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1. Let f: R — R be a differentiable function. A real number z € R is called a fived point of f
if f(x) = z. Show that if f'(t) # 1 for every real ¢, then f has at most one fixed point.

2. Suppose that the sequence of functions {fx} converges uniformly to f on the closed interval
[a,b] and that each f; is Riemann-integrable on [a,b]. Show that f is Riemann-integrable on
[a,b] and that

n—00

fim L " ht)di = /a " fydt

Hint: Use the Riemann criterium of integrability: A function f is Riemann-integrable on [a, b]
if and only if for every & > 0 there exists a partition 7. of [a,b] such that for every refinement

of w we have U(f,n) — L(f,7) < &, where U(f,n) and L(f,n) denote the upper and the lower
Riemann sums respectively.

3. A metric space is called separable if it contains a countable dense subset. Show that if X is
a metric space in which every infinite subset has a limit point, then X is separable.

4, Prove that

Hint: Consider the Fourier series

%9 + Z (@n cos(nz) + by sin(nz) ), z € [-m, 7]

n==1

of f(z) = ?. Show that it converges pointwise to 2 for 2 € (—, ) and substitute z = 7 /2 to
the equality

o
x2 = 922 -+ Z (O,nCOS(’n-’L')""bn Sin(nm))7 RS (_ﬂ" ’IT).
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1



2 i JANUARY 2009

5. Let w be a 2-form on R3\{0} defined by
w = xdyNdz+ydz ANdz+ zdx ANdy
B (22 4 y2 + 22)3/2

(a) Show that w is closed.
(b) Let S = {(2,y,2) € R?| 2% + y? + 2% = 1} be the unit sphere in R®. Compute [ w.
(c) Prove that w is not exact.



