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General format

Qualifying exams are given twice each year - January and April.  Northeastern University students enrolled in the  Master of Science degree program to be considered for admission to the Doctor of Philosophy degree program or in the Doctor of Philosophy degree program by May of their first year in the program must pass three qualifying exams:  one in Algebra, one in Analysis and one in a field of specialization:  Algebra, Analysis (ODE), Analysis (PDE), Combinatorics, Geometry, Probability, Statistics or Topology.

General Algebra Exam

The Algebra exam covers essentially the material taught in Modern Algebra (MTH 3002) and Algebra I (MTH 3102).  In terms of topics this is:


(Groups, fields, vector spaces: basic definitions.


(Linear dependence and independence, exchange property, bases, dimension. Vector subspaces, sums and intersections, 
 
  direct sums and products.


(Linear maps: examples, basic properties. The vector space of linear maps.  Kernel and image. Dual vector space.


(Linear maps and matrices.  Composition of linear maps and matrix multiplication. Systems of linear equations.  Change 
 
  of bases.


(Rank of linear maps and matrices.  Normal form of a linear map between two different vector spaces.  Dual linear map, 
 
  dual bases and traspose matrices. Row rank =  column rank.  Applications to systems of linear equations.


(Determinants and alternating multi-linear forms.  Symmetric group and the sign homomorphism.  Multiplicative property.  
  Computing determinants; row and column operations, triangulation.  Cofactors, row and column expansions.  Cramer’s 
 
  rule, the formula for the inverse matrix.  Minors and the rank.


(Eigenvalues and eigenvectors. Linear independence of eigenvectors with distinct eigenvalues.  Diagonalization.  
 
 
  Applications: linear differential equations with constant coefficients, linear recursions.  Characteristic polynomial.


(Triangulation of matrices and linear maps.  Invariant subspaces and flags.  Cayley-Hamilton theorem.


(Minimal polynomial of a linear map.  Polynomials in one variable:  Long division, principal ideal theorem, irreducible 
 
  factorization.  Cyclic vectors and  cyclic vector spaces.  Rational normal form of a linear map in a vector space.  Jordan 
 
  normal form.  Applications to linear differential equations with constant coefficients.


(Symmetric and alternating bilinear forms.  Diagonalization of quadratic forms, Sylvester’s theorem.  Normal form for an 
 
  alternating bilinear form, Witt’s theorem.


(Scalar products, orthogonal transformations of an Euclidean space.  Hermitian scalar products and unitary 
 
 
  transformations.


(Tensor products of vector spaces:  universality property and construction.  Exterior and symmetric powers of a vector 
 
  space.  Exterior and symmetric multiplication.  Contractions.


(Elements of group theory:  homomorphisms, subgroups, normal subgroups.  Abelian groups and their homomorphisms.  
 
  Exact sequences of abelian groups.  Homology.

References:  “Algebra”  by Lang, “Linear Algebra”  by Lang, “Fundamental Structures of Algebra”  by Mostow, Sampson and Meyer.

General Analysis Exam
The Analysis exam covers essentially the material taught in Fundamentals of Analysis (MTH 3009), Basics of Analysis (MTH 3010) and Real Analysis (MTH 3101). Topics are:

Advanced calculus:


(Topology of metric spaces:  metrics, open and closed subsets, continuous maps. Sequences and limits.  Open covers, 
 
  compact sets. Behavior of open, closed and compact sets under continuous maps.


(Topology of Euclidean spaces: bounded sets, characterizations of  compact subsets of Euclidean space, maxima of 
 
 
  continuous functions.


(Derivatives of functions of one variable:  definitions, mean value theorem.


(Riemann integration:  definition and existence of integrals and basic properties.


(Uniform convergence:  uniform convergence and the exchange of limits.  Uniform limits of continuous, differentiable and 
 
  integrable functions, with applications to problems of exchanging limits and infinite sums with the operations of 
 
 
  integration and differentiation.


(Functions of several variables:  total derivative of a mapping from Rn to Rm, partial derivatives, the chain rule.  Inverse 
 
  and implicit function theorems.

References: “Principles of Mathematical Analysis”, 3rd Edition,by W. Rudin.

