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Essential self-adjointness of
Schrodinger-type operators on manifolds

M. Braverman, O. Milatovic, and M. Shubin

Abstract. Several conditions are obtained ensuring the essential self-adjointness of
a Schrédinger-type operator Hy = D*D +V, where D is a first-order elliptic differ-
ential operator acting on the space of sections of a Hermitian vector bundle E over a
manifold M with positive smooth measure dy and V' is a Hermitian bundle endomor-
phism. These conditions are expressed in terms of completeness of certain metrics
on M naturally associated with Hy,. The results generalize theorems of Titchmarsh,
Sears, Rofe-Beketov, Oleinik, Shubin, and Lesch. It is not assumed a priori that
M is endowed with a complete Riemannian metric. This enables one to treat, for
instance, operators acting on bounded domains in R™ with Lebesgue measure. Sin-
gular potentials V are also admitted. In particular, a new self-adjointness condition
is obtained for a Schrodinger operator on R™ whose potential has a Coulomb-type
singularity and can tend to —oo at infinity. For the special case in which the prin-
cipal symbol of D*D is scalar, more precise results are established for operators
with singular potentials. The proofs of these facts are based on a refined Kato-type
inequality modifying and improving a result of Hess, Schrader, and Uhlenbrock.
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§ 1. Introduction

The spectral theory of differential operators is deeply rooted in non-relativistic
quantum mechanics, although the first results on eigenvalues and eigenfunctions are
much older. Let us recall that, according to von Neumann, a state of a quantum
system is a vector 1 in a complex Hilbert space H (¢ is defined up to a non-zero
complex multiple), whereas a physical quantity is a self-adjoint operator A on H.
A special physical quantity H, the so-called energy or Hamiltonian, is responsible
for the evolution of any given state, and this evolution is defined by the Schrédinger

equation
10y

i ot
where the system of units is chosen in such a way that the Planck constant is equal
to 1. For a given initial condition

= Hy, (1.1)

(0) = o (1.2)

we can write ¥ (t) = exp(itH) 1o, where the exponential can be defined by the
spectral theorem; the equation (1.1) is satisfied in the strong sense if 1)y € Dom(H).

Concrete Hamiltonians H come from a vaguely defined procedure which is
applied to a classical system and is called quantization. This procedure leads
to Hamiltonians H which are usually second-order differential operators, so-called
Schradinger operators. However, it is rare that one can immediately see that such
an operator H is self-adjoint in a natural L? space. It is usually clear that H
is symmetric (or Hermitian, in a slightly different terminology). The distinction
between symmetric and self-adjoint operators is often ignored by physicists, even
by very good ones, but this distinction is very important. Indeed, a solution of the
initial-value problem (1.1)—(1.2) can fail to exist for a symmetric operator H even
if 9o € Dom(H). One can try to extend H to obtain a maximal operator (that is,
an operator defined on all ¥ € L? such that Hv € L?, where H1) is understood in
the distribution sense). However, in this case a solution of (1.1)—(1.2) can fail to
be unique.

The existence and uniqueness of a solution of (1.1)-(1.2) can be guaranteed (for
1o € Dom(H)) only if H is self-adjoint. However, the natural domain of H is often
a problem. Then one starts from smooth compactly supported functions and tries
to find out whether the operator H can be extended to a self-adjoint operator in a
unique way. If this is the case, then H is said to be essentially self-adjoint. Under
weak restrictions on the regularity of the coefficients, this property is equivalent to
the condition that the closure of the operator H defined on the compactly supported
smooth functions coincides with the maximal operator. In this case there is only
one natural self-adjoint operator associated with the given differential operator,
and the evolution of the quantum system is naturally well defined. For this reason,
essential self-adjointness is often referred to as quantum completeness.
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It is clear from the above arguments that the study of the essential self-
adjointness of a Schrodinger-type operator must be astarting point of any further
investigation of the corresponding quantum system in which this operator is the
Hamiltonian. Therefore, finding exact and effective conditions for essential self-
adjointness is a fundamental problem of mathematical physics.

The problem of essential self-adjointness for Schrodinger-type operators has been
mainly studied in L?(R"). There are thousands of papers devoted to this study,
and the first of them (though in a different terminology) is due to Weyl (1909).
However, it is quite reasonable to consider the problem in a curved space or, more
generally, on manifolds, especially on Riemannian manifolds. Here one usually
meets an interesting interaction of analysis and geometry, because the geometry of
the manifold can play an important role. The first paper in this direction is due
to Gaffney (1954), and in it the essential self-adjointness of the Laplacian on any
complete Riemannian manifold was proved.

In this paper we try to develop an approach which unifies and extends almost all
earlier results on the essential self-adjointness of Schrédinger-type operators on vec-
tor bundles on manifolds. The main results are of two types. An important feature
of results of the first type is that a Riemannian metric is not assumed to be given a
priori but is constructed from the operator. Another important feature is that we
trace the trajectories of the corresponding classical Hamiltonian, as was originated
by Oleinik (1993, 1994). Our work was mainly inspired by his results and also by
a recent paper of Lesch (2000), who extended Oleinik’s results and approaches to a
much more general context of Schrédinger-type operators on sections of vector
bundles. Adding anisotropy with respect to the momentum variables, we eventually
came to the first results on essential self-adjointness for Lesch-type operators (with
singular potential, on sections of vector bundles), with anisotropy with respect to
both spatial and momentum variables.

The second type of results is obtained by extending Kato’s inequality to vec-
tor bundles, first done by Hess, Schrader, and Uhlenbrock (1980). However, they
established their inequalities for smooth sections only, and this is insufficient for
applications to essential self-adjointness if a non-smooth potential is added. We cor-
rect and improve the Hess—Schrader—Uhlenbrock result and then use it to extend
to operators with scalar principal symbol the results on essential self-adjointness
that were previously known only for scalar operators.

One of the main tools which enables us to apply Kato’s inequality is that the
Schwartz kernel of the resolvent of the Laplacian is positive. In fact, a slightly
stronger result is needed. This result is obtained in Appendix B, where we also
discuss other related questions and state a conjecture, which could simplify our
proof if it were established. This conjecture is also of independent interest.

The main results of the paper are actually new not only on manifolds but also
on R"™.

We tried to make this paper as self-contained as possible. To this end, we
sometimes repeat arguments of older papers, even if only minor modifications are
necessary to obtain the results needed for our purposes. Sometimes this is done
for some well-known results if there are no easily available references. However, in
most cases we improve the exposition of older papers and translate them into more
modern language. The most standard material is presented in the appendices.
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§ 2. Main results

2.1. Main assumptions. Let M be a C'°°-manifold without boundary and let
dimM = n. We always assume that M is connected. We also assume that a
positive smooth measure du is given, that is, in any local coordinates z!, 22, ..., 2"
there is a strictly positive C*°-density p(x) such that du = p(x) dw' dx?- - -dz™. Let
E be a Hermitian vector bundle over M. We denote by L?(E) the Hilbert space of

sections of F that are square-integrable with respect to the inner product

(1) = /M (u(z), v(@)) 5, dpu(z).

Here (-,-)g, stands for the fibrewise inner product.

Let F' be another Hermitian vector bundle on M. Consider a first-order dif-
ferential operator D: CX°(E) — C°(F) (here C2° stands for the space of smooth
compactly supported sections). We assume that the principal symbol of D is injec-
tive. In other words, D is elliptic (possibly overdetermined).

Let D* be the formal adjoint of D, that is, D*: C°(F) — C2°(E) is the differ-
ential operator such that (Du,v) = (u, D*v) for any u € C°(E) and v € C°(F).

The main purpose of this paper is to give sufficient conditions for the essential
self-adjointness of the operator

Hy =D*D+V, (2.1)

where V € LIQ0 (End E) is a linear self-adjoint bundle endomorphism,! that is, the
operator V(z): E, — E, is self-adjoint for any € M.

Let us recall the definitions of the minimal and maximal operators associated
with a differential expression Hy. The minimal operator Hy min is the closure
of the operator Hy with initial domain C2°(E), whereas the maximal operator
can be defined by the formula Hy max = (Hy,min)*. In particular, the domain
Dom(Hv,max) of Hy,max coincides with the set of all sections u € L?(E) such that
Hyu € L?*(E) (here the expression Hyu is understood in the distribution sense).
Then the proof of the essential self-adjointness of Hy can be reduced to proving
that Hy max is a symmetric operator.

We make the following assumption about V.

Assumption A. V =V, +V_, where

(i) Vi(z) =2 0 and V_(z) < 0 as linear operators E, — E, for every © € M;
(ii) for every compact set K C M there are positive constants ax < 1 and Ck
such that

1/2
(/ IV—IQIUIQdu> < ak[|Apul + Ckllul| for any we CF(M),  (2.2)
K

IThe assumption that V is locally square-integrable is needed for the validity of the relation
Hyu € L2 (E) for u € CX(E).

loc
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where |V_(z)| stands for the norm of the linear map V_(z): E, — E,,
Ay = d*d for the scalar Laplacian of an arbitrary Riemannian metric on
M (see Definition 5.4), and || - || for the norm in L?(E).

Remark 2.2. The condition (2.2) is automatically satisfied if V_ € Li (End E)
with p > n/2 forn > 5, p> 2 forn =4, and p =2 for n < 3. (If K is contained in
a coordinate neighbourhood, then this follows from Theorem IX.28, arguments
in the proof of Theorem X.15, and Theorems X.20 and X.21 in [64]. The general
case can be proved by using the localization technique as explained in [79], §5.2.)
Another possibility is to assume that V_ € S, 1oc, where Sy, 10c is a local Stummel
class (see Appendix C).

Assumption A is closely related to the regularity of sections belonging to the
maximal domain Dom(Hy, max) of the operator Hy . More precisely, the following
results hold.

Theorem 2.3. (i) Suppose that V € LY (End E), where p > n/2 for n > 4 and

loc

p =2 forn <3. Then Dom(Hy max) C I/Vlicz(E)

(ii) Suppose that V satisfies Assumption A and the operator D*D has scalar
principal symbol. Then Dom(Hy max) C W2 (E).

loc

We note that, by Remark 2.2, Assumption A holds for V if the conditions on V'
in Theorem 2.3 (i) are satisfied.

The proof of Theorem 2.3 (i) is rather simple and is given in §4. The proof
of Theorem 2.3 (ii) is presented in §7 and is based on a generalization of Kato’s
inequality obtained in §5.

With Theorem 2.3 as a motivation, we propose the following conjecture (which
is non-trivial even for M = R™).

Conjecture 2.4. If V satisfies Assumption A, then Dom(Hy max) C W2 (E).

In particular, Theorem 2.3 (i) implies the validity of the conjecture for n < 3.
Moreover, by Theorem 2.3 (ii) the conjecture holds if Hy acts on scalar functions
(for instance, if Hy is the magnetic Schrodinger operator).

Since we could not prove the conjecture in full generality, we work in this paper
under the following additional condition.

