The map
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po is the composition of the restriction map

p L*(M,AT*M) —

(EBzNzolLQ(Bi(Ov 7”), AT*R”|B'L(07T))) D (@j'V:IL2(Oj<O’ T)? AT*RE |Cj (0,7”)))7

and the map r : L2(Cj(0,r),AT*R’HCj(O,T)) — LQ(BJ-(O,r),AT*R"*1|Bj(O7T)) de-

fined by the natural extension of the map r(w(z)) = ﬁ[z’a/aaﬂn (w)](2',0) on the
subspace of the smooth forms w = a A w'(2’) to the closure of this subspace
in L*(C;(0,7), AT*R" |¢;0,r)), and zero on the orthogonal complement. In other

words, po is defined by the formula

1

p2(w(z)) = m[ia/axnp(w)](m’, 0) (3.1.6)

for any smooth w € L C L*(M, AT* M) such that p(w) € L*(C;(0,7),! T*R™ |¢;(0,r))-

3.2 The conditions of Theorem 2.0.3

In this section, we will show that all the conditions are satisfied for this setting.

3.2.1 The estimate for v, [ = 1,2

It is easy to check that p; o4, = id 4, for [ =1, 2.
The operators .J; = i;Jp; and J; clearly satisfy the five properties listed af-

ter the definition of J; in Section 2. Indeed, the last property follows from the
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calculation

Ql(J1W) + Ql(J{w) — Ql(w) = (Alle, Jﬂx))l + (AlJ{w, J{w)l — (Alw,w)l

= ((J1A1J1 + J{Ah]{ - Al)w,w)l

No
= B (a2 + |ad" Pw, )

=1

N
+0) (g2 + 1de\” [P)w, w),
j=1

where @h) =1/1- (1/)1(}1))2. The last equality follows from IMS localization for-

mula

No N
~ h - h

i=1 =
(see (1L37) in [14]). All of [d{”], [di{"], |d6{"| and |d6]"| are O(h~"); there-

fore, the inequality (2.0.3) is satisfied for Q; and v, = O(h!=2%).

The operators Jo = i5.Jpy and J, maps the domain of the quadratic form Qs
to itself.

To show that the inequality (2.0.3) is satisfied for @Qa, first by (1.1.3) we have,

Q2(Jow) + Qa(Jow) — Q2(w) = (AsJow, Jow), + (AsJow, Jjw), — (Asw, w)y

- / (b6}, Tow) A +D1 T — / (b6}, Tow) A +n T + / (b} ) A nio
oM oM oM

On L, we have

td;, ;o (Jow) = dj, ;. (a) A W
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and

* * T(h
tdh,ﬁg("]éw) - dh7f,g<a) A ¢§ )w/.

Therefore, the multiplication with Jy and J) commutes with dj, 1, and we have
—(td;, ; ,Jow) A (xndow) — (b 5, Jyw) A (mJjw) + (td), ; w) A (+nw) = 0 (3.2.1)

on the boundary. On the orthogonal complement of L, around the boundary

Jow = 0 and Jjw = w; therefore the equation (3.2.1) is still valid. So we have

Q2(Jow) + Qa(Jow) — Q2(w) = (AsJow, Jow), + (AsJow, Jyw)y — (Asw, w)y

No N
=03 (e P+ 1dd " P)w,w)g + 3 ((1de | + [d ), w),

i=1 j=1

by IMS localization formula (see(11.37) in [14]). Since all |d¢§h)|, |d@/~1§h)|, |dgz5§-h)|
and |d<5§h)| are O(h™"), the inequality (2.0.3) is satisfied for Qy and y, = O(h'7%%).
We note that the operator J, is not self-adjoint, however it is symmetric on

3.2.2 Localization around the special critical point.

The following lemma provides the localization of eigenforms near the points in

SoU S,

Lemma 3.2.1. Let E be the complement of the union of balls B(Z;, h"), i =

1, .., Ny, and C(y;,h"), 7 =1,.,N. If w € D(Qn,y) such that supp(w) C E,
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then there exists ho > 0 such that for all h € (0,hg) > 0
Qn.g(w) > CR* ]2 (3.2.2)

for some constant C' > 0.

Proof. 1f supp(w) N OM =, then |V f[* > C1h** on supp(w) for some C; > 0
which implies (3.1.4).