Measure theory, Integration and Function spaces:


((-algebras, Borel sets, F( sets, G( sets; outer measure on R, measureable set, Lebesgue measure; measurable function, 
 
   simple function, Egoroff’s theorem.

(Riemann integral, Lebesgue integral, integrable function; Fatou's lemma, monotone convergence theorem, dominated 
 
  convergence theorem, Riemann-Lebesgue lemma; functions of bounded variation, absolutely continuous functions; 
 
  Lebesgue’s theorem on the derivative of function of  bounded variation; Jensen’s inequality.


(Product measure, Fubini’s theorem on iterated integration; lp and Lp; Minkowski, Young and Holder inequalities; 
 
 
  convergence in lp and Lp, Riesz-Fischer theorem on completeness of Lp, bounded linear functionals, dual spaces, Riesz 
 
  representation theorem.

References:  “Real Analysis” 3rd Edition by H.L. Royden; “Principles of Mathematical Analysis” 3rd Edition by W. Rudin; “Elements of the Theory of Functions and Functional Analysis” by A. N. Kolmogorov and S.V. Fomin.

Specialized Fields:

Algebra

This covers essentially the material from Algebra II (MTH 3104) and Algebra III (MTH 3321).

Part I -  Groups, rings and modules:


(Group theory. Groups, subgroups, normal subgroups.  Cosets of a subgroup, quotient groups.  Exact sequences of groups.  
  Sylow theorems and solvable groups. Examples: cyclic groups, symmetric groups, abelian groups, direct and semidirect 
 
  products.


(Rings. Rings, ideals, commutative rings, subrings and quotient rings.  Units and factorization. Polynomial rings.  Fields 
 
  and finite fields.  Domains, Euclidean domains, principal ideal domains.  Unique factorization domains and the Gauss 
 
  lemma.  Unique factorization in polynomial rings.


(Modules. The category of modules over a ring.  Submodules and quotient modules.  Exact sequences and relations with 
 
  Homs.  Cyclic modules, free modules and projective modules.  Linear algebra of Euclidean rings and principal ideal 
 
  domains.  Abelian groups as modules, structure of finitely generated abelian groups and of finitely generated modules over 
  a principal ideal domain.  Relation of modules to problems of factorization.

References: “Algebra” by Hungerford, Chapters I-IV, Springer GTM #73

Part II - Galois theory:


(Fields, extensions of fields, finite and algebraic extensions, transcendental extensions.  The degree of an extension, 
 
  multiplicativity in towers.


(The group of automorphisms of a field.  Normal, separable and Galois extensions.  The Galois group of an extension of 
 
  fields.


(Splitting fields for polynomials.  Tests for irreducibility.


(The Galois correspondence.


(Finite fields, Galois group of finite field extensions.


(Radical extensions, impossiblity of solving the general equation of degree > 5 in radicals.


(Computing examples.

References:  “Algebra” by Hungerford, Chapter V, Spring GTM #73

Ordinary Differential Equations 

There are two parts to the ODE exam: Part I is Ordinary Differential Equations (ODE) and Part II is Complex analysis and Functional analysis.  The material for Part I is taken from ODE I and II (MTH 3341 and 3342), and the material for part II is taken from Complex Analysis (Math 3103) and Functional Analysis (MTH 3106). 

Part I - Ordinary Differential Equations:   


(Existence and uniquness, Picard Iteration, Regular Singular Points, Bessel’s Equation and other special equations: Sturm-
 
  Liouville Systems, Fourier Series and General Eigenfunction Expansions.


(Vector fields and phase flows, conservative systems, classification of linear systems and applications to mechanical and 
 
  biological systems.

References:  “Ordinary Differential Equations” by G. Birkhoff and G.C.Rota, Sections 6.1-6.4, 6.6-6.9, 9.6-9.8, 9.10, 10.1-10.8, 11.1-11.5 and 11.8-11.9; “Elementary Differential Equations and Boundary Value Problems” by W. Boyce and R. DiPrima.

Part II – Complex and Functional Analysis:

Complex Analysis:


(The complex plane, holomorphic (analytic) functions, Cauchy-Riemann equations.  Path integrals.