Assumption B. Dom(Hy max) C VVli’CQ(E) and Dom(Hy, max) C VV&,’CQ(E)
Before stating the main result, we introduce additional notation.

2.5. A metric associated with D. Let D: T*M @ E — F be a morphism of
vector bundles defined by

D(gu) = D(dg)u+ D, (2.3)
where u € C®(E), ¢ € C*°(M), and ﬁ(d(b)(U) is identified with ﬁ(d(b ® u).
Thus, D = —io(D), where o(D) is the principal symbol of D. We note that

D*(€) = —(D(€))*, where £ € Tz M.
If £ € Ty M, then D(€) defines a linear operator E, — F,. For &,n € TxM we
write

€n) = - ReTe((D(©) D(n),  m=dimBEL, (2.4)
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where Tr denotes the usual trace of a linear operator. Since D is an elliptic first-
order differential operator and ﬁ(f) is linear in £, we can readily see that the
formula (2.4) defines an inner product on T M. The dual inner product defines a
Riemannian metric on M, which we denote by g7M.

Remark 2.6. If we write |£]o = |D(€)|, where |D(¢)| stands for the usual norm of
the linear operator D(¢): E, — F,, then the function |¢|o induces a norm on 7" M.
The dual norm on T, M induces a Finsler metric on M. It follows from elementary
linear algebra that

m~12|€lo < 1€ < I€lo (2.5)

for every £ € T M, where |- | is the norm determined by (2.4).

We say that a curve : [a,00) — M goes to infinity if for any compact set K C M
there is a tx > 0 such that v(t) ¢ K for any ¢t > tx. The metric g7 is said to
be complete if f7 ds = oo for every curve 7y going to infinity. Here ds stands for the
element of arc length corresponding to the metric g™ . The completeness of g7™
is equivalent to the geodesic completeness of M. In particular, the completeness
conditions for the metrics corresponding to the norms | - [p and | - | in Remark 2.6
are equivalent.

We say that foo % = oo for a function ¢: M — R if f7 % = oo for every curve
~v on M going to infinity.

The main result of the present paper is the following theorem.

Theorem 2.7. Suppose that the potential V satisfies Assumptions A and B. Let
q be a map q: M — R, and let the following conditions hold:

(i) ¢ =2 1 and q'/? is globally Lipschitz, or, equivalently, there is a constant
L > 0 such that

lg~ Y% (21) — ¢ V3 (x2)| < Ld(x1, 22)

for every x1,z2 € M, where d stands for the distance induced by the metric
T™
g
(i) there is a 6 € [0,1) such that 6D*D +V > —q (in the sense of quadratic
forms on C°(E));
(iii) foo % = 00, where ds is the element of arc length for the metric g7™.

Then Hy is essentially self-adjoint on C°(E).
The proof is given in §9.3.

Remark 2.8. Since we assume the inequality ¢ > 1, it follows from the condition

(iii) of the theorem that ¢g7™ is complete. Moreover, the condition (iii) itself is

equivalent to the statement that the new metric g := ¢~ 1¢”™ is complete.
Theorem 2.7 immediately implies the following corollaries.

Corollary 2.9. Suppose that V. > —q, where q: M — R satisfies the assump-
tions (1) and (iii) of the above theorem. Then Hy is essentially self-adjoint.

Corollary 2.10. If the metric g*™ is complete, then the operator D*D is essen-
tially self-adjoint.
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Remark 2.11. We note that both the space L?(E) and the operator Hy depend on
the measure dy on M. However, this measure does not appear in the conditions
of Corollary 2.9. Hence, if the conditions of this corollary are satisfied, then the
operator D*D + V is essentially self-adjoint for any choice of the measure. In
particular, M can be of finite volume with respect to this measure.

Remark 2.12. Theorem 2.7 covers the case of some interesting operators arising
in differential geometry. In particular, if D = d: C°(M) — Q!(M) is the de Rham
differential, then D*D = Aj; is the scalar Laplacian on M; see Definition 5.4.
More generally, we can consider the de Rham differential d: Q/(M) — Q/T1(M)
on forms of arbitrary degree. Let d* be the formal adjoint of d and let D = d + d*.
Then D*D is the Laplace-Beltrami operator on differential forms; see [6], §3.6.
Moreover, if D = V: C*(E) — Q'(M, E) is the covariant derivative corresponding
to a metric connection on a Hermitian vector bundle E (§5.2), then D*D is the
Bochner Laplacian on E; see Definition 5.4. However, the above operators generally
differ from the classical ones, because they are defined by means of an arbitrary
positive smooth measure dy which does not necessarily coincide with the standard
Riemannian measure.

The restriction < 1 in the condition (ii) of Theorem 2.7 is essential. In § 3.4 we
present an example of an operator that is not essentially self-adjoint and satisfies
the conditions of Theorem 2.7 for any § > 1. Unfortunately, we do not know
whether Theorem 2.7 remains valid if we admit § = 1 in condition (ii). However,
in § 10 we prove the following theorem.

Theorem 2.13. Suppose that V' satisfies Assumptions A and B. We assume that
the metric gTM is complete and that the operator Hy = D*D +V is semibounded
below on C°(E). Then Hy is essentially self-adjoint.

This assertion was formulated in [79] for the case when Hy is a magnetic
Schrodinger operator acting on scalar functions. Unfortunately, the paper [79]
does not contain the details of the proof for singular potentials. However, these
details can be found in the present paper.

Theorem 2.7 immediately implies the following corollary.

Corollary 2.14. Assume that V € L2 _(End E) satisfies Assumption A. Suppose

loc
that V.= Vi + Vs, where V1, Vs € LIQOC(End E), the operator §D*D + Vi is semi-
bounded below on CX(E) for some 6 < 1, and Vo > —q, where q satisfies the
conditions (1) and (iii) of Theorem 2.7. Then the operator Hy = D*D 4+ V is

essentially self-adjoint.

Remark 2.15. If M is R™ with the standard metric and measure and Hy is the sum
Hy = —A+V, where A is the standard Laplacian and V is a scalar (real-valued)
function, then the semiboundedness condition in Corollary 2.14 is a consequence
of the following more explicit condition on V;i: Vi € LP(R™), where p > n/2 for
n>5and p > 2 forn =4, and V; € L?(R") for n < 3. (See the references in
Remark 2.2.)

It also suffices to assume that V3 € S, (the Stummel class) or V; € K, (the
Kato class); for the definitions and properties of these classes, see Appendix C.



648 M. Braverman, O. Milatovic, and M. Shubin

2.16. Most recent history. Here we provide references to the most recent papers
that were our source of inspiration. For additional historical comments, see Appen-
dix D.

Theorem 2.7 generalizes recent papers of Oleinik [58] and Shubin [78]. The latter
author considered the scalar magnetic Schrédinger operator Hy = —A4 +V on a
complete Riemannian manifold, where A4 = d%da, A is a real sufficiently regular
1-form, and dau = du+iuA is a deformed differential, while V' € L{° (M). Keeping

loc
the assumption about L{?., Braverman [7] generalized the result of Oleinik to the
case of Schrodinger operators on differential forms. Lesch [53] later noticed that
one need not restrict oneself to Laplacian-type operators with isotropic symbols.
He considered a generalized Schrodinger operator Hy = D*D + V on a complete
Riemannian manifold, where D is as in the present paper, and established the

following sufficient condition for the essential self-adjointness of Hy .

Theorem 2.17 (Lesch). Let M be a complete Riemannian manifold. Assume that
Ve L (End E) and V = —q, where ¢ > 1 is a locally Lipschitz function, and let

loc

c(x) == max{l,sup{|ﬁ(m,§)| 13

T:M < 1}}

If
(i) there is a constant C > 0 such that c(x)|dg—'/?(x)| < C for any x € M,
(ii) fooﬁdszoo,

then Hy is essentially self-adjoint.

We note that Theorem 2.7 does not assume a priori that M is a Riemannian
manifold. It is more important that, whereas Lesch uses the function ¢(z) con-
structed in an isotropic way (by taking the supremum over all vectors & € T*M
with || = 1), we use the symbol D more effectively by considering the metric g7™.
In §3.1 we construct an explicit operator for which Theorem 2.7 ensures essential
self-adjointness, while the Lesch theorem gives no conclusion.

Remark 2.18. Lesch [53] considered a more general case in which the operator D
need not be elliptic but satisfies the following condition: if u € Dom(Hy max), then
Du € L} (F). (It follows from Theorem 2.7 that this condition automatically holds
if D is elliptic and V is sufficiently regular, for instance, if V € L}, (End E), where
p is as in Theorem 2.3 (i).) Theorem 2.7 can also be extended to the non-elliptic

case.

2.19. Acknowledgements. The authors are grateful to E. B. Davies, A. Grigo-
r'yan, E. Hebey, and I. Verbitsky for useful discussions.

§ 3. Some examples

3.1. Example: an operator with anisotropic symbol. Let us give an example
of an operator with anisotropic symbol (a function on T*M depending not only on
the norm of a covector but also on its direction). We use Corollary 2.10 to prove
that this operator is essentially self-adjoint. This result cannot be obtained from
the ‘isotropic estimates’ given in [58], [78], [53].
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Let M = R? (with the standard metric and measure) and let V = 0. We consider
the operator

0
a(m7y)_

D= % |
b(ﬂi,y)a—y

where a and b are smooth, real-valued, and nowhere vanishing functions on RZ2.
This operator is elliptic (overdetermined). We are interested in the operator

—ppe O (22 2 (0
H:=D"D = 8m<a8m> 8y<b8y>'

The matrix of the inner product on 7* M determined by D via the formula (2.4) is
diag(a?/2,b%/2). The matrix of the corresponding Riemannian metric g7 on M
is diag(2a=2,2b72), that is, the metric itself is given by ds* = 2a~2dz? + 2b—2dy>.
By Corollary 2.10, to prove that the operator H is essentially self-adjoint, it suffices
to show that the metric g7 is complete, or, equivalently, that

o
/ ds = 00, where ds is the element of arc length associated with g”™. (3.1)

Let y(t) = (x(t),y(t)), t € [0,00), be a curve in R? going to infinity; see §2.5.
Then the completeness condition (3.1) can be represented as

oo / [ee] /
[T [T
0 a 0 b

The object of this example is to show that the last condition can hold even if
the integral on the left-hand side of the condition (ii) in Theorem 2.17 converges.
Roughly speaking, we intend to construct an example in which at least one of the
integrals of the functions 1/a and 1/b is large, whereas the integral of 1/v/a? + b2
is small. This can be achieved, for instance, by setting

a(z,y) = (1 — cos(2me®))x? 4 1,
b(z,y) = (1 —sin(27me?))y® + 1.

