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Give complete proofs or justifications for each statement you make, Show all your work.

1. Using the Frobenius theorem, find necessary and sufficient conditions for the local exis-
tence and uniqueness of solution u = u(z, y) € C™ of the system

% = f(z,y,u)
‘-'j 5
5 = glzy,u)
in a neighborhood of (0,0) in B?, with an arbitrary initial condition w(0,0) = uy, as-
suming that f, g are given C* functions of =y, u.
2. Find explicitly a basis of left-invariant vector fields on the Lie group SL(2, ).
3. (a) Calculate the Christoffel symbols, curvature tensor, Riccl tensor, scalar curvature
and sectional curvature for the metric
ds® = ydz® + dy®
on R = {(z,y) € R% y > 0}.
(b) Write the equations for the corresponding geodesics.

4. Calculate volume of the torus T? = R*/Z* with the metric
ds® = (2 + cos 2my) dz? + dy? .

5. Calculate the integral

f rdy M dz,
iy

where

6. Can a Riemannian metric on the torus T? have everywhere negative curvature?



