NOVIKOV TYPE INEQUALITIES FOR DIFFERENTIAL
FORMS WITH NON-ISOLATED ZEROS

MAXIM BRAVERMAN AND MICHAEL FARBER

ABSTRACT. We generalize the Novikov inequalities for 1-forms in
two different directions: first, we allow non-isolated critical points
(assuming that they are non-degenerate in the sense of R.Bott),
and, secondly, we strengthen the inequalities by means of twisting
by an arbitrary flat bundle. The proof uses Bismut’s modification
of the Witten deformation of the de Rham complex; it is based
on an explicit estimate on the lower part of the spectrum of the
corresponding Laplacian.

In particular, we obtain a new analytic proof of the degenerate
Morse inequalities of Bott.

0. INTRODUCTION

0.1. The Novikov inequalities. Let M be a closed manifold of di-
mension n. In [N1, N2|, S.P.Novikov associated to any real cohomology
class £ € H'(M,R) a sequence of numbers 3y(£),. .., 3,(£) and proved
that for any closed 1-form w on M, having non-degenerate critical
points, the following inequalities hold

mp(w) 2 ﬁp(g)v p= 07 17 27 ce (01)

Here ¢ = [w] € H'(M,R) is the cohomology class of w and m,(w)
denotes the number of critical points of w having Morse index p. Note
also, that there are slightly stronger inequalities

p p

Y (Umyw) = Y (FD)B-(), p=0,12,..,
i=0 i=0 (0.2)

cf. [F1]. In the case when the form w is exact (i.e. w = df where
f is a non-degenerate Morse function) then & = 0 and the Novikov
inequalities (0.2) turn into the classical Morse inequalities.
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A recent survey of the theory of Novikov inequalities may be found
in [P2].

0.2. Formulation of the main result. In this paper we generalize
the Novikov inequalities for 1-forms in two different directions: firstly,
we allow non-isolated critical points and, secondly, we strengthen the
inequalities by means of twisting by an arbitrary flat vector bundle.

Let M be a closed smooth manifold with a fixed flat complex vector
bundle F. Let w be a smooth closed real valued 1-form on M, dw = 0,
which is assumed to be non-degenerate in the sense of R.Bott [Bol].
This means that the points of M, where the form w vanishes form a
submanifold of M (called the critical points set C' of w) and the Hessian
of w is non-degenerate on the normal bundle to C.

In order to make clear this definition, note that if we fix a tubular
neighborhood N of C'in M, then the monodromy of w along any loop
in N is obviously zero. Thus there exists a unique real valued smooth
function f on N such that df = w), and f|, = 0. The Hessian of w is
then defined as the Hessian of f.

Let v(C') denote the normal bundle of C' in M. Note that v(C)
may have different dimension over different connected components of
C'. Since Hessian of w is non-degenerate, the bundle v(C') splits into
the Whitney sum of two subbundles

v(C) = vH(C) ®v (0), (0.3)

such that the Hessian is strictly positive on v*(C') and strictly negative
on v~ (C'). Here again, the dimension of the bundles v (C') and v~ (C)
over different connected components of the critical point set may be
different.

For every connected component Z of the critical point set C', the
dimension of the bundle v~ (C') over Z is called the indez of Z (as a
critical submanifold of w) and is denoted by ind(Z). Let o(Z) denote
the orientation bundle of v=(C'),, considered as a flat line bundle.
Consider the twisted Poincaré polynomial of component Z

dim Z

Prr(\) = Y Xdime H(Z, 7, ® o(Z)) (0.4)

(here H(Z, F|, ® 0o(Z)) denote the cohomology of Z with coefficients
in the flat vector bundle |, ® o(Z)) and define using it the following
Morse counting polynomial

My r(N) = and@)PZf(A), (0.5)

Z
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where the sum is taken over all connected components Z of C.

On the other hand, with one-dimensional cohomology class £ = [w] €
H'(M,R) and the flat vector bundle F, one can associate canonically
the Novikov counting polynomial

n

Ner(N) = ) NBi(E,F), (0.6)

i=0
where (3;(§, F) are generalizations of the Novikov numbers, cf. Defi-
nition 1.2. Note, that if £ = 0 and F is the trivial line bundle, then

N¢ #(N) coincides with the Poincaré polynomial of M.
The following is our principal result.

Theorem 0.3. In the situation described above, there exists a polyno-
maal

ON) =qo+ @A+ @\ + ...

with non-negative integer coefficients q; > 0, such that
My r(A) — Ner(A) = (1+X0)Q(N). (0.7)

The main novelty in this theorem is that it is applicable to the case
of 1-forms with non-isolated singular points. Thus, we obtain, in par-
ticular, a new proof of the degenerate Morse inequalities of R.Bott.
Moreover, Theorem 0.3 provides a generalization of the Morse-Bott in-
equalities to the case of an arbitrary flat vector bundle F; this generally
produces stronger inequalities as shown in Section 1.7.

Next, we are going to point out the following corollary.

Corollary 0.4 (Euler-Poincaré theorem). Under the conditions of The-
orem 0.3, the Fuler characteristic of M can be computed as

X(M) = ) (~1)"Dy(2), (0.8)

where the sum is taken over all connected components Z C C.

The corollary is obtained from (0.7) by substituting A = —1 and
observing that

Mor(-1)=d- > (~1)™E0\(Z),  Nes(-1)=d- ><<M>,(0 .

where d = dim F; the last equality in (0.9) follows immediately from
Definition 1.2.
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0.5. The case of isolated critical points. Let’s consider the special
case when all critical points of w are isolated. Then the Morse counting
polynomial (0.5) takes the form

My r(N) = d- z”: AP, (w), (0.10)

where d = dim F and m,(w) denotes the number of critical points of
w of index p. Theorem 0.3 gives in this case the inequalities
p p
Z(_lympfi(w) > dil : Z(_l)zﬁpfi(£7 f)a b= 07 17 27 ce
=0 i=0 (0.11)

The last inequalities coincide with the Novikov inequalities (0.2) in the
special case when F = R with the trivial flat structure. Easy examples
described in Section 1.7, show that using of the flat vector bundle F
gives sharper estimates in general, than the standard approach with
F=R.