Let us show that the operator H is essentially self-adjoint under this choice of
a and b. Let «(t) be as above. Then there is a number sequence ¢, € [0, 00) such
that either xz(t,) — oo or y(t,) — oo (as n — o0). Suppose that z(t,) — oo (the
other case can be treated in a similar way). In this case

tn ! x(tn)
/ QI > / do
0 a 0 a

Hence, letting n — oo, we get that

[ee] / o0
/ Iw(t)ldt>/ da
0 a o @
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Thus, for (3.1) to be satisfied, it suffices to have

/‘X’dm
— = 0.
0 a

We denote by rj the solutions of cos(2me®) = 1, that is, r, =logk, k=1,2,....
Then there is an open interval I containing ry for which 1—cos(2me®) < =2 (that
is, for which |sin(me®)| < (v/22)~!) for any x € I. We note that

1
—— > - for any x € Ii. 3.2
afwy) ~ 2 T re &

To find an upper bound for the length of I, we note that
|sin(7re”“+h)| = |sin(7re”“+h —me™)| < me™ (eh —1)
for every h > 0. Thus, Iy includes, in particular, all numbers of the form 7y + h
with 0 < h < 1/2 for which me™ (e/ — 1) < m Clearly, h < r, for k > 2.
Therefore, if k > 2, then I;, contains all numbers 7 + h such that 0 < h < 1/2 and
me™ (eh — 1) < ! We also note that h < e" — 1 < 2h for 0 < h < 1/2. Tt

2\/57%-

1
follows that I contains all numbers of the form rp, +hfor0 < h < ———.
4\/§7r(log k)k
1
Hence, the length of Ij is greater than ———————. By (3.2), this implies that
g K isg TVar (g h)k y (3:2) p

for any zg > 0 there is a number kg for which

/°° dx U1 i 1
= a5 = ., —
2 (1 —cos(2me))z2+1 7~ 2 = 427 (log k)k

Thus, H = D*D is essentially self-adjoint by Corollary 2.10.
It should be noted that the Lesch theorem gives no conclusion here. Indeed, the
Lesch function ¢ (see Theorem 2.17) is given by

¢ = max{1,sup{|a&y + béa| : & + & < 1}} = max{1, Va2 + b2 }.

Let us consider the curve v(t) = (¢,¢). Then a4+ b? > (3 — 2v/2)t* at the point
~(t), and condition (ii) of the Lesch theorem (Theorem 2.17) is clearly violated.

3.2. Example: an operator in a bounded domain. We consider the square
S={(z,y) eR?: -1 <z <1,-1<y<1}. Let

0

_ 9

b (1 m)am
(1—3/2)2

oy

It follows immediately from Corollary 2.10 that the operator

D=2 (1222 _ 2 ((1_ppl
H:=D"D = 83:((1 m)8m> 8y<(1 y)ay

is essentially self-adjoint.
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3.3. Example: a Coulomb-type potential. Let M = R3N and let x1,...,xx
in R? be orthogonal coordinates for R3Y. We set

N N

N
1 1
H=-— E A; — E = + E [ +V(z), (3.3)
- — x| =[x —x]
i=1 i=1 1<j J

where A; is the Laplacian corresponding to the coordinates x; and V(z) is a locally
bounded potential satisfying the following condition: there is a function g(z) > 1
such that the function ¢~/2(x) is globally Lipschitz and

V) > g, [ 2 (3.4
z) = —q(x), — = 00. .
= \/a
Then H is essentially self-adjoint by Corollary 2.14 and Remark 2.15. Indeed,
the terms |x;|~! and |x; — x;|~! are dominated by the Laplacian on R3*" both
in the operator sense and in the sense of quadratic forms. This can be proved
either by separation of variables as in the classical paper of Kato [46] or by using
the Stummel and Kato classes (see Example C2 in Appendix C for the Stummel
classes; the corresponding arguments can be repeated literally for the Kato classes).
The space L*V/2(R3N) contains none of these terms except for the case N = 1.
To give a more specific example, we can set V(z) = —|z|? in (3.3) and claim that
N N

the operator
1 1 a
- A; — — + _ = x; |2
2N e el

is essentially self-adjoint (this also follows from a result of Kalf [39]). More generally,
the operator (3.3) is essentially self-adjoint if there is a locally bounded function
r:[0,00) = [1,00) such that r—'/2 is globally Lipschitz and

N
i<j

V@)> el [ = (3.5)
= ) o /rn(t) *
For example, we can take V(z) = —|z|%log (1 + |z]).

We can also consider potentials which satisfy (3.4) but not (3.5). Constructions of
rich families of such potentials can be found in [68] and [58]. The self-adjointness
of operators of the form (3.3) cannot be established here by the method in [39].

3.4. Example: an operator that is not essentially self-adjoint. In this
subsection we present an example of an operator that is not essentially self-adjoint
but satisfies the conditions of Theorem 2.7 for every § > 1.

d
Let us consider the operator D: C°(R) — C°(R) given by D = ot |z|, with
x

d
a > 3. Then D* = I + |z|*, and hence
x

d2

DD =——
dxz?

— alz|* tsignz + |z
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Let V = —|z|?>* and Hy = D*D + V. Then
2

Hy = ——
v dxz?

— alz|* 'signz.
This operator is not essentially self-adjoint, because a — 1 > 2 (see Example 1.1 in
§3.1 of [5]). However,

d2
dD*D+V = _6F — dajz|* tsignz + (6 — 1)|z|>*
x
for any 6 > 1. Since 2a > o — 1 and § — 1 > 0, there is a number Cs > 0 such that
—dalz|* tsignz + (6 — 1)|z|** > —C; for any z € R. Hence, §D*D +V > —Cs.
We conclude that §D*D + V is semibounded below for every § > 1. Therefore,
Theorem 2.7 fails for § > 1.

§4. Proof of the first part of Theorem 2.3

In this section we assume that the potential satisfies the conditions imposed in
Theorem 2.3 (i).

Lemma 4.1. Vu € L2 _(E) for any u € Dom(Hy, max)-

loc

Proof. Assume that u € Dom(Hy, max), that is, u € L?(E) and
D*Du+ Vu=fc L*(E). (4.1)

We set ¢ := 2. Since V € L} (End E), it follows from the Hélder inequality that
Vu e L;! (E), where

loc

1 1 1 1 1

s 2 p tiop
Clearly, 1 < s1 < 2. Moreover, if n > 3, then p > 2 and s; > 1.
We can now improve the exponent s; as follows. By (4.1), D*Du = f —Vu =
he L3 (E). If s, > 1, then u € W2*'(E) by standard results on elliptic regularity

(see. [87], §6.5). Therefore, by the Sobolev embedding theorem (cf. [1], Theorem 5.4
or [50], Theorem 4.5.8) we can conclude that u € L{2_(E), where

1 1 2 1 1 2

—_= — — — = — - -,

ta2 s n t1 p n

and hence Vu € L2

loc

by the Holder inequality, where

We can proceed in this way to obtain the series of relations u € Li* (E), Vu €
L* (E), k=1,2,..., with

loc
112 112 (1 n>
the1 Sk N Skl Sk M 2p )’
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until we obtain the inequality sy > 2 at some step, which makes the next step
impossible due to the term f € L?(E) in (4.1). Then we can conclude that Vu €
L} (E) as desired.

We now assume that n < 3, and hence p = 2, and at the initial step we have only
the relation Vu € L _(E). Then I/Vli’cq(E) C C(E) for ¢ > n by another Sobolev

embedding theorem (see [1], Case C of Theorem 5.4; C'(E) stands here for the set
of continuous sections of the bundle E). Using standard duality arguments (see [1],

§§3.6-3.13), we get that L] (E) C I/Vlgcl’q’(E) for 1 < ¢’ < n/(n—1). Therefore,
D*Du € I/Vlgcl I(E), where § = min{¢/,2}. It follows from the standard results
on the elliptic regularity (see [87], Chap. 6.5) that u € VVé’f(E). In particular,
u € L?OC (E) for such ¢. Since § > 1, we can argue as in the first part of the proof
and again show that Vu € L2 (E).?

4.2. Proof of Theorem 2.3 (i). If u € D(Hy max), then D*Du = Hyu — Vu €

Lioc?(E). By elliptic regularity we have u € I/VliCQ(E)

§ 5. Kato’s inequality for the Bochner Laplacian

In this section we prove a generalization of Kato’s inequality to the case of the
Bochner Laplacian on a manifold M endowed with a Riemannian metric g = g”™
and a measure du = pdx. Here dx stands for the Riemannian volume form on
M and p: M — (0,00) for a smooth function.

We first establish a ‘smooth version’ of Kato’s inequality; see Proposition 5.9.
A similar inequality was proved by Hess, Schrader, and Uhlenbrock [35] for the
measure du defined by the Riemannian volume form on M. Later we prove in

§5.15 an L{ . version of Kato’s inequality.

5.1. A pairing on the space of forms with values in bundles. Let E be
a Hermitian vector bundle over M and let E be the complex conjugate of E.
It is identical to F, but multiplication by a A € C is defined as the original mul-
tiplication by A. The identity map E — E is called complez conjugation, and it
defines an antilinear isomorphism £ = E. The image of a vector v € E, under
this isomorphism is denoted by v. The Hermitian structure on E defines a complex
linear map

():)E®E—C, a®b— (a®b):=(a,b). (5.1)
Let A'=T*M A ---AT*M be the ith exterior power of the cotangent bundle of M.
The space of smooth sections of the tensor product A’ ® E is called the space of
E-valued differential i-forms on M and is denoted by Q!(M, E). The map (5.1)
extends naturally to maps

(V:A*QE®FE - AY,  ():Q"M,E®E)— Q~(M,C).

If o € Q(M, E) and 3 € (M, E), then 3 € O(M,E), a A € Q(M,E® E),
and (a A 3) € Q" (M,C). If one of the forms a and 3 belongs to Q°(M, E) =
C>™(E), then we omit the symbol A in our notation and simply write («(3).

2We note that, to apply the considerations on elliptic regularity to the equation D*Du = f €
W_l’t(E)7 we must have ¢ > 1. If ¢t = 1, then the equation does not imply that u € VV&)’;(E),

loc
see [36], Theorem 7.9.8. For this reason we must start the proof of the lemma from the proof of
the relation Vu € Lt _(F) for t > 1.

loc
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Let +: A* — A"‘i be the Hodge *-operator [89]. This operator extends naturally
to the spaces A'® E and Q(M, E).
The formula

<0475>A11®E =+ HanxB) e A°=C, a,BeEN®E, i=0,...,n,

defines a non-degenerate Hermitian inner product on A’ ® E, and we write

1/2

la] == (a,oz)M@E.

We note that, if o, € A°® E = E, then (o, 8) coincides with the original

Hermitian inner product (a, 3) on E.
Similarly, if o, 8 € QY(M, E), then the quantities (@, B)ipp € C(M) and
|a| € C(M) are well defined.

ATQE

5.2. The covariant derivative and its dual operator. Let V be a connection
on E. Tt defines a linear map V: Q*(M, E) — Q*T1(M, E) such that

V(wAB) =dwAB+(—1)wAVp, weQ (M), BeQ(ME).

