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1 Introduction

The aim of this paper is to define the notion of the refined analytic torsion
associated to an arbitrary vector bundle £ — M over a closed oriented manifold
of odd dimension d = 2r — 1 and an arbitrary flat connection V on E. The
refined analytic torsion pan = pan(V) is a canonically defined element of the
determinant line Det (H*(M, E)) of the cohomology of the bundle E.

Geometry € Topology, Volume X (20XX)



Refined Analytic Torsion as an Element of the Determinant Line 3

The Ray-Singer norm of the refined analytic torsion is equal to e™'™7, where
1 is the n-invariant of the Atiyah-Patodi-Singer odd signature operator B as-
sociated to V and a Riemannian metric on M. In particular, if the connection
V is Hermitian then 7 is real and the Ray-Singer norm of p,,(V) is equal to
1. This property justifies calling pan(V) the refined analytic torsion. Indeed,
the Ray-Singer torsion can be viewed as an element of the determinant line
Det (H *(M, E)) whose Ray-Singer norm is equal to one. Such an element is
defined up to a multiplication by ¢ € C with |t| = 1. The refined analytic
torsion p.n(V) is a canonical choice of such an element.

If the connection V is acyclic, i.e., if the cohomology H®*(M,E) = 0, then
Det (H *(M, E)) is canonically isomorphic to C and the refined analytic tor-
sion is a complex number. Under the additional assumption that B is bijective,
this number was introduced and studied in [5, 6]. In this paper we drop this
assumption and define the refined analytic torsion for arbitrary flat connections
and compare it to the Ray-Singer torsion. Recall that in [5, 6], we also com-
puted the quotient of the refined analytic torsion and Turaev’s refinement of the
combinatorial torsion. In our subsequent paper [8], we extend this computation
to arbitrary flat connections.

Having applications in topology in mind Dan Burghelea suggested construct-
ing a holomorphic function on the space of acyclic connections, whose absolute
value is (related to) the Ray-Singer torsion. Such functions were constructed
by Burghelea and Haller in [12, 13] and also in our papers [5, 6]. The results of
the present paper fit nicely into this program. In fact, in [8], we show that the
refined analytic torsion is a holomorphic section of the determinant line bundle
over the space of flat connections (or, equivalently, over the space of represen-
tations of the fundamental group of M ). Thus we extend the construction of
[5, 6] to general, not necessarily acyclic, connections.

Let us now briefly describe our construction of the refined analytic torsion.

1.1 The refined torsion of a finite dimensional complex

Let

7]

(c*9): 0 —C° —2- ¢t cid - o (11

be a complex finite dimensional C-vector spaces of odd length d =2r — 1. A
chirality operator T': C* — C*® is an involution such that T'(CY) = C977, for
all 7 =0,...,d. As a first step towards our construction of the refined analytic
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4 Maxim Braverman and Thomas Kappeler

torsion we introduce and study the refined torsion of the pair (C*,T"). Consider
the determinant line

d
Det(C*) = () Det(C?)1,
j=0

where Det(C7)~! := Hom(C’7,C) denotes the dual of C7. For an element
c¢j € Det(C?) we denote by cj_1 the unique element in Det(C7)~! satisfying
¢ '(c;) = 1. We also denote by T'c; € Det(C47) the image of ¢; under the

j . . . .
map Det(C7) — Det(C977) induced by T': C7 — C47.

For each j =0,...,r—1, fix an element ¢; € Det(C?) and consider the element

° _1\yr—1
CF = (_1)R(C ) . CO ® cl_l ® e ® cg_i) ®

® (FCT—1>(_1)T ® (FCT—2>(_1)T7
of Det(C*®), where (—1)®(©*) is a normalization factor introduced in (4.1). It
is easy to see that ¢, is independent of the choice of cg,...,c 1.

Denote by H®(0) the cohomology of the complex (C*, d). In Subsection 2.4,
we construct a sign refined version of the standard isomorphism Det(C*®) —
Det(H®(0)), cf. [25]. Our isomorphism ¢ce : Det(C*®) — Det(H®(9)) is
similar but not equal to the one considered by Turaev [35].

1

® - @ (Tep) ™"

Definition 1.2 The refined torsion of the pair (C®,T") is the element
Pr = Pger = pcs(c) € Det(H®(0)).

1.3 Calculation of the refined torsion of a finite dimensional
complex

To compute the refined torsion we introduce the operator
B :=T0 +0T.

This operator is a finite dimensional analogue of the signature operator on
an odd-dimensional manifold, see [1, p. 44], [2, p. 405], [19, pp. 64-65], and
section 7 of this paper. For j =0,...,d, define

¢l == Ker (doT)NCY, 7 := KerdNC?
and set C’;l =CM = 0. Let B; and BJJF denote the restriction of B to C7
and C. respectively. Then, for each j =0,...,d, one has
Bl =Tod:C, — ¢/, By =0ol:¢l — ¢4,

J
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Refined Analytic Torsion as an Element of the Determinant Line 5

Denote C°V" := @ Ci, coven =@ .. CL. Set

J even J even

. even even :|: even even
Beven == €P Bj: C¥" = C™,  BL, = @ Bf: g™ — C9,

j even j even

and define Byqyq, B(jfdd similarly. As Beyen = ' 0 Bogq © I', it turns out that it

suffices to study Beven -

Suppose, first, that the signature operator B is bijective. Then, cf. Lemma
5.2, the complex (C*, 9) is acyclic. Hence, Det(H®(0)) is canonically identi-
fied with C and the refined torsion p,. can be viewed as a number in C. In
Proposition 5.6 we compute this number and show that

Pr = Detgr(Beven)a
where the graded determinant Detgy(Beven) is defined by the formula

Detgr (Boven) = Det(Blen)/ Det(—Bayen)-

Note that in our definition of the graded determinant the quotient is the deter-

minant of the negative of B, -

To compute the refined torsion in the case B is not bijective, note that B? =
(T'9)? + (AT)? maps C? (j = 0,...,d) into itself. For each j =0,...,d and
an arbitrary interval Z, denote by C% C C7 the linear span of the generalized
eigenvectors of the restriction of B2 to C7, corresponding to eigenvalues A with
|A\| € Z. Since both operators, I' and 9, commute with B (and, hence, with

B2), T(CI) € C47 and 9(CL) ¢ CIt'. Hence, we obtain a subcomplex C3 of
C* and the restriction I'z of I" to C’} is a chirality operator for C';. We denote
by H3(0) the cohomology of the complex (C%, 071).

Denote by 07, Bz, and B3" the restrictions of 0, B, and Beyen to C7. Then
Bz =T'707 + 07I'7 and one easily shows (cf. Lemma 5.8) that (C3,07) is
acyclicif 0 ¢ 7.
For each A >0, C* = Cp & CF, ) and HP\ OO)(O) = 0 whereas H['(L)\](G) ~
H*(0). Hence, there are canonical isomorphisms

®: Det(H(, o)(0)) — C, U : Det(Hp 5(9)) — Det(H*(9)).

In the sequel, we will write ¢ for ®(¢) € C and denote by h also the element
U(h) € Det(H*(0)). Then, cf. Proposition 5.10, for any A > 0, the refined
torsion can be computed to be

pr = Detg(BX%)) - Pl (1.2)

even

In particular, the element Detg,( O OO)) . pF[ N is independent of A. It is this
) 0,

property which allows us to define the refined analytic torsion.
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6 Maxim Braverman and Thomas Kappeler

1.4 The canonical element in the determinant line of the coho-
mology of a flat vector bundle over a Riemannian manifold

In the second part of this paper (Sections 6-11) we apply the notion of refined
torsion to define and investigate the refined analytic torsion of the (twisted) de
Rham complex. Let ¥ — M be a complex vector bundle over a closed manifold
of odd dimension d = 2r—1 and let V be a flat connection on E. Let Q°*(M, E)
denote the de Rham complex of E-valued differential forms on M. For a given
Riemannian metric ¢™ on M denote by

I = I'(¢™): Q(M,E) — Q%(M,E)

the chirality operator (cf. [3, §3]), defined in terms of the Hodge *-operator by

the formula

k(k+1)
2

Tw = i"(-1) xw, we(ME).

The odd signature operator introduced by Atiyah, Patodi, and Singer [1, 2]
(see also [19]) is the first order elliptic differential operator B : Q*(M, E) —
Q°*(M, E), given by

BYE v + v
Notice, that B2 maps €/(M, E) into itself for every j =0,...,d.

For an interval Z C [0,00) we denote by QJI(M , E) the image of the spectral
projection of B? corresponding to the eigenvalues whose absolute value lies in
Z, cf. Subsections 6.10 and 7.5 for details. The space QJI(M7 E) contains the
span of the generalized eigenforms of B2 corresponding to eigenvalues whose
absolute value lies in 7 and coincides with this span if the interval Z is bounded.
In particular, if 7 is bounded, then the dimension of QJI(M, E) is finite. Note
that, since B2 and V commute, the space QJZ(M , ) is a subcomplex of the de
Rham complex Q°*(M, E).

For each A\ > 0, we have
Q*(M,E) = Q['Oy)\](M, E) o QE)\7OO)(M, E).

The complex QZ/\’OO)(M, E) is clearly acyclic.  Hence, the cohomology

H ['07 )\](M , E) of the complex Q[‘Q M(M , E) is naturally isomorphic to the coho-

mology H*(M, E) of Q*(M, E). Further, as ' commutes with B2, it preserves
the space Qg y (M, E) and the restriction Lo of I' to this space is a chirality

operator on € )\](M, E).
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Refined Analytic Torsion as an Element of the Determinant Line 7

To define the refined analytic torsion we need to introduce the notion of a graded
determinant of B. For every interval Z C [0,00) and for each k =0,...,d, set
QF 2(M,E) := Ker (VD) N Q5(M,E) = (I'(Ker V)) N Q5(M, E);

QF (M,E) == Ker(I'V) N Q5(M,E) = Ker V N Q5(M, E).
If 0 € Z, then, clearly,
O4(M,E) = QF (M,E) & QF (M, E).

The latter decomposition is considered as a grading on Q% (M, E). As both, I’
and V, commute with B2, we conclude that for all j =0,...,d,

T:Qf (M,E) — QUF(M,E),
V: 0k (M E) — QM E).

Denote by BZL., and Bz the restrictions of B to QFY(M,E) =

even

@,—0 QP (M, E) and Q" (M, E) := @), _; Q2 1(M, E), respectively.

Let 6 € (—,0) be an Agmon angle for BZ, cf. Definition 6.3. For each Z with
0 ¢ T define the graded determinant of the operator BZ . by the formula

even
Detg g(BLen) = Detg(BHE)/ Detg(—Bl), (1.3)

where Detg denotes the (-regularized determinant, cf. Sections 6 and 7 for
details. One verifies easily that for any 0 < A < pu < o0,

Detg g(BOS)) = Detge (B - Detgy o(BY)). (1.4)

even even even
For any given A > 0, denote by pr[o N the refined torsion of the finite dimen-
sional complex Q[.o /\](M ,E) and the chirality operator I In view of (1.2)

and (1.3), the product

0]

even

p = p(V,gM) = Detgrvg(B(’\’oo))-pF[m] € Det(H*(M,E)) (1.5)

is independent of the choice of A > 0. It is also independent of the choice of
the Agmon angle 6 € (—7,0) of Beven-

1.5 The metric anomaly of p(V, ¢")

The element p(V, g™) is very close to our notion of the refined analytic torsion.
However, in general, it is not a differential invariant of the flat bundle F, since
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8 Maxim Braverman and Thomas Kappeler

it does depend on the choice of the Riemannian metric ¢™. To compute the
metric anomaly of p(V,gM) we show (cf. Proposition 8.1) that

. d
. T P .
Detyo(BOSY) = exp (& — immy — 2 D (<1)7jdjn ).

Here

¥
D

& = (—1)j+1i)S:0C29<8, (PV)?| (M,E)),

ds +,(A,00)

DO | —
.

I

o

where 0 € (—7/2,0) is an Agmon angle for B such that there are no eigenvalues
of B in the solid angles L(_r/20] and Lz /204+],

m = n(BRY))
is the n-invariant of B,gf,‘é%o), and
djy = dim Q{M(M, E).

We then analyze the dependence on the Riemannian metric separately for &) -

pr[o N and 7). The metric anomaly for 7, has been already computed by Gilkey

[19]. Using his result, we compute the metric anomaly of p(V, g*). The refined
analytic torsion is then defined by correcting p(V, ¢g™) by its anomaly. More
precisely, we prove (cf. Theorem 9.6) the following

Theorem 1.6 Let E be a flat vector bundle over a closed oriented odd-
dimensional manifold M and let V denote the flat connection on E. Let
N be an oriented manifold whose oriented boundary is the disjoint union of
two copies of M. Then the product

p(V,gM) el (rank E)ngrivial c Det(H’(M’ E'))7 (16)

is independent of the metric g™ . Here

1 y
Thtrivial — 5 n(O)BESeVrial)
is the half of the value at 0 of the n-function of the odd signature operator
BUvial agsociated to the trivial connection on the trivial complex line bundle

even

MxC— M.

In particular, if dim M = 1(mod4), then niviaa = 0, cf. [1], and, hence,
p(V,g™) is independent of g™ .
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Refined Analytic Torsion as an Element of the Determinant Line 9

1.7 Definition of the refined analytic torsion

We now define the refined analytic torsion pan, = pan(V) to be the element
(1.6) of Det(H®*(M, E)). It is independent of the choice of the Agmon angle
6 € (—m,0) and of the metric g™ .

In Remark 9.9 we also suggest an alternative definition of the refined analytic
torsion, which is more convenient for some applications.

1.8 The Ray-Singer metric of the refined analytic torsion

Let | - \}Sgt(H.( m,p) denote the Ray-Singer norm on the determinant line
Det(H®*(M, E)), cf. [4] and Subsection 11.2. In Section 10, we compute
the refined analytic torsion associated to the connection V' on E dual to a
given connection V. In Section 11, we use this calculation to calculate the
Ray-Singer norm of the refined analytic torsion. More precisely we prove (cf.
Theorem 11.3) the following

Theorem 1.9 Let E be a complex vector bundle over a closed oriented odd-
dimensional manifold M and let V be a flat connection on E. Then

RS I BCVCD V7 M
Hpan”Det(H'(M,E)) = em Il (Vo).
In particular, if V is a Hermitian connection, then the operator Beyen(V,gM)
is self-adjoint, hence, its n-invariant 1(Beyen(V,g™)) is real, and

HpanH]l%St(H'(M,E)) = L

1.10 Project “Refined analytic torsion”

The present paper is the central part of an ongoing project whose aim is to
refine the Ray-Singer torsion [29] and establish the relationship of the refined
analytic torsion with the refined combinatorial torsion introduced by Turaev
[35, 36] and in a more general setting by Farber and Turaev [17, 18]. In this
subsection, we briefly describe various results of ours as well as related results
obtained by others and explain how they fit together.

Recall that the Ray-Singer torsion is defined using the square roots of the
determinants of the Laplacians on forms. The main idea of the construction
of the refined analytic torsion is to replace these square roots by the graded
determinant of the restriction Beyen of the odd signature operator B to even
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10 Maxim Braverman and Thomas Kappeler

forms. Recall that when the connection V is Hermitian, then B2 = A. Thus,
roughly speaking, we replace the square root of the determinant of the Laplacian
by the determinant of the square root of the Laplacian.

In our previous paper [6] we treated in detail the case when B is bijective and
V is acyclic. In this case, up to a correction by the multiplicative anomaly,
the refined analytic torsion is equal to the graded determinant of Beyen. In the
present paper we use the results of [6] as one of the main ingredients for the
construction of the refined analytic torsion in the general case, when B is not
necessarily bijective. To do this we fix a number 0 < A < oo and split the de
Rham complex Q°*(M, E) into the direct sum

Q°(M,E) = Qfy (M, E) & Q) (M, E)

of spectral subspaces of the operator B2 corresponding to the small and the large
eigenvalues of B? respectively, cf. Subsection 1.4. The space Q[o )\](M JE) is a

finite dimensional subcomplex, while the restriction B> of B to 23 00) (M,E)
is bijective. The Hodge *-operator induces an involution on Q[O A (M, E) — the
chirality operator I'|g yj. The main step in the present paper is a construction
of the refined torsion of a finite dimensional complex endowed with a chirality
operator — see Sections 2-5. We then define the refined analytic torsion pan
(up to the metric anomaly) to be the product of the graded determinant of
the operator Béve%o) and the refined torsion of the finite dimensional complex
0 /\] (M, E) and show that it does not depend on the choice of A. The study
f[ the properties of pa, in this and the subsequent papers relies heavily on the
results about the graded determinant of Beyen obtained in [6].