On the other hand, (0.11) clearly generalizes the Morse type inequal-
ities obtained by S.P.Novikov in [N3], using Bloch homology (which
correspond to the case, when [w] =0 € H'(M,R) in (0.11)).

0.6. The method of the proof. Our proof of Theorem 0.3 is based
on a slight modification of the Witten deformation [W] suggested by
Bismut [B] in his proof of the degenerate Morse inequalities of Bott.
However our proof is rather different from [B] even in the case [w] = 0.
We entirely avoid the probabilistic analysis of the heat kernels, which
is the most difficult part of [B]. Instead, we give an explicit estimate
on the number of the "small” eigenvalues of the deformed Laplacian.
We now will explain briefly the main steps of the proof.

Let Q°*(M,F) denote the space of smooth differential forms on M
with values in F. In Section 4, we introduce a 2-parameter deformation

Via : Q" (M, F) - Q"Y(M,F), t,aeR (0.12)

of the covariant derivative V, such that, for large values of t,« the
Betti numbers of the deformed de Rham complex (Q'(M ,F), Vm) are
equal to the Novikov numbers (,(£,F). Outside of a small tubular
neighborhood of the critical points set C' of w the differential (0.12) is
given by the formula

Vie:0—0+tawAd,  0€Q (M, F)

Next we construct a special Riemannian metric g™ on M. In fact, we,
first, chose a Riemannian metric on the normal bundle v(C') and, then,
extend it to a metric on M. We also choose a Hermitian metric h” on
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F. Let us denote by A, , the Laplacian associated with the differential
(0.12) and with the metrics g™, h”.

Fix a > 0 sufficiently large. It turns out that, when t — oo, the
eigenfunctions of A;, corresponding to “small” eigenvalues localize
near the critical points set C' of w. Hence, the number of the ”small”
eigenvalues of A, , may be calculated by means of the restriction of A, ,
on a tubular neighborhood of C'. This neighborhood may be identified
with a neighborhood of the zero section of the normal bundle v(C') to
C. We are led, thus, to study of a certain Laplacian on v(C'). The
latter Laplacian may be decomposed as €0, Afa where the sum ranges

over all connected components of C' and Afa is a Laplacian on the nor-
mal bundle v(Z) = v(C)|, to Z. We denote by Af’f (p=0,1,2,...)
the restriction of Afa on the space of p-forms.

The operator (0.12) is constructed so that the spectrum of A7, does

not depend on t. Moreover, if a > 0 is sufficiently large, then
dim Ker A7? = dim HP ™4 (Z, F, ). (0.13)

In the case when F is a trivial line bundle, the equation (0.13) is proven
by Bismut [B, Theorem 2.13]. We prove (0.13) in Section 3. Note that
our proof is rather different from [B].

Let Ef, (p = 0,1,...,n) be the subspace of Q*(M,F) spanned by
the eigenvectors of A, , corresponding to the “small” eigenvalues. The
cohomology of the deformed de Rham complex (Q'(M F), Vm) may
be calculated as the cohomology of the subcomplex (E;a, Vt,a)-

We prove (Theorem 4.8) that, if the parameters ¢ and « are large
enough, then

dim Ef,, = dimKer A7?, (0.14)
z
where the sum ranges over all connected components Z of C. The
Theorem 0.3 follows now from (0.13),(0.14) by standard arguments (cf.
[Bo2]).

Remark 0.7. In [HS3], Helffer and Sjostrand gave a very elegant ana-
lytic proof of the degenerate Morse inequalities of Bott. Though they
also used the ideas of [W], their method is completely different from
[B]. It is not clear if this method may be applied to the case £ # 0.

0.8. Contents. The paper is organized as follows.

In Section 1, we define a slightly generalized version of the Novikov
numbers associated to a cohomology class £ € H'(M,R) and a flat
vector bundle F. Here we also discuss some examples.
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In Section 2, we recall the construction of Bismut’s deformation of
the de Rham complex on a fiber bundle and discuss the spectral prop-
erties of the corresponding Laplacian. At the end of the section we
state Theorem 2.12 which calculates the kernel of this Laplacian.

In Section 3, we prove Theorem 2.12.

In Section 4, we define the Bismut deformation of the Laplacian on
M, taking into account that w is not cohomologious to 0. Then we
prove that the number of the eigenvalues of this Laplacian which tend
to 0 as the parameter tends to infinity is equal to the dimension of the
kernel of some Laplacian on v(Z2).

In Section 5, we prove the main Theorem 0.3.

The results contained in this paper were announced in [BF].

1. THE NOVIKOV NUMBERS

In this section we recall the definition and the main properties of
the Novikov numbers [N1, N2] associated to a cohomology class & €
HY(M,R). In fact, we define these numbers in a slightly more general
situation. Our point of view is motivated by the study of deformations
of elliptic complexes in [F2]. Roughly speaking, any one-dimensional
cohomology class defines an analytic deformation of the twisted de
Rham complex and the Novikov numbers are the instances of the nat-
ural invariants of such deformations, cf. [F2].

1.1. The Novikov deformation. Let M be a closed smooth manifold
and let F be a complex flat vector bundle over M. We will denote by

V QUM F) — QFY(M, F)

the covariant derivative on F.

Given a closed 1-form w € Q'(M) on M with real values, it deter-
mines a family of connections on F (the Novikov deformation) param-
eterized by the real numbers t € R

Vi Q(M,F) — QT (M, F), (1.1)
where
Vi =VO+twNb, 0 e Q' (M,F). (1.2)

All the connections V; are flat, i.e. VZ = 0, if the form w is closed,
dw = 0.