In this paper we always assume that V is a Hermitian connection, which means
that the following equality holds:

dlaAB)=(VarnB)+ (-1){aAVE), acQ(ME), BcQ(ME), (52)

where d : Q*(M,C) — Q*t1(M, C) is the de Rham differential.
Let Qiomp(M ,E),i=0,1,...,n, be the space of compactly supported differential

forms. We consider the following inner product on the space Q.. (M, E):

(0, 9) = /M (@, 8),., it = /M (ansBrp, o Be Qi (M, E).

Let V* : Q*(M, E) — Q*~1(M, E) be the formal adjoint to V, that is, (Va, 8) =
(o, V*PB) for all o, 8 € Q0 (M, E).

comp

Lemma 5.3. Suppose that 3 € (M, E). Then
. -1 o1 dp
V*B=(-1) « " Vx*xp+ (1) % 7/\*5

Proof. Let us fix some a € Q.1 (M, E). Using (5.2), we get that

comp

(Va.0) = [ (Vanp

= [ dlapnsB) = (07 [ tandpnsB) - (<17 [ (apnTED)

M

:(_1)3'/M<om**—1 (%/\*B>>p+(—l)j/M<a/\**_1V*ﬁ>p

= (—l)j (a, * 1V % B+ *_1% A *B),
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where the third equality holds because [ 2 d{ap * B) = 0 by the Stokes theorem.
The lemma, is proved.

d
To simplify the notation, let 4,8 = %! 2 A *(3. This implies that
p

V* = (=1)7 « ' Vx+(-1Y4,: Q(M,E) —» Q' (M, E). (5.3)
If E = M x C is the trivial line bundle, then
d* = (=1)7 «tdx+(-1)7A,: @ (M) — Q1 (M). (5.4)

In this paper we use relations (5.3) and (5.4) only for j = 1. Clearly, if a €
OO(M, E), B € V(M, E), and ¢ € C>(M), then

AP<QB> = <04ApB>7 Ap(‘bﬁ) = pA,B. (5.5)

Definition 5.4. By the Bochner Laplacian we mean the operator V*V: C*(E) —
C*(E). Similarly, we define the Laplacian Ay = d*d: C*(M) — C°(M).

We note that, if dp is the Riemannian volume form on M, then Ay = —A,,
where A is the metric Laplacian, A u = div(grad u).

Remark 5.5. In §2.5 we introduced a metric g7 associated with a first-order
elliptic differential operator D. It can readily be seen that for D = V: C*(E) —
Q' (M, E) the metric g7 coincides with the metric g (it is now assumed that the
latter metric is given a priori).

5.6. Kato’s inequality. We recall that a distribution v on M is said to be
positive (and this is denoted by v > 0) if (v, ¢) > 0 for every non-negative function
¢ € C(M). Hence, v is in fact a positive Radon measure (see, for instance, [31],
Chap. II, Theorem 1 of §2). We write vq > vo if v; — v 2 0.

The main result of this section is the following theorem.

Theorem 5.7. Suppose that u € L. _(E) and V*Vu € L{ (E). Then

loc loc

Aprlu| < Re(V*Vu,signu), (5.6)
where ()
u(z
0,
signu(z) =4 @] u(@) #
0 otherwise.

Let us stress that our Laplacians are positive operators. This explains the dis-
agreement between the formula (5.6) and the standard form of Kato’s inequality
for scalar functions on R™; see, for example, Theorem X.27 in [64].

The rest of the section is devoted to the proof of Theorem 5.7.

5.8. Kato’s inequality in the C* case. Let u € C*°(E). For € > 0 we set

Jule = (uf* + €)% (5.7)
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Proposition 5.9. Suppose that uw € C*°(E). Then

lu|eAnr|ule < Re(V*Vu,u). (5.8)

Proof. Let us fix some u € C*°(F). Using (5.2), we get that

2Julcd|ule = dlul? = dlul® = d(u,u) = (Vu)a) + (u(Vu))
= 2Re((Vu)u) = 2 Re(uVu), (5.9)
and hence
|ule |dlule| < [ul [Vul.

Since |ule > |u|, the above inequality implies that
|d|ul| < [Vul. (5.10)
Furthermore, using (5.5), we see that

d*(Juledlule) = =+ d * (Juled|ule) — [uleA,dlul.
= — " d(Jule * dlule) — uleA,dlul.
= — 1 (dlu]e A xd|ule) — |ule 7 d* d|ul|e — |u|Apd|ule
= —dlule]* — Jul(+7d * +A,)d|ulc
= —dlule[* + |ulApule. (5.11)

Similarly,

d*(uVu) = —x 1 d* (uVu) — A,(uVu)
e dfux V) — (uA, V)
= — 1 (VuA*«Vu) — s {(uV * Vu) — (ud,Vu)
= —|Vul* + (uV*Vu). (5.12)

It follows from (5.9), (5.11), and (5.12) that
—|dlule|® + |u|Anr|ule = —|Vul* + Re(uV*Vu) = —|Vu|? + Re((V*Vu)a),

and by (5.10) this implies (5.8) and completes the proof of the proposition.

Corollary 5.10. Suppose that u € C®°(E). Then the following inequality holds
for distributions:
Aprlul < Re(V*Vu, signu).

Remark 5.11. Analogues of Proposition 5.9 and Corollary 5.10 were obtained by
Hess, Schrader, and Uhlenbrock [35] for the case in which dy is the Riemannian
volume form on M (and hence p = 1). These authors used a slightly more compli-
cated definition of signu, which is in fact unnecessary because it differs from our
definition only on a set of measure zero.
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5.12. Friedrichs mollifiers. Let us now derive Theorem 5.7 from Proposition 5.9
by using the technique of Friedrichs mollifiers. For the convenience of the reader
we briefly review the basic definitions and results of Friedrichs’ paper [29].

Suppose that j € C°(R™), j(z) > 0 for any z € R™, j(z) = 0 for |z| > 1, and
S d(2)dz = 1.

For p > 0 and = € R™ we set jp(a:) =p"j(p~'z). Then j, € C>(R"), j, = 0,
Jp(x) =0 for |z| > p, and [, j,(z) de =1.

Let © C R™ be an open set. Suppose that f € L{ (). We define

(9@ = 17) = [ fe =i dy = [ oo -nf)dy, .13
where the integration is over R™. Then J” f(x) is defined for any x € Q,, where
Q, = {z:z€Q, dist(z,0Q) > p}.

We recall the following standard lemma (see [36], Theorem 1.3.2).

Lemma 5.13. Let 1 < p < co. In the notation of (5.13):
(i) if fe Lt (), then J*f € C™(Q,);
(ii) of f € LY (), then J°f — f as p — 0 in the norm of LP(K), where K is
any compact set in ) ;
(iii) of f € C(Q), then J°f — f uniformly on any compact set K C Q as p — 0.

To apply the technique of Friedrichs mollifiers to the operator V*V, we choose
a coordinate neighbourhood U of M with coordinates z!, 22, ...,2". Choosing a
local frame in FE over U, we identify the space of sections of F over U with the
space of vector functions on U. Under this identification, the Bochner Laplacian

V*V becomes a second-order elliptic differential operator which can be represented
in the form

> aile 88k+2b )0; + c(x

ik

where a;x, b;, and ¢ are m X m matrices whose entries are smooth functions (m =
dim F). Alternatively, we can represent the operator in the form

0; aik 8k + b 8 + C (5.14)
i,k

with possibly different functions a;x, b;, and c¢. The latter form is sometimes more
convenient if the coefficients are not smooth.

We can also consider u” = Ju, where J° is the integral operator whose integral
kernel is j,(xz — y) Id, where Id is the m x m identity matrix.

We now state a crucial proposition whose proof is given in Appendix A.

Proposition 5.14. Suppose that u € L. (E) and V*Vu € L., (E). In this case
V*Vu? = V*Vu in L (E) over U as p — 0+.

5.15. Proof of Theorem 5.7. We first note that the statement is in fact local.
Namely, by using a partition of unity, we can see that it suffices to prove the
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inequality over every coordinate neighbourhood in some covering of M. Let us fix
such a neighbourhood U and apply Proposition 5.14. Clearly, u” € C*°(E|y,). By
Proposition 5.9,
p
Apr|ufle < Re<V*Vu", |UT|> (5.15)
uP|e
for any € > 0. In this inequality we first fix € > 0 and then pass to the limit as
p — 0+.
Let us consider the left-hand side of the inequality (5.15). Clearly,

[l = Jule] < [l = Jul] < |u” - ul. (5.16)

Since u? — w in L{ (E|y), it follows from (5.16) that |uf|c — |ule in L{ _(U) as
p — 0+. This immediately gives Aps|u?|c — Apr|ule in the distribution sense over
U (or, more precisely, over any relatively compact open subset of U). We now turn
to the right-hand side of (5.15). Our object is to show that

u

p
Re<V*Vu”, |;LT|> - Re<V*Vu, > —0 in LL.(U) (5.17)

|ule

as p — 0+. By adding and subtracting the term Re(V*Vu, [u?|-1u”) on the left-
hand side of (5.17), we obtain

uf uf U

Re( V*Vu? — V*Vu, —— ) + Re( V*Vu, - — ). (5.18)
< |up|e> < |uPle |u|e>

Let us pass to the limit as p — 0+. By Proposition 5.14, V*Vu? — V*Vu
in L .(E|v). As we know, ||[u?|-'u”| < 1. Therefore, the first term of the sum in

(5.18) tends to 0 in L{ (U) (and hence in the distribution sense).
As is known, V*Vu € L{ (E). We have already shown that |u”|c — |u|c in
L} .(U) (as p — 0+) and hence, after passing to a subsequence, almost everywhere.
Therefore, for the same subsequence we have |u?|/'u” — |u|-'u almost every-
where. Thus, it follows from the dominated convergence theorem that the second
term of the sum in (5.18) tends to 0 in L. .(U) (and hence in the distribution sense)

along some sequence of positive numbers p.

Therefore, for any u € L (E) such that V*Vu € L. _(E) we get that

loc loc

Anrlule < Re<V*Vu, %> (5.19)
ule
Let us pass to the limit in this inequality in the distribution sense as € — 0+.
We take a real-valued function ¢ € C'2°(M) and consider the relation

/¢AM|u|ed,u:/|u|eAM¢d,u—>/|u|AM¢d,u. (5.20)

The limit in (5.20) can be regarded as the value of the distribution Ap|u| on the

test function ¢. Therefore, Ayr|ule — Ajpslul in the distribution sense as € — 0+.
On the right-hand side of (5.19) we have |u|-'u — signu almost everywhere

and with the uniform bound ||u|;'u| < 1. Since V*Vu € L{ (E), the dominated

convergence theorem shows that the right-hand side tends to Re <V*Vu, sign u> in
Li (M) (and hence in the distribution sense). This proves the theorem.

loc
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§6. The case in which the support of V is small

In this section we prove the special case of Theorem 2.7 in which D = V and
the potential V' is supported in a coordinate neighbourhood W C M.