(Cauchy integral formula, residue theorem, power series expansion for holomorphic functions in a disk, maximum modulus 
  principle. Laurent series expansion for functions holomorphic in an annulus.  Using residues to compute integrals. Zeros 
 
  of holomorphic functions. Uniform convergence of holomorphic functions.


(Conformal mappings. Open mapping theorem, Schwartz lemma, conformal self-maps of the disk.

References: Real and Complex Analysis by Rudin and Complex Analysis by S. Lang.

Functional analysis:


(Metric spaces, Contraction Lemma and its applications.


(Elementary theory of Hilbert spaces.


(Elementary theory of Banach spaces.


(Linear operators, compact operators and Fredholm operators.


(Schwartz space, fourier series, fourier transforms, Sobolev spaces and Sobolev embedding theorems.


(Spectral theory.

References: Any one of the following books: “Introduction to Functional Analysis” by David C. Fay & Angues E. Taylor, Chapters 1-6. Krieger; “Foundation of Modern Analysis” by Avner Friedman, Chapters 3-6 Dover; “Analysis Now” by Gert K. Pedersen, Chapters 1-4 Springer-Verlag; “Methods of Mordern Physics: Functional Analysis” Vol.I by M.Reed & B. Simon, Chapters 1,2,3,4,6,7; “Essential Results of Functional Analysis” by Robert J. Zimmer, Chapters 1-5 Uiversity of Chicago Press.

Partial  Differential Equations

There are two parts to the PDE exam: Part I is Partial Differential Equations (PDE) and Part II is Complex analysis and Functional analysis.  The material for Part I is taken from PDE I and II (MTH 3353 and 3355), and the material for part II is taken from Complex Analysis (Math 3103) and Functional Analysis (MTH 3106). 

Part I - Partial Differential Equations:   


(1st-order linear, quasi-linear and non-linear PDE's using the method of characteristics: know how to obtain explicit 
 
  solutions.


(Classification of 2nd-order linear equations in 2 independent variables: hyperbolic, parabolic and elliptic types.


(Power series solutions and the Cauchy-Kovalevski theorem.


(The wave equation: explicit formulas for the initial-value problem in dimensions 1, 2 and 3; energy  and uniqueness; 
 
  Fourier series solutions; Duhamel's principle; Huygen's principle (sharp signals).


(Hyperbolic 1st order systems of linear equations in 2 independent variables.


(The Laplace equation: Green's identities, mean value theorem, maximum principle, fundamental  solution.


(The heat equation:  Fourier series solutions, maximum principle, Gaussian kernel for the pure initial value problem.

References:  “Partial Differential Equations” by F. John or “Partial Differential Equations: Methods & Applications” by R. McOwen

Part II – Complex and Functional Analysis

Same as above.

Combinatorics

Part I - Complexity Theory


Topics to be covered include decision and search problems, languages and encoding schemes, 
deterministic, nondeterministic and oracle Turing machines, the classes P and NP, polynomial 
transformations and Turing reductions, Cook's theorem.  Also to be covered are basic NP-complete 
problems, including 3SAT, 3DM, VC, CLIQUE, HC, PART and techniques for proving NP-
completeness, including restriction, local replacement and component design.  Further results extending 
the theory of NP-completeness, including strong NP-completeness, NP-hard and approximation 
algorithms, may be included.

References: "Computers and Intractability, A Guide to the Theory of NP-completeness", by Michael R. Garey and David S. Johnson, Sections 1.1-1.6,2.1-2.6,3.1-3.3,4.1,4.2,5.1,6.1,6.2.

Part II - Enumeration


Topics to be covered include sets and multisets, binomial and multinomial coefficients, permutations, 
generating functions and recurrence 
relations, inclusion-exclusion principle, permutation groups, 
Burnside’s Lemma, Polya’s counting theorem.

References: "Applied Combinatorics", by Fred S. Roberts, Sections 2.1-2.15,4.1-4.5,5.1-5.4 and chapters 6 and 7

Part III - Graph Theory

Topics to be covered include paths, cycles, cut-vertices, trees, spanning trees, bipartite graphs, Eulerian 
graphs. Also, Euler's formula and regular polyhedra, connectivity properties including Menger's theorem, matchings and edge coloring of graphs.