We can view the obtained complex as follows. For t € R, let p, denote
the flat real line bundle over M with the monodromy representation
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pr : (M) — R* given by the formula

pe(y) = exp(—t/w) € R, v € me(M). (1.3)
i

Then V; can be considered as the covariant derivative on the flat bundle

F ® py.

Note that changing w by a cohomologious 1-form determines a gauge
equivalent connection V,; and so the cohomology H*(M, F®p;) depends
only on the cohomology class £ = [w] € H(M,R) of w.

The dimension of the cohomology H(M, F ® p;) is an integer valued
function of t € R having the following behavior. There exists a discrete
subset S C R (i.e. each of its points is isolated) such that the dimension
dim H'(M,F ® p;) is constant for t ¢ S (the corresponding value of
the dimension we will call the background value) and for t € S the
dimension of HY(M,F ® p;) is greater than the background value. Cf.,
for example, [F2, Theorem 2.8], where a more precise information for
the case of elliptic complexes is given. The subset S above will be
called the set of jump points.

Definition 1.2. For each i =0, 1,... ,n, the background value of the
dimension of H (M, F ® p;) is called the i-th Novikov number 3;(&, F).

The novelty here is in introduction of the flat vector bundle F; the
standard definition uses the trivial line bundle (over C) instead of our
F. The importance of this generalization will be explained in Sec-
tion 1.7 below.

Lemma 1.3. The set of jump points S is finite.

Proof. Given class ¢ € H'(M,R), consider the set R() of all co-
homology classes p € H'(M,R) such that the corresponding period
map p, : Hi(M,Z) — R vanishes on the kernel of the period map
& H(M,Z) — R. The image of the period map &, : Hy(M,Z) — R
is isomorphic to Z< for some [ (which is called the degree of irrational-
ity of £). Any element p € R(£) determines a representation of the
fundamental group

m=m(M) — R, where 0+ exp(—p.[0]) € R>".

This allows to identify R(¢) with (R*)< and thus we introduce the
structure of affine algebraic variety in R(€).

Consider the function dim¢ H' (M, F ® p) as a function of p € R(E).
The standard arguments show that there exist an algebraic V' C neq(R*)<
such that dime H' (M, F ® p) is constant for all p ¢ V (cf. [Ha, Ch.3

§12]).



8 MAXIM BRAVERMAN AND MICHAEL FARBER

If we identify R(£) with (R*)< as explained above, then the point £
will be represented by a vector (e®,e®, ..., e") with the real numbers
ai,as,...,a linearly independent over Q. Then, for t € R, the class
t¢ (describing the 1-dimensional local system p;) is represented by the
vector (e' et .. efu) € (R*)<. It is easy to see that the curve

Y(t) = (e e, ... ') e (RS

has the following property: for any algebraic subvariety W C (R*)<
there exists a constant C' > 0 such that ¢(t) ¢ W for [¢t| > C.

This show that dime H' (M, F ® p;) is equal to the background value
for t sufficiently large. Thus the set of jump points S is finite. 0

1.4. The monodromy of the deformed connection V,. Let Fy
denote the fiber of F over the base point % of M. Let ¢ : m (M) —
GL¢(Fp) denote the monodromy representation of the flat bundle F.
Then the monodromy representation of the flat vector bundle F ® p,
is given by

g exp(—t / W)élg) €GL(F)  for  gem(M).

This formula describes explicitly the deformation of the monodromy
representation.

1.5. Computation of the Novikov numbers in terms of the
spectral sequence. One may compute the Novikov numbers (3;(&, F)
by means of the cell structure of M as the dimension of the homology
of a local system over M determined by the deformation (1.2); the
dimension here is understood over the field of germs of meromorphic
curves in C. This was explained in [F2] and in [FL] in terms of the
germ complex of the deformation; we will not repeat this construction
here. It leads naturally to the computation of the Novikov numbers
by means of a spectral sequence, cf. Theorems 2.8 and 6.1 in [F2]. It
is important to point out that both these approaches (the one, based
on the germ complex, and the spectral sequence) are able to find the
Novikov numbers starting from an arbitrary value t = ty and using
infinitesimal information on the deformation.

Note, that a spectral sequence of a similar nature appears in [P2].

We will briefly describe the spectral sequence. Fix an arbitrary value
t =ty € R. Then there exists a spectral sequence E*, r > 1 with the
following properties:

(1) The initial term of the spectral sequence coincides with the
cohomology at the chosen point ¢ = ty:
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(2) For large r all differentials of the spectral sequence d, : E' —
E*! vanish and the limit term E’_ is isomorphic to the back-
ground cohomology;

(3) The first differential

Hi<M7F®pto) _)Hi+1(M7f®pto)

is given by multiplication by £ € H*(M,R);
(4) The higher differentials are given by the iterated Massey prod-
ucts with &.

The spectral sequence is constructed as follows, cf.[F'2, Section 6.1].
Denote by Z! the set of polynomials of the form

fO)=fotth+tfot -+t
where f; € QY(M,F ® pi,) such that V,f(¢) is divisible by (¢t — t)".
Then ’ ' . ’
Bl = ZV/(tZ! |+ 7"V, 27
and the differential
d.: E. — B
is induced by the action of t7"V,. See [F2, Section 6|, for more detail.

Corollary 1.6. If £ € H'(M,R) is a non-zero class then the zero-
dimensional Novikov number By(&, F) vanishes.

It follows directly by applying the spectral sequence.

1.7. Some examples. Here we will produce examples, where the Novikov
numbers twisted by a flat vector bundle F (as defined above) give
greater values (and thus stronger inequalities) than the usual Novikov
numbers (where F =R or C, cf. [N1, N2, P2]).

