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1. Let f be an absolutely continuous function on (0,1). Prove that for any
¢ € CF°(R),

1 1
f f(2)p(z) dz = ~ f f(2)¢ (@) da.
1] W]

2. Let 0 < w < 1 be an irrational number. Define the equivalence relation on
I:=[0,1)
x e~y <= Jk€Z suchthat 2 =y + kw(mod 1).

“wDenote by {I,}aca the equivalence classes of I with respect to ~ and for any
a € A choose a unique representative z, € I,. Prove that the set {z,}ac.q is
not Lebesgue measurable,

3. (a) Prove that the restriction of the 2-form
a=xdyAdz+ydz hde+ zde A dy

to the unit sphere {22 4+ 42 + 22 = 1} is not exact.
(b) Prove that the 2-form
_wdyANdz+ydz Ade+ zda Ady
(22 + 12 + 22)3/2

is closed on R*\ {0} but not exact,

Let g be the Lebesgue measure on R,

4. Let K(z,y) be a square integrable function on [0,1] % [0, 1]. Prove that for
any f € L*([0,1]) there exists a subset A C [0,1], u(A) = 1, such that for any
€ A the function y — K(z,y) f(y) is Lebesgue integrable and

1
(KD = [ K fw)dy
is square integrable on [0, 1].

5. Let f be a l-periodic function on R that is square integrable on the interval
[0,1]. Assume that the Fourier coefficients f,, of f satisfy the inequality

ST 1Ak < o

kel



with s > 1/2. Prove that f is continuous.

6. (Extra credit) Find the Fourier series of f(z) = cos® z on [0, 27).