References: "Graphs and Digraphs, 2nd ed.", by Gary Chartrand and Linda Lesniak, Sections 1.1,2.1-2.3,3.1,4.1,4.2,5.1,5.2,8.1,8.2,10.2.

Pure Math - Geometry/Topology:

Part I - Geometry: The Geometry exam covers essentially the material taught in Geometry I (MTH 3400) and Geometry II (MTH 3407). Topics are:  Differentiable manifolds, vector bundles, vector fields and differential equations, Frobenius theorem, differential forms, Stokes' theorem, deRham cohomology, Lie groups and Lie algebras.

References: "Differential Geometry, Vol.I", by Spivak, Chapter 1-10 and "Foundations of Differentiable Manifolds" by Warner.

Part II - Topology: The Topology exam covers essentially the material taught in Topology I (MTH 3105) and Topology II (MTH 3107).  The required topics are listed below.  All of these topics are covered in the references by Armstrong and Bredon.  However, some students may find it helpful to read the other suggested texts where more examples and somewhat different approaches can be found.


(Topological spaces and continuous functions, compactness and connectedness, path-connectedness,  separation axioms.


(Fundamental group, covering spaces, Van Kampen Theorem.


(Simplicial complexes, simplicial homology.


(Classification of compact surfaces, computation of their fundamental groups and of their homology groups.


(Singular homology theory: axioms, homological algebra, homology with coefficients, Mayer-Vietoris sequence, degrees of 
 
  maps, Euler characteristic.


(CW-complexes, cellular homology.


(Examples:  projective spaces, grassmanians, lens spaces, cross-products.


(Applications:  Jordan Curve Theorem, Borsuk-Ulam Theorem, Lefschetz Fixed Point Theorem.

References:  “Basic Topology”  by M.A. Armstrong, UTM, Springer-Verlag, 1983; “Topology and Geometry” by G. Bredon, GTM 139, Springer-Verlag, 1993; “A Basic Course in Algebraic Topology” by W.S. Massey, GTM 127, Springer-Verlag, 1991; “Topology - a First Course” by J.R. Munkres, Prentice-Hall, 1975;  “Elements of Algebraic Topology” by J.R. Munkres, Benjamin-Cummings, 1984; and“An Introduction to Topology and Homotopy” by A. J. Sieradski, PWS-Kent, 1992.
Probability/Statistics:

Part I - Probability: The Probability exam covers essentially the material taught in Probability I (MTH 3431).  The topics are:


(Probability distributions, expectations and conditional expectations, moments and moment generating functions and 
  
  exponential distribution.


(Convergence in distribution of sums of i.i.d. random variables (the law of large numbers, the central limit theorem) and 
 
  convergence in distribution of maxima and minima of i.i.d. random variables.


(Markov chains.  Classification of states.  Equations for the stationary distribution of recurrent classes and the limit of the 
 
  n-th power of the transition matrix.


(Random walks on the integers and difference equations for hitting time probabilities and expected time to boundaries.

References:  “Introduction to Probability Models”, 5th edition, by S. Ross on Grimmett and Stirzacher. Probability and random processes.

Part II - Statistics: The Statistics exam covers essentially the material taught in Statistics I (MTH 3441).  The emphasis is on asymptotics, that is, large samples.  Almost any book titled “Mathematical Statistics” or “The Theory of Statistics” and intended for graduate students will include the relevant material:


(Estimation:  mean squared error, asymptotic distribution of sample mean and sample median, the (-method (Taylor series) 
  for calculating asymptotic variance of estimators.  Application to Confidence Intervals.  Maximum Likelihood estimation 
 
  (MLE), consistency and asymptotic normality of MLE.  Fisher information, Cramer-Rao bound.  Sufficiency and the Rao-
 
  Blackwell theorem.


(Testing: Type I and Type II errors, p-value.  Most powerful tests.  Likelihood ratio tests, Neyman-Pearson lemma.  Critical 
  region for large sample LRT.  Generalized likelihood ratio tests and their limiting distribution.

References:  “Statistical Inference” by S.D. Silvey.
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