Let k& C S® be a smooth knot and let the 3-manifold X be the
result of 1/0-surgery on S® along k. Note that the one-dimensional
homology group of X is infinite cyclic and thus for any complex number
n € C, n # 0, there is a complex flat line bundle over X such that the
monodromy with respect to the generator of Hy(X) is . Denote such
flat bundle by F,.

Note also, that for n # 1, the dimension of H*(X, F,) is equal to the
multiplicity of  as a root of the Alexander polynomial of the knot &,
cf. [R]. Thus, by a choice of the knot k£ and the number n € C*, we may
make the group H'(X,F,) arbitrarily large, while H*(X,C) is always
one-dimensional. (One may, for example, take multiple connected sum
of many copies of a knot with non-trivial Alexander polynomial).

Consider now the 3-manifold M which is the connected sum

M = X # (S' x 5?).
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Thus M = X, U X_ where X, N X_ = X, = S? and
X, =X —{disk} and X_ = (S'x 8% — {disk}.

Consider a flat complex line bundle F over M such that its restriction
over X, is isomorphic to F,|x, . Consider the class £ € H'(X,R) such
that its restriction onto X, is trivial and its restriction to X_ is the
generator.

We want to compute the Novikov number (;(¢,F). By using the
Mayer-Vietoris sequence, we obtain, for generic ¢,

H' M, F®p) ~ H(X,,F,) ® H(X_,F @ p)
For generic t, the second term vanishes and thus we obtain
ﬁl(§7f> = dlm@ Hl(X7 fr])

As we noticed above, this number can be arbitrarily large, while dim¢ H' (M, C) =
2.

2. THE BisMUT LAPLACIAN ON A FIBER BUNDLE

In this section we describe a version of the Bismut deformation of
the Laplacian on the bundle E, considered as a non-compact manifold.
In Section 4 we will apply this construction to the case when F is the
normal bundle to a connected submanifold of the set of critical points
of w.

2.1. Description of the data. Let £ = E* & E~ be a Zz-graded
finite dimensional vector bundle over a compact connected manifold
Z.

Suppose that F is a flat vector bundle over E. We denote by
Q°(E,F) the space of differential forms on E with values in F and
by V: Q*(E,F) — Q**}(E, F) the corresponding covariant derivative
operator.

2.2. A splitting of the tangent space. Fix an Euclidean metric h*
on the bundle E (i.e. a smooth fiberwise metric) such that E* and E~
are orthogonal. For a vector y € F, we will denote by |y| its norm with
respect to the metric h”.

Next choose an Euclidean connection V¥ on E which preserves the
decomposition £ = ET @ E~. Then the tangent space TE splits nat-
urally into

TE=T"EoT"E, (2.1)
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where TV E is the set of the vectors in TE which are tangent to the
fibers of E (the wvertical vectors), and THE is the set of horizontal
vectors in T'E.

2.3. A Riemannian metric on E. In this section we consider E as
a non-compact manifold. Our aim is to introduce a Riemannian metric
on K. Let m be the projection £ — Z. If y € E, then w, identifies
TJI E with Tr,)Z. Choose any Riemannian metric g? on Z. Then
TyH E is naturally endowed with the metric 7*¢#. Also TV E and E can
be naturally identified. Hence, the metric ¥ on E induces a metric on
TV E. We still denote this metric by h* and we define the Riemannian
metric

=hP @ n*g? (2.2)

on TE, which coincides with h* on TV E, with 7*¢% on THV and such
that TH E and TV E are orthogonal. Note that the metric g* depends
upon the choices of h¥, g% and VZ.

2.4. An Euclidean metric on F. We will identify the manifold Z
with the zero section of E. Let F|, denote the restriction of F on Z.
Fix an arbitrary Euclidean metric » on F|,. The flat connection on F
defines a trivialization of F along the fibers of £ and, hence, gives a
natural extension of h to an Euclidean metric h* on F which is flat
along the fibers of E.

2.5. A bigrading on the space of differential forms. The metrics
g¥, h” define an L,-scalar product on the space of differential forms on
E with values in F. Let Q) (E, F) = €D Qf, (E, F) denote the Hilbert

space of square integrable differential forms on F with values in F.
The splitting (2.1) and the corresponding decomposition T*E =
(T"E)* @ (TVE)* induce a bigrading on Q4 (E, F) by

@ng) (E, F), (2.3)

where Q(QJ)(E F) is the space of square integrable sections of
AN((TPE)) o N((TVE)") ® F.
Here, as usual, we denote by A(V) = @ AP(V) the exterior algebra of
a vector space V.
For s # 0, let 7, be the map from Q(Q)(E, F) onto itself, which sends
a € QEQJ)(E , F) to s’a. Of course, 7, depends upon the connection on
E given by (2.1).
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2.6. The Bismut complex on a fiber bundle. In this section we
produce a family of complexes depending on ¢ > 0, which is a special
case of the construction of Bismut [B, Section 2(b)]. Note that our
notations are slightly different from [B].
Let f : E — R denote the function such that its value on a vector
y=(y",y~) € ET ® E~ is given by
v P

ytP
fly) = 5 5

Recall that V : Q% (E, F) — Qz;Sl(E,]: ) denotes the covariant dif-
ferential operator determined by the flat connection on F. Following
Bismut [B], we define a family of differentials

Via = (T\/grle*atfveatfﬂ/g, t>0, a>0. (2.5)

(2.4)

2.7. An alternative description of V,,. We will also need another
description of the differential (2.5) (cf. [B, Remark 2]).