One of the main results of the present paper is the calculation of the Ray-
Singer norm of the refined analytic torsion, c¢f. Theorem 1.9. In particular, if
the connection V is Hermitian, the norm of p,, is equal to one. This result
justifies calling pa, the refined analytic torsion. Many other interesting and
important properties of the refined analytic torsion were established since the
first version [7] of this paper was released in 2005. We now briefly describe
some of these results.

Denote by Rep(m1(M),C") the space of n-dimensional complex representations
of the fundamental group 7 (M) of M. For o € Rep(m(M),C"™) we denote
by E, the flat vector bundle over M whose monodromy is equal to «. Let V,,
be the flat connection on FE,. The refined analytic torsion pan(a) = pan(Va)
is an element of the determinant line Det (H*(M, E,)). The disjoint union of
the lines Det (H*(M, E,)), (o € Rep(mi(M),C")), forms a line bundle Det —
Rep(m (M), C™), called the determinant line bundle, cf. [3, §9.7]. It admits a
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Refined Analytic Torsion as an Element of the Determinant Line 11

nowhere vanishing section, given by the Farber-Turaev torsion, and, hence, has
a natural structure of a trivializable holomorphic bundle.

In our subsequent paper [8] we prove that p,n(a) is a nowhere vanishing
holomorphic section of the bundle Det. It means that the ratio of the re-
fined analytic and the Farber-Turaev torsions is a holomorphic function on
Rep(m1(M),C™). For an acyclic representation «, the determinant line
Det (H*(M, E,)) is canonically isomorphic to C and pan(c) can be viewed as a
non-zero complex number. Then p,,(«) becomes a holomorphic function on the
open set Repg(m1 (M), C") C Rep(m1(M),C") of acyclic representations, whose
absolute value is equal to the Ray-Singer torsion times e™ m71(Beven(Va ") and
whose phase is equal to —m Ren(Beven(Vas, §M)) 4+ mnnrivial(9™) . In particular,
when the representation « is unitary, the n-invariant is real and the absolute
value of pan(c) is equal to the Ray-Singer torsion while the phase of pan(c) is
equal to —7m(Beven(Va, gM)) +mn0rivial (9™ ). The fact that the Ray-Singer tor-
sion and the n-invariant can be combined into one holomorphic function allows
one to use methods of complex analysis to study both invariants. In [8], using
these methods, we compute the quotient of the refined analytic torsion and
the Farber-Turaev torsion generalizing in this way the classical Cheeger-Miiller
theorem. As an application we establish a formula relating the n-invariant and
the phase of the Farber-Turaev torsion extending earlier results of Farber [16].
The significance of this application stems from the fact that the n—invariant,
defined in analytic terms, now can be studied using methods of combinatorial
topology.

In our most recent paper [9] we compare the refined analytic torsion to the
complex Ray-Singer torsion, recently introduced by Burghelea and Haller [13]
which is a complex valued quadratic form on Det(H*(M, E). In [9], we compute
explicitly its value at the refined analytic torsion. As an application we obtain
new results about the Burghelea-Haller torsion. In particular, we proved, up
to a complex numbers of norm 1, the Burghelea-Haller conjecture concerning
the value of their torsion for the Farber-Turaev combinatorial torsion. In [23],
Huang has proved the conjecture, up to sign, on connected components which
contain a unitary representation. Recently, arguing as in [11], Burghelea and
Haller [14] have proved the above mentioned conjecture in full generality, again
up to sign. Independently, a different proof of the same conjecture has been
provided by Su and Zhang [34].

In [23, 22], Huang studies further properties of pa, such as the product formula,
and explicitly computes p,, for lens spaces, answering several questions raised
in [6].
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2 The Determinant Line of a Finite Dimensional Com-
plex

In this section we review some standard material about determinant lines of
finite dimensional spaces and complexes and define a sign refined version of the
isomorphism between the determinant line of a complex and the determinant
line of its cohomology similar to the one introduced by Turaev, [35] (see also
[36], [37], and [18]). We also discuss some properties of this isomorphism.

Let k be a field of characteristic zero.

2.1 Determinant lines

Let V' be a k-vector space of dimension dimV = n. The determinant line of
V is the line Det(V) := A"V, where A"V denotes the n-th exterior power of
V. By definition, we set Det(0) := k.

More generally, if V* = V0@ Vi@ .- @ V? is a graded k-vector space, we
define the determinant line of V'* by the formula

d
Det(V*) = (X) Det(V7)V, (2.1)
j=0

where for a k-line L we denote by L~! := Homy(L, k) the dual line.

If L is a k-line and [ € L is a non-zero element, we denote by [=' € L~ the
unique k-linear map L — k such that 171(l) = 1.
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Refined Analytic Torsion as an Element of the Determinant Line 13

2.2 The determinant line of a finite dimensional complex

Let

C*9): 000 2,0t 2, ... % i (22

be a complex of finite dimensional k-vector spaces. We call the integer d the
length of the complex (C®,0) and we denote by H*(0) = GB?:O H'(9) the
cohomology of (C*,d). Set

d
Det(C') — ®Det(cj)(*1)j’
j=0
d
Det(H*(9)) = ) Det(H’(9)) V.
j=0

2.3 The determinant line of a direct sum

For two finite dimensional k-vector spaces V' and W we define the canonical
fusion isomorphism

pv,w : Det(V) @ Det(W) — Det(V & W) (2.4)
by the formula
Hv,w (leUQ/\'”/\vk) & (wlsz/\---/\wl)
— Vi AV A AV Awyp Awa A - A wy, (25)

where k = dimV, | =dim W, v; € V, w; € W. Clearly, for v € Det(V), w €
Det(W) we have
prw(v@w) = (=)WV Wy (v @ v). (2.6)
By a slight abuse of notation, we denote by
py : Det(V)™h @ Det(W) ™" — Det(V & W)™! (2.7)
the transpose of the inverse of py . It than follows that, for any v € Det(V)
and w € Det(WW),

- - - —1
pywtew ™) = (prwwew)) . (2.8)
Similarly, if Vi,...,V, are finite dimensional k-vector spaces, we define an
isomorphism
i, - Det(Vi) @ -+ @ Det(V;) — Det(Vi®---& V;). (2.9)

One easily checks that, for every j € 1,...,r—1,
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14 Maxim Braverman and Thomas Kappeler

2.4 The isomorphism between the determinant line of a com-
plex and the determinant line of its cohomology

Fix a direct sum decomposition
¢’ = Bl @ H ¢ A, j=0,...,d, (2.11)

such that B/ @ H? = (Ker 0) N C7 and B/ = 9(C'~1) = 9(AT71), for all j.
Note that A% = {0}. Set A~! = {0}. Then HJ is naturally isomorphic to the
cohomology H’(9) and O defines an isomorphism 0 : A7 — B/+1,

For each j = 0,...,d, fix ¢; € Det(C?) and a; € Det(A7). Let d(a;) €
Det(B7t1) denote the image of a; under the map Det(A7) — Det(B/*!) in-
duced by the isomorphism O : A7 — B/*1. Then, for each j = 0,...,d, there
is a unique element h; € Det(H7) such that

¢j = tpiia(0(aj-1) ®h; ®aj). (2.12)

Define the isomorphism
pce = P(ce,0): Det(C*) — Det(H®*(9)) =~ Det(H®), (2.13)

by the formula

por 0@l @@V s (V@ kT @ - @ BSYY (2.14)
where

d . . .
D dim A7 (dim A+ (—1)7H). (2.15)
j=0

N(C*) =

N =

One easily checks that ¢ce is independent of the choices of ¢; and a;.

Remark 2.5 a. We have
J J
> (-1DF dimC* 4+ (1) dim AT = > (=1)F dim B, (2.16)
k=0 k=0
since both sides of this equality are equal to the Euler characteristic of the
complex
0

2] 0 0

0—C° ct I (A7) — 0.
Hence, N(C*®) can be expressed exclusively in terms of the dimensions of the
spaces C7 and H’(0).

b. The isomorphism ¢¢e is a sign refined version of the standard construction,
cf. [25]. The idea to introduce a sign factor in the definition of ¢¢e is due
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to Turaev [35]. It allows to obtain various compatibility properties, cf., for
example, Lemma 2.7 and Proposition 5.6 below. Our sign is slightly different
from [35] but is consistent with [26]. We refer the reader to [15] and [26] for the
motivation of this choice of sign, based on the theory of weighted determinant
lines.

2.6 The fusion isomorphism for graded vector spaces

Let V* = V'@ V1g - -@V?and W* = W'sW'la- . - ©W be finite-dimensional
graded k-vector spaces. The fusion isomorphism

pye we : Det(V®) ® Det(W*®) — Det(V* & W?*), (2.17)
is defined by the formula

d
pvewe = (MWD& b, (2.18)
q=0

where ,u‘tjl-,wj = pysws and M;},Wj are defined in Subsection 2.3, and

MV W) = > dim V7 - dimW*, (2.19)
0<k<j<d

The following lemma is a precise analogue of Lemma 2.4 of [18].

Lemma 2.7 Let (C*,0) and (C*,d) be length d complexes of finite dimen-
sional k-vector spaces. Then the following diagram commutes:

Det(C*) @ Det(C*) 2220, Det(H*(9)) ® Det(H*(d))
Koo ge l l”H'(B),H'(é)
~ ¢ enCe ~ ~
Det(C* @ C*)  —2% Det (H*(0@9)) ~ Det (H*(9)) @ H*())
(2.20)
Proof Asin (2.11), write
Ci - Bemaed - Fellel (2.21)
For each j =0,...,d, choose
¢; € Det(CY), a; € Det(A7), h; € Det(H),
& € Det(C?), a; € Det(A?), h; € Det(H),
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16 Maxim Braverman and Thomas Kappeler

such that

o))

(aj-1) @ hj ® aj),
(dj-1) @ hj @ ;). (2.22)

Cj = HBi HI, A (

Qr

¢ = ngﬁjjj(
Set

G = el B - Wl B Ael B - Beol
Also denote d = 0@ . Further, set

Cj = Heidi (c; ® &), aj = NAJ',,ZJ'(%' ® aj).
Then, for all j =0,...,d, the unique element ﬁj € Det(ﬁj), satistying
¢ =t i (00a1) © by @), (2.23)
is given by
hy = (_1)dimAj-dimKj*1+dimHj~dim§j*1+dimAj~dimﬁj - ®Bj) (2.24)
J,HI ’ :

Set ¢ := ®§l:0 LV

] and define ¢ in a similar way. Then, by definitions (2.18)
and (2.23),

oo ge(c®8) = (=DM @ o e, ai(ep @)Y
o e (=1 J
= (MO gd | &

(2.25)

From (2.23) and (2.25) we conclude that

G © Hon gelc®8) = ()M @y m(hy @ )Y (2.26)
where
K(C*,C*) = N(C*&C®) + M(C*,C*)
d
+ [ dim A7 - dim A7 + dim HY - dim A7 + dim A7 - dim F7 | (2.27)
=0

Since, clearly,
Prre (), m0(3) © (00 ® dga ) (c®0)

= (FNEPNEWMUD) b 1y 3 (hy @ ), (2.28)
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to prove the commutativity of the diagram (2.20) it remains to show that,
mod 2,

N(C*®C®) + N(C*) + N(C*) + M(H®*, H*) + M(C*,C*)

d
=y [ dim A7 - dim A7~ + dim H7 - dim A7! + dim A7 - dim A |, (2.29)
=0

Using the identity

(F+y) (e+y+ (D) z@E+ED) y+ (1))

5 5 — 5 = zy, (2.30)
where z,y € k, j € Z>(, we obtain
d
N(C*&C%) — N(C*) — N(C*) = ) dim A’ - dim A7, (2.31)
j=0

On the other hand, using (2.21) and the equalities dim A7~1 = dim BY we see
that the following equality holds modulo 2

d
Z { dim A7 - dim A7~! + dim A4 -dimﬁj]
=0
d d
= > dimA’ - (dim A+ dimB7) = Y dim A7 - (dim A7 + dim C7)
=0 =0
d d
= ) dimA/-dim A + > dim A’ -dim 7. (2.32)
j=0 Jj=0
By (2.16),
J
dim A7 = > (dim H" + dim C*).
k=0

A similar equality holds for dim A7. Hence, we get from (2.32)

d d
Z {dimAj -dim A7 + dim A7 -dimf]j] = Z dim A7 - dim A7

j=0 Jj=0
+ > dimC* dimC7 + > dimH* - dim 7. (2.33)
0<k<j<d 0<k<j<d
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18 Maxim Braverman and Thomas Kappeler

Similarly,
d . ~ .
> dim H - dim A7
=0
= Y  dimH -dimC* + ) dimH-dimH*. (2.34)
0<k<j<d 0<k<j<d
Combining (2.19), (2.33), and (2.34) we obtain that modulo 2

d
3 [ dim A7 - dim A7~ + dim H? - dim A7~! + dim A7 - dimﬁj}
j=0
+ M(C*,C*) + M(H*, H*)

d d d
= Z dim A7 - dim A7 + Z dim C* dim 7 + Z dim H* dim C”
7=0 7,k=0 7,k=0
d _ d d _
=Y dim A’ - dim AT + ( 3 dimc’f) - ( 3 diij>
=0 = =0

k
+ ( 3 dimHk) : ( Zd: diméj). (2.35)
k=0 Jj=0

Both Zi:o dim C* and Zzzo dim H* are equivalent modulo 2 to the Euler
characteristic of the complex (C*®,0). Hence, we conclude that the left hand
side of (2.35) is equivalent modulo 2 to
d
Z dim A7 - dim A7,
§=0
Combining this with (2.31), we obtain (2.29). O

L o

3 The Determinant Line of the Dual Complex

In this section we introduce the dual of a complex and, for the case when the
length of the complex is odd, construct a natural isomorphism between the
determinant lines of a complex and that of its dual. We also show that this
isomorphism is compatible with the canonical isomorphism (2.13).

Throughout the section, k is a field of characteristic zero endowed with an
involutive automorphism
T:k—k
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The main examples are k = C with 7 being the complex conjugation and k = R
with 7 being the identity map.

3.1 The determinant line of the 7-dual space

If V.W are k-vector spaces, a map f:V — W is said to be 7-linear if
f(r1v1 +mov2) = 7(x1)v1 + T(T2) V2, for any wi,v2 €V, 21,22 € k.
Let V be an n-dimensional k-vector space. The linear space V* = V*r of

all 7-linear maps V — k is called the 7-dual space to V. There is a natural
T-linear isomorphism

ay : Det(V*) — Det(V)™!, (3.1)
defined by the formula
(av @' A AU ) (V1 A Avy)

= Z (_1)|U| T(Ul(vo(l))) : 7(2)2(1}0(2))) o 'T(Un(va(n)))) (32)

where vy,...,v, €V, v!,..., 0™ € V*, and the sum is taken over all permuta-
tions o of {1,...,n}. Similarly, we define the 7-linear map
By : Det(V) — Det(V*)™1, (3.3)

defined by the formula
(B (v1 /\--‘/\vn))(v1 A AN™)

= (D" ()P (0 (o) TV (Wo2) T (0 (Vo). (3.4)

oz

Remark 3.2 The sign factor (—1)" in (3.4) simplifies the statements of various
compatibility relations with the fusion isomorphism (2.4), cf. below. It is
motivated by the fact that, in (3.4), we interchange vy A---Av, and v'A---AV?,
which both are forms of degree n.

Formulae (3.2) and (3.4) can be simplified by choosing an appropriate basis.
Let eq,...,e, be a basis of V. Denote by el,... e" the dual basis of V*, i.e.,
the unique set of elements of V* such that e’(e;) = &/ for all i,j = 1,...,n.
Then

(av(e' Ao Ae™) ) (et A Aey)

= 7’(61(61)) '7‘(62(62)) . -T(e"(en)); (3.5)
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(ﬁv(el/\--~/\6n))(€1/\"'/\6n)
= (=1)"-7(e'(e1)) - 7(e*(e2)) - T(e"(en)). (3.6)
Recall from Subsection 2.1 that for a non-zero element v € Det(V) we denote

by v~! the unique element of (Det(V))f1 such that v=1(v) = 1. Tt follows
from (3.5) that

avl((el/\---/\en)_l) = e A Ae™ (3.7)
Using (3.6) and (3.7) we conclude that for any v € Det(V')

(ap' (™))" = (=)™ By (). (3.8)
Let V and W be k-vector spaces. From (2.5), (3.5), and (3.6), we obtain

(pvw (v @ w) )_1 = avew o py=w+(ay (v ® ay (w)), (3.9)

for any v € Det(V), w € Det(W).