If supp(w) NOM # B, then we have %(y) < |V f(y)| for all y € supp(w) NOM.
For small enough h, 2 (y) < (1 — Ch*)|V f(y)| for all y € OM Nsupp(w) for some
C > 0. Locally it is possible to construct f such that ]Vf\ = g—j; in OM Nsupp(w)

and |V f| = |V f| in supp(w). Indeed, it is a local solution of the eikonal equation

Vi) = [Vf(@)] o€ supp(w)
f(y) =0 y € OM N supp(w).

Let hg > 0 be sufficiently small so that for all A such that 0 < h < hg, the
h" neighborhood of the boundary can be covered by local coordinates V; x [0, ")
where V; C R""! the images of V; cover the boundary, x, = dist(z,0M) and
on each set Im(V; x [0, h")) N supp(w) the solution of the eikonal equation exists.
Since the boundary is compact, we can have finitely many of these sets. Let U
be the interior of the complement of the union of the balls B(Z;, h*) and the A"
neighborhood of the boundary.

Let ¢; > 0 and ¢ > 0 be smooth functions supported inside Im(V; x [0, 2h"))
and U respectively such that >, ¢? = 1 on Im(V; x [0, %)), . ¢7 + ¢* = idp,

|0.0:(z, h)| < Ch" and [0,¢(x, h)| < Ch".
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The inequality @, ;. g(gbiw) > 0 implies

of

- 8—ﬁ(x) < iw,piw >4 (x)dpon ()

<(1- C’lh“)/ Vf(x)] < piw, piw >4 (x)dpon ()

oM
= (1—C1h") /@ i V()| < ¢, diw >, (2)dpans(x)

= (1 —C1h") g—J_C(x) < iw, piw >4 (x)dpon ()
oM on

< (1= G0 (I (@) 2+ 1| ' (60) I2) + Ca || 60 |
+h T (VfPoiw, giw),]
for some constant C; > 0. In the last inequality, we used the equation (1.1.5)
for the quadratic form @, ;  and the identity [Vf| = |V f| on supp(¢;w). This

inequality together with the equation (1.1.5) for the quadratic form @, r, implies

that

Qnf.g(Piw) > Ch*H|pw]|2. (3.2.3)

Since U N OM = ), we have |V f|*> > C1h** for some C; > 0 which implies

Qnpg(dw) = CH* | gwllg. (3.2.4)

The IMS localization formula

Qnrg(@) = D (Qnrg(xiw) = Rl Vxilwly) (3.2.5)

7

where the set of squares of y; is partition of unity for the supp(w) (see [35] and
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[14]), and k < 1/2 together with (3.2.3) and (3.2.4) imply the lemma. Note that

the last term in (3.2.5) is of order h'™2~. O

Since k < 1/2, h?**~!1 — oo as h — 0, the lemma implies that for the eigenforms
with bounded eigenvalues it is enough to consider only the forms supported in a

small neighborhood of the critical points in Sy U .S,..

3.2.3 The estimate for oy

Lemma 3.2.2. Let w € D(Q1) such that
supp(w) C {x € R™ : dist(z,0) > h"} o u{z € R"" : dist(x,0) > b},
Then there ezists hg > 0 such that for all h € (0, hy)
Qi(w) = CR*™Hlwlf”. (3.2.6)
Proof. We can write the quadratic form ) as

No N
Ql(w):(AmodW7w)1:ZAww +2Aww g
i=1 =1

Suppose supp(w) is not empty in the domain of A; for some i € {1,..., Np}.

Since all the operators in the definition of the quadratic form (), are positive
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operators, we have

Qiw) > (Aw,w),,
b I, 1 1) + (Coy + L)+ Vi,

> K0, (Viw,w)

gi

for some positive constant Cy. We also have that V; > C;h%*" for some C; > 0.
Therefore, we conclude that Q;(w) > Ch* ! || w ||2.

If supp(w) is empty in the domain of A; for all ¢, then it is not empty in the
domain of A; for some j € {1,..., N}. Since V' > Cyh?* for some Cy > 0, similar

argument will lead us the inequality (3.2.6). O

3.2.4 The estimates for 3, and ¢, [ = 1,2

Our next goal is to obtain the estimates (2.0.5) and (2.0.6). In the setting of this

section these estimates are equivalent to the inequalities
- (h) > (1 — C hﬁ - (h) o C hSIﬁfl - (h) 2 3.9.7
Q2(12¢; (x)w) = (1 = C1A") Q1 (10 (z)w) — Ch a5 (w)w [Ig (3:2.7)

and

Q116" (2)w) > (1 = C1h")Qa(i26" (z)w) — Coah™ ! || i (z)w |2, (3.2.8)
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where w € D N (@, L*(B;(0,7), AT*R™*|,(0,)) and C1,Cs > 0 are some con-

=1

stants. Remember that

D={weH:i1Jwe D(Q1)} ={w € Hp:irJw € D(Q2)}.