For s > 0, let s : E — E be the multiplication by s, i.e r;y = sy for
any y € E. Recall that, if y € E, we denote by F, the fiber of F over
y. The flat connection on F gives a natural identification of the fibers
F, and Fs,. Hence, the map 7, : £ — E defines the “pull-back” map

7“: . E2)<E7 f) — QE2)<E,F)
Note that r} preserves the bigrading (2.3) and, hence, commutes with
T\/f'
Lemma 2.8. For anyt > 0,a > 0
Via = (T\/g)’lrf/ze’afVeo‘f(rf/z)’lT\/;. (2.6)

Proof. Since rf/i commutes with V and with 7 4, it is enough to show
that

ripofo(ri,) Tt =tf, (2.7)
where f is identified with the operator of multiplication by f. The
equality (2.7) follows immediately from (2.4). O

Definition 2.9. The Bismut Laplacian A, , of the bundle E associated
to the metrics ¢¥, h” is defined by the formula

AV vt,av;a + vzavt,aa (2.8)

where V} , denote the formal adjoint of V , with respect to the metrics

g”,h". We denote by A, the restriction of A,, on the space of p-
forms.
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Lemma 2.10. For anyt > 0,a >0

At,a = (T\/{)_lrf/gAl,a(rf/g)_lT\/{- (29)
In particular, the operators A, and Ay o have the same spectrum.

Proof. Clearly, the operator (T\/,;)_lri‘/i is orthogonal, i.e. the adjoint
of (T\/Z)flriﬁ/g is equal to (Tf/z)’lT\/g. The lemma follows now from

Lemma 2.8. O

2.11. The spectrum of A, ,. A simple calculation [CFKS, Proposi-
tion 11.13] shows that

Ap, = A+ oA+ o?|df)?, (2.10)

where A = A, is the usual Laplacian associated with the metrics
g¥, h” and A is a zero order operator.

Using the theory of globally elliptic differential operators [Shl, Ch.
IV], one easily obtains that, for o > 0 large enough, A, , has a discrete
spectrum, and that the corresponding eigenspaces in Q(Q)(E ,F) have
finite dimension.

The following theorem computes explicitly the cohomology of the
deformed differential V; , on the space of Lo-forms.

Theorem 2.12. Let m denote the fiber dimension of E~ and let o
denote the orientation bundle of E~. If a > 0 is large enough, then

dim Ker A} |, = dim H?™™(Z, |, ® o) (2.11)
foranyp=20,1,... ,n.

The proof is given in the next section. In the case where F is a trivial
line bundle, Theorem 2.12 was established by Bismut [B, Theorem
2.13]. Note that our proof is rather different from [B].

3. PROOF OF THEOREM 2.12

In this section we use the notation of Section 2.

3.1. A cohomological interpretation of Ker A; ,. Assume that o >
0 is sufficiently large so that the operator A; , has a discrete spectrum
(cf. Section 2.11).

Let Q3 (E, F; V1,010, (E, F) be the space of smooth (C*) square
integrable forms 3 € (%, (E, ) having the property V1,0 € Qf, (E, F).
We denote by H ('2)(E , F; V1) the cohomology of the complex

0 — Q) (B, F; Via) ~5 Qy (B, F; Via) 5 - 2% Oy (B, F; Vi) — 0.
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One should think of H('2)(E,.7-" :Via) as of “deformed L, cohomol-
ogy” of E with coefficients in F (recall from Section 2.6 that V;, =
e~ IVer =V + adf).

Lemma 3.2. For any p=0,1,... ,n, the following equality holds
dim Ker A7, = dim H{y (E, F; Vi,a). (3.1)

Proof. Let 61,0“ %’1‘@ denote the restriction of the operators Vi ,, Via

on QEQ)(E, F:Vi4). To prove the lemma it is enough to show that the
following decomposition holds

Q) (B, F;Via) =Ker Ao @ ImV,, @ mVi,,. (3.2)

Since the spectrum of A, , is discrete, the space Q) (E, F) decomposes
into an orthogonal direct sum of closed subspaces

sz)(E, F)=KerA;, ®ImA,,.

Moreover, Ker A, , C QEQ)(E,}"; Vi.a). Hence, any (€ Q@(E,]—"; Via)
may be written as

ﬁ =K+ Al,a(p =K+ VLOé ia@ + VT,OLVLOCSO (33)

where r € Ker Ay, and ¢ € OF, (E, F). Then Ay 4 € SNYEQ)(E,]-"; Via).
Since Ay, is an elliptic operator, the form ¢ is smooth. Let (,-)
denote the Ly scalar product on Qf, (E,F). For o € ¢, (E,F), we

denote by ||o|| its norm with respect to this scalar product. Then
V3 aell® + [Viapll® = (Arap, @) < oo

Hence, Vi ., Viap € Q0 (E, F). Since the form ¢ is smooth, so are
the forms Via® Viap. Also, V1 4,Vi.p = 0and, by (3.3), ViaViep €
Q) (B, F). Whence Vi ¢, Viap € Q% (E, F;Via). The decomposi-
tion (3.2) follows now from (3.3). O

In view of Lemma 3.2, to prove the Theorem 2.12 we only need to
show that

dim H{Q)(E,}"; Via) =dimH* "™(Z,F, ® o).

(Recall that m denote the dimension of fibers of E~). In fact, we will
prove that the complexes (QZQ)(E,}"; Via): Vi) and (Q°(Z,F,),V)

are homotopy equivalent.
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3.3. The Thom isomorphism. Let U~ be a Thom form of the bundle
E~, ie. a closed compactly supported differential m-form on E~ with
values in the orientation bundle o of £~ whose integrals over the fibers
of £~ equal 1.

We denote by Qg(E~,F__) the space of compactly supported dif-
ferential forms on £~ with values in the restriction .7-"|E_ of the bundle
F on E~. It is well known that the map

ON(Z,F, ®0) = W(ET,F, ), B—=U ABS
(3.4)

induces the Thom isomorphism
H*(Z,F,®o) —>Hc'+m(E_,}"E7) (3.5)

from the cohomology of Z with coefficients in the bundle 7|, ® o onto
the compactly supported cohomology of £~ with coefficients in F|__.
Let p: E~ — Z denote the natural projection. Using the trivializa-
tion of F along the fibers of £~ determined by the flat connection V
one can define the push-forward map (“integration along the fibers”)

peSR(ET,F ) = Q72 F, ®o).
The map p, induces the map
H(E™, F,_) = H™(Z,F|, ® o),
which is inverse to the Thom isomorphism.