3.3 The 7-adjoint map

Let T: V — W be a k-linear map. The 7-adjoint of T is the linear map
™. W — V*
such that
(T*w*)(v) = w*(Tv), forall veV, w*eW". (3.10)
If dimV = dimW then T and 7% induce k-linear maps Det(V) — Det(W)
and Det(W*) — Det(V*), which, by a slight abuse of notation, we also denote
by T and T* respectively. If T is bijective then, for any non-zero v € Det(V),

we have
T*ay! ((Tv)™') = ap'(vh). (3.11)

3.4 The 7-dual graded space

Let now V* =V V'!®. ..oV bea /f\inite/\ dimensional graded k-vector space.
We define the (7-)dual graded space V=V’ V'@ ..o Ve by

Vio= (V4 j=0,...,d
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Assume now that the number d = 2r — 1 is odd. Then (3.1) and (3.3) induce
a 7-linear isomorphism

ays : Det(V*®) — Det(V*), (3.12)
defined by the formula
aye(vo® (v1) '@ @ (vg) ")
= ()Mo k(v @ Bya1 (v4-1) ® - ® Byo(vg), (3.13)
where v; € Det(V7) (j =0,...,d) and
MV = MV, V) = Y dimV/-dimVF, (3.14)
0<j<k<d

cf. (2.19). We refer to [26] for the motivation of the choice of the sign in (3.13).

3.5 The dual complex

Consider the complex (2.2) of finite dimensional k-vector spaces. The dual
complez is the complex

o* °8 o*

Gi o (315

where CJ = (C?=9)* and 9* is the T-adjoint of d. Then the cohomology
HI(9*) of C* is naturally isomorphic to the 7-dual space to H¥J(d) (j =
0,...,d). Hence, if the length d of the complex C* is odd, then, by (3.12), we
obtain 7-linear isomorphisms

(C*,9): 0 —C° !

ace : Det(C®) — Det(C*), (3.16)
ape(a) : Det(H*(9)) — Det(H*(9")).

Lemma 3.6 Let (C®,9) be a complex of finite dimensional k-vector spaces
and assume that its length d = 2r — 1 is odd. Then the following diagram

commutes

Det(C*) —22° Det (H*(9))

ace l J{O‘H'(z’)) , (3.17)
Det(C*) %, Det (H*(0"))

where the isomorphisms ¢ce and ¢g, are as in (2.13).
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Proof We shall use the notation of Subsection 2.4. For 5 =0,...,d, set

Al = (B B o= (AT, HI = (HIY (3.18)
and identify these spaces with subspaces of C in a natural way. Then 9* (KJ )=
BitL,

Let ¢j,aj,hj (7 =0,...,d) be as in (2.12). For each j =0,...,d, set

¢j = aai,j(ccﬁj), (3.19)
dj = a;}l_]- ((8ad,j,1)_l), (3.20)
hj = apa,(hgl)). (3.21)

Then, from the equality (3.8), we obtain,

ﬁC’d*j(Cd,j) = <—l)dimcj.éf1

)

(_Ddim HI(9) | Bl

Bra—i)(ha—j) = T

Hence, from the definition (3.13), we get
ace(co®ci @ @c;')
= (—)MENAEL O o gale .0, (3.22)

age@) (ho®@hi' @ @hy")
= (—)MUEOATZdmHZO) ol . @by (3.23)
From the identity (3.11) and the definition (3.20) of a;, we get
0"(aj—1) = a;cll,j(a;_lj), j=1,...,d.
Hence, from (2.12) and (3.9), we obtain
¢ = agi,j (,qu—j,Hd—j,Ad—j (0(ag—j—1) ® ha—j @ ag—; ) )71
= P 5 (05 ® hj ® 0%(a-1))-
Using (2.6), we now conclude that
& = (=19 pg gy i (07(@51) @ hy @ a1 ), (3.24)
where
G; = dim A7 - dim H’ 4+ dim A7 - diim A7~! + dim A7~ - dim H’.  (3.25)
Thus, from (2.14), we obtain
bee(to@eT @ @eg) = (~)NOIEIG i @@kl (3.26)
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Hence, by (3.13) and (3.22),
pgecace(co@ey' @ @yt
— (_1)M(C')+N(6")+Z?:0 QJ—&—Z;;(I) dim C?p ) il() ® iLl—l QR ® ]Az;l (327)
From (3.13) and (3.23), we get
a0 (0@ & @ )
— (_1)M(H‘( ))+N(C')+Z'r 1d1mH p( ) . iLO ® iLl_l R ® ]de—l (328)

From (3.27) and (3.28), we conclude that to prove (3.17) it remains to show
that, modulo 2,

d r—1
M(C+N(C)+D G+ dimC®

=0 p=0

= M(H*(9)) +N(C*) + Zdlmfﬂp . (3.29)

Using the equality
dim A7 = dimB*7 = dim A% 71,
we easily see that A/(C*) = NV(C*®). In addition, note that if we set C* = C*

n (2.29), then the right hand side of (2.29) is equal to Z?:o G;. Hence, (2.29)
and (3.14) imply that (3.29) is equivalent to

r—1
N(C*eC®) + (dimC* —dimH*(9)) = 0 mod 2.  (3.30)
p=0
By (2.15),
d
N(C*&C®) = ) dimA’  mod 2. (3.31)

From (2.11) and the equality dim B? = dim A7~! we conclude that
dim C*? — dim H*?(9) = dim A% + dim A?~!,

and, hence,
r—1 d
Z (dimC? —dim H(9)) = > dim A/, (3.32)
- ,

Combining (3.31) and (3.32) we obtain (3.30). O
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4 The Refined Torsion of a Finite Dimensional Com-
plex with a Chirality Operator

On the de Rham complex of a Riemannian manifold acts a canonical involution
I, called the chirality operator, cf. [3, Ch. 3]. In this section we consider a
finite dimensional complex with such an operator. We show that the chirality
operator defines a canonical element, the refined torsion, of the determinant
line of the cohomology of this complex and we study some properties of this
element.

In this section k is a field of characteristic zero.

4.1 The refined torsion associated to a chirality operator

Let d = 2r —1 be an odd integer and let (C*, 9) be a length d complex of finite
dimensional k-vector spaces. A chirality operator is an involution I' : C* — C*
such that T'(C7) = C?J, j =0,...,d. For ¢; € Det(C?) (j = 0,...,d) we
denote by I'c; € Det(C?~7) the image of ¢; under the isomorphism Det(C7) —
Det(C%77) induced by T.

Fix non-zero elements c¢; € Det(C7), 7 =0,...,7—1, and consider the element

° _1\r—1
L = (_1>R(C ) 'CO®C;1®"'®C$_11) R

@ (Te,_1) Y © (Tep_g) V"

C
-1

®--®(Te)™t, (4.1)
of Det(C*), where

r—1
1 . . .
R(C*) = 5 > dim 7 ((dim €9+ (1)), (4.2)
§=0
It follows from the definition of cj_1 that ¢, is independent of the choice of ¢;
(7=0,...,m—1).

Remark 4.2 Using the isomorphisms I' : C7 — €97 one can define a natural
trace functional Tr : Det(C®) — k, cf. [26]. The sign factor (—1)®(") is
defined so that the equality Tr(c.) =1 holds.

Definition 4.3 The refined torsion of the pair (C*®,T") is the element
Pr = Pger = Pce (CF)7 (43)

where ¢ce is the canonical map defined in Subsection 2.4.
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4.4 The norm of the refined torsion

In this subsection we assume that k = R or C. Suppose that the spaces
CJ, j=0,...,d, are endowed with a Euclidean (if k = R) or a Hermitian (if
k = C) scalar products (-, -);. These scalar products induce a metric ||-||pes(c)
on the determinant line Det(C*®). Let ||-|[|pet(me(s)) be the metric on the
determinant line Det(H*(0)) such that the canonical isomorphism ¢¢e , defined
n (2.13), is an isometry.

Lemma 4.5 Let (-,-); be scalar products on C7, j =0,...,d, such that the
chirality operator I" is self-adjoint. Then

|or IDet(me(0)) = 1. (4.4)

Proof By definition,

llorlIDet(rre(a)) = llerlIDet(ce)- (4.5)

Let || - ||; denote the norm on Det(C7) induced by (-,-);. Since T is a self-
adjoint involution it is also a unitary operator, i.e., for every = € Det(C7) we
have ||T'z|4—; = [|=||;. Hence, from (4.1) we get |cp|lpet(ce) = 1. The lemma
follows now from (4.5). O

The above lemma explains why we call p,. the refined torsion: the classical
combinatorial torsion [25] is an element p of Det(H®(0)), defined up to a
multiplication by ¢ € k with [¢t| = 1, such that |[p|pet(re(9)) = 1. The refined
torsion p,. is a choice of a particular element of Det(H*®(0)) with norm 1.

4.6 The refined torsion of a direct sum

Lemma 4.7 Let (C*,0) and (C*, 8) be length d = 2r— 1 complexes of finite
dimensional k-vector spaces and let I' : C* — C°, : C* — C* be chirality
operators. Then F:=Tal:C*®C*—C*®C*isa ch1ra]1ty operator on the
direct sum complex (C* ® C*,d ® 8) and

Pr = ,UHo(a)J{-(é)(Pr ®Pf)- (4.6)

Proof Clearly, I =1 and ['(C7 & CY) = C*J @ C? . Hence, T is a chirality
operator. By Lemma 2.7, to prove (4.6) it is enough to show that

cp = 'U’C',é"(cr ®Cf‘)- (47)
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For each j =0,...,r — 1, fix non-zero elements c¢; € Det(C7), & € (7 and set
¢j = Hey 5i(cj @ ;). Recall that we denoted the operators induced by I' and

T on Det(C*) and Det(C*) by the same letters. Thus,
Iej = Mol onug a(c@6) = poaj ga—i(l'e; @T¢).

By (2.8),

-1 -1 o ~—1 ~\\—1
Hosesle ®¢7) = (Heseile; @)

Hence, it follows from (2.18) and (4.1) that

Hw i ler ® i) = (—1)MIE*COHR(CIFRC?)

x tg@é @@l ) @ (@)Y @l(E ) 0. @ T(E)
= (—1yM(C*COFROIFRIC)-R(C™SC) o (4.8)

Using the isomorphisms I' : C* — Cd:' and I : C* — C%* one sees that
dim ¢ = dim C% 7 and dim C? = dim C%J. Therefore,

M(C®,C*) = ) dimC7 - dimC*
0<k<j<d
= Y dimC.dimCF = > dimC* - dim 7.
0<k<j<d 0<k<j<d

Hence,

° e 1 . j s~k
M(C*,C*) = 3 Z dim C7 - dim C
0<k#j<d
d d _ d
(Y dimc) - (3 dim@) = 7 dim €7 - dim ¢V |
=0 =0 =0
r—1 (49)

r—1 r—1
(23 dimc)- (23 dimd) — 2 dimC7 - dim Y |
=0

j=0 7=0

N —

N —

r—1
Z dim €7 - dim ¢ mod 2.
=0

Using the identity (2.30), we obtain from (4.2)
r—1
R(C*&C*) — R(C*) — R(C*) = Y dimC’ - dim (7. (4.10)
§=0
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Combining (4.9) and (4.10), we get
M(C*,C*) + R(C*) + R(C*) — R(C*&C*) = 0 mod 2. (4.11)
The identity (4.7) follows now from (4.8). O

4.8 Dependence of the refined torsion on the chirality operator

In this subsection k = C or R. Suppose that I';, ¢ € R, is a smooth family
of chirality operators on the complex (C*®,d). Let Iy : C* — C%* denote the
derivative of I'; with respect to ¢t. Then, for each £k =0, ..., d, the composition
ft oIy maps C* into itself. In particular ft oIy : OV — C°V*M and ft ol :
Ccodd _, ¢odd | Define the supertrace Trs(ft oly) of I'; o Ty by the formula

TI'S (Ft oFt) = Tr (Ft OFt|Ceven) — Tr (Ft OFt|Codd)

d (4.12)
= ) (1) Tr(Ty o Ty|ey).
7=0

Proposition 4.9 Let (C*®,0) be a length d = 2r — 1 complex of finite di-
mensional k-vector spaces and let I'y, t € R, be a smooth family of chirality

operators on C*®. Then the following equality holds
d 1 .
7P = 3 Trs (e o I') - pp, - (4.13)

Proof Let I';; denote the restriction of I'; to CJ. Above we denoted the
map Det(C7) — Det(C%7) induced by T; by the same symbol I';. To avoid

confusion we will not use that convention in this proof and denote this map by
rpst.
7‘7

Foreach j =0,...,r—1, t) € R we have I'; j = I'y joI'y; 4—joI', ; and, hence,
Det __ 4 Det
%‘t:to t,; - E}t:to [Det(l“tj Orto d—]) 11toej (4'14)
= Tr(Ly,5 0 ey a—j) - FEJG;’

where for the latter equality we used that for any smooth family of operators
Ay : C7 — 0977 one has % Det(4;) = Tr(A;A; ') - Det(A;) and that Ft_jl =
I'tq—;. Hence, for any non-zero element c; € Det(C7), we have

d

e +1 : e +1
dt(FDt( ;) = £ Tr(ejoTpay) - (TR (c;)) ™ (4.15)

Geometry € Topology, Volume X (20XX)



28 Maxim Braverman and Thomas Kappeler

Using (4.15) and the equality (—1)7*! = (—=1)977 we conclude from the defini-
tion (4.1) of the element ¢, that

r—1

dt Cr Z d 7 T ( thortd j) Cr, - (4.16)
7=0

Since I'y joI'y g—; = 1 we obtain

d . .
0 = - Tr(Tejola—;) = Tr(Tyj0lva—y) + Ty 0 Leay)-

Hence, ' '
Tr(Fm o Ft,dfj) = — Tr(Ft,d,j e} Pm). (417)

Combining (4.16) with (4.17), we obtain (4.13). O
4.10 The refined torsion of the dual complex

Suppose now that k is endowed with an involutive endomorphism 7, cf. Section
3. Let C*® be the 7-dual complex of C and let ace : Det(C®) — Det(C*®)
denote the 7-isomorphism defined in (3.16). Let I'* be the 7-adjoint of T', cf.

Subsection 3.3. Then T is a chirality operator for the complex Ce.

Lemma 4.11 In the situation described above,

Pre = ape(d)(pr)- (4.18)

Proof Fix ¢; € Det(C7), j =0,...,r — 1, and set

¢ = agi;((Tej)™") € Det(CY), j=0,...,r—1.  (4.19)
Then, by (3.11),
I*¢; = agi(c;!) € Det(C*), j=0,...,r—1. (4.20)

Using (3.8), we obtain from (4.19) and (4.20), that, for j =0,...,r —1,
Bes(ey) = (~1)M(T7¢)7Y, Beas(Tey) = (1)WY 67 (4.21)
Combining (3.13), (4.1), (4.19), (4.20), and (4.21), we get

ace(cy) = (~MOFTpmpdime™ (4.22)

By definition (4.3), p. = ¢ce(cr). Therefore, from Lemma 3.6, we obtain
. r—1 im 2
ape(9)(pr) = g cace(c) = (1) M(C*)+30 5= dim C2P P (4.23)
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Since, by assumption I'(C7) = C%7 | we have dim C? = dim C4~7. Hence,

r—1 d
S dme? = 03 dimc?,
p=0 7=0

and, by (3.14),

r—1 d
. 1 .
M(C*) + ) dimC* = Y dimC7-dimC* + 3 > dim Y
p:O]- ) 0<j<k<d 1 ; 7=0 (4,24)
= 5 > dm¢ - dimC* = §(Zdim0j)2.
7,k=0 j7=0

Using again the equality dim C7 = dim C%77, we obtain
d r—1
d dimC’ = 2)  dimCY.
j=0 J=0
Hence, from (4.24) we get
r—1 r—1
M) + Y dimC®? = 2(Y dimC?)? = 0, mod 2. (4.25)
p=0 Jj=0

Combining (4.23) with (4.25), we obtain (4.18). O

5 Calculation of the Refined Torsion of a Finite Di-
mensional Complex

In this section we introduce a finite dimensional analogue of the Atiyah-Patodi-
Singer odd signature operator and express the refined torsion in terms of the
determinant of this operator.

Throughout the section we work under the assumptions of Subsection 4.1.

5.1 The signature operator

The signature operator B is defined by the formula
B :=T0 + 0T. (5.1)

This is a direct analogue of the signature operator of an odd-dimensional man-
ifold, cf. [1, p. 44], [2, p. 405], [19, p. 64-65]. See also Section 7 below.