In the proof of the inequalities we will use some intermediate quadratic forms
in order to compare (1 and ()».

At each critical point y; € Sy, let x4, ..., z,, be the special coordinates. In these
coordinates f and g can be written as (3.1.1) and (3.1.2) respectively. We use the
formula (3.1.3) to extend f to R™. Let §; be an extension of the metric g to R”
such that g;(x) = g(x) if |2/| < A" and |z,| < C for some positive constant C,
and g;(z) = ¢(0) if |2| > 2h" or |z,| > 2C.

Note that in the set |2'| < A", |z, | < h*, f = f; and g = g;, therefore for each

y; € S+ and for any smooth w € H, we have

Q2(i2(6\" (2)w)) = Qn.g, 5, (e A ia (65" (w)w)), (3.2.9)

where Qf, 5, is a quadratic form on H'(R™; AT*R").

Lemma 3.2.3. Let f = f;, 1 = gj, and g2(2', z,) = G;(«’,0). Then for some

constant C' > 0,

Qnpor (W) = (1= Ch")@n sy (w) — Ch" || w Iy, (3.2.10)

for w € HYR™; AT*R™) such that t(w) = 0 and suppw C {z, > —Coh*} for
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some constant Cy > 0.

This proof is similar to the proof of Lemma 3.3.7 in [18].

Proof. Since g; = gy on {z,, = 0}, we have gi¥ — g% = x,gi¥ where

1/ gl dglk
Lk . _ 1 / . 2 /
9o (', x,) = /0 (3xn (2, txy,) i (x ,txn)) dt.

8912’“

B (x) =0 for all z, |go(a’, z,)| < Cy

Since d,g; = 0 outside a compact set K and
for some constant C; > 0. Then, for any differential form 7 supported in

{7, > —Coh"~}
2, = [l 2 | < Chmin{|| n |2 i =1,2}

for some constant C' > 0.

The operator d}, ; , can be written as
« ~ o - k. ~ Of .
dy,pq = =" Z Ogig oer — I Z Aig ™ iajoer + Z Oy to/oet
k=1 Lk=1 k=1

then,

n
I (d5 g1 = i ) 112, CR2 || D~ Onglfiagomw |12,
1,k=1

n . n 8f .
+Ch? || Z(A’§ — Aigjaurw |12, +C || Z %ﬁngékla/aka [

k=1 k=1
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where the operator A5 — A% is bounded. Thus,
| (g0 =i ga) @ 5, < CH2 D Aulaw) I, +CB (| w [Ig, +C || [V f|(aw) 7,
=1

Since x,w satisfies full Dirichlet condition on the boundary, one can estimate the

first and the third term on the left side as

WY aueaw) [, + NV FI(zaw) |15,
=1

< Ol dng(@aw) llg, + | di 5.5, (@) g, +1 || zaw [Ig,)
Therefore,

1 (dh g9 = i g 520w g, < Ol dn g (znw) llg, + [ i, 16, (znw) Ilg, +572 [ w [I5,)

< C(h* || dpgw llg, +0* | dj g g0 llg, +07 [ w [I5,)

In the last inequality we used that both || dj , (v.w) — zndj ;,,(w) |2, and

I dn s (2nw) = 2ndn s (W) |15, are O(h%) || w |[3,-
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Thus,

Qnsan@) = 3 (L doger 1B, + 1) g0 12)
> 5 (1= ) (| duger 1B, + 1 g 2)
> 3= O [l g 12, + (1 s = 1| 5 g0 = .1 )]
> 2 (1= ) [ dgeo 12, (= 1) | g I,

+<1 - hil{) || d;;‘zfvglw - dZ:vaQW ||.32:|

> (1= O @npn(w) = CH™ 7 (02 | digo 2, +12° | d 1 |1,
R L |2,)

> (1= Ch)Qnpgo(w) — CR || w |12,

Note that we also have
Qhfyg0(w) = (L= ChMQu gy 0 (w) — CR® || w ||, (3.2.11)

since the argument in the proof of Lemma 3.3.7 is symmetric.