Remark 3.4. Note that the map p, may be extended from Q¢ (E~, F|__)

to a wider class of “rapidly decreasing forms”. In particular, if § €

Q°*(E~,F|,_) is a square integrable form, then the form p. (e 3) is

well defined. This remark will be used later.

3.5. Maps between (NZEQ)(E,}") and Q*(Z,F,®o0). Let j: E- - E

be the inclusion and let

JQNEF) = QNET, )
be the corresponding “pull-back” map. Set
61 0ty (B, FiVia) = QNZF, ©0);  6: 8 pg(eB).

(3.6)

By Remark 3.4, this map is well defined. Clearly, ¢V, = V'¢, where

V' is the covariant derivative on the bundle F|, ® o. Hence, ¢ induces
a map

6.« Hey) (B, F;V10) — H ™2, F, ® o). (3.7)
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Denote by 7 : E — E~ the natural projection and let
™ QNET F,) — Q(E,F)

be the corresponding “pull-back” map defined by means of the connec-
tion V (cf. Section 2.7). Set

v QNZ, F,®0) — SNZZQJS"Z(E,]:; Via); Y6 e (U™ A p*o).
(3.8)
Then V' = V1 4. Hence, ¢ induces the map
v HY(Z,F), ® 0) — H(';)“m(E,F,VLa). (3.9)
Proposition 3.6. The maps ¢, and ¥, are inverse of each other.

Proof. Clearly, ¢1) = id, and, hence, ¢,1, = id. We will show now
that the map ¢ is homotopic to d.
Consider the action of the group R* of nonzero real numbers on
E = Et* @ E~ defined by
hery=(y y )= (ty"y), teR (3.10)
As in Section 2.7, the flat connection on F defines naturally the pull-
back map N N
hi + Qo (B, F;Via) — Q) (E, F; Via)
associated with h;.
Assume that R is the vector field on E generating the action (3.10)

(the Euler vector field in the direction E™). Let ¢(R) denote the interior
multiplication by R. If

L(R)=ViR)+ (R)V (3.11)
denote the Lie derivative along R, then

d

Eh(3) = h (LR (312

Define a map H : sz)(E,}"; Via) — QZ;;(E,]:; Via) by
1

HE - / BRAE A, e Dty (B, Fi Vi),

0 (3.13)

and let H = e~/ He®!. Note that the integral in the definition of H
converges because R vanishes at £~

Lemma 3.7. The following homotopy formula holds

B—1(¢B) = (VioH + HV1,)B,  for all (€ QY (B, F; vlia). |
3.14
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Proof. If B € QZQ)(E,}"; Via), let By = h;3, and observe that 3, =
e ip(pe*/B) and B, = (3. Differentiating by ¢, using (3.11),(3.12) and
integrating we get

B—eTy(ge ) = (VH + HV)B, forall B € Q% (E,F;Via).
Using V1, = e */Ve®/ | we obtain the lemma. O

Lemma 3.7, combined with the relation ¢ = id, completes the proof
of Proposition 3.6 and, hence, of Theorem 2.12.

4. THE BiSMUT LAPLACIAN ON A MANIFOLD

Let w be a closed real valued differential 1-form on a compact mani-
fold M, which is non-degenerate in the sense of Bott (cf. Section 0.2).
In this section we construct a two-parameter family A, , of Laplacians
acting on the space Q°*(M, F) of differential forms on a compact mani-
fold M with values in a flat complex vector bundle F. This construction
is similar to the construction of Bismut [B]. Next we show that, for
large values of the parameter ¢, the dim Ker A, , is equal to the number
of “small” eigenvalues of the Bismut Laplacian acting on the normal
bundle to the zero set of w, where the normal bundle is considered as
a non-compact manifold.

4.1. The Bismut Laplacian on the normal bundle. Throughout
this section we use the notations introduced in Section 0.2. In partic-
ular, C' denotes the set of critical points of w, i.e. the subset of M
on which w vanishes. Recall that the form w is assumed to be non-
degenerate in the sense of Bott, i.e. C'is a union of disjoint compact
connected manifolds and the Hessian of w is a non-degenerate quadratic
form on the normal bundle v(C') to C' in M.

As we have mentioned in Section 0.2, the bundle v(C) splits into the
Whitney sum of two subbundles

v(C)=vH(C)® v (O) (4.1)

such that the Hessian of w is strictly positive on v (C) and strictly
negative on v~ (C).

Denote by p : v(C) — C the natural projection and by Fj., the
restriction of the bundle F on C. Then the pull-back p*F|, is a flat
vector bundle over v(C') which will be denoted by F,.

For each connected component Z of C' we denote by v(Z) = v(C)|,
the normal bundle to Z in M and by F the restriction of the bundle
F, on v(Z). Let ¢g"¥) be a Riemannian metric on the non-compact
manifold v(Z) constructed as explained in Section 2.3, starting from
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a Riemannian metric on Z, an Euclidean metric on v(C) and an Eu-
clidean connection on v(C). Let h*Z? be a Hermitian metric on Fy
constructed as explained in Section 2.4. We denote by A7, the Bismut
Laplacian associated with the metrics ¢g*(4), h*# (cf. Definition 2.9).

We denote by ¢”(¢) the Riemannian metric on v(C) induced by the
metrics ¢¥%) and by h”* the Hermitian metric on F, induced by the
metrics h7Z.