Geometry € Topology, Volume X (20XX)



30 Maxim Braverman and Thomas Kappeler

For j =0,...,d define
01 = Ker (0oT)NCY = I'(Ker dnC¥7), 52)
¢’ = Keronc’
and set C’;l = CT = 0. Let B; and BJJF denote the restriction of B to CJ
and CY. respectively. Then, for each j =0,...,d, one has

ImBf C Im(Tod|e;) € T(Kerdlyen) S O (5.3)
ImB; C Im(9ol|e) € Im(d|pas) € CT7HL (5.4)

Hence,

Bf =Tod:0, — C{77', B = dol': ¢! — C¥7*. (55)

Denote C°V" := P, CI, C9en = D, cven C7. and set

even

-— . even even
Beven = & Bj: ¢ — o,

j even
5.6
B:t L B:I: . oeven even ( )
even T == + >
j even

and define Byqq, B(jfdd similarly. Note that Beyen = I' 0 Bogq © I'. Hence, the
whole information about B is encoded in its even part Beyen-

Lemma 5.2 Suppose that the signature operator B : C* — C*® is bijective.
Then the complex (C*, 9) is acyclic and, for all j =0,...,d,
¢l =l o (5.7)

Proof If ce Ci N CY , then it follows from (5.2) and the definition (5.1) of B
that Bc = 0. Hence, since B is injective, we obtain

cinct = {0} (5.8)

Similarly, from (5.2) and (5.1) we obtain ImB C C$ + C® . Hence, since B is
surjective,
C* =Ct +Ct. (5.9)

Combining (5.8) and (5.9) we obtain (5.7).

Let us now show that the complex (C*, 9) is acyclic. By (5.7),
B = B" + B™. (5.10)
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By (5.3) and (5.4), ImB* C C%. Thus, since B = Bt + B~ is surjective, it
follows from (5.7), that Im B = C%. The equality B~ = d o' implies now
that Im 0 D C®. Hence, by (5.2), Im 0 = C*. Combining the latter equality
with the definition (5.2) of C'* , we obtain Im 0 = Ker 9, proving the acyclicity
of (C*,0). O

Remark 5.3 It is easy to construct an acyclic complex (C®, 9) and a chirality
operator I', so that the corresponding signature operator B is not bijective.

5.4 Calculation of the refined torsion in case B is bijective

Assume that the signature operator B : C* — C* is bijective. Then, by Lemma
5.2, the complex (C*®, 0) is acyclic. Hence, Det(H*®*(0)) is canonically isomor-
phic to k and the refined torsion p. can be viewed as a number in k. In this
subsection we calculate this number.

Definition 5.5 The graded determinant of the even part of the signature
operator is defined by the formula

Detgr(Beven) = Det(B,

oven)/ Det(=B (5.11)

even)

Since I' o Ben
and

Detgr(Beven) - Det(B;/en)/Det(_B:dd)

ol = B, and I'? =1d, we have Det(—Bg,) = Det(—B,)

= Det ((—1)""'I9|cr-1) H Det (1)~ T0] - 1@07;]‘)(_1)%1
r—1 ]

— (e pet (9 1) T Det (P2l 1)
" (5.12)

where in the last equality we used that

Det((—l)jfl I‘@]Ci_l = Det(F8|Ci_1

act ) ect )

. . —1 . —9
since dim C" = dim Cﬂir 7,

Proposition 5.6 Suppose that the signature operator B is invertible and,
hence, the complex (C*®,0) is acyclic. Then

Pr = Detgr(Beven)a (5.13)
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Proof Recall that p. = ¢ce(c.), where ¢ is the element in Det(C*®) given
by the formula (4.1) and

¢ce : Det(C*) — Det (H*(0)) ~ k
is defined by (2.13).

To compute ¢ce(c,.), we choose the decomposition (2.11) to be €7 = ¢7 & Ci
and define elements co,...,cq as follows: For each j =0,...,d —1, fix a non-
zero element a; € Det(CY) and set

co = ao, ca = lao,
¢ = ”C{,Ci(rad—j(g)aj)’ j=1,....d—1.
Note that, for each j =1,...,d,

FCj = ,u,ci,jyci,j(ad_j ®Fa]’)
— (71)dimC]+.dimC], 'U’Cd_fj,le_ij (Faj &® Cld_j)

_ (71)dimC’i-dimCi Ca_j. (514)
Thus, from (4.1), we obtain

. _1\r—1
¢ = (_1)R(C ) o ® 6;1 ®--- ®C£_11) ®

® (Per-1) V" @ (Tep—2) ™V @ @ (Dep) ™ (5.15)

. r—1 3. J . Ji J _ —
(_1)R(C’ )+Zj:1 dim €Y -dim C. co /\Cl 1 A ACgoq /\Cdl'

To compute p. we now need to calculate ¢ce(co A 01_1 AN--ANegoq1 N cgl), ie.,
in view of (2.14), we need to determine the elements h; € Det(H7) ~ k which
satisfy (2.12).

If L is a k-line and z,y € L with y # 0, we denote by [z : y] € k the unique
number such that = [z : y]y. Then, by (2.12), the elements h; € k, which
appear in (2.14), are given by

ho = 1, (5.16)
hg = [eq: 0ag—1] = [ag:T0ag—1], (5.17)
and, for j=1,...,d—1,
hj = [¢j e cq (901 @ a5) ]
= [“C’;,Ci (Tag—; ® a;) : /‘C{,Ci(aaﬂ‘” ® aj) | (5.18)
= [Fad_j : ﬁaj,l] = [ad_j :F@aj,l].
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By (5.17) and (5.18), for j =1,...,7 — 1, we obtain
hj-ha-ji1 = [ag—j:Tdaj_1] - [aj—1:TOaq;]
= [Mcifj’cifl(ad_j ®aj-1): ,uciijcrl(lﬂaaj_l ®Tdaq_j | (5.19)
= (1)t A Det(T0] o1 as)

By (5.18) we have
h, = Det(ra|orl)*1. (5.20)

Combining (2.14), (5.16), (5.19), and (5.20), we obtain
oo (co A 01_1 Ao Aeg_q A cgl)

r—1
= (=DM Det(19]er-1) V" T Det(ra|ci_1@ci_j)<*”]‘l, (5.21)
j=1

From the definition (4.3) of p. and the identities (5.15), (5.21), we get

r—1
. _1\yr—1 _1\j—1
pr = (17 Det(T0|cr-) - I Det(F8|Ci_1®Ci_j)( D7 (5.22)

j=1
where
F(C*) = N(C*) + R(C*)
r—1 r—1
+ ) dim¢ dimC? + Y dimCYY - dim O (5.23)
i=0 §=0

As the maps 0 : C’fl — 7 and T : C’f,l:j — 7 are isomorphisms, the last
two terms in (5.23) can be computed to be

r—1 r—1

> dimCY - dimC? 4+ Y dimC{ Y - dim Y
=0 =0
r—1 ) ] r—1 ] ]
=) dimC} -dimC 4+ ) dim ¢ - dim ¢
j=0 j=0
r—1 ' )
=) dimC’-dimCy . (5.24)
j=0
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Since the map I'0 : C’i — Cifj*l is an isomorphism, for all j =0,...,r — 2
we have

dimC7 - (dim Y, + (1)) = dim 77! (dim O 4 (~1)4)

Hence, by formula (2.15) for N'(C) and the fact that for any = € Z, z(x £1) =
0 (mod 2), we obtain

<
|
N}

N(C*) = dim Ci : ( dim C] + (- )]H)

<.
Il
o

1
+ 5 dimC - (dim O+ (=1)7)

2
dimC7 - (dim O 4+ (=1)") (5:25)

N =N =

dimC7 - (dim O - 1)

1
+ 5 (14 (=1)7) - dim ot mod 2.

Next, using the isomorphism 0 : C’fl — €’ we obtain from (5.7),
dim¢? = dimC,' + dim 7, (5.26)

Hence, from definition (4.2) of R(C*®) and from identity (2.30), we get

r—1
1 .
R(C*) = [5 dim € - (dim € + (~1)79)
=0
1 , 4 ,
+ 3 dimC’i (dlmCi Ly (- 1)T+J-1) + dim C?}. -dimC’i_1
1 r—2
= 5 dim Crt (dim Ot 1) + ) (dim ¢)?

j=0

r—1
+ ) dimCL - dim Gyt (5.27)
=0
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By (5.26),

r—2
> (dim ¢7)? Z dim 7 - dim ¢!
j=0

7=0

TZ [ (dim C7)? + dim €7, - dim €' |

J=1
r—1 ‘ )
= Y dimC’-dimCy ' (5.28)
§=0
Hence, from (5.27), we get
r—1
1 . a
R(C*) = 5 dim C7 ! (dim C M -1) + Z dim C7-dim C*_ ! mod 2
j=0

(5.29)
Combining (5.25) and (5.29) and using again that z(z £1) =0 for x € Z, we
conclude that

N(C*) + R(C*)

DN

r—1
1+ (-1)7)-dimCy" + Y dimC7-dimC{',  mod2. (5.30)
=0

Since w = r — 1 modulo 2, we conclude from (5.23), (5.24), and (5.30),
that
F(C*) = (r—1)dimC mod 2.

The equality (5.13) follows now from (5.12) and (5.22). O

5.7 Calculation of the refined torsion in case B is not bijective

In this section we don’t assume that B is bijective. In particular, the complex
(C*, Q) is not necessarily acyclic. For simplicity, we restrict to the case k = C.

Consider the operator B2. Note that B% = (I'9)% + (0I')? and B?(C7) c C/
for all j =0,...,d. For an arbitrary interval Z C [0,00) and j = 0,...,d, we
denote by C% C C7 the span of the generalized eigenvectors of the restriction
of B? to C7 corresponding to eigenvalues A with |\| € Z. Since both operators
I' and 0 commute with B and, hence, with B2 we have

r:c — ¢, 9.0l — it
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Hence, we obtain a subcomplex C7 of C*® and the restriction I'z of I to C7
is a chirality operator on this complex. Let dz, Bz, and B3*" denote the
restriction of 9, B, and Beyen to C7. Then Bz =I'707 + 07I'z.

Lemma 5.8 If 0 ¢ 7 then the complex (C7,07) is acyclic.

Proof If z € Ker 7 then B%r = (0T')?z € Im 07. Hence,
B% : Kerdr — ImoOz C Ker07.

Since the operator B% : C7 — CF is invertible, we conclude that Ker 07 =
Imorz. O

For each A > 0, the complex C*® is a direct sum of the complex C[.o A and the
acyclic complex C('/\ o0y In particular, HE\ Oo)(f)) =0 and Hp, /\}(8) ~ H*(0).
Hence, there are canonical isomorphisms

: Det(Hfy o) (8)) — C, W Det(Hp, (9)) — Det(H*(d)).

Lemma 5.9 For every t € Det(H(‘)\’oo)(a)), h e Det(H[})N(ﬁ))
() - W(h) = nmy _ (9).Hg  (0)E D R). (5.31)

o) [0,X]

Proof Since Hp, oo)(@) =0, it follows from (2.19), that
M(H{, 5y (0), H ) = 0.

The lemma follows now from the definition (2.18) of the fusion isomorphism.
O

In the sequel we will not distinguish between t € Det(HF)\ OO)((?)) and ®(t) € C
and write simply ¢ for ®(¢). Similarly, for h € Det(H 0 /\}(0)) we will denote
by h also the element W(h) € Det(H*(0)).

From Lemma 4.7, Proposition 5.6, and Lemma 5.9, we immediately obtain
the following

Proposition 5.10 Let (C*,0) be a complex of finite dimensional complex
vector spaces and let I' be a chirality operator on C*. Then, for each A > 0,

(5.32)

even

pr = Detg( ()\,oo))'pr

A
where, as above, we view Pry, 25 a0 element of Det(H®(0)) via the canonical
0,

isomorphism VU : Det(H['O’)\](a)) — Det(H*(0)).
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6 Preliminaries on Determinants and the n-invariant
of Elliptic Operators

In this section we briefly review the main facts about the (-regularized deter-
minants and n-invariants of non self-adjoint elliptic operators. In particular,
we define a sign-refined version of the graded determinant — a notion, which
plays a central role in this paper. We refer the reader to Sections 3 and 4 of [6]
for a more detailed discussion of the subject.

Let E be a complex vector bundle over a smooth compact manifold M and
let D : C®(M,E) — C®(M,E) be an elliptic differential operator of order
m > 1. Denote by o(D) the leading symbol of D.

6.1 Choice of an angle

Our aim is to define the (-function and the determinant of D. For this we will
need to define the complex powers of D. As usual, to define complex powers
we need to choose a spectral cut in the complex plane. We restrict ourselves to
the spectral cuts given by a ray

Rgz{pei6:0§p<oo}, 0<6<2m. (6.1)

Consequently, we have to choose an angle 6 € [0, 27).

Definition 6.2 The angle 6 is a principal angle for an elliptic operator D if
spec (a(D)(z,€)) N Ry = 0, for all =€ M, £ € Ty M\{0}.

If 7 € R we denote by Lz the solid angle
Ly = {pew: 0<p<oo,0€I}.
The existence of a principal angle is an additional assumption on D. Since

M is compact every operator which possesses a principal angle has a discrete
spectrum.

Definition 6.3 The angle 0 is an Agmon angle ! for an elliptic operator D if
it is a principal angle for D and there exists € > 0 such that

spec (D) N L[075,9+5} = 0.
If 0 is a principal angle for D, then, cf. [31, 32], there exists € > 0 such that

spec (D) N Lijg_c g4 is finite and spec (o(D)) N Lig_c g4,) = 0. Hence there
exists an Agmon angle 6’ € (6 —e,0 +¢) for D.

Note that in the literature the notion of Agmon angle is often defined differently,
namely it is required, in addition, that zero is nor in the spectrum of the operator.
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6.4 (-function and determinant

Assume that 6 is an Agmon angle for D. Let II : L?(M,E) — L*(M,E)
denote the spectral projection of D corresponding to all non-zero eigenvalues
of D. The (-function (y(s, D) of D is defined as follows.

Since, by assumption, D possesses a principal angle, its spectrum is discrete.
Hence, there exists a small number py > 0 such that

spec(D) N {z€C; |z| <2po } C {0}.

Define the contour I' =T'y ,; C C consisting of three curves I' = I'; UT's U T3,
where

r, = {pew:oo>p2po}, Iy = {poem:9<a<9+27r},

I's = {pe’w””) tpo<p< oo } (6.2)
For Res > dimTM, the operator
nD,* = — ATS(D — A)"Ldr (6.3)
2T Ty
,P0

is a pseudo-differential operator with continuous kernel Ky(s;x,y), cf. [31, 32].
In particular, the operator II D, * is of trace class.

We define
dim M

Go(s, D) = TrlID,* = / tr Ko(s;x, z) dz, Res > (6.4)
M

It was shown by Seeley [31] (see also [32]) that (g(s, D) has a meromorphic

extension to the whole complex plane and that 0 is a regular value of (y(s, D).

More generally, let () be a pseudo-differential operator of order q. We set
Co(s,Q,D) = Tr QIID,*, Res > (¢ +dim M)/m. (6.5)

This function also has a meromorphic extension to the whole complex plane, see
[40, §3.22] and [20, Th. 2.7] (see also [21]). Moreover, if @ is a 0-th order pseudo-
differential projection, i.e. a 0-th order pseudo-differential operator satisfying
Q% = Q, then by [39, §7], [40] (see also [10, 27] for a shorter proof), (y(s, Q, D)
is regular at 0.

If the dimension of M is odd and D is a bijective differential operator of even
order, then (p(0,D) = 0, cf. [31]. More generally, we have the following
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Proposition 6.5 Suppose dim M is odd, D : C*°(M,E) — C*°(M, E) is an
elliptic differential operator of even order m > 2, 6 is an Agmon angle for D,
and P is a finite rank pseudo-differential projection which commutes with D.
Set @ =1d —P and assume that the restriction D|im¢g of D to the image of Q
defines an invertible operator D|yn g : Im@Q — Im Q. Then,

(0,Q,D) = — rank (Id —Q). (6.6)

In particular, if my denotes the dimension of the span of the generalized eigen-
vectors of D corresponding to the eigenvalue A = 0 (i.e. mg is the algebraic
multiplicity of the eigenvalue A =0 of D ), then

(0, D) = —mo. (6.7)

Proof If ¢ # 0 is a small enough real number, then D + ¢ is an invertible
differential operator of even order and € is an Agmon angle for D + . Hence,
Cp(0,D +¢) =0, cf. [31]. Clearly,

(0,Q,D+¢) = ((0,D+¢e) — rank (Id—Q) = — rank (Id—Q). (6.8)
Since 0 is not an eigenvalue of the restriction of D to the image of ), we have
lim Gp(0,Q, D +2) = G(0,Q, D). (6.9)

Combining (6.8) and (6.9), we obtain (6.6). O

Definition 6.6 The (-regularized determinant of D is defined by the formula
d
Dety(D) := exp (—E‘SOCQ(S,D)> . (6.10)

Roughly speaking, (6.10) says that the logarithm log Dety(D) of the determi-
nant of D is equal to —(,(0, D). However, the logarithm is a multivalued
function. Hence, log Dety(D) is defined only up to a multiple of 27i, while
—(5(0,D) is a well defined complex number. We denote by LDety(D) the
particular value of the logarithm of the determinant such that

d
/
LDety(D) = —E\SZOCQ(S,D). (6.11)
Let us emphasize that the equality (6.11) is the definition of the number

LDet)(D).