Now we want to freeze (g2)n,. To do this we will need the following lemma.

Lemma 3.2.4. Let g3(z) = % g2(x). Then there exist Cy,Cy > 0 and hy
92 )nn\T

such that for any h € (0, ho)

Qhfogs(w) = (1 = CLI®)Qp g g0 (w) — C2h' ™ || w |2, (3.2.12)
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for w such that suppw C {z € R" : |2'| < Coh”, x, > —Coh"} for some constant

Cy > 0.

(g2>nn(0)

(g2)nn(z")’
g2 = g3 when |2'| > 2h", and both g, and g3 are z,—independent, ¢(x) = O(h")

Proof. Let @) = then g3(z) = e#® gy (). Note that (0) = 0. Since

and e¥(®*) = 1 + O(h*) everywhere. Therefore,
min{e?®} =1+ O(h"). (3.2.13)

Given a metric g, the volume form is Vy(z) = (det g(z))2dxy A ... Adz,. Then,

For any p-forms w and 7
WA *g M = e3Py A %451,
see (pp. 26-27 [18]). Therefore,

| w llgy> eZmPmme || e |lg, .

Since d, y does not depend on g, we have

n_

” dp fw Hf;gz (5 —p—1) minp(x) H dp w H§2 ‘
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Thus by (3.2.13),
| dpgw [|12,> (1 — C1R%) || dpyw |2, - (3.2.14)

We also have

(3p—1+4n) min p(x

| dh f,65 H2 >e " dy FW T w2 _pp@w 2 (3.2.15)

927

see the proof of Lemma 3.3.8 in [18].

Now we will use the following well known inequality,

| f+glP<@+e) |l fIP+1+2) g I

which implies that

(= If+gl? - HQHQ-

“1+e¢ +¢€
Replacing € by h"*, f by f + g and g by —g, we get

If+glP=@=Cih") | £1P =Caoh™™ [ g I,
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which implies that

I dj, 1o FHhivE po@w |12,

> (1= ") || i g g, NI, —Coh™ || hivz—po@w I3,

> (1= Cih%) || &5 g g N7, —Coh® ™ [l w I3, .

This together with the equation (3.2.13) and the inequality (3.2.15) imply

I dh g g 155> (1= CLh™) || d g g0 I, —Coh® ™ [ w I3, -

Together with (3.2.14) we have

Quran@) = 31 dnge I+ 1) iy 12)
> (1= Cih")Qnpg(w) — Coh' ™™ | w Iy, -
O
Note that for the inequality
Qh.pge(W) = (1= CLh™)Qn, g (w) — Coh' ™" [ w |[g, (3.2.16)

it is enough to see that
min{e @} = (max{e¥@})~! = (1 + O(R"))™' =1 + O(h").
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Now we will continue with the proof of the main result.
We combine formula (3.2.9) with inequalities (3.2.10), (3.2.11), (3.2.12), and

(3.2.16), to conclude that there exist positive constants C; and Cy such that

Qa(ia(8)" (2)w)) > (1 = CLA") Q5 (11 (61" (z)w) A ) (3.2.17)
— Cob” || in (6" (@)w) A |2,

and

Qnoty00 (116" (2)w) A @) =(1 = C1A")Qa(in(6” (2)w)) (3.2.18)

— Col" | in(¢\" (w)w) |2

for all w € H,.

Note that (g3)nn = gnn(0) and (g3);x depends only on 2’ for [,k =1,...,n — 1.
Therefore, in the metric g3 the variables separate on the forms ¢ = i, (gbg-h) (x)w)Aa.
In particular, let f; = f [an, g3 be the restriction of the metric g3 on the tangent
space spanned by {0/0z,0/0x,,...,0/01, 1}, f](") = 2, ¢ = gon(0)dz2. Then
for any w from the component of Hy corresponding to the boundary critical points

we have

Qnogyan (205" (1)) N @) = Qu gy g1 (1165” (2)w) || @ [ (3.219)

. h
+ [l g () |12 @, g (@):

We recall that from normalization we have | a ||2,= 1. Moreover,
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Q, £ g (a) < Ch*~! for some C' > 0. Indeed,
i 93

1
thf](m’gém(a) ~ | d;f;m’gén)a Hf;g,}a

where the norm and the adjoint are taken with respect to the metric gé") on R_.