Let

AL =D AL, (v(C), F) — Q°(v(C), F)

(the sum is taken over all connected components of C') be the operator
whose restriction on Q*(v(Z), Fz) equals A7,. Clearly,

Ker Aga = @ Ker Afa.
z

4.2. Metrics on M and F. By the generalized Morse lemma [H, Ch.
6] there exist a neighborhood U of the zero section in v(C') and an
embedding 1) : U — M such that the restriction of ¢ on C is the
identity map and if y = (y*,y~) € U, then
2

_ly ly
(fow)(y)—T— 5

In the sequel, we will identify U and ¢(U). In particular, we will con-
sider ¢*(©) as a metric on ¢(U) and h”* as a metric on the restriction
F, of FonU. Let g™ be any Riemannian metric on M whose restric-
tion on U equals ¢"(“) and let h” be any Hermitian metric on F whose
restriction on U equals h”>.

(4.2)

4.3. The Bismut Laplacian on M. Let V be a neighborhood of C'
in v(C') whose closure is contained in U. Fix a function ¢ € C*(v(C))
such that 0 < ¢ <1, ¢(x) =1 if €V and ¢(x)=0 if z € U.

Recall that the map 7,7 was defined in Section 2.5. Using the identi-
fication ¢ : U — ¥(U) we can consider ¢ as a function on M and ¢7 4
as an operator on Q°*(M, F).

For any t > 0, > 0, we define a new differential V;, on Q*(M, F)
by the formula

Via = (07 + (1= 9) "V + taw)(¢7,5 + (1 — 9)).
(4.3)

Here V + taw : Q*(M, F) — Q*T (M, F) denotes the map
0 V04 tawnl,  0cQ(M,F).
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Remark 4.4. Our definition of V,, is slightly different from [B] even in
the case when w is cohomologious to 0 and F is a trivial line bundle.
However this difference does not change the asymptotic behavior of the
spectrum of the corresponding Laplacian (cf. Definition 4.6).

Remark 4.5. Note that on V' the formulae (4.3) and (2.5) coincide.
Also on M\U we have V,;, =V + taw.

Definition 4.6. For t > 0, > 0, the Bismut Laplacian on M is the
operator

Apo = vaza + Vf}avm QN (M, F) — QY(M, F),
(4.4)

where Vi, is the formal adjoint of V;, with respect to the metrics
g™, h”. We denote by A}, the restriction of A, , on QF(M, F).

4.7. We now fix a number o > 0 large enough, so that the spectrum
of A{, is discrete and the equality (2.11) holds.

Let A be a self-adjoint operator with discrete spectrum. For any
A > 0, we denote by N(\, A) the number of the eigenvalues of A not
exceeding A (counting multiplicity).

The following theorem plays a central role in our proof of Theo-
rem 0.3.

Theorem 4.8. Let A\, (p =0,1,... ,n) be the smallest non-zero eigen-

value of Afﬁ. Then for any € > 0 there exists T' > 0 such that for all
t>T

N(\, — e, A?,) = dim Ker AT (4.5)
The rest of this section is occupied with the proof of Theorem 4.8.

4.9. Estimate from above on N(A, —¢,Af,). We will first show
that

N\, — ¢, A%,) < dim Ker Af}f. (4.6)

To this end we will estimate the operator A}, from below. We will use

the technique of [Sh2|, adding some necessary modifications.

Recall from Section 4.2 that U is a tubular neighborhood of the zero
section in v(C') and that we have fixed an embedding ¢ : U — M.
Also in Section 4.3 we have chosen V C U.

For x € U, we denote by |z| its norm with respect to the fixed
Euclidean structure on v(C).

There exists k > 0 such that the set {x € U : |z| < 2k} is contained
in V. Let us fix a C* function j : [0, +00) — [0, 1] such that j(s) =1
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for s <k, j(s) =0 for s > 2k and the function (1 — j2)¥/2 is O.
We define functions .J, J € C*(v(C)) by

— 1
J(x) =j(lx));  J(x) = (1—j(z])?)>.
Using the diffeomorphism ) : U — ¢(U) we can and we will consider
J, J as functions on M.

We identify the functions J, J with the corresponding multiplication
operators. For operators A, B, we denote by [A, B] = AB — BA their
commutator.

The following version of IMS localization formula (cf. [CFKS]) is
due to Shubin [Sh2, Lemma 3.1].

Lemma 4.10. The following operator identity holds

- — 1 - — 1
Abo = AL + JA T + ST [ AL + 50 [ A7)
| | 2 o2 RN

Proof. Using the equality J? + 72 =1 we can write

AP = AP+ TAD = JAY J + JAD T+ J[J, A+ T[T, A7 .
Similarly,

AP = AP J2 4 AT = AL T+ TAY T — [J, AT — [T, A7,]7.
Summing these identities and dividing by 2 we come to (4.7). O

We will now estimate each one of the summands in the right hand side
of (4.7).

Lemma 4.11. There exist ¢ > 0, T > 0 such that, for any t > T,
AP T > ctT 1. (4.8)

Proof. Let (-,-) be the natural Ly scalar product on Q°*(M,F) deter-
mined by the metrics g™, h”. For x € Q*(M, F), we denote by ||z its
norm with respect to this scalar product.