Remark 6.7 The prime in Dety(D) and LDety(D) indicates that we ignore
the zero eigenvalues of D in the definition of the regularized determinant. If

the operator D is invertible we usually omit the prime and write Dety(D) and
LDety(D) instead.
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We will need the following generalization of Definition 6.6.

Definition 6.8 Suppose @ is a 0-th order pseudo-differential projection com-
muting with D. Then V := Im@Q is a D invariant subspace of C*°(M,E).
The (-regularized determinant of the restriction D|y of D to V is defined by
the formula

Det)(D|y) = etPetelPIv) (6.12)
where

d

LDety(Dly) = —|,_oGo(s.Q. D). (6.13)

As in Remark 6.7, if the restriction of D to V defines an invertible operator
Dl|y : V — V, we usually omit the prime in the notation for the numbers (6.12)
and (6.13) and write Detg(D|y) and LDetg(D|y) instead.

Remark 6.9 The right hand side of (6.13) is independent of @) except through
Im(Q). This justifies the notation LDety(D|y). However, we need to know that
V' is the image of a 0-th order pseudo-differential projection ) to ensure that
Cp(s, D) has a meromorphic extension to the whole s-plane with s = 0 being a
regular point.

6.10 Spectral subspaces

We will often use Definition 6.8 in the following special situation. For A > 0
let IIp [o,y denote the spectral projection of D corresponding to the set {z €
C: |z| < A}. Tt is given by the Cauchy integral
i 2 o
(D—(A+¢)e") do,

ooy = 57 |

where € > 0 is small enough so that there are no eigenvalues of D with absolute
value in the interval (A, A + ¢]. Since the operator D is an elliptic differential
operator of order > 0, the image of IIp g 5 is finite dimensional and consists of
smooth sections. We denote by CEB"’/\}(M, E) C C*°(M, E) the image of IIp g 5 -
Note that Cﬁ)‘j/\](M ,E) is equal to the span of the generalized eigenvectors of
D corresponding to eigenvalues with absolute value < .

Define the projections

Up ooy = Id —p o,

(6.14)
Up oy = Upjou — Hp o, for pu=> A
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The range of IIp (), is finite dimensional and contained in C*°(M, E). It is
equal to the span of the generalized eigenvectors of D with eigenvalues x such
that A < [x| < p. The range of Ilp () ) is infinite dimensional and contains
the span of the generalized eigenvectors of D with eigenvalues whose absolute
value is greater than A, cf. [27, Appendix B].

Let now 7 be an interval of the form [0, A], (A, i, or (A, 00). Then IIp 7 maps
smooth sections to smooth sections and the space

C¥(M,E) = llpz(C*(M,E)) Cc C*(M,E)
is D invariant. Let Dz denote the restriction of D to the space C2°(M, E).
Note also that Dz is invertible whenever 0 ¢ 7.
Definition 6.8 gives us the determinant Dety(Dz). Clearly, for any 0 < X < p,

Detg (D()\,oo) ) = Dety (D()\M ) - Dety (D(Moo) ) (6.15)

6.11 Dependence of the determinant on the angle

Assume that 6 is a principal angle for D. Then, cf. [31, 32|, for any £ > 0, we
can choose an Agmon angle ¢’ € (0 —¢,0 +¢) for D. Let 8” > ¢’ be another
Agmon angle for D such that all the angles in the interval [6’,0"] are principal
for D. Then, cf., for example, [6, §3.10],

d d .
£|S:0C9/(S,D) = £‘810 Cor (s, D) mod 2. (6.16)
Hence, by Definition 6.6,

Note that the equality (6.17) holds because both angles, #" and 6", are close to
a given principal angle ¢ so that the intersection spec (D) N Lig g1 is finite.

If there are infinitely many eigenvalues of D in the solid angle Lig g then
Dety, (D) and Dety, (D) might be different.

6.12 Graded determinant
Let D : C*®°(M,E) — C*(M,E) be a differential operator. Suppose that

Qj: C®°(M,E) — C®(M,FE) (j=0,...,d) are 0-th order pseudo-differential
projections commuting with D. Set V; :=Im Q; and assume that

d
C™(M,E)=EPV;.
j=0
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Definition 6.13 Assume that 6 € [0,27) is an Agmon angle for the operator
(=1)/Dly;, for every j = 0,...,d. The graded determinant Dety, (D) of D
(with respect to the grading defined by the pseudo-differential projections @ ;)

is defined by the formula

Detl,, (D) = eP%ro(P), (6.18)
where
d . .
LDety, o(D) = Y _(—1)7 LDety ((~1)'Dly, ). (6.19)
j=0

The following is an important example of the above situation: Let E = @?:0 E;
be a graded vector bundle over M. Suppose that for each j =0,...,d, there is
a bijective elliptic differential operator

Dj: C®(M,E;) — C™(M,E;),
such that 6 € [0,27) is an Agmon angle for (—1)7D; for all j = 0,...,d. We

denote by
d

D = P D;: C®°(M,E) — C®(M,E) (6.20)
j=0
the direct sum of the operators D;. Then (6.19) reduces to
d

LDet}, o(D) = (—1)7 LDety ((—1)’D;). (6.21)
j=0

6.14 Case of a self-adjoint leading symbol

Let h* be a Hermitian metric on the bundle E — M and assume that the
principal symbol o(D)(z,&) of the elliptic operator D is self-adjoint, i.e.,

o(D)"(x,§) = o(D)(x,§),  (x,§) €T™M, (6.22)
where o(D)*(x,&) denotes the adjoint of the operator o(D)(x,&) with respect
to the scalar product h¥. This assumption implies that D can be written as
asum D = D'+ A where D’ is a self-adjoint differential operator of order m
and A is a differential operator of order smaller than m. If the leading symbol
of D is self-adjoint then any angle 6 # 0, 7 is principal for D.

Though the operator D is not self-adjoint in general, the assumption (6.22)
guarantees that it has nice spectral properties, cf. [24, §1.6] and [6, §3.9].
Though many of the results of this paper remain valid for arbitrary elliptic
differential operators which possess an Agmon angle, for simplicity of notation
we will often assume that our operators have a self-adjoint leading symbol.
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6.15 n-invariant

It is well known, cf. [33, 41], that the phase of the determinant of a self-adjoint
elliptic differential operator D can be expressed in terms of the n-invariant of
D and the (-function of D?. We now extend this result to non self-adjoint
operators.

First, we recall the definition of the n-function of D for a non-self-adjoint
operator, cf. [19].

Definition 6.16 Let D : C*°(M,E) — C*>(M, E) be an elliptic differential
operator of order m > 1 with self-adjoint leading symbol. Assume that 6
is an Agmon angle for D (cf. Definition 6.3). Let II- (resp. II.) be a
pseudo-differential projection whose image contains the span of all generalized
eigenvectors of D corresponding to eigenvalues A with Re X > 0 (resp. with
Re A < 0) and whose kernel contains the span of all generalized eigenvectors of
D corresponding to eigenvalues A with Re A < 0 (resp. with Re A > 0), cf. [27,
Appendix B]. We define the n-function of D by the formula

ne(s, D) = C(o(s,1Is,D) — (p(s, 11, —D). (6.23)

Note that, by definition, the purely imaginary eigenvalues of D do not con-
tribute to ng(s, D).

It was shown by Gilkey, [19], that 7g(s, D) has a meromorphic extension to the
whole complex plane C with isolated simple poles, and that it is regular at 0.
Moreover, the number 79(0, D) is independent of the Agmon angle 6.

Since the leading symbol of D is self-adjoint, the angles +7/2 are principal
angles for D, cf. Definition 6.2. In particular, there are at most finitely many
eigenvalues of D on the imaginary axis.

Let m4 (D) (resp., m_(D)) denote the number of eigenvalues of D, counted
with their algebraic multiplicities, on the positive (resp., negative) part of the
imaginary axis. Let mo(D) denote algebraic multiplicity of 0 as an eigenvalue
of D.

Definition 6.17 The n-invariant n(D) of D is defined by the formula

0,D) + my (D) —m_(D) + mo(D)
5 :

a(D) = ™ (6.24)
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As 1y(0, D) is independent of the choice of the Agmon angle 6 for D, cf. [19],
so is n(D).

Let D(t) be a smooth 1-parameter family of elliptic operators with self-adjoint
leading symbol. Then n(D(t)) is, in general, not smooth but may have integer
jumps when eigenvalues cross the imaginary axis or cross 0 along the imaginary
axis. Because of this, the n-invariant is usually considered modulo integers.
However, in this paper we will be interested in the number ¢™(P)  which
changes its sign when 7(D) is changed by an odd integer. Hence, we will
consider the n-invariant as a complex number.

Remark 6.18 Note that our definition of n(D) is slightly different from the
one proposed by Gilkey in [19]. In fact, in our notation, Gilkey’s n-invariant is
given by n(D) + m_(D). Hence, reduced modulo integers, the two definitions
coincide. However, the number ¢”(P) will be multiplied by (—1)"- ) if we
replace one definition by the other. In this sense, Definition 6.17 can be viewed
as a sign refinement of the definition given in [19].

6.19 Relationship between the n-invariant and the determinant

Since the leading symbol of D is self-adjoint, the angles +7/2 are principal for
D. Hence, there exists an Agmon angle 6 € (—7/2,0) such that there are no
eigenvalues of D in the solid angles L(_r 29 and L(z/294x. Then 20 is an
Agmon angle for the operator D?.

Theorem 6.20 Let D : C>*(M, E) — C*®(M, E) be an elliptic differential op-
erator of order m > 1 with self-adjoint leading symbol. Assume 6 € (—m/2,0)
is an Agmon angle for D such that there are no eigenvalues of D in the solid
angles L(_r /29 and L(x/204x] (Hence, there are no eigenvalues of D? in the
solid angle L(_r 29)). Then 2

_ 29(0, D?) 4+ mp(D)
2

LDet)(D) — %LDet’Qe(DQ) —ir (n(D) ). (625)

In particular,

2
Dety(D) = =4O, —im(n(D)- 2020l (6.26)
In the case when D is invertible the theorem is proven in Section 4 of [6]. The

same arguments without any changes prove Theorem 6.20 in the general case.

*Recall that we denote by LDety(D) the particular branch of the logarithm of the
determinant of D defined by formula (6.11).
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Remark 6.21 a. Let 6 be as in Theorem 6.20 and suppose that 6’ € (—,0)
is another angle such that both 6’ and 6’ + 7 are Agmon angles for D. Then,
by (6.17),

Det), (D) = Det}(D),

6.27
Céa(o’ D2) = Cég/ (0, DQ) mod 271. ( )

In particular,
o5 (0.D%) _ 4 ,—5¢5(0.D%) (6.28)

Clearly, (g, (0, D?) = (p,(0, D?) if there are finitely many eigenvalues of D? in
the solid angle L, 4,). Hence, (29(0, D?) = (29/(0, D?). We then conclude from
(6.26), (6.27), and (6.28) that

991 (0,D%)4mg(D)
2

Dety (D) = + e~ b %000 . g=im (n(D) ). (6.29)

In other words, for (6.26) to hold we need the precise assumption on ¢ which
are specified in Theorem 6.20. But “up to a sign” it holds for every spectral
cut in the lower half plane.

b. If instead of the spectral cut Ry in the lower half-plane we use the spectral
cut Ry, in the upper half-plane we will get a similar formula

1

LDety, (D) = B LDethy(D?) + i (W(D) — G20(0, D?) + mo(D)

2

), (6.30)

whose proof is a verbatim repetition of the proof of (6.25), cf. Section 4 of [6].

c. If the dimension of M is odd, then, in view of Proposition 6.5, (20(0, D?) =
—mo(D). Hence, (6.25) simplifies to

1
LDety(D) = 3 LDethy(D?) — imn(D). (6.31)

6.22 p-invariant and graded determinant

Suppose now that D = @?:0 Dj is as in (6.20). Choose 6 € (—m/2,0) such
that there are no eigenvalues of D; in the solid angles L(_r /29 and L(z/2 04
for every 0 < j < d. From Definition 6.17 of the n-invariant it follows that

n(—=D;) = —n(D;) + mo(Dy).
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Combining this latter equality with (6.21) and (6.25) we obtain

d
1 )
LDet}, o(D) = 5 > " (~1)7 LDethy(D?)

d
1 :
— 5D (=17 (0,03 ), (6.32)
j=0

where n(D) = Z?:o n(Dj) is the n-invariant of the operator D = @?:0 D;
and mo(D) = Z;'l:o mo(Dj) is the algebraic multiplicity of 0 as an eigenvalue
of D.

Finally, note that, by Remark 6.21.c, if the dimension of M is odd, and all the
operators D; are invertible (so that mg(D;) = 0), then (6.32) takes the form

d

LDety g(D) = (—1)7 LDetgg(D3) — imn(D). (6.33)

N —

J=0

6.23 Generalization

The definition (6.24) of the n-invariant easily generalizes to operators acting
on a subspace of the space C*°(M, E) of smooth sections of the vector bundle
E, cf. [6, §4.10].

Let D : C*®(M,E) — C*(M,E) be an elliptic differential operator with a
self-adjoint leading symbol. Let @ : C*°(M,E) — C*°(M,E) be a 0-th or-
der pseudo-differential projection commuting with D. Then V = ImQ C
C>®(M,E) is a D-invariant subspace. Let II. and II. be as in Definition
6.16. Let 6 be as in Subsection 6.22 and set

UO(SaD’V) = C@(stH>aD) - C@(SaQH<7_D)7 (634)

n(Dly) = 1ODlv)+ m+(D|v)2— m_(Dlv) +mo(Dlv) (6.35)

Then, cf. [6, §4.10],

LDet}(D|y)

1 . C20(0, D?|v) + mo(D|y
= L Doty (D) — i (n(Dly) - L OPIIEMDIVY g 55
where we used the notation
Go(s, D?|v) = Coa(s, Q, D?), (6.37)
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cf. (6.5).

Note, however, that an analogue of (6.31) does not necessarily hold in this
case even if dim M is odd, because (29(s, D?|y;) defined by (6.37), is not a
(-function of a differential operator and Proposition 6.5 does not necessarily
hold.

Finally, suppose that V = @;l:o Vj is given as in Definition 6.13. Then

d
1 .
LDety, 4(D) = 3 § (—1)? LDethy(D?|v;)

) D|V 1
— zw(n(D[v) b

M&

1) ¢ap(0, D2|V)) (6.38)
jZO

where n(D]y) = Y9_gn(Dly,) and mo(Dly) = 39_gmo(Dly,).

7 The Graded Determinant of the Odd Signature
Operator

In this section we define the graded determinant of the Atiyah-Patodi-Singer
odd signature operator, [2, 19], of a flat vector bundle E over a closed oriented
Riemannian manifold M. We also use this determinant to define an element
p of the determinant line of the cohomology of the bundle E. Our definition
is based on the formula which relates the graded determinant of the signature
operator and the refined torsion in the finite dimensional setting, cf. Proposition
5.10. In Section 11 we will show that, if £ admits an invariant Hermitian
metric, then the Ray-Singer norm of p is equal to 1. Thus the element p
can be viewed as a refinement of the Ray-Singer metric. In general, however,
it might depend on the Riemannian metric on M. In subsequent sections
we study the metric anomaly of p, use it to “correct” p, and then define a
differential invariant of the flat bundle £ — a metric independent element of
the determinant line of the cohomology, called the refined analytic torsion.

7.1 Setting

Let M be a smooth closed oriented manifold of odd dimension d = 2r — 1 and
let E — M be a complex vector bundle over M endowed with a flat connection
V. We denote by V also the induced differential

V:QM,E) — Q*"\(M, E),
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where QF(M, E) denotes the space of smooth differential forms on M of degree
k with values in E.

7.2 0Odd signature operator

Fix a Riemannian metric ¢* on M and let * : Q*(M, E) — Q%*(M, E) denote
the Hodge *-operator. Define the chirality operator I' = I'(g™) : Q*(M, E) —
Q°*(M, E) by the formula

k(k+1)

Tw :=i"(-1) 2 *w, weQfME), (7.1)
with r given as above by r = %. This operator is equal to the operator

defined in §3.2 of [3] as one can see by applying Proposition 3.58 of [3] in the
case dim M is odd. In particular, I'? = 1.
Definition 7.3 The odd signature operator is the operator

B=B(V,¢M) =TV 4+ VI': Q*(M,E) — Q%(M,E). (7.2
We denote by By the restriction of B to the space QF(M, E).