Since dy (e dx,) = 0, we have

7fj(n) 7gén)

h
Oon” |2
n g

Qg 0 (@) < Cal (CR)P? | €F 22

s (3.2.20)
3

where C is a constant independent of h, and C'(h) is normalization constant for

Zn n a 7(1h)
¢,(1h) (xn)en dx, with respect to the metric gé ). Since the support of is in
the interval (—2h", —h"),
Q, jm jom (@) < P(h)e " (3.2.21)
5 r93

where P(h) is a polynomial. Thus there exist hy > 0 small enough so that for any

h € (0,ho), Q, £ gt (a) < Ch3~1 for some C > 0. Therefore,
Wi 93

Qh,fj,gs((i1¢§h) (@)w) A a) < Qg (i1¢§-h) (z)w) (3.2.22)

+ O || iy (z)w |12,
and

Qh. 11,9, (116" (2)w) < Qo gy g0 (1164 (£)w) A @) (3.2.23)

+CR¥ | i (2w A |2,
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Now we will compare the quadratic forms @, £1.d and ;. The quadratic forms

Qh,fj’-,gé can be written as

n—1

Q1.5 (@ hZ( 2lk8 “ e >g/ hll( w w)é

l,k=1

+ (Bow, w) g, + h_l(ng,w)gé

where Aé?l)k = (g4)™*(2') are zero order operators and Ag) is first order operator.

Operator B, is bounded, and it can be written as

_ J / xk l l *k /
=5 i)~ S e
l,k=1 1
Finally,
n—1 af/ 8]0/
V= X ) ), )

In coordinates the quadratic form @), for the model operator A4 (see (1.2.1))
on L*(R™ !, AT*R™!) corresponding to ¢; can be written as

Q1 (w) = (AP 0,9

-1
1,lk8_:1;lw’ 8_ka)9; + (Blw’w)9§ +h (Vlw,w)gg

where A7, = ( ;)lk’
n—1 2 p1
Bl = a 7 <g ) (a*kal &la*k)
Oz, 0z, "’ ;
k=1
and
— an/ an/
V= /\Ts |
1 lk;:1<g]) O, 0y 1) 5 8xk( gy

%)



Since g3(0) = g}, f; is a Morse functions on dM, and g; corresponds to the

origin, we have that

A2,lk(0) = Al,lk(0)7 B2(0) = 31(0)7 Vz(o) = Vl(o) =0,

oV; oV,
=M =0, 1=12..n

0%V, 9%V,
s = — =1.2,...,n.
OxlOxk (0) Oxloxk 0), Lk 1Sl

These equalities together with Lemma 2.11 [22] imply the following lemma.
(Lemma 2.11 is proved in [22] in the case of operators, but its proof can be easily
extended to include the case of quadratic forms).

Let ¢ € C°(R"!) be a function satisfying 0 < ¢ < 1, ¢(x) = 1 if |z] < 1,

¢(z) = 0 if |z| > 2. Define ¢™(z) = p(h~*x).

Lemma 3.2.5. Let 1/3 < k < 1/2. There exist C > 0 and hy such that for any

h e (0, ho),
Qn.p.05(0"w) < (14 C™)Q;(¢Mw) + CH* (6w, o W), (3.2.24)

for w € C(R™ 1 AT*R™Y) such that suppw C {x € R™™! : |z| < Coh*} for

some constant Cy > 0.

The proof of Lemma 2.11 [22] is symmetric with respect to the quadratic forms

Qn,f1.q and Q;, so after dividing by (1 4+ Ch"), we have that

Qnsy (16 (@)w) > (1 = CLi)Q;(028" (1)) — Col™ || 165" (@) |1
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and

Q016" (2)w) > (1 = CLh") Qg1 (116" (2)w) — Cob®* L[| i1 () |12,

for any w € D and for some C,Cy > 0.

All the metrics we used differ from each other by multiplication by (1+O(h"))
in h"-neighborhood of the points in S. Therefore these two inequalities together
with (3.2.17), (3.2.18), (3.2.22), (3.2.23) imply (3.2.7) and (3.2.8).

