4 Manifolds

Let d = I be an integer, and let

Fé=lgiae=(a,..., d;) where the a, are real numbers},

Then IR? is the d-dimensional Euclidean space. In the case d = 1, we denote
the m.'ﬂ line R simply by R. The origin (0, . . . . 0) in Euclidean space of
any dimension will be denoted 0. The notations [#.6] and (a,b) denote as

usual the intervals of the real line a <t <handa<r< b respectively,
The function r;: R? — IR defined by

ria) = a,,

where a = (a, , ..., a,) € R4, is called the ith {canonical) coordinate function
on R4 The canonical coordinate function ry on IR will be denoted simply
by r. Thus r(a) = a for each a = IR, If f: ¥ — R4 then we let

Sfi=riof,
where f; is called the ith component fimction of f.
Iff: R — R and r € R, then we denote the derivative af fat t by

d df | _ . £+ By — £()
S = =] T ——— e
dr‘,(f} P B h ‘
HfiR*~R,ifl<i<n and if 1 = (t,....t)eR", then we denote
the partial derivative of f with respect to r, at t by
i {f} =if o Hm-ﬂ:!l“ : '1'!!—|.ltl'+ h. rHI!""'Frﬂ}_.‘r(r}L'
ar; |, orly  m-e h

If p = B9, then B,(r) will denote the apen ball of radius r about p. The
open ball of radius r about the origin will be denoted simply by B(r). C{r)

will denote the open cube with sides of length 2r about the origin in RY,
That is,

Clry={{ay,...,a) e R%: |a| < r for all i}.

We shall use T to denote the complex number Jield apd " to denote
complex n-space,

Cr=A{z,...,z:z,eClorl g i < nl.
. Unless we indicate otherwise, we shall always use the term neighborhood
in the sense of open neighborhood. If A is a subset of a topological space,
its closure will be denoted by 4. If p is a function on a topological space X,
the support of ¢ is the subset of X defined by
supp ¢ = ¢ (R — {0},
We use the Kronecker index
1, fe=j
0, ;.

Differenriable Manifolds 5

If o = (oy ..., o) is a dtuple of non-negative integers, then we set
[z] =23e,
al =ty
and
a° el
FICR- O M
If & = (0,...,0), then we let
al.
A=,

DIFFERENTIABLE MANIFOLDS

1.2 Definitions Let IV = [R? be open, and let f I -+ R, We say that
S is differentiable of elass C* on U (or simply that { is C*), for k a non-
negative integer, if the partial derivatives 8%} @r exist and are continuous on I/
for [x] < k. In particular, fis C*if f is continuous, If 2 U/ — R*, then [ is
differentiable of class C¥if each of the component functions f; = r; = fis C%
We say that fis C if it is C* for all £ > 0.

1.3 Definitions A locally Euclidean space M of dimension d is a
HausdorlT topological space M for which each point has a neighborhood
homeomorphic to an open subset of Euclidean space F% Il ¢ is a homeo-
morphism of a connected open set U7 = M onto an open subset of RY,

+ o 15 called a coordinate map, the functions x; = r; = p are called the coordinate

Sunctions, and the pair (U,p) (sometimes denoted by (I/, x,,...,x)) is
called a coordinate spstem. A coordinate system (U, g) is called a cubic
coordinate systen if p(U) is an open cube about the origin in M4, If me UV
and g(nt) = 0, then the coordinate system is said to be centered at m.

1.4 Definitions A differentiable structure & of class C* (1 < k < =)
on a locally Euclidean space M is a collection of coordinate systems
U, p): e A} satisfying the following three properties:

(a) YU, =M.
oA

(B) @09, " is C*for all o, fi € 4.
{c) The collection 5 iz maximal with respect to (h); that is, if

(L7} is a coordinate system such that g g, and ¢, - o1 are
C* for all @ & A, then (U,g) e F.