More explicitly, the value of the odd signature operator on a form w € QF(M, E)
is given by the formula

(k+1)
Brw = "(—1)" 2 ((—1)FV-V)w € QM B)oQtF (M, B),
(7.3)
The odd signature operator was introduced by Atiyah, Patodi, and Singer, [1,
p. 44], [2, p. 405], in the case when E is endowed with a Hermitian metric

invariant with respect to V (i.e. invariant under parallel transport by V). The
general case was studied by Gilkey, [19, p. 64-65].

Lemma 7.4 Suppose that E is endowed with a Hermitian metric h”. Denote
by (-,-) the scalar product on Q*(M, E) induced by h¥ and the Riemannian
metric ¢™ on M. Then

1. B is elliptic and its leading symbol is symmetric with respect to the Her-
mitian metric h¥.

2. If, in addition, the metric h¥ is invariant with respect to the connection V,
then B is symmetric with respect to the scalar product (-,-),

B* =B.

If the metric h¥ is not invariant, then, in general, B is not symmetric.

The proof of the lemma is a simple calculation. The first part is already stated
in [2, p. 405]. The second part is proven in the Remark on page 65 of [19].
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7.5 Decomposition of the odd signature operator

Set
r—1 r
Qeven(M’E) = @ QQP(M’E)’ QOdd(M,E) = @ QQp_l(M,E)a
p=0 =1
r—1
Bevn = €D By QM E) — Q7" (M, E),
p=0

Boaa = @P Bop-1: V(M E) — Q°Y(M, E).
p=1

Since I'2 = 1 we obtain

Boga = T'oBeyen ol (74>

Qodd (M,E') .

Hence, the whole information about the odd signature operator is encoded in its
even part Beyven- The operator Beven can be expressed by the following formula,
which is slightly simpler than (7.3):

Beven w 1= ir(—l)p‘*'1 ( *V —V x )w, for we QZP(M, E). (7.5)

Note that for each k = 0,...,d, the operator B2 maps QF(M, E) into itself.
Suppose Z is an interval of the form [0, A], (A, g], or (A,00] (> A > 0). Then
Iz 7 is the spectral projection of B? corresponding to Z, cf. Subsection 6.10.
Set

Q3(M,E) = Ilg 7(Q°(M,E)) C Q°(M,E).

Recall from Subsection 6.10, that if the interval Z is bounded, then the space
Q7 (M, E) is finite dimensional and is equal to the span of the generalized
eigenforms of B? corresponding to eigenvalues with absolute value < . In
general, Q% (M, E) contains the span of the eigenforms of B? corresponding to
eigenvalues whose absolute value lies in Z.

For each k=0,...,d, set

Ok Z(M,E) := Ker (VD) N Q5(M,E) = (T'(Ker V)) N Q%(M, E);
OF (M, E) := Ker(I'V) N Q¥(M,E) = Ker V N Q5(M, E). (7.6)
Clearly,

OG(M,E) = QF /(M,E) ®QF (M,E), if 0¢T. (7.7)
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We consider the decomposition (7.7) as a grading 3 of the space Q% (M, E), and
refer to Q’LI(M, E) and Q’j’I(M, E) as the positive and negative subspaces of

QL (M, E).
As both, T and V, commute with B2, we conclude that, for k =0,...,d,
and
V: (M, E) — QM E). (7.9)

Denote by BZ the restriction of B to Q%(M, E) and by BZE’I the restriction of
B to QiI(M, E). Then

BZ’I: Q]th(M, E) — Qfl;,zk_l(M, E), w— I'Vuw;

BT QF /(M E) — QYFTNM,E), ww~ VIw.

7.6 Graded determinant of the odd signature operator

Let Z be an interval of the form [0, A], (A, p], or (A, 00] (1> A > 0) and define
r—1
TF(M,B) = D 9L (M, B).
p=0

Let B%, BZ,,, and BZ,, denote the restrictions of B to the subspaces Q%(M, E),

even )’

Qeen(M, E), and Q94(M, E) respectively. Then
Bezven : G:BI:\EP(M’E) - Sﬁ;:%l(MvE)
to the space QY7 (M, E). Clearly, the
operators BLL are bijective whenever 0 ¢ 7.

By Definitions 5.5 and 6.13, for every T, the graded determinant of BZ., is
given by the formula

Let Bejf,ezn denote the restriction of BZ

even

Detfgrve(Beren) = eLDet’gr,@(Bgve“), (7.10)
where § € (—m,0) is an Agmon angle for the operator BZ ., and
LDet}, y(Bhen) = LDety (BLd,) — LDet (— Bya,) € C. (7.11)
Clearly, for 0 < A < p, we have
Detyro(Blun”) = Detgrg(BRA)) - Detgro(BY). (7.12)
Note also that since the rank of Bgi}g‘rﬁ] is finite, Detgryg(B&éﬁ]) is independent

of 6 and is equal to the product of the eigenvalues of Bééé‘ﬁ].

3Note, that our grading is opposite to the one considered in [11, §2].
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7.7 The canonical element of the determinant line

Since the covariant differentiation V commutes with B, the subspace Q% (M, E)
is a subcomplex of the twisted de Rham complex (Q°*(M, E), V). Clearly, for
each A > 0, the complex QZ)\ OO)(M, E) is acyclic. Since

QM. E) = Qp (M, E) ® Q) o)(M, E), (7.13)

the cohomology Hpy )\](M , E) of the complex Q['O’ N (M, E) is naturally isomor-

phic to the cohomology H®*(M, E) of Q*(M, E).
Let I’z denote the restriction of I' to Q% (M, E). For each A > 0, let
be = po (V.g™) € Det(Hy, (M, E)) (7.14)

[0,A] [0,A]

denote the refined torsion of the finite dimensional complex (Q['O /\](M ,E),V)
corresponding to the chirality operator Lo cf. Definition 4.3. We view

Pr,, 85 an element of Det(H*(M, E)) via the canonical isomorphism between
Hpy (M, E) and H*(M, E).

From Proposition 5.10, (7.12), and (6.17), we immediately obtain the following

Proposition 7.8 Assume that § € (—m,0) is an Agmon angle for the operator
Beven. Then the element

p = p(V.g") = Detgo(BLS) - py € Det(H*(M,E))  (7.15)

€

is independent of the choice of A > 0. Further, p is independent of the choice
of the Agmon angle 0 € (—m,0) of Beven-

If the odd signature operator is invertible then H®*(M,E) = 0. In this case,
Det(H®*(M, E)) is canonically isomorphic to C and P, = 1. Hence, p is a

complex number which coincides with the graded determinant Detg, g (Beven) =
Detgng(ng’e%O)). This case was studied in [6].

8 Relationship with the n-invariant

In this section, we study the relationship between the graded determinant (7.10)
and the n-invariant of Bé\)}é%o) . For the special case when B is bijective and A = 0

this relationship was established in Section 7 of [6].
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To simplify the notation set

mo= m(V.g") = nBL), (8.1)
and
1 d—1 ‘
& = &(V.g"0) == 5 D (1) LDetyg (B M%) 0 519
o (8.2)

(—l)j LDetog ((FV)2‘ ),
where 6 € (—m/2,0) and both, 6§ and 6+, are Agmon angles for Beyen (hence,
20 is an Agmon angle for B2, ).

even

It is shown in Section 8.4 of [6] that *

N =

(M,E)

o

J
Q+,(A,oo)

.

d
1 o -
& = 5 > (~1)"*"j LDety [ (B™ >>2‘ |
§=0 Q%XYO@(IVI,E)
| (8.3)
DI AR LDetgg[((FV)Q%—(VI‘)Q)} |
Jj=0 szbm)(M,E)
Set A
dip = dimQf | (M,E),  j=0,....d (8.4)

Proposition 8.1 Let V be a flat connection on a vector bundle E over a
closed Riemannian manifold (M, gM) of odd dimension d = 2r—1. Assume 6 €
(—7/2,0) is an Agmon angle for the odd signature operator B = B(V, g™) such
that there are no eigenvalues of B in the solid angles L(_r /39 and L(z/2 01
Then, for every A > 0,

d
0 , (& »
LDetgr,@(Bééén)) =& —amny — ) (=1)7j djx- (8.5)
=0

<

. A .
Proof Since the operator Be(;vé%o) has no zero eigenvalues, we conclude from

(6.38), that to prove (8.5) it is enough to show the following two identities
2&y = LDetog (BE N2 — LDetyy (B M>))2,; (8.6)

even
d

G0 (0, (BEH™N?) = Go(0, (Biia)?) = > (—1)jdja (8.7)

j=0

“In [6] we only considered the case when B is bijective and A = 0. But the arguments
leading to formula (8.7) of [6] work without any changes in our more general situation.
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A verbatim repetition of the arguments which led to formula (7.17) of [6] implies
that

C20 (s, (Bj\;e(I/l\’OO))z) — (20 (S, (B;;gl\voo)y)

d
= PG (s B ) (83)
=0 QI (M,E)
From (8.3) and (8.8) we obtain
d _
2§A = %L::o |:<-29 (87 (B;:fen)Q) - C29 (37 (Beven)Q) i| . (89)
Hence (8.6) is established.
Combining (8.8) and Proposition 6.5 we obtain (8.7). O

9 The Metric Anomaly of p and the Definition of
the Refined Analytic Torsion

In this section we study the dependence of the element p = p(V, g™) defined in
(7.15) on the Riemannian metric g™ . In particular, we show that, if dim M =
2r —1 =1 (mod 4), then p is independent of g™ . We then use these results to
construct the refined analytic torsion — a canonical element of Det (H *(M,F ))
which is independent of the metric, i.e., is a differential invariant of the flat
vector bundle (E,V).

9.1 Relationship between p(t) and the n-invariant

Suppose that g/, t € R, is a smooth family of Riemannian metrics on M. Let
plt) = p(V,g) € Det (H*(M,E)) (9.1)
be the canonical element defined in (7.15).

Let Ty denote the chirality operator corresponding to the metric g, cf. (7.1),
and let B(t) = B(V,g) denote the odd signature operator corresponding to
the Riemannian metric g}

Fix tg € R and choose A > 0 so that there are no eigenvalues of B(t)? whose
absolute values are equal to A. Then there exists ¢ > 0 such that the same is
true for all t € (tg — 0,9+ d). In particular, if we denote by Q[°0 N (M, E) the

Geometry € Topology, Volume X (20XX)



54 Maxim Braverman and Thomas Kappeler

span of the generalized eigenvectors of B(t)? corresponding to eigenvalues with
absolute value < A, then dim QF ,(M, E) is independent of t € (to—d,to+9).
We set

djy = dimQ/

oo (ME),  j=0,....d, te(to—5to+5). (92)

By definition (7.15),

p(t) = Detgrg (BLST () - pr, - (9.3)

For each t € (to — d,to + 9) and 0 € (—n/2,0), such that § and 6 + 7 are
Agmon angles for B(*) (t), let us introduce the following short notation for
the quantities introduced in (8.1) and (8.2)

&t 0) = &(V,g".0), m@) = m(V,g").

Assume that 6y € (—7/2,0) is an Agmon angle for B(tg) = B(V, g}') such that
there are no eigenvalues of B(tp) in the solid angles L(_r /29, and Lz /2 9,+r)-
Choose ¢, if necessary, smaller, so that for every ¢ € (tg — d,t9 + J) and every
j=0,...,d both, 6y and 6y + 7, are Agmon angles of BJ(-’\’OO) (t). For t # tg
it might happen that there are eigenvalues of B> () in L(_x/2,9,) and/or
L7 /2,00+x)- Hence, (8.5) is not necessarily true, in general, for ¢ # to. However,
from (6.16) and (8.2), we conclude that for every angle 6 € (—7/2,0), so that
0 and 6+ are Agmon angles for B> () (and, hence, 26 is an Agmon angle
for BN ()2),
Ex(t,0) = &t ) mod 7, (9.4)
Thus, from (8.5), we obtain
p(t) = + efA(tﬁO) . e*im?/\(t) . e_%r Z?:o (_1)jj dj,A (9_5)

Pryon

Lemma 9.2 Under the above assumptions, the product e t:00) . Pr, o) €
Det (H*(M, F)) is independent of t € (tg — 6,to + 9).

Proof Recall that we have chosen A\ > 0 and 6 > 0 so that there are no

eigenvalues of B(t)? with absolute value A for any t € (to — 6, + 6).

We shall use the following notation (cf., for example, Section 2 of [11]): Suppose
f(s) is a function of a complex parameter s which is meromorphic near s = 0.
We call the zero order term in the Laurent expansion of f near s = 0 the finite
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part of f at 0 and denote it by F.p.s—¢ f(s). A verbatim repetition of the proof
of formula (9.13) of [6] shows that

d
T Ex(t, 00)

zd: 1 F.puo Tr [Ftrt((zﬁ@m)(t)f)*s

j=0

] (9.6)

N =

200

J
20y 00y M)

Since B2(t) is an elliptic differential operator, the dimension of Q%5 (M, E) is
finite. Let € # 0 be a small enough real number so that B(t)? + ¢ is bijective
and 26y is an Agmon angle for (B> (#))2 4 &. Then, for each j = 0,...,d,
we have

Fopao T [T ((800)) )

QJ(.)HOO)(A{,E)

= Fopomo T [T ((BY)(0)" +¢)

|

QI (M,E)

T [rtrt‘ . (9.7)

A (M)

By a slight generalization of a result of Seeley [31], which is dlscussed in [29]
and, in greater generality, in [20], the first summand on the right hand side
of (9.7) is given by a local formula, i.e., by the integral [,, ¢; of a differential
form ¢¢, whose value at any point x € M depends only on the values of the
components of the metric tensor g} and a finite number of their derivatives
at x. Moreover, since the dimension of the manifold M is odd, the differential
form ¢; vanishes identically. Thus we obtain from (9.6) and (9.7)

d
el - _Z 1)/
=&t 60) = § Tr [Ty Ft‘ . ] (9.8)
[0 AV
Combining this equation with Proposmon 4.9, we get

d
_ £>\ (tveo) .
dt € th,[o,A]

9.3 Dependence of the n-invariant on the metric

From (9.5) and Lemma 9.2 we see that the dependence of p(t) on ¢t € (tg —
d,to + d) is determined up to a sign by the dependence of 1) (¢) on t.
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Lemma 9.4 For any t1,ts € (tg — d,tp + ) we have
77>\(t1) - nA(tZ) = U(Beven(tl)) - U(Beven(tZ)), mod Z. (9~9)

Proof Recall that Q['Q AL (M, E) denotes the span of the generalized eigenvec-

tors of B(t)? corresponding to eigenvalues with absolute value < A and that A
and ¢ were chosen so that

dimQ{Mt(M,E) = const, te(tg—b,tg+0), j=0,....,d.  (9.10)

Since the dimension of the space €7 (M, E) is finite, formula (6.34) says
Al

that n(O,B,[a(\),’en(t)) is equal to the sum of the algebraic multiplicities of the

eigenvalues of BL?,Q}]I(IS) with positive real parts minus the sum of the algebraic

multiplicities of the eigenvalues of Bg%é\rl(t) with negative real parts. It then

follows from (6.35) that

even

1
n(BOA @) = 5 dmQFS, (M E),  mod Z. (9.11)
By the definition of the n-invariant,

N(Beven(t)) — ma(t) = n(BY2(®)).
Hence, from (9.10) and (9.11), we conclude that, modulo Z,

N(Beven(t)) — ma(t) = const
fOI‘tE(to—(s,to—l—(g). O

We now need to study the dependence of 1(Beyen(V,¢™)) on the Riemannian
metric g™ . Fortunately, this was essentially done in [2] and [19]. Below we
present a brief review of the relevant results.

Let Birivial = Birivial(g™) @ Qv (M) — Q" (M) denote the even part of the
odd signature operator corresponding to the metric g™ and the trivial line
bundle over M endowed with the trivial connection. Set

1
Thtrivial = 7’/‘cl“ivial(g]w) = 577(01 Btrivial(gM))- (912)
Since the operator Biivial is self-adjoint, 7yivia1 iS a real number. Moreover,

since all the eigenvalues of Biiyial are real, it follows from (6.24) that

r—1

1 . 9
= U(Btrivial) -3 ZO dim H p(M, (C)
p:

mo (Btrivial)

Thrivial = n(BtriVial) - )

Also, if dim M = 1(mod4), then Nivial = 0, cf. [1].
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It is shown on page 52 of [19] (see also Theorem 2.4 of [2] where the case of
unitary connection is established) that modulo Z the difference

N(Beven(V,g™)) — (rank E) 7(Buivia(9™)) (9.13)

is independent of the Riemannian metric.

9.5 Removing the metric anomaly
We are now ready to state the main result of this section.

Theorem 9.6 Let E be a flat vector bundle over a closed oriented odd-
dimensional manifold M. Let N be an oriented manifold whose oriented
boundary is the disjoint union of two copies of M. The element

p(V,gM) - e tank Eymnin@™) e Det(H*(M, E)), (9.14)
where p(V,g™) € Det(H*(M, E)) is defined in (7.15), is independent of g™ .