The comparison of quadratic forms around the interior critical points is com-
pletely similar to the comparison of the forms Qh,f]/,’gé and @);. Thus for any

interior point z; € Sy, Lemma 2.11 [22] implies that

Qn pg(iz" (2)w) > (1=Crh")Qi(irtp (" ()w) = Coh™ [ iyl (w)w |12, (3.2.25)
and

Qi1 (" ()w) > (1= C1h%) Q141200 (2)w) — Coh™ 1 || it (w)w |2 (3.2.26)

for w € DN (9r L3(B;(0,7), AT*R"|g,00,)) and for some Cy,Cy > 0. Indeed,
for interior critical point these estimates are the same as in the case of manifolds
without boundary (see [35]).

Therefore we have

QQ(iQJW) Z (1 — Cth>Q1(Z'1JW) — Cgh?m_l || z'ljw ||§] (3227)
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and

Ql(ile) 2 (1 — Clhﬁ)Qg(Z.QJw> — CQh?mil ” iQJw H?} (3228)

for w € D and for some Cy,Cy > 0. These inequalities imply (2.0.5) and (2.0.6).

3.2.5 The estimate for as

The following lemma verifies inequality (2.0.4).

Lemma 3.2.6. Let w € D((Q)3) then there exists ho such that for all h € (0, hy)
Q2(Jyw) = CR* | Jywllg

for some C' > 0.

Proof. Let w be a form supported on C(y;, h*). First we assume that w restricts
to a tangential form on the boundary, that is w = tw. Then the boundary integral

term in (1.1.3) vanishes because of the boundary condition tw = 0. Therefore,
Qnpg(@) =h (|l dw |l + | d'w [lg) + ((Lys + Ly w,w), + b7 (Vw,w) -
Since |V f| > C around y; for some positive constant C', we have
ht (|Vf|2w,w)g > C’h’1||w|]§.
Therefore, for tangential forms we have that

Q2(Jow) > Ch* || Jyw]|? (3.2.29)
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for some C > 0.

Now, let w be a form that restricts to a normal form on the boundary, that is
w = nw. In the special local coordinates on C(y;, h*), consider the forms that can
be written as w'(z') Ad(x,), where @ is a 1-form that belongs to the L*-orthogonal
complement (with respect to the metric g,,(0)dz?) of the one dimensional space
generated by « in the space of all 1-forms supported in the interval (—2h*,0]
in H'(R_,AT*R_). Since the inequalities (3.2.10) and (3.2.16) are valid for any
differential form with the support in a small neighborhood of critical points on

the boundary, we have that
Q2(w) = Qn gy (W) = (1 = Ch™)Qu g5 (w) — Ch™ || w [[5, -
Therefore,
Q2w N@) > (1 — C1h") Qngyg5(W Ad) — Cob™ || W' A |2,

After separating variables as in (3.2.19) and observing that @, £i.94 is a positive

quadratic form, we obtain

Qa(w' Ad) > (1= Cih") || W I3 Qh,f;n>7g§n>(5¢) — Goh™ [ NG, -

A simple calculation shows that the spectrum of the quadratic form Qh PO
g 093

on HY(R_,AT*R_) is {0} U [Ch™!, 00). The eigenspace corresponding to the 0

eigenvalue is the one dimensional space generated by the eigenform exp(x,,/h)dz,.

Since the forms o = C’(h)(ﬁgh) () exp(z,/h)dx, (see (3.1.4) ) and
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C(h) exp(z,/h)dzx, are equal for —h™" < x, < 0 and the function exp(z,/h)
decreases exponentially fast when h — 0 and x,, < —h™", we conclude that for

some constant C'3 and small enough h
Qh,f}”),gé”)(d) > Csh™! || a ||!2}?()n> (3.2.30)

which implies that
Q' Na) > Ch W Aa | (3.2.31)

for some constant C'.

Since any normal form supported in C(y;, h*) which belongs to the image of
J, can be approximated by the forms w'(z) A &(z,) in special local coordinates
and the metrics g and g3 differ from each other by O(h"), for any normal form w

we have

Q2(Jow) > Ch™ || Jyw |2 (3.2.32)

for some C > 0.
The inequalities (3.2.29) and (3.2.32) together with the lemma 3.2.1 imply the

desired inequality. O

3.3 Application of Theorem 2.0.3 to the Witten
Laplacian

Now we can apply Theorem 2.0.3. From (3.2.27) and (3.2.28), 5, = 1 + O(h")
and ¢ = O(h*~1) for [ = 1,2. By the Lemma 3.2.6, ay = O(h**~!) and by the
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Lemma 3.2.2, oy = O(h**~!). From the section 3.2.1, we have v, = O(h!™%).
The operators A; = Anoq and Ay = Ay ¢, are elliptic operators with positive
definite principal symbols, thus A; and A, are bounded from below so Ay, = O(1).
Moreover, the inequality (2.0.2) is satisfied by p = 1 + O(h") since the metrics
differs from each other by O(h") where the inequality is defined.