Proposition 6.1. Suppose that M is a manifold endowed with a Riemannian met-
ric gTM and a smooth measure du. Let W C M be a relatively compact coordinate
neighbourhood in M and let V. = Vi 4+ V_ be as in Assumption A. Suppose in
addition that supp V. C W. Then the operator

HV:V*V-FV

is essentially self-adjoint on C°(E).

We precede the proof with several lemmas which we also use in subsequent
sections.

Lemma 6.2. If Assumption A is satisfied and supp V_ C W, then there are posi-
tive constants a < 1 and C, such that

(Vow, w)] < a||Vull® + Callul?,  ue CZ(E). (6.1)
Proof. Let W be the closure of W in M. By (2.2), there are constants agy,
0 < ayr < 1, and Cf > 0 such that

HV-[oll < e[| Anvll + Clloll, v e CF(M).

In other words, the operator |V_| is dominated by Ajps. Hence, by Theorem X.18
in [64], the quadratic form of |V_| is dominated by the quadratic form of Ap;. More
precisely, for any a € (agy7, 1) there is a constant C,, > 0 such that

(IV-[v,v) < a(Anrv,v) + Callv]|* = alldv]|* + Callv]]?, v e CZ(M).

Let us apply this inequality to v = |u|., where v € C°(E) and the function |ul. is
defined as in (5.7). By the inequality (5.10) we get that

|(Vou, w)] < (V-] Jules [ule) < alldjulel|* + Call Jule]* < al| Vull* + Cal| Jul]|*.

Passing to the limit as e — 0+, we obtain (6.1). This completes the proof of the
lemma.

Corollary 6.3. If Assumption A holds and if supp V_ C W, then the operator Hy
is semibounded below on C°(E), that is, there is a constant C > 0 such that

(Hyu,u) > —C|ul|* for any ue C>(E).

The next lemma follows immediately from (2.3).

Lemma 6.4. Suppose that Hy = D*D+V is as in (2.1). The distribution equality
Hy (Yu) = ¢Hyu + D*(D(dp)u) — (D(dy))" Du

holds for any v € C*(M) and u € L2 (E).
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Corollary 6.5. Suppose that u € Dom(Hy max). Let ¢ € C*(M) be a function for
which the support supp(dy) is compact. If the restriction of the function u to an
open neighbourhood of supp(dy) belongs to I/Vlif, then Yu € Dom(Hy max)-

6.6. Proof of Proposition 6.1. Let us fix an open neighbourhood U C W of
supp V' with closure U contained in W. Suppose that ¢, (Z: M — [0, 1] are smooth
functions such that ¢? + (ZQ = 1, the restriction of ¢ to U is identically equal to 1,
and supp ¢ C W. Therefore, supp (E CM\U.

By the IMS localization formula (see [23], §3.1 or [76], Lemma 3.1) we have

VIV = ¢ViVo+ oV V¢+§[[V V,¢],¢]+§[[V V.9, 0], (6.2)
where [-,-] stands for the commutator bracket. We write

T = [V, 6.6] + 3 [[V"V,81,8] = 5 |dof? — 5|dd

DO | =

Then J is a smooth function on M whose support is contained in W\ U. In this
notation, the formula (6.2) becomes

V*V = ¢V*V + ¢V*V + J. (6.3)

Let the constant C' > 0 be as in Corollary 6.3. Let b > C be a large number
(which will be chosen below). Suppose that u € L?(E) satisfies the equality

(Hy + b)u = 0. (6.4)

Here the expression Hyu is understood in the distribution sense. To prove the
proposition, it suffices to show that u = 0 (see, for instance, [32] or Theorem X.26
in [64]). Let us argue by contradiction and assume that u # 0.

Since the restriction V{yny of V to M \ U vanishes, it follows from the formula
(6.4) that V*Vu|ynu = —bu|anu € L*(E). Hence, ulpnu € W22 by elliptic regu-
larity. According to Corollary 6.5, the sections ¢u and (ZU belong to Dom(Hy max)-
We also note that Hy = V*V on the support of (Z As is well known (see, for exam-
ple, [35]; this fact also follows from Proposition 8.11 below), the operator V*V is
essentially self-adjoint (we note that Assumption A of §2.1 is true by assumption in
this case, whereas Assumption B follows from elliptic regularity). Hence, by taking
the closure (see also the arguments in the proof of Proposition 8.13), we get that

(SV*V(u),u) = |V (du)|* > 0, (6.5)
with equality only if (ZU =0. N
Let b = b — maxgen |J(2)], and take b large enough that b > 0. It follows from
(6.3) and (6.4) that

0= ((Hy +b)u,u) > (pHy(u),u) + ($V*V(gu),u) + bllul|®.  (6.6)
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Since u # 0 by assumption, we can see from (6.5) and (6.6) that

(¢(Hy +b)(du),u) < (pHy(pu),u) +bllul> <0,  ¢u#0.  (6.7)

We can and will regard the coordinate neighbourhood W as a subset of R™. Let
us fix a Riemannian metric ¢ on R™ such that the restriction of g to W coincides
with the metric induced by g7 and g is equal to the standard Euclidean metric on
R™ outside some compact set K D W. We also endow R™ with a measure p such
that the restriction of & to W coincides with the measure induced by the measure
won M and the restriction of it to R™ \ K is Lebesgue measure on R".

Let E := R™ x C™ be the trivial vector bundle over R"™, endowed with the stan-
dard Hermitian metric. Choosing an orthonormal frame in the restriction E|y of
E to W, we can and will identify the restrictions E|w and E |w. Then the con-
nection V induces a Hermitian connection on E lw. Let V be a Hermitian
connection on E whose restriction to W coincides with the connection induced
by V and whose restriction to M \ K is the trivial flat connection. Then by (6.7)
we have

(B(V'V +V +b)(pu),u) <O,  Gu#0.

Let us choose the number b large enough that Hy = V*V +V +b > 0 on C°(E)
(this is possible by Corollary 6.3). By Theorem X.26 of [64], it follows that the
operator Hy is not essentially self-adjoint on C’é’o(E) Thus, we have reduced
the proof of the proposition to the similar problem for the operator H v on R™,
Since the operator H v is not essentially self-adjoint, we can see from Theo-

rem X.26 of [64] that there is a non-zero section v € L?(E) for which
(Hy +b)v=0. (6.8)

Let A := d*d be the scalar Laplacian on R™ associated with the metric g and the
measure i; see Definition 5.4. It follows from (6.8) and from Kato’s inequality (5.6)
that

Alv| < Re(V*Vu,signv) = —((V + b)v, signv) < (|[V_| = b)|v|,

where |V_(z)| is the norm of the endomorphism V_(z): E, — E,. Thus,
(A+b)v] < [V-[[o]. (6.9)

As is well known (and also explained in Appendix B), the Schwartz kernel of the
operator (A + b)~! is positive. A somewhat more subtle argument (see Proposi-
tion B.3 of Appendix B) shows that the distribution inequality (6.9) implies that

o] < (A b)YV u], (6.10)
where the inverse operator (& +5)_1 can be regarded, for instance, as an operator
on the space 8'(R") of tempered distributions. o

Let W be the closure of W in M. Since supp V_ C W, it follows from (2.2) that

HV-|sll < agl|As]| + Cypllsl| - for any s € CZ(R).
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Hence,
HVEI(A +0)7's|l < agrl AA +6) 7 s]| + Ol (A +0) sl < (ag + Cr/0) |sl-
Thus, we can choose b large enough that
IHV-I(A+b5)71 < 1.
Since o o
(B+D) Vo)) = VolB+5)Y

we can conclude that ||(A + b)"Y|V_||| < 1. Then it follows from the inequality
(6.10) together with our assumption v # 0 that ||v|| < ||v||. The contradiction thus
obtained proves the proposition.

Remark 6.7. One of the main steps in the above proof is the reduction to the case
M = R™ in which we used Proposition B.3 to conclude that the inequality (6.9)
implies (6.10). The proof would be much simpler if this fact were valid on an
arbitrary complete Riemannian manifold, that is, if Conjecture P in Appendix B
were true. Unfortunately, the validity of the conjecture is an open problem (see
Appendix B, where we explain the difficulties arising when trying to prove the
conjecture).

Proposition 6.1 and Corollary 6.3 imply (see Theorem X.26 in [64]) the following
assertion.

Corollary 6.8. Let V and C be as in Corollary 6.3. Then
(Hyu,u) > —C|ul|* for any u € Dom(Hy max)-

Let WY2(E) be the completion of the space C°(E) with respect to the norm
determined by the inner product

(u,v) 15 = (u,0) + (Vu, Vo), u,v € CX(E). (6.11)
(It can readily be seen that W12(E) coincides with the set of all elements u € L?(E)
such that Vu € L?(T*M ® E), but we do not need this fact.)

Since the operator Hy is essentially self-adjoint, it follows that the domain
Q(Hy) of the quadratic form of Hy coincides with the closure of the space C°(E)
with respect to the norm || - ||; defined by the formula

[ullf = (Hyu,u) + (C +1)[|ul.

By Theorem X.23 in [64], we have Dom(Hy max) C Q(Hv).
Corollary 6.9. Under the assumptions of Proposition 6.1, Q(Hy) C WY2(E). In
particular, Dom(Hy, max) C WH2(E).
Proof. By Lemma 6.2, there are constants a < 1 and C, > 0 such that
(Hyu,u) = [|Vull*+(Viw, u)+(Vou,u) > (1-a) [ Vul* = Callul]?,  ue CZ(E).
Thus, the domain Q(Hy) of the quadratic form of the operator Hy coincides with
the closure of the space C°(E) with respect to the norm

[ullf = (Hyvu,u) + (Ca + Dlfull® > (1 = a)[[Vul|* + [Jul*.

Hence, Q(Hy) is contained in the closure of C2°(F) with respect to the norm
(1 — a)||Vul|® + |Jul|?, and this closure coincides with the space W?(E). This
proves the corollary.

[ I
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§ 7. Proof of the second part of Theorem 2.3

In this section we assume that there is a function s: T*M — R of class C*° such

that
o(D*D)(§) = s(£)1d
for every £ € T*M. Then
o(D*D) = [¢*1d,

where |{| stands for the norm on T*M determined by the inner product (2.4). In
this situation we say that the operator D*D has scalar principal symbol. It follows

from Proposition 2.5 in [6] that there exist a Hermitian connection V on E and a
linear self-adjoint bundle map F' € C*°(End F) such that

D*D =V*V + F.
Proposition 7.1. Let D be as above. If Hy is the operator
Hy=D'D+V =V*V+F+YV,

where V.= V* + V= is as in Assumption A, then Dom(Hy max) C Wh2(E).

Proof. Let u € Dom(Hy, max). We must prove that u € VV&,CQ(E) Clearly, it suffices
to show that for every © € M there exist an open coordinate neighbourhood U > x
and a constant Cy such that

|(V u,z)| < Cullzl

forany j =1,...,nand z € C°(E|y). Let us fix an z € M and choose a coordinate
neighbourhood Wi of z. Let ¢: M — [0,1] be a smooth function whose support
is contained in W7 and let ¢ be identically equal to 1 near z. In other words, we
assume that there is an open neighbourhood W5 of x such that ¢|w, = 1. We write

Hy:= V'V + 6(F + V)é.