In particular, if dim M = 1(mod4), then 7yivia = 0 and, hence, p(V,gM) is
independent of g™ .

Proof Let gM, (t € R) be a family of Riemannian metrics on M. We shall
use the notation of Subsection 9.1. From (9.5) we obtain for ¢ € (tg — 0,19+ 6)

p(t) . eiﬂ— (rank E) 7']trivial(g]\/j)

— 4 @) gmima (D) 6—% Y40 (—1)5d;ja i (rank B) necivial (9™)

’ th,lo,A]

Combining this latter equality with Lemma 9.2 and the metric independence of
the reduction of (9.16) modulo Z we conclude that for any ¢1,ts € (t—0,t+0)

,O(tl) . ein (rank E) ntrivial (M) — ip(tQ) . €i7r (rank E) Ngrivial(g™) (9'15)

Since the function t — p(t) - ¢/ Gank E)nuiviai(9™) s continuous and non-zero the
sign in the right hand side of (9.15) must be positive. Hence, the theorem is
proven. O

9.7 The definition of the refined analytic torsion

We now arrive to the main definition of the paper.
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Definition 9.8 Let E be a complex vector bundle over a closed oriented odd-
dimensional manifold M and let V be the flat connection on E. The refined
analytic torsion pan = pan(V) is the element of Det(H®(M, E)) defined by
(9.14).

It follows from Theorem 9.6 that the refined analytic torsion is independent
of any choices made in its definition, i.e., it is a differential invariant of the flat
vector bundle (E,V).

Remark 9.9 Since dim M is odd, there exists an oriented manifold N whose
oriented boundary is the disjoint union of two copies of M (with the same
orientation), cf. [38], [30, Th. IV.6.5]. Then, cf. [6, §11], the signature theorem
for manifolds with boundary implies that, modulo Z,

) - 5= [ Lea. (9.16)

where L(p, g™) is the Hirzebruch L-polynomial in the Pontrjagin forms of any
Riemannian metric on N’ which near M is the product of ¢™ and the standard
metric on the half-line, is independent of ¢ € (t9—J, t9+9). The same arguments
as in the proof of Theorem 9.6 show that the element

Pan(V) 1= p(V,gM)-eXp(iﬂ-rankE /NL(p,gM)) (9.17)

2

is independent of the Riemannian metric g™ . It can be used as an alternative
definition of the refined analytic torsion. It has an advantage that the second
factor in (9.17) is much easier to compute than the second factor in (9.14). Note,
however, that p'(V) does depend on the choice of the manifold N. However, it
is easy to see that p (V) is defined up to multiplication by **a&F (k ¢ 7).
If rank F is even then p},(V) is well defined up to a sign, and if rank F' is
divisible by 4, then pan(V) is a well defined element of Det(H®*(M, E)).

(Here a quantity being well defined means that it depends only on M, E and
V.)

10 A Duality Theorem for the Refined Analytic Tor-
sion

In this section we establish a relationship between the refined analytic torsion
corresponding to a flat connection and that of its dual. This result is used in the
next section in order to calculate the Ray-Singer norm of the refined analytic
torsion, but it is also of independent interest.
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10.1 The dual connection

Suppose M is a closed oriented manifold of odd dimension d = 2r — 1. Let
E — M be a complex vector bundle over M and let V be a flat connection on
E. Fix a Hermitian metric ¥ on E. Denote by V’ the connection on E dual
to the connection V. It is defined by the formula

dhf (u,v) = h¥(Vu,v) + h¥(u, V'v), u,v € C®°(M, E).

For wi,wy € Q*(M, E) of the form w; = s; ® x; with s; € C*°(M,E), x; €
Q°*(M,R), define

hE( (51@x1) A (s2®@x2)) = hE(s1,52) - x1 A Xa- (10.1)

Then hP extends in a canonical way to a sesquilinear map
hE: Q*(M,E) x Q*(M,E) — Q°(M,C). (10.2)

For each j =0,...,d, we then obtain a sesquilinear pairing

V(M E) x QM E) — C,  (wr,wn) /M WE (o Aws).  (10.3)

We denote by E’ the flat vector bundle (E, V'), referring to E’ as the dual of the
flat vector bundle E. The pairing (10.3) induces a non-degenerate sesquilinear
pairing

H)(M,E"Y)® H*I(M,E) — C, j=0,...,d,

and, hence, identifies H’ (M, E') with the dual space of H4 7 (M, E). Using the
construction of Subsection 3.4 (with 7 : C — C being the complex conjugation)
we thus obtain an anti-linear isomorphism

o : Det (H*(M,E)) — Det (H*(M,E")). (10.4)

10.2 The duality theorem

Fix a compact oriented manifold N whose boundary is diffeomorphic to two
disjoint copies of M. From (9.13), we conclude that the number

exp <2i7r (ﬁ(V,gM) — (rank F) ntrivial(gM)) )a (10.5)

where 77 denotes the complex conjugate of 7, is independent of the choice of
the Riemannian metric g .

The main result of this section is the following duality theorem.
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Theorem 10.3 Let E — M be a complex vector bundle over a closed oriented
odd-dimensional manifold M and let V be a flat connection on E. Let V'
denote the connection dual to V with respect to a Hermitian metric h* on E.
Let N be a compact oriented manifold whose boundary is diffeomorphic to two
disjoint copies of M . Then

a(pan(V)) = pan(vl) . e2im (ﬁ(V,gM)*(rankE) ntrivial(glw))’ (10.6)

where « is the anti-linear isomorphism (10.4), g™ is any Riemannian metric

on M, and L(p,g™) is the Hirzebruch L-polynomial in the Pontrjagin forms
of any Riemannian metric on N which near M is the product of g™ and the
standard metric on the half-line.

In particular, if dim M = 1(mod 4), then

]M)‘

a(pan(V)) = pan(V') - €7V (10.7)

The rest of this section is concerned with the proof of Theorem 10.3.

10.4 Choices of the metric and the spectral cut

Till the end of this section we fix a Riemannian metric ¢™ on M and set
B=B(V,gM) and B' = B(V’,g™). We also fix an Agmon angle 6 € (—7/2,0)
for the odd signature operator B = B(V, g™) such that there are no eigenvalues
of B in the solid angles L[,g,m,ﬁ/ﬂ, L(,W/Qﬂ], L[*QJF/Q)’ and L(W/2,9+ﬂ .

Let B’ denote the odd signature operator associated to the connection V' and
the metric g™ . One easily checks, cf. [3, Prop. 3.58], that

V¥ =TIV'T and (V)" =TV (10.8)

Using (7.2), (10.8), and the equality I'* = T' (cf. Proposition 3.58 of [3]), one
readily sees that the adjoint B* of B satisfies

B* = B. (10.9)

Our choice of the angle 6 guarantees that £260 are Agmon angles for the oper-
ator

(V)2 = ((rv)*)".

In particular, for each A > 0, the number &,(V’,¢g™,0) can be defined by
formula (8.2), with the same angle 6 and with V replaced by V' everywhere.

Geometry € Topology, Volume X (20XX)



Refined Analytic Torsion as an Element of the Determinant Line 61

10.5 A choice of )\

Since the leading symbol of B is self-adjoint, there are at most finitely many
purely imaginary eigenvalues of B. Hence, there exists A > 0 such that there are
no purely imaginary eigenvalues of B with absolute value > v/X. In other words,
the operator B> does not have purely imaginary eigenvalues. Moreover, our
assumptions on @ in Subsection 10.4 imply that no eigenvalue of B lies
in the solid angles Lj_g_r gy and Lj_g g ). It follows that no eigenvalue of the

operator (B*)?2 lies in the solid angle Li_20.20+2x] -

Lemma 10.6 Let 8 be as in Subsection 10.4 and let A > 0 be big enough so

that the operator B does not have purely imaginary eigenvalues. Then
gA(V,’gM’Q) = g)\(vngae)7 (1010)

and
m(V,g") = 7V, "), (10.11)

where Z denotes the complex conjugate of the number z € C.

Proof Let B/**) denote the restriction of B’ to the span of the generalized
eigenvectors of (B')? corresponding to the eigenvalues whose absolute values
are greater than A. From (10.9), we obtain

(B/()\7oo))* — BAoo) (10.12)

Hence, with our assumptions on #, we have, for any j =0,...,d,

2 00)

= LDetl ( ((BO>))")

LDeth ( (B )2}

(M,E)

) (10.13)

ol (M,E)

(A,00)
Since there are no eigenvalues of (B(/\"’o))2 in the solid angle L{_29 29124,
) = LDety ((B*))? ).

The equality (10.10) follows now from (10.13) and the definition (8.3) of
g/\(vngvg)‘

= LDet/ ( (Be) )2’

Q{/\’Oo)(M,E)

LDet!_yy ( (B 7

Qf (M,E)

7 s00) (M.E)

25 00)
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Let IIs (resp. II.) denote the spectral projection of B onto the span of all
generalized eigenvectors of B corresponding to eigenvalues with positive (resp.
negative) real part. Let ) denote the spectral projection of B onto the span of
all generalized eigenvectors of B corresponding to eigenvalues whose absolute
value is larger than A. Let II{, II_, and Q" be similarly defined spectral
projections of B'. Then, since the operators B and B/(**) have no purely
imaginary eigenvalues, we conclude from (6.34) and (6.35) that

20A(V,g™) = (0, QI Beyen) — Co(0, QTl<, Beyen),

(10.14)
2m(V',g™) = G0, QIS Blyen) — Go(0, Q% Byey)-
From (10.12) and our assumptions on ¢, we obtain
Co(s, QIS Byen) = Ze(ga'Ql_E>aBeven)? (10.15)
Cols, QML Blyen) = 2™ - (4(5, QlL<, Beven)-
The equality (10.11) follows immediately from (10.14) and (10.15). O

10.7 Small eigenvalues of B and B’

Let Q[’O )\](M, E') C Q°(M,E) denote the span of the eigenvectors of (B')?
corresponding to the eigenvalues with absolute value < A. Then Q[.o /\](M ,E")

is a subcomplex of (Q*(M, E), V') preserved by the chirality operator T'.
The pairing (10.3) defines a non-degenerate sesquilinear pairing

Qj

o (M E) x Q3 (M E) — C, (10.16)

(0,A]

and, hence, identifies Q[.o, N (M, E") with the dual complex of Q[‘Q /\](M JE).

As in Section 8, set, for j =0,...,d,

djpn = dimQj (M, E), dj, = dimQ (M, E).

Since I'? = 1, we obtain from (7.2), Bj = 'o B4_; o' and, hence,

F(Qj

[O,A](M7E>) = QI (M, E), j=0,....,d.

[0,A]

Therefore
djr = dajp,  Jj=0,....d. (10.17)
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Hence,
d ‘ r—1
ST (-1idia = > (20— (d—2p) ) dapa
j=0 p=0
r—1 r—1
=4 pdyp — d Y dyy (10.18)
p=0 p=0
In particular,
d
> (-1)jd Z dypr = dimQ{H(M,E),  mod 2Z.  (10.19)

Jj=0

From (10.9), we conclude that d;» = dy_;\ (j = 0,...,d). Combining this

equality with (10.17), we get dj\ = d;; ,. Hence, by (10.19),

~1)jd;, = dim QF S} (M, E), mod 27Z. (10.20)

.
I M:“
o

—

From (8.1), (9.11), and (10.20), we obtain, modulo 2Z,

27(Beven(V,9™)) = 20(BRS(V,9™)) + 2n(BRA(V, g™))
d
= 2’1’})\ V g + Z
7=0
Similarly,
d
20 (Beven (V. g™)) = 2ma(V + > (=1)jd;,  mod 2Z. (10.21)
7=0

10.8 Proof of Theorem 10.3

Let p/ o denote the refined torsion of the complex Q[’O /\](M , E') associated to

the restrlctlon of I' to €f, )\](M, E').

Since I'" = T' (cf. Proposition 3.58 of [3]), we obtain from Lemma 4.11 and
the definition (10.4) of «,

/ _
Py = b)) (10.22)

(0,A]
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From (7.15), (8.5), and Definition 9.8, we obtain

pan(V) = pry - exp (6(T,9™.0) = imn(V,g™)

d

1T o .

-3 (—1)7jdj + im (rank E) neivial (9™) ) (10.23)
—0

.

Since « is an anti-linear isomorphism, a(pan - 2) = a(pan) - Z for any z € C.
Hence, from (10.22) and (10.23) we get

a(pa(V)) = 7, -exp (E(V.gY.0) +inmy (V. ™)

. d

im i ,

+ 5 (=1)7j dj 5 — im (rank E) 1iviar (9™) ) (10.24)
—

<

Using Lemma 10.6 and the analogue of (10.23) for p.n(V’), we obtain from
(10.24)

a(pan(V)) = pan(V')'eXp(%Wm(V,gM)
d
+ir > (~1)7jdy\ — ir (vank E) nivia(9™) ) (10.25)
§=0

From (10.25) and (10.21) we obtain (10.6). O

11 Comparison with the Ray-Singer Torsion

In this section we calculate the Ray-Singer norm || pan H%S’t( e,y Of the refined
analytic torsion. In particular, we show that, if V is a Hermitian connection,

then Hpanuggt(H'(M,E)) =1

11.1 The Ray-Singer torsion

Let £ — M be a complex vector bundle over a closed oriented manifold M
of odd dimension d = 2r — 1 and let V be a flat connection on E. Fix a
Riemannian metric ¢ on M and a Hermitian metric h¥ on E. Let V*
denote the adjoint of V with respect to the scalar product (-,-) on Q°*(M, E)
defined by h¥ and the Riemannian metric g™ . Let

A = V'V + VV* (11.1)

Geometry € Topology, Volume X (20XX)



Refined Analytic Torsion as an Element of the Determinant Line 65

be the Laplacian. We denote by Ay the restriction of A to QF(M, E).

The Ray-Singer torsion TS of E, [29, 4, 11], is the positive real number defined
by °

d
TRS = TRS(V) .= exp (% S (kR LDet/_W(Ak)), (11.2)
k=0

Note that Ayg is a self-adjoint non-negative operator. Therefore, all its eigen-
values are non-negative and LDet” _(Ay) is well defined.

More generally, suppose Z is an interval of the form [0, A], (A, p], or (A, o0]
(g >X>0) and let IIo, 7 be the spectral projection of A corresponding to
7T, cf. Subsection 6.10. Set

LM, E) = TIa, 7(Q(M,E)) C Q°(M,E).
Let AL denote the restriction of Ay to Q%(M, E) and define

d

1

TRS — TRS(V) .= exp (5 S (-1Fk LDet’_ﬂ(Af))) (11.3)
k=0

In particular, by (11.2), TRS = T(%?OO). By (6.15), for any non-negative real

numbers g > A >0,

RS _ 7RS RS
T()\,oo) - Sy T(,u,oo}' (114)

11.2 The Ray-Singer metric on the determinant line of coho-
mology

If the connection V is acyclic, i.e., if the cohomology H*®(M, E) vanishes, then
the Ray-Singer torsion is independent of the Hermitian metric A and the
Riemannian metric g™, cf. [29, 4]. If the cohomology does not vanish, then
TRS | in general, depends on the choice of the two metrics. To construct a
metric independent invariant of the flat vector bundle F one needs to take into
account the contribution of the space of harmonic forms. An elegant way to do
this, which was proposed by Quillen [28], is to construct a norm ||- ||IS§t (H*(M,F))
on the determinant line of H®*(M, E), called the Ray-Singer metric, which is
independent of g™ and h¥. We now briefly recall this construction.

®Our sign convention is different from [29], [11], and [6] but is consistent with [4].
In our notations, the torsion defined in [29, 11, 6] is equal to 1/7TRS.
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For each A > 0, the cohomology of the finite dimensional complex

(Q['O)\](M, E),V) is naturally isomorphic to H*(M, E). Identifying these two

cohomology spaces, we then obtain from (2.14) an isomorphism

ON = Pae aum) Det (0% (M, E)) — Det (H*(M,E)).  (11.5)

The scalar product (-,-) on Q[.o /\](M, E) C Q*(M, E) defined by g™ and h¥
induces a metric on the determinant line Det (Q[.o /\](M ,E)). Let |- [l denote

the metric on Det (H*(M, E)) such that the isomorphism (11.5) is an isometry.
It is well known, cf., for example, Theorem 1.1 of [4], that for 0 < A < p

-l = -l Ty (11.6)

The Ray-Singer metric on Det (H®*(M, E)) is defined by the formula

- ”%St(H-(M,E)) = - llx- T&?oo)’ A= 0. (11.7)
It follows immediately from (11.4) and (11.6) that || - H%St(H'(M py) Is indepen-

dent of the choice of A > 0.