We can assume that 7" > 1. Using (4.3), one easily checks that for
any a € (M, F) and any t > T > 1

1 * *
IViaal® > % +taw)al®,  [IVigall® > SV + taw)"al”.

| =

Hence,

(JA W Ja,a) = Vi Jall* + |V, Jal

—_

1 — 1 _ _ _
> ;H(V + taw)Ja||® + ;H(V + taw)* Jal]* = (JAY Ja,a). (4.9)

t
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A simple calculation (cf. [CFKS, Proposition 11.13]) shows that
Alta = A+ atA+ P |w]?, (4.10)

where A is a zero order differential operator and A = VV* + V*V is
the undeformed Laplacian associated with the metrics g™, h”.
From (4.10) and (4.9), we get

— — 1— — 1— - — _ —
JAP T > =JAY J=-JAJ +aJAJ +ta?J|wl*].
St t (4.11)

Since A is a zero order operator, there exists M > 0 such that A > —M.
Also AP > 0. Taking

2 M
c=2 min |wl?, T:—a,
2 x€supp J &
and using (4.11) we get (4.8) O

Let P, : Qe (v (C),F,) — Ker Afgf be the orthogonal projection.
This is a finite rank operator on () (U*(C),}",,) and its rank equals
dim Ker Aff. Clearly,

ALY+ PP >\, (4.12)

Using the identification ¢ : U — 9(U) we can consider JP/,J and
J Ag P J as operators on QP(M,F). It follows from Remark 4.5 that
JAL J = JAng. Hence, (4.12) implies the following

Lemma 4.12. For anyt > 0

JNY T+ TP, > N, 1k JPP,J < dimKer AT
(4.13)

For an operator A : QF(M,F) — QP(M,F), we denote by [|A|l its
norm with respect to L scalar product on QP (M, F).

Lemma 4.13. There exists C' > 0 such that
L7 [, Al < et (4.14)
foranyt>0,a>0.

Proof. The left hand side of (4.14) is a zero order operator supported
on V. Hence, it is enough to estimate [J, [J, Atccf’]] Since

() @)ty = J(@t7E),  (ra) (@) = J(@),
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Lemma 2.10 implies

1A = () il (et 2), [t ™), AT rp)
(4.15)

Since the operators (T\/{)_l?”f/i and (r*,)7'7,; are mutually adjoint,

(4.15) implies
[ [ 1 A2 = (| (2t72), [T (2t™2), ATE)-

Recall that ¢*(©) denotes the Riemannian metric on v(C). Suppose that
we have chosen local coordinates (z',...,z") near a point z € v(C).
Set

9i; = 9" 9(0/02",0/027),  1<4,j<n.

Using (2.10), we see that

Cp _ _ 2
ATT == g, oo T B
ij=1
where B is an order 1 differential operator. Hence,

n

1 0J(xt™ 2 ) OJ (xt™ 2)
5 C'p _
[J(xt™2), [J(zt™2), ATP]] = —2 E i~ g I

2,7=1

Since the derivatives of J(zt~2) = j(|z|[t~2) can be estimated as O(t~2)
the inequality (4.14) follows immediately.

O

Similarly, one shows that
17,17, AL ]| < Ct. (4.16)

JFrom Lemma 4.10, Lemma 4.11, Lemma 4.12, Lemma 4.13 and (4.16)
we get the following

Corollary 4.14. For any € > 0, there exists T > 0 such that for any
t>T

AL+ TPPT > (N, —e),  tkJPP,J < dimKer AT
(4.17)

The estimate (4.6) follows now from Corollary 4.14 and the following
general lemma [RS, p. 270].

Lemma 4.15. Assume that A, B are self-adjoint operators in a Hilbert
space H such that tk B < k and there exists > 0 such that

((A+ B)u,u) > p{u,uy for any u € Dom(A).
Then N(pu—¢€,A) <k for any e > 0.
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4.16. Estimate from below on N(\, — ¢, A7 ). To prove Theo-
rem 4.8 it remains to show now that

N(\, — e, A7) > dimKer ATY. (4.18)

Let E}, be the subspace of QP(M,F) spanned by the eigenvectors
of A}, corresponding to the eigenvalues A < A\, — ¢ and let IIf, :
QP(M,F) — E, be the orthogonal projection. Then

k7, = N(A, — €, AF,). (4.19)

Using the diffeomorphism ¢ : U — (U) we can consider JII7 ,J as an
operator on ) (v~ (C), F,). The proof of the following lemma does
not differ from the proof of Corollary 4.14.

Lemma 4.17. For any 6 > €, there exists T > 0 such that for any
t>T

ATP + T o T > (N, — 0. (4.20)
The estimate (4.18) follows now from (4.19), Lemma 4.17 and Lemma 4.15.

5. PROOF OF THEOREM 0.3

Recall that the number o > 0 was fixed in Section 4.7. We will use
the notation of Section 4. In particular, A, (p = 0,1,2,...) denotes the
smallest non-zero eigenvalues of Af’(f. By Theorem 4.8 and Lemma 1.3,
we can choose ¢ > 0 such that

N(\,/2,A7,) = dim Ker A{? p=0,1,...,n, (5.1)

Las
and the Novikov numbers 3,(£, F) are equal to the dimension of the
cohomology of the de Rham complex Q°*(M, F) with the deformed dif-
ferential

Vi =VO0+twAb, 0 € Q(M,F).
The latter complex is isomorphic to the complex

0= Q°(M,F) =5 Q (M, F) =5 - S5 0" (ML F) =0,

(5.2)
where V,, is defined by (4.3).
Let EY, (p = 0,1,... ,n) be the subspace of QP(M, F) spanned by
the eigenvectors of A}, corresponding to the eigenvalues A < A,/2.
From (5.1) and Theorem 2.12, we obtain

dim Ef,, = " dim H*"™¥)(Z, 7, ® o(2)), (5.3)
Z

where the sum ranges over all connected components Z of the set C' of
critical points of w.
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Since the operator A;, commutes with V,,, the pair (E;a,vt,a)
is a subcomplex of (5.2) and the inclusion induces an isomorphism of
cohomology

H*(E}?

t,a

vt,a) = H.(Q.(Mv JT)7Vt,0¢) = H.(M, Pt ®JT)
Hence,
dim HP(E? ,, Via) = B,(§, F), p=0,1,...,n. (5.4)

Theorem 0.3 follows now from (5.3), (5.4) by standard arguments (cf.
[Bo2]).
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