Since F is smooth, it follows that the potential ¢(F 4 V)¢ satisfies Assumption A.
Hence, it follows from Proposition 6.1 and Corollaries 6.8 and 6.9 that the operator
H is essentially self-adjoint and bounded below and that Dom(H max) C WH2(E).

Let us choose an open neighbourhood U C W5 of x and a smooth function
¥: M — [0,1] such that ¥|y = 1 and the support of ¢ is contained in Wa.

Lemma 7.2. There is a constant Cy = C1(u, ¢, ) such that

[(Yu, Hys)| < Ci([lsll + [ Vs]) ~ for any s € Dom(Hg max)-

Proof. Let us fix some s € Dom(Hy max). Since the operator Hy is essentially self-
adjoint on C°(FE), there is a sequence s, € C°(E) that converges to s in the graph
norm of Hy. Since Dom(Hy max) C WH2(E), we have s, — s in the topology of
W12(E) as well. Hence,

Jm [, Hose)| = [(Yu, Hgs)|, - im ([[sil| +[|Vsill) = [[s]| + [ Vs]].
—00 k—o00
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Therefore, it suffices to prove the lemma for s € C°(E), and in what follows we
assume this.

Since the support of 1 is compact, we see from Lemma 6.4 that the operator
Hy —Hy 1) defines a continuous map W12(E) — L%(E). Hence, there is a constant
C > 0 such that

[¥Hvs — Hy (¥s)|| < C(lls]l + [IVs]])- (7.1)

Since @lsupp v = 1, it follows that YHy = ¢ Hy. Thus, by (7.1) we get that

|(Yu, Hys)| = |(u, ¢ Hys)| < [(u, Hv (¥s))] + C(lls|| + [|Vs]])[ull

<|
< |(Hyvu, ps)| + C(llsll + [ Vsl ull
< [Hyul [[gs]l + C(lIsll + [ VsiDlull < Cr(llsl + [IVs]]),

where Cy = C||lu|| + [|[Hyul|. This proves the lemma.

Lemma 7.3. There are positive constants a < 1 and Co such that

(Hyps,8) = (1 —a)||Vs||* — Ca||s]?, s € Dom(H max)- (7.2)

Proof. As in the proof of Lemma 7.2, it suffices to prove the inequality (7.2) for
s € C*(E), and in what follows we assume this. By Lemma 6.2, there are positive
constants @’ < 1 and C’ such that

(@V-(63),5)| <d'[V(gs)|>+ C"|ls]]?, s € CZ(E). (7.3)

Let us fix an € > 0 such that a :=a’(1 4+ €) < 1. We write my := max,cps |do(z)].
Then

IV(¢s)lI” < (IVsll +mallsl)? < 1+ ) Vs]|* + (1 +1/e)mi]|s]|*. (7.4)
Combining the formulae (7.3) and (7.4), we have
|(@V-(3), 5)| < al| Vs|* +C”|s], (7.5)

where C” = C' + a/(1 4+ 1/e)m3. Let my = maxzen |pF¢|. It follows from (7.5)
and the inequality V; > 0 that

(Hys,s) = (V*Vs,5) = |[(8V_os,5)| = |(#F ¢s,5)| = (1= a)|| Vs[> — (C" +ma)| s]|*.

This proves the lemma.

Let us return to the proof of Proposition 7.1. We fix a function z € C°(E|y)
and an index j € {1,...,n}. Since the operator Hy is essentially self-adjoint and
bounded below, it follows that the map Hy+A: Dom(Hg max) — L*(E) is bijective
for sufficiently large A > 0. Let s = (Hy + )\)_IVZL z, where V*, stands for the

a
awj

formal adjoint of V _»_. Using Lemma 7.3, we get that

2
awj

((Hy +N)s,5) = (1= a)[[Vs[* + (A = Co) ]| *. (7.6)
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Thus, if A > Cs, then ((Hy + \)s,s) > 0. Since s € Dom(Hy max) C WH2(E), it
follows that

Bwj

(Hy +N)s,5) = (Vg 2,5) = (2,V 25).

For any € > 0

(o +5.5) = (5:V 2-9) |z|(/ Vo sl d ) "
603

- v 2d - 2
s |V st g <

0

where C3 is the least upper bound of the length of the vector . on U. Combining
Lj

(7.6) and (7.7), we see that

— IVsll* + 6HZHQ, (7.7)

Vsl + sl < Call2| (7.8)
for some constant C4. Using Lemma 7.2 and (7.8), we obtain

| (u,V7a 2) |=| (¥, Vo 2) | =|(u, (Hy + A)s)| CL(| V]| + [Isl]) + Cs|l ]| < C] 2l
where C5 = ||¢u| and Cs = (C1 + C5)C4. This completes the proof.

§8. Quadratic forms and the essential self-adjointness of Hy,

Suppose that the operator Hy = D*D + V satisfies Assumptions A and B.
Throughout the section we assume that

(Hyu,u) > |jul|* for any u e C(E). (8.1)

8.1. We recall that WS *(E) is the dual space of Wit (E). Hence, the intersec-
tion I/Vlgcl *(B) N L .(E) consists of the sections v € LL. . (E) having the following

property: for any compact set K C M there is a constant C'x, > 0 such that
/(v,s) du < Cky|ls||lwie for any se CP(E) with supps C K,

where || - ||yy1.2 stands for the norm in the space W12(E); see (6.11).

Lemma 8.2. V_uc W,_"?(E)NLL _(E) for any u € W2(E).

loc loc loc

Proof. 1t follows from Lemma 6.2 by polarization that for any compact set K C M
there is a constant C'x > 0 such that

‘/(V_$1,82> d,u‘ < Ckllsillwrzs2|lwz, s1,82 € CF°(E), suppss C K.

(8.2)
Since the statement of the lemma is local, we can assume that w is supported in
a coordinate neighbourhood. Let us choose such an element u € W2, (E). Let

uP = JPu be as in §5.12. It follows from Lemma 5.13 that u? — u as p — 0 both in
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W12(E) and in L?(E). In particular, ||u”|/y1.2 is bounded for 0 < p < 1. Hence,
by (8.2), for every compact K C M there is a constant Ck,, > 0 such that

‘/(V_up,8> d,u‘ < Crullsllwrz, s€CX(E), suppsCK, 0<p<l.

(8.3)
Since u” — w in L (E), we have V_u” — V_u in L{ (E). Hence,
. o _
pl_1>151+ (V_uP, s)du /(V_u, s) dp. (8.4)

Combining the formulae (8.3) and (8.4), we get that
‘/(V_u, s) d,u‘ < Crullsllwiz, s € CX(E), suppsC K,

which completes the proof.

Below we often denote by (-,-) the duality between W 1:2(E) and Wl2(E).
The next lemma shows that this notation leads to no confusion.

Lemma 8.3. Let u € L2, (E) C W L2(E) and v € W2(E). Then

comp loc

(w0) = [ (w0} du= (,0)'

where (-,-)" stands for the duality between W 1:2(E) and WL2(E) continuously
extending the L*-inner product on C°(E).

Proof. Using a partition of unity, we can assume again that v and v are supported
in a coordinate neighbourhood, and hence we can use Friedrichs mollifiers. Let
uP = JPu and v = JPv be as in §5.12. It follows from Lemma 5.13 that u” — u as
p — 0 both in W~12(E) and in L?(E). Similarly, v* — v in W'2(E) and in L?*(E).
Therefore, (u,v) = lim,_,o4(u?,v?) = lim, o4 (u”,v?)" = (u,v)’. This completes
the proof of the lemma.

The following lemma is due to Brézis and Browder [9].

Lemma 8.4. Let A€ L2 (End E) be a non-negative bundle map (that is, for every
x € M the endomorphism A,: E, — E, has non-negative quadratic form). Let
ue Wh2 (E). Suppose that Au € W L:2(E), and hence in fact Au € Wi 12(E)N

Lo (E). Then (Au,u) € LE (M) and

comp comp

/(Au, uw)dp = (Au, u), (8.5)

where (-,-) stands for the duality between Wi 1:2(E) and VVéf(E) continuously
extending the L*-inner product on C°(E).
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Proof. For the convenience of the reader we present a proof which differs slightly
from that given in [9]. Using a partition of unity, we can assume that A is supported
by a coordinate neighbourhood. Since the values of the section u are relevant only
in some neighbourhood of supp A, we can assume that u is supported in the same
coordinate neighbourhood. Let v € W12(E) N L (E). We claim that

/(Au, v) dp = (Au,v). (8.6)

Indeed, let (Au)? = 3°(Au). It follows from Lemma 5.2 that (Au)? — Au as p — 0
both in W L2(E) and in L! , (E). Hence,

comp comp

(Au,v) = pl_i}rgl_ir((Au)p, v) = pl—i>%l+ ((Au)?,v) dp = /(Au, v) dp.

For every R > 0 we define the truncation ug of u by the formula

u(z) for Ju(z)| < R,

R Z(m) for |u(z)| > R.

It follows from Theorem A of the appendix in [52] that up € Wcldfnp(E) for all
R > 0 and that ug — u in Wk2 (E) as R — oco. Hence,

comp

(Au,u) = B}gn (Au,ug) (Au,up) du, (8.7)

= lim

R—o0
where the last equality follows from (8.6). By our assumption, (A(z)u(z),u(x)) > 0
for almost all z € M. Hence, (A(z)u(z), ur(z)) increases as R increases for almost
all x € M. The lemma now follows from the monotone convergence theorem.

Remark 8.5. More general results can be found, for instance, in [10], [11], [15].
It should be noted that the assertion of the lemma is not completely trivial. For
example, if w and v are scalar functions, w € I/Vlgcl 20 Li,. and v € W42 . then
it can happen that wv is not in Léomp, and thus the integral [wvdpy can fail to
be well defined (even though (w,v) is perfectly well defined by the duality between
W12 and W12); see, for instance, the example in [10]. In fact, if w € L} is

fixed, then the condition that wv be in L{, . for every v € Wcldfnp is equivalent to

the condition |w| € W * (this follows, for instance, from [57], § 8.4.4, Theorem 2).

loc
8.6. Applying Lemma 8.4 to the bundle map A = —V_ and using Lemma 8.2, we
see that the integral

/(V_u, wydp = (V_u,u) (8.8)

is finite for all u € W2 (E). Let us consider the expression hy (u) defined by the
formula

hy (u) = || Dul|* + /(V_u, u) dp + /(V+u, u) dp < +o0, u e Whi,(E).

The main result of the section is the following assertion.
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Proposition 8.7. Suppose that hy (u) > ||ul|? for any u € C*(E). Then

hy(u) = |ul|*  for any uwe WL (E). (8.9)

comp

The proof of this proposition occupies the rest of the section.