Theorem 11.3 Let E be a complex vector bundle over a closed oriented odd-
dimensional manifold M and let V be a flat connection on E. Then

T M
||Pan”%§t(H.(M7E)) — orImn(Vy )’ (11.8)

where
n(Vv, QM) = n(Beven(va QM))-

In particular, if V is a Hermitian connection, then n(V,g™) € R and
RS
panlSot(rrearmy = 1- (11.9)

The rest of this section is concerned with the proof of Theorem 11.3.

11.4 Choice of the spectral cut

The determinants in (11.2) and (11.3) are defined using the spectral cut R_,
along the negative real axis. Since the spectrum of the operator Ay lies on the
positive real axis, we can replace R_, with a spectral cut R, for any nonzero
—7m < v < 7 without changing the value of Dety(Ay). In particular, we can
take the spectral cut along Rop, where 0 € (—m/2,0) is any Agmon angle for
the odd signature operator B = B(V, g™) such that there are no eigenvalues of
B in the solid angles L[,g,ﬂﬁw/m, L(,W/Qﬂ], L[,Q’W/Q), and L(W/2,9+ﬂ . We fix
such an angle 6 till the end of this section.
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11.5 The Ray-Singer metric and the dual connection

Let V' be the connection dual to V with respect to the Hermitian metric h?,
cf. Subsection 10.1, and let E’ denote the flat bundle (E,V’). Let

A/ — (V/)* v/ + V/ (V/)*’
denote the Laplacian of the connection V’. For A > 0, we denote by
9 (M, E') C Q*(M,E)

the image of the spectral projection IIas gy, cf. Subsection 6.10. As in Sub-
section 11.2, we use the scalar product induced by ¢™ and h¥ on Q[.o )\](M, E")

to construct a metric || - ||} on Det(H®*(M, E’)) and we define the Ray-Singer
metric on Det(H*(M, E’)) by the formula

|- H%St(H'(ME’)) = -l T(Pi:,soo)(vl)- (11.10)

11.6 Comparison between the Ray-Singer metrics associated to
a connection and to its dual

From (10.8) we conclude that

A = ToAoTl.
Hence, for each A >0, j=0,...,d,
" d
L(Qf (M, E)) = Q3 (M, B). (11.11)

Recall that the notation h¥(a A 8) was introduced in (10.1). It follows from
(11.11) and (10.1) that the map

(W w) /M RE(TW Aw),  we 0% (M E), o €8 (M, E') (11.12)

defines a non-degenerate sesquilinear pairing between Q[°O N (M, E’) and
Q[.o /\](M, E) and, hence, identifies Q[.o )\](M,E’) with the dual space of
Q[.o /\](M ,E). Moreover, this identification preserves the scalar products in-
duced by g™ and h¥ on Q['O)\} (M, E") and on the dual to Q[.O,A}(M7 E). Hence,
the anti-linear isomorphism (10.4) is an isometry with respect to the metrics
|- |l and [/ - ||} In particular,

1pan(V)lIx = lle(pan(V))ll3.-

It follows now from (10.6) that
lpan (V)5 = [lpan(V)]y - 2 mn(Va™), (11.13)
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A verbatim repetition of the proof of Lemma 8.8 of [6] yields that for each
A>0
Ty (V) = TES) (V). (11.14)
Hence, from (11.7), (11.10), and (11.13), we conclude that
7T 1lm M
”pan(v)“%eszt(H’(M,E)) = ”Pan(vl)Hggt(H-(M,E')) L2V (11.15)

11.7 Direct sum of a connection and its dual

~ vV 0

-0 v
denote the flat connection on EF® E obtained as a direct sum of the connections
V and V’. Clearly, for each A >0,

gk(@ngve) = f)\(v,gM,e) + f)\(v/7gM79)a
nk(ﬁagM) = 77/\(V79M) + 77/\(V/79M)-

Let

(11.16)

From Lemma 4.7 we obtain for A >0

Proy (V:0") = weonmymeone (o, (Vig™) @pr (V™). (1117)

[0,A] [0,A
Hence, in view of (7.15), (8.5), and Definition 9.8, we obtain
pan(V) = figre(ar,my e (0,57) ( Pan(V) ® pan(V') ). (11.18)

Let A = V*V+VV* be the Laplacian of the connection V and let Q['O A (M, E®

E’) denote the span of the eigenvectors of A corresponding to eigenvalues which
are < A. As in Subsection 11.2, we use the scalar product induced by ¢™ and

h¥ on Q[.o NME® E') to construct a metric || - ||, on Det(H*(M,E & E'))

and we define the Ray-Singer metric on Det(H®*(M,E @ E')) by the formula

- ”%St(H‘(M,E‘@E’)) = |-l 'T(P){\,Soo)(@)' (11.19)

Since
[.0,/\} (MvE ©® El) = Q[.O,)\} (Mv E) & Q[.O,)\]<M7 El)a

it follows from the definition (2.5) of the fusion isomorphism that, for any
he H*(M,E) and b € H*(M,E'),

e (ar, gy, e v,y (R @ By = |R|x - [[R]]5- (11.20)
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Therefore, we obtain from (11.18)

pan(M)llx = 1pan(V) ]I - £an (V)5 (11.21)

Since
T (V) = T (V) - T (V)

we conclude from (11.19) and (11.21) that
llpan (V)| ot (are (a1, B0 7))
= [pan(V)[Deccre(ar,)) - 1Pan (V) DSk (e ar gy (11:22)
Combining the later equality with (11.15), we get

v 2 _27rIm M
1pan (VDS (rrear,pomry) = (1oan (VDo (e armyy ) €2 V9T (11.23)

Hence, (11.8) is equivalent to the equality

1pan (V) H%St(H'(M,EEBE/)) = L (11.24)

11.8 Deformation of the chirality operator

We will prove (11.24) by a deformation argument. For t € [—m/2, 7/2] introduce
the rotation U; on

Q= Q*(M,E) @ Q*(M, E),
given by
cost — sint
Ur = (sint cost)'
Note that Ut_l = U_;. Denote by f(t) the deformation of the chirality operator,
defined by

~ _ I 0 -1 cos2t sin2t
L(t) = Uie <O F) ol = 1Te (sin2t cos2t> ' (11.25)
Then
~ r o ~ 0 T
ro = <O —F) , [(r/4) = <F O> . (11.26)
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11.9 Deformation of the odd signature operator

Consider a one-parameter family of operators B(t) : Q* — Q° (t € [-n/2,7/2])
defined by the formula

B(t) := T(t)V + V(). (11.27)
Then
B(0) = (lg _%,) (11.28)
and
B(n/4) = <FV£VT v JVF) (11.29)
Hence, using (10.8), we obtain
B(r/1)2 — <ﬁ AO,) _ A (11.30)

Set
Q% (t) == Ker VI(t);
0 = KerV = KerV @ KerV'.

Note that Q° is independent of ¢. Since the operators V and f(t) commute
with B(t), the spaces Q% (t) and Q° are invariant for B(t).

Let Z be an interval of the form [0, A], (A, u], or (A, 00] (> X > 0). Denote
Q1) = Mg (Q°(1) C Q).

where Hé(t)g 7 is the spectral projection of B(t)? corresponding to Z, cf. Sub-

section 6.10. For j =0,...,d, set QJI(t) = Q%(t)N Y and

Y, 7(t) = Q)N (1). (11.31)

For each A >0, t € (—m/2,7/2), the space Q% o) (t) is invariant by B (t)
and the operator B (¢) : 0 o0) (t) — 0 o0) (t) is bijective. Since the range
of the restriction of I'(¢)V to Q) 00) (t) is contained in Q% (r00) (t) whereas the
range of the restriction of VI'(¢) to 0% 00) (t) is contained in Q% o) (t), it

follows from the surjectivity of B (¢) that

Q% ooy + 2 () = Qo (8), te[m/2m/2 (11.32)
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Similarly, since the kernel of the restriction of VI'(t) to Q, )(t) is equal to

Qs O )( ) whereas the kernel of the restriction 0~f L(t)V to QZA,OO) (t) is equal
to Q° ) (), it follows from the injectivity of B*°°)(t) that

Combining (11.32) and (11.33) we obtain

QZ/\,oo) (t) = Q3r,(/\,oo) (t) @ Q:,()\,oo) <t>7 le [_77/2777/2]' (1134)

We define BJI( ), Blen(t), BL,4(), B;EI( ), BEL®), lg’fdg(t), etc. in the same
way as the corresponding maps were defined in Subsection 7.6.

11.10 The graded determinant of the deformed odd signature
operator

By Definitions 5.5 and 6.13, for every Z of the form [0, ], (X, u], or (A, o0
(> X >0), the graded determinant of BZ, (t) is given by the formula

even

Detly g (Ben(t)) = &Pl Bleon(®), (11.35)

even
where 6 is an Agmon angle for BZ . (t) and
LDet}, g (Bhen(t)) := LDetj (B&Z () — LDety (— Byl (t)) € C. (11.36)
Since I'(t) commutes with B(t), we easily obtain
BI(t) = T(t)o By (t)oT(t),  j=0,....d.
Therefore, (11.36) can be rewritten as

d
Ten(t)) = > (=1) LDety ( (1) B]*(t)). (11.37)
7=0

LDety, (B2

Lemma 11.11 Suppose that 6 € (—7/2,0) is an Agmon angle for the operator
Beven (w/4). Then, for each A\ > 0,

‘ Detgr’g (Beven (71-/4)) ‘ = (11.38)
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Proof It follows from (11.29) that the operator lgééé%o) (m/4) is self-adjoint.
Hence, U(O,Bééé%o)(ﬂ/ﬁl)) and ng(O,Bééé%o)(ﬂ/Zl)Q) are real, cf., for example,
Theorem A.2 of [6]. Thus, from (11.30), (11.37), and (6.38), we conclude that

d
. 1 . N
Re LDetyrp (BGe (w/4)) = 5 > (=1) LDetgg[A(’\m)‘ |
2 Jj=0 Qi’()\,oo)(ﬂ/‘l)
1< , ~
= 52 (=1 LDet_ [ A ]. (11.39)
Jj=0 Qiy()\’()o)(Tr/‘l)

As on page 340 of [11] (see also section 8.4 of [6]), one shows that the right
hand side of (11.39) is equal to

(~1)7+1j LDet_n [ A7,

| =
[]=

I
o

j
Hence, equality (11.38) follows from(11.3) and (11.35). ]

11.12 Deformation of the canonical element of the determinant
line

Since the operators V and B(t)? commute, the space Q3(t) is invariant under
V, i.e., it is a subcomplex of 2*. The same arguments as in the proof of Lemma
5.9 show that, for every A > 0, the complex QE/\ 00) (t) is acyclic and, hence, the
cohomology of the finite dimensional complex Q['()’ N (t) is naturally isomorphic
to

H*(M,E®E') ~ H*(M,E)® H*(M,E').
Let f[o,,\} (t) denote the restriction of I'(f) to Q[.o,/\} (t). As T(t) and B(t)?

commute, it follows that f[07 A (t) maps N (t) onto itself and, therefore, is a
chirality operator for QF (t). Let

p (t) € Det (H*(M,E®E')) (11.40)

f[O’ A ()
denote the refined torsion of the finite dimensional complex (Q['O N (1), @) cor-

responding to the chirality operator 1:[07 A|(t), cf. Definition 4.3.

For each t € (—m/2,7/2) fix an Agmon angle 0 = 0(t) € (—7/2,0) for Beyen(t)
and define the element p(t) € Det (H*(M,E @ E’)) by the formula

plt) = Detyo (B (M) -p, (0. (11.41)

f[o,x] (t)
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where A is any non-negative real number. It follows from Proposition 5.10 that
p(t) is independent of the choice of A\ > 0.

11.13 The Ray-Singer norm of p(t)

For t € [-7/2,7/2], A > 0, set
1A
=5 Z 1)1 j LDetog [ B2 (1) " 1, (11.42)
j= Ur00)®
m(t) = n(BLa(1)). (11.43)

From (6.16), we see that Re&)(,0) is independent of the choice of the angle
0 € (—m/2,0) such that both 6§ and 6 + 7w are Agmon angles for B(t). Hence,
for any such angle 6 € (—7/2,0), we obtain from (11.41) and (8.5),

lp(E) Bt re (a1, B 7))

= s

Tio,a ®

() - 0 HDet (H*(M,E®E")) emmm). - (11.44)

Since the rank of the operator BL%QA(t) is finite, n(l’;’g%e)ﬂ(t)) € %Z. Hence,

Imny(t) = Im (n(Beven(t)) (ng]/g\r]l( )) ) = Imn(geven(t))
is independent of A > 0. We conclude now from (11.44) that

pr[oy/\](t)(t) () HDet(H'(ME@E/))

is independent of A > 0.

11.14 The Ray-Singer norm of p(0)

By (11.28),
m(0) = n(BLE) + n( - BLeX)-
Since the operator Bé(v)gfo) is invertible mo(Bé(v/\eﬁo) ) = 0 (see Subsection 6.15
for the definition of mg). It then follows from the definition (6.35) of the 7-
invariant that
n(—BS) = —n(BO). (11.45)

even even

Hence, using definition (8.1) of 7)(V, ¢™) and formula (10.11) for n(V’, gM),
we get

m0) = m(V,g") — m(V.g") = 2i Imny(V, g"). (11.46)
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Using again the invertibility of Bééé?f’), we obtain from (6.38) and (11.45) (and
(8.1) and (10.11)), that
/(X,00)

Detgeg (— B ) = Detgeg (B - 2rinBevan™)

even even

= Detgg (B’()‘ ,00) ) . 2miT(Vog™M)

even

Hence, from (11.28), we get
Detg g (BA(0)) = Detgrg (BRS) - Detgeg (BIA) -2 M (V9™ (11.47)

even even even

From (11.28) we conclude that Qb

follows now from (11.26) and (4.6) that
0) = MH°(M,E),H-(M,E/)(Pr[(w (Vng) ®p_r (V’agM) ) (11.48)

Lo, © [0,]

From (4.1) and definition (4.3) of the element p, we conclude that

( /’gM) _ (_1)2 dlmQ[O )\](M,E'/) - pr (v/’gM)_ (1149)

’O*F[o,)\] [0,7]

Hence, by (11.20) and (11.48), we have

0) = Qf

oM, E). It

H Fio © HDet H*(M,E®E"))

/

_ MRS
Hf"rm HDet(H' M,E")) HPF[M ( MDes(ere (arery)- (11.50)

Combining (11.41), (11.47), and (11.50) with (7.15) and (9.14) (definition of
the refined analytic torsion), we conclude that

llp(0) H%St (H*(M,E®E"))

7 Im M
= |1pan (V) IBer(are (rr.51y) ~ 1Pan (V) IBee(are ar,ryy - €27 V970 (11.51)

Hence, by (11.22),
~ 7 Im M
HP(O)H%St(H'(M,EEBE’)) = Hpan(v)H%St(H-(M,E@E'))‘62 tmmA(V.g™), (11.52)

11.15 The Ray-Singer norm of p(w/4)

Recall that the norm || - |5 was defined in Subsection 11.7. From (11.30) and
Lemma 4.5, we obtain

Hp T, x] (7/4) (m/4) ||>\ =L
Hence, from Lemma 11.11, (11.41), and (11.19), we obtain

H/”T/4 HDet (H*(M,EE)) — 1 (11.53)
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11.16 Proof of Theorem 11.3

From (11.44), (11.46), and (11.52), we obtain

RS

| ;. (0) - 29 HDet(H'(M,E@E')) = ||Pan(@)Hggt(H-(M,E@E'))- (11.54)

o,x]

By (11.29), the operator Béééio)(ﬂ'/él) is self-adjoint. Hence, n)(7/4) € R.
Therefore, we get from (11.44) and (11.53) that

(/4) - 8 (/4.0) |15 = 1. (11.55)

H Pz Det(H®*(M,E®E"))

[0,A] (m/4)
From (11.54) and (11.55) we conclude that in order to prove (11.24) (and,
hence, (11.8)) it suffices to show that

(1) - 0 |25 (11.56)

H Pz Det(H®*(M,EQE"))

(0,2] &

1s independent of t.

Fix tg € [-7/2,7/2] and let A > 0 be such that the operator Beyen(to)? has no
eigenvalues with absolute value A. Choose an angle § € (—m/2,0) such that
both @ and 6 4+ 7 are Agmon angles for B(ty). Then there exists 6 > 0 such
that for all ¢ € (tg — d,tg + 0) N [—7/2,7/2], the operator Beyen(t)? has no
eigenvalues with absolute value A and both ¢ and 6 + 7 are Agmon angles for

B(t).

A verbatim repetition of the proof of Lemma 9.2 shows that

d

Bl CeSate)

o pflo,xl“) t) - e = 0. (11.57)
Hence, (11.56) is independent of ¢. O
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