Now assume that (a1, b;) does not intersect with the spectrum of A;. For as,

by given by formulas (2.0.7), (2.0.8) respectively, we have
as = ay + O(hs), bg = b1 + O(hs)
where s = min{3x — 1,1 — 2x}. The best possible value of s is
: 1
s =maxmin{3x — 1,1 — 2k} = R (3.3.1)

which is attained when x = 2/5. By Theorem 2.0.3, the interval (ag,bs) does
not intersect with the spectrum of As. Moreover, for any A\; € (a1, b;) and Ay €
(ag,by), dim(ImFE;(A;)) = dim(ImFEy(\y)). Assume that there are M eigenvalues
of the model operator A; lower than R and let a; be the highest eigenvalue of
A; lower than R. Since R ¢ spec(A;), there exists hg > 0 such that for all
h € (0, ho), ag = a; + O(h®) is less then R. Then dim(ImF;(R)) = dim(ImFEs(R))
which implies A, also has exactly M eigenvalues lower than R. Since we can do
this for any R ¢ spec (A;), we can conclude that the eigenvalues of A5 concentrates
in the h*-neighborhood of the eigenvalues of A; and for any A € spec(A;), Az has
exactly as many eigenvalues in the h°-neighborhood of A as the multiplicity of A.

This implies Theorem 1.3.1.
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Remark 3.3.1. There exists an isomorphism between the spectral spaces

Im Ey(\) and Im Ey(\y) which is given in the proof of Theorem 2.0.5.
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Chapter 4

The Eigenvalues of the Model

Operator

Recall that the model operator does not depend on the choice of local coordinates,
see Chapter 1. Thus we will choose local coordinates in which the model operator
has an especially simple form.

At each critical point Z; € Sy, let us choose Morse coordinates zy, ..., z, for
f near z;. In these coordinates z; = 0, the metric at z; is Euclidean i.e. ¢; =

>or_, da? and for some non vanishing real constants ¢,, r =1,...,n — 1,

1 — )
f(z) = f(0) + 5;@%-

Let f; be the extension of f to R™ with the same formula.

At each boundary critical point y; € S, let us choose Morse coordinates
T1y ..., Tnq for f |onm near y;. In these coordinates y; = 0, the metric at y;
restricted to the tangential vectors is Euclidean i.e. g; = Z::ll dz? and for some
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non vanishing real constants d,., r =1,....n — 1,

£ loar (2) Zd 2.

Let f; be the extension of f |gy to R"™! with the same formula.

In these coordinates the operators A; and A; can be written as

Ai:—hi;—; —i—ick (a*a* — a*a™*) + h~ chxk
k 1

and
n—1 o n—1

9 kok _ gk gtk
Aj=—h) g+ ) di (@a —ata™) +h” de i,
= k=1
where a* = (da*)* and a** = (a*)* are the fermionic creation and annihilation
operators. The spectrum of the model operator A,,.q is the union of the spectra
of the operators ®N°, A; and BILIA;.

The spectra of the operators A; and A; are the same as in the case of manifolds

without boundary (see [36]).

The spectrum of A; is

{Z 2l€l Cl + Cll 4+ ...+ Clk) (Clk+1 + ...+ Cln)} (401)

where k; € {0,1,2,...}, Iy < ... <, lk:—‘rl < < Ay, {ll,...,lk} U{ lk+1,...,ln} =
{1,...,n} (Corollary 2.22 in [36]).
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The spectrum of A; is

n—1

O @k + Dy + (dy, + ..+ dy) = (dyy, + o+ di, )} (4.0.2)

=1

where k; € {0, 1,2, }, lpy1 < oo <lp_1, {ll, ce lk}U{lk+1, ey lnfl} = {1, e n—l}
(Corollary 2.22 in [36]).
The spectrum of the model operator is the union of (4.0.1) and (4.0.2) over

1=1,....,Ngand 7 = 1, ..., N respectively.
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