The following simple lemma on ‘integration by parts’ follows, for instance, from
Theorem 7.7 in [74].

Lemma 8.8. The equality (Du,v) = (u, D*v) holds if one of the sections u and v
is compactly supported and either u € L2 (E) and v € W22(F) or u € Wh2(E)

and v € L (F). Here (-,-) is understood as either the inner product in L* or as

the duality between W;,}r;g and I/Vli’f continuously extending the L%-inner product
on CX(E).

The following well-known lemma [30] (whose proof we reproduce for complete-
ness) gives sufficiently many ‘cut-off” functions to be used below.

Lemma 8.9. Suppose that g is a complete Riemannian metric on a manifold M.
Then there is a sequence {¢r} of Lipschitz functions with compact support on M
such that:
(i) 0 < ¢ <1 and |dér| < 1/k, where |dpi| stands for the length (induced by
the metric g) of the cotangent vector dey;
(i) limg oo P (z) =1 for any x € M.

Proof. Let d be the distance function with respect to the metric g. We fix zg € M
and set P(z) = d(z,z0). Then P(z) is Lipschitz, and hence it is differentiable
almost everywhere. Moreover, |dP| < 1. The completeness condition f *ds = o0,
where ds is the arc-length element associated with g, means that P(x) — oo as
r — 00.

Let us consider a function x € C°(R) such that 0 < x < 1, x = 1 near 0, and
IX'| < 1. We set ¢r(z) = x(P(x)/k). Clearly, ¢ has the desired properties, and
the lemma is proved.

The following lemma is an analogue of (5.3) in [79].

Lemma 8.10. For any u € Dom(Hy max) C Wih2(E) and any compactly supported
Lipschitz function ¢: M — R,

hy (bu) = Re(¢Hyu, du) + || D(d)ul>. (8.10)

Proof. Since u € W2(E), it follows that D*Du € W, *(E). By Lemma 8.2,

loc
V_u e I/VlgCIQ as well. Hence, Viu = Hyu — D*Du —V_u € I/VlgCIQ Therefore, by
Lemma 8.4,

W) ) = (Vi ), ) < oc.
In particular, hy (¢u) < oo. Using Lemma 8.3, we see that
(YHyu, Yu) = (D" Du, Yu) + (Vi (Yu), Yu) + (V- (Yu), Yu)
= @D Duu) + (Vi) vy dpt (V- () v, (810)



Essential self-adjointness of Schrodinger-type operators on manifolds 669

Here the symbol (-, - ) on the left-hand side stands for the L?-inner product, whereas
the same symbol stands for the duality between W 1:2(E) and W 2(E) in other
terms of the equality.

Using Lemma 8.8 on integration by parts, we get that

(D(ypu), D(¢pu))

= (D(d¢)u, D(yu)) + (¢Du, D)) = (D(dy)u, D($u)) + (Du, pD(u))
= (D(dy)u, D(dy)u) + (D(d¢)u, $Du) — (Du, D(d¢)ipu) + (Du, D(*u))
= ||D(dy)ul|® + 2i Tm(D(dep)u, Du) + (D* Du, u).

Adding this formula to its complex conjugate and dividing by 2, we have

(D(¢u), D(¥u)) = ||D(d)ul* + Re(¥D* Du, ).
The equality (8.10) now follows from (8.11). This proves the lemma.
Proposition 8.11. Let Hy, (where V€ LY (End E) and V., >0) satisfy Assump-

loc

tion B. (In particular, this holds if n < 3 or if D*D has scalar principal symbol,
and also if Vi € LY (End E) with p > n/2 for n > 4.) In this case, the operator
Hy, = D*D + V, is essentially self-adjoint on C°(E).
Proof. By Theorem X.26 in [64], it suffices to prove that if (Hy, +1)u = 0 for some
u € L?(E), then u = 0.

Indeed, for any such element u we have v € Dom(Hy, max). Let ¢p be as in
Lemma 8.9. By Lemma 8.10 (for V = V,),

hv, (¢xu) = Re(¢pHy, u, pru) + | D(der)ul]® = —||¢pull® + | D(der)ul]®.  (8.12)
Since hy, (¢ru) > 0, it follows from the equation (8.12) that

=~ m
1xull* < hv, (dru) + ldpul® = [|D(dgr)ull” < 2 ull?, (8.13)

where m = dim(E,). The last inequality in (8.13) holds by Lemma 8.9 and (2.5).
Passing to the limit as k — oo, we see that ||u|| = 0.

We need the following well-known abstract assertion.

Lemma 8.12. Let H be a Hilbert space and let D C H be a linear subspace. Let
A: D — H be an essentially self-adjoint operator acting in H. Suppose that h is a
closed positive quadratic form on H with domain Q(h) D D for which

h(u,v) = (Au,v) for any weD, veQh), (8.14)

where h(_u,v) is the sesquilinear form determined by h via polarization. Then the

closure A of A is the operator associated with h by the Friedrichs construction
(see [64], § X.23). In particular, D is a core of h.

Proof. Let B be the self-adjoint operator associated with A by the Friedrichs con-
struction. We recall that the domain Dom(B) consists of the vectors u € @Q(h) such
that the map

ly: v = h(u,v), v e Q(h),
is continuous if the space Q(h) is endowed with the norm inherited from . In this
case, Bu is determined by the formula

h(u,v) = (Bu,v), v € Q(h). (8.15)
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We are now ready to prove the lemma. It follows from (8.14) that the map I,
is continuous for all w € D. In other words, D C Dom(B). Comparing (8.14) and
(8.15), we conclude that Bu = Au for any v € D. Thus, B is a self-adjoint extension
of A. Since A is essentially self-adjoint, it has a unique self-adjoint extension, and
A = B. This proves the lemma.

Let us consider the expression

() = [IDulf + [ (Viw,u)du
where hy + is regarded as a quadratic form with the domain
Q(hy+) = {u e L*(BE) N\Wg2(E) : hy+(u) < 400},

Clearly, hy+ is a closed positive form. We recall (see Proposition 8.11) that the
operator Hy + is essentially self-adjoint on C°(E).

Proposition 8.13. The closure of Hy + is the operator associated with the form
hy+ by the Friedrichs construction. In particular, the space C°(E) is a core of the
form hy+, that is, Q(hy+) is the closure of CS°(E) with respect to the norm

ul}2 := | Dull? + / Vi, u) dp+ [l

Proof. Since Q(hy+) C VVéf(E), it follows from Lemma 8.8 on integration by parts
that

(Hy+u,v) = (D*Du,v) + /(V+u, v) dp = (Du, Dv) + /(V+u, vy dp = hy+(u,v)

for any u € C°(FE) and v € Q(hy+). Hence, applying Lemma 8.12, we complete
the proof.

For any compact set K C M we define

(K), y_ JV_(z) forzeK (K) _ 1/(K)
Vo) = {0 otherwise [’ VIR =V

We note that ‘I(V_(K)u, w) d,u‘ = |(V(K)u, u)| < oo for any u € I/VliCQ(E) by (8.8).
Lemma 8.14. Suppose that vy, — v in || - ||1. Then

lim (V_(K)vk,vk) = (V_(K)v,v).
k—o0

Proof. By the definition of the norm || - ||; we have
lim ||D(v —vg)|| =0, lim |Jv—wg]| =0, (8.16)
k—o0 k—o0

where || - || stands for the L? norm. Let us fix a function ¢ € C2°(M) such that

¢ =1 on a neighbourhood of K. Then by (8.16) we obtain

lim [|D(¢v — pux)|| < lim [|D(dg)(v —vg)| + lim [[$D(v - vg)| = 0.
k—o00 k—o00 k—o00
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In other words, ¢uy, converges to ¢v in Wiz, (E). It follows now from Lemma 6.2

(or, more precisely, from the inequality (8.2)) that

lim (Vv v,) = Jlim VI pur, dvi) = (V) v, o) = (V5w v).
—00

k—o00

8.15. Proof of Proposition 8.7. Let us fix some u € W12 (E). Let K C M be

comp
a compact set which contains a neighbourhood of supp u. We write

hypcaey (w) = | Dul® + / (Viw, u) dps + / V), u dp = by, (w) + (Vu, u).

If hy(u) = 400, then the inequality (8.9) is trivially true. Hence, we can assume
that hy(u) < 4o0. In particular, u € Q(hy,). By Proposition 8.13, there is a
sequence up € CS°(E) such that |jux —ull1 — 0 as & — oo. Using (8.1) and
Lemma 8.14, we get that

hy, (u) + (V_(K)u, u) = kli_}rglo hv, (ug) + leI&(V_(K)uk, ug) = kli_}rgo hy ) (uk)

> lim hy(ug) > lim |Jugl?® = |Ju]?
k—o00 k—o00
Corollary 8.16. Let d, q, and V be as in Theorem 2.7. Then

§(Du, Du) + (Vu,u) > —(qu,u) for any wué€ wl2 (E).

comp

Proof. Tt suffices to prove that

(Du, Du) + 6 ((V + q)u,u) > 0 for any u€ Wik, (E).

comp

This follows immediately from Proposition 8.7.

§9. Proof of Theorem 2.7

Throughout the section we assume that the potential V' satisfies the conditions
of Theorem 2.7.

Lemma 9.1. Let ¢, 0 < ¢ < ¢ %2 < 1, be a compactly supported Lipschitz
function and let

C = \/m ess sup |dy(z)| := ess sup(ReTr((ﬁ(dw))*ﬁ(dw)))1/2.
zeEM zeM
Then 021+ 5)?
2 2 +
[ Dul* < = { ( 1+ ——— ) lull* + [[ull [ Hvu] (9-1)
1-6 1-9
for any u € Dom(Hy max), where || - || stands for the L?>-norm.

Proof. We first note that

ess sup |l/§(dw)| <C
reM
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by Remark 2.6. Let u € Dom(Hy max). Then u € VVéf(E) by Assumption B.
Hence, *Du € LZ,,,(F). We can apply Lemma 8.8 on integration by parts,
which implies that

[4Dul]* = (D*(¢* Du), u) = (¢*D* Du, u) + 2(D* (d¢) Du, u)
= Re(y>D* Du,u) + 2Re(wl/)\* (dvp) Du, )
< Re(y?>D* Du, u) + 2C||[9Dul| ||u]|-
Moreover,
Re(4*D*Du,u) > (Y Du,pDu) — 2C|[y Du]|||ull
= (D(¢u), D(¢pu)) — (D(d)u, Du) — (¥ Du, D(dep)u) — 2C||y Dul |ul|
> (D(Yu), D(yu)) — 4C|[¢Dul[[[u]-
Hence, by Corollary 8.16 we have
(1= 8)[[¢Dul|* < (1 = 8) Re(* D" Du, u) + 2C(1 — §) || Dufl|[u]
= Re(¥*Hyu,u) — § Re(¥>D* Du,u) — (*Vu,u) + 2C(1 — )| Dul|||u|
< [[Hvullllu] = 6(D($u), D(pu)) = (V(du), pu) + 2C(1 + 6)|[¢ Dul|[|ul|
< [Hvullllull + (q¢u, Yu) +2C(1 + 6) [y Dull||ul|
< [ Hyul [lull + [lul® + 2C (1 + 8) [l Dull||ull.

2

b
Using the inequality 2ab < €a®? + — (a,b € R) with ¢ = we get that
€

1-4
2(1+4)%’
1-46 (1+10)?
2(1+ )CI|¢:Dull [ull < —5= [l Dul|* + 20— ull*

Therefore,

1-46 202(1 + 0)?
(1= DDl < 252Dl + (14 25 Yl + v,
and the inequality (9.1) follows immediately. This proves the lemma.
Lemma 9.2. Suppose that the metric gT™ is complete (as described in §2.5). Let
q be as in Theorem 2.7, and let u € Dom(Hy max). Then ¢~*/2Du € L?(F) and

_ 2 2L2%(1 4 6)?
lo 2Dl < 125 ( (1 2525 Il + vl ). 02

Proof. Using a sequence of Lipschitz functions ¢; given by Lemma 8.9, we set
Y = ¢ - q /% Then 0 < ¢ < ¢~ '/%, and |dypy| < |dox| - ¢ /2 + ¢x|dg/?.
Therefore, |dix| < 1/k + L, where L is the Lipschitz constant for ¢~'/2. Since
Yr(z) = ¢ /?(z) as k — oo, the dominated convergence theorem applied to (9.1)
with ¢ = 1, immediately yields (9.2). This proves the lemma.

9.3. Proof of Theorem 2.7. Let u,v € Dom(Hy max) and let ¢ > 0 be a com-
pactly supported Lipschitz function. By Remark 2.8, the metric ¢”™ is complete.
It follows from Lemma 9.2 that ¢~'/2Du and ¢~ '/2Dv are in L?(F).
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By Assumption B, the sections u and v belong to VV&,?(E) Hence, Du,Dv €

L% (F). Using Lemma 8.8, we get that

(¢u, D*Dv) = (D(¢u), Dv) = (D ( @)u, Dv) + (¢ Du, Dv),
(D*Du, ¢v) = (Du, D(¢v)) = (Du, D(d¢)v) + (¢Du, Dv).

By (2.5),
ess sup |D(d¢)| v/m ess sup |dé(z)|,
zeEM

zeM
where |d¢| stands for the length of the covector d¢ in g7 . Therefore,

[(¢u, Hyv) — (Hvu, v)|
< |(D(de)u, Dv)| + |(Du, D(d)v)|

< vm ess sup(|dglq'/?) - ([l g2 Do]| + o] llg~*/* Dul).
zeM (9.3)

Let us consider the metric g := ¢ '¢7™; denote the length of a covector in
this metric by |- |4. By the condition (iii) of the theorem, this metric is complete.
Using g, we take a sequence {¢y} of Lipschitz functions as in Lemma 8.9. Since
|dor|, = ¢'/?|d¢yl, it follows that ¢'/2|d¢y| < 1/k. Therefore,

ess sup(|d¢k|q1/2(m)) <
reM

El

Using (9.3), we get that

m _ _
|(¢kU)HVU)_(HVU,¢kU)|<§(HuH g~ /2Do|| +[lg~"/2Dul| |v]|) =0 as k— oo.
On the other hand, by the dominated convergence theorem we have

(pru, Hyv) — (Hyu, ppv) — (u, Hyv) — (Hyu,v) as k — oo.

Thus, (Hyu,v) = (u, Hyv) for any u,v € Dom(Hy, max). Therefore, Hy is essenti-
ally self-adjoint. This completes the proof of the theorem.

§10. Proof of Theorem 2.13

We proceed as in §5.1 of [79]. Since the operator Hy is semibounded below,
there is a constant C' > 0 such that Hy > —C on C°(E).
Adding (C + 1)I to Hy, we can assume that Hy > I on C°(FE), that is,

(Hyu,u) > HuHQ, u € CX(E).

As is well known (see, for instance, Theorem X.26 in [64]), the operator Hy
is essentially self-adjoint if and only if the equation Hywu = 0 has no non-trivial
solutions in L?(E) (in the sense of distributions). We assume that Hyu = 0 for
some u € L?(E). In particular, u € Dom(Hy,max). By assumption, u € VV&,?(E)

Let ¢, be a sequence of compactly supported Lipschitz functions given by
Lemma 8.9. Then ¢,u belongs to W2 (E) for any k = 1,2,....

comp



674 M. Braverman, O. Milatovic, and M. Shubin

Using Proposition 8.7, Lemma 8.10, and the equality Hyu = 0, we get that
~ m
1xull®* < hv (xu) = | D(der)ull* < 75 lul*
Here the inequality follows from Lemma 8.9 and (2.5). Since
[ull = lim [|¢rul,
—00
we conclude that w = 0. This completes the proof of the theorem.

Appendix A. Friedrichs mollifiers

Let u € (L, .(R™))™ be a vector function on R™. Let J be the integral operator
whose integral kernel is j,(z — y)Id, where Id is the m x m identity matrix and
Jp(x —y) is as in §5.12. We set u” = J°u.

The main result of this appendix is the following proposition, which generalizes
results of Friedrichs [29] and Kato [47] (§5, Lemma 2) to our vector setting.

Proposition A.1. Let us consider a second-order differential operator

L= Oiai(x 8k+2b )9; + c(x (A1)
ik

where a;i (), bi(x), and ¢ are m x m matrices such that the entries of a;(z) and
bi(x) are locally Lipschitz functions on R™ and the entries of c(x) belong to Li%, (R™).
Suppose that u € (LL (R™))™ and Lu € (Li (R™))™, and assume in addition that

loc loc
o € (Li(R™)™ if ag(x) # 0 for some x € R™ and i € {1,...,n}. (A.2)
Then Lu? — Lu in (L{ (R™))™

Remark A.2. We note that the assumption (A.2) is trivially true if L is a first-order
operator, that is, if a;; = 0 for all ¢ and k. On the other hand, if L is an elliptic
second-order differential operator with smooth coefficients, then (A.2) is a conse-
quence of the other assumptions (that u € (L} (R"))™ and Lu € (L{ (R™))™).
This follows from standard elliptic regularity results; see, for instance, the
arguments at the end of the proof of Lemma 4.1. In fact, in this case it suf-
fices to assume that a;;(x) and b;(x) are locally Lipschitz and c(z) is in LfY. (see
the sketch of the proof in [47], § 5, Lemma 2).3

In the proof we use the following version of Friedrichs’ result (see the equation
(3.8) in the proof of the main theorem in [29]).

Proposition A.3. Let J? be as in (5.13). Fiz an indexi € {1,...,n} and letT =
b(x)0;, where b(x) is a locally Lipschitz function on R™. Suppose that v € LL (R™).
Then

loc

(JPT —TJ)v =0 in L. (R") (A.3)
as p — 0+. The same holds if we replace T = b(x)d; by T = 0; - b, where b is
regarded as the operator of multiplication by b(z).

31n [47] it is assumed that a;, and b; belong to C!, but the same argument can be carried out
assuming only that these functions are Lipschitz.
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A.4. Proof of Proposition A.3. Since the statement of Proposition A.3 is local,
it suffices to prove that it holds if the support of b is compact and v € L'(R"),
and we assume from now on that these conditions are satisfied. In this case, K* :=
JPT — T J* is a continuous operator L'(R™) — L'(R™). Let ||K”|| be the norm of
this operator.

We recall that any locally Lipschitz function is differentiable almost everywhere
and its pointwise derivative coincides with the distribution derivative (in particular,
the derivative belongs to L2.). This enables us to integrate by parts if the func-
tions are Lipschitz just as if they were in C'! (see, for instance, [57], §§ 1.1 and 6.2).

We begin by establishing an analogue of Proposition A.3 for zero-order operators.

Lemma A.5. Ifce LS, (R™) and u € L, .(R™), then cu? — (cu)? — 0 in L (R™)
as p — 0+. The same holds if u is a vector function (with values in C™) and c

takes values in the space of m x m matrices.

Proof. By Lemma 5.13 (ii), both terms on the right-hand side of the equation
cuf — (cu)? = c(JPu — u) + (cu — J°(cu))

tend to 0 in (L

loc

(R™))™ as p — 0+.
Lemma A.6. The operator KP: L'(R") — LY(R™) is an integral operator, and its

Schwartz kernel is

ko) = 5 (6e) = b ) (A4)

Proof. For any v € C°(R™) we have
(T720)@) = 4o g [t = o) dy = [[b)5 7 (ila = ) elw) dy

b0) (ol =) oy = [ (= 0t — ) )oto)
inte = 0000 g v(0) dy = [ (=5 (0o =) o) s

KPu(z) = / ko, )0 (y) dy,

where k, is given by (A.4). Since K is a continuous operator L'(R™) — L*(R"),
the lemma is proved.

Lemma A.7. There is a constant C > 0 such that

/|kp(a:,y)| de < C  for any yeR™ p>0. (A.5)
In particular, | KP|| < C for any p > 0.
Proof. Tt follows from (A.4) that

bolaen) == e =) + (o) b)) grnle — ) (A0
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Let us now estimate the integral of the absolute values of the terms on the right-
hand side of (A. 6) Since [ j,(z —y)dz = 1, we get that

0b

M‘ < ess sup |Vb(y)|. (A.7)

/ oy’ yEsupp b

We recall that jp(a:) =p "j(p~1x); see §5.12. Hence,
9 1 []94(x)
b(z)—b — i, (x — dr < (pess sup|Vb . 1/‘—
[0 = 40) ginte - )| o < (pess swplvoce) - [|%5
It follows from (A.7) and (A.8) that the estimate (A.5) holds with the constant

- <1+/|Vj(m)|da:> ess sup [Vb(y)|.

yEsupp b

dx < ess sup
yEsupp b

(=)

dzx. (A.8)

This completes the proof of the lemma.

Let us recall that the function b is compactly supported by assumption. The
next lemma summarizes some additional properties of k,(z,y).

Lemma A.8.
(i) The support of k, is contained in the p-neighbourhood of supp b x supp b C
R™ x R™:
(i) kp(2,y) =0 for |z —y| > p;
(iii) there is a constant Cy > 0 such that [ |k,(z,y)|dzdy < Cy for any p > 0;
(iv) [kp(z,y)dy =0 for any x € R™.

Proof. The assertions (i) and (ii) follow immediately from (A.4). The assertion (iii)
follows from (i) and (A.5), and the assertion (iv) holds because k, is the derivative
of the compactly supported function (b(z) — b(y))j,(z — ).

We now return to the proof of Proposition A.3. By virtue of Lemma A.7, it
suffices to prove the relation (A.3) for v € C2°(R™). Using Lemmas A.7 and A.8,
we get that

/|(Kp |dw—/‘/ (z,y)v dy‘dw—/‘/ (z,9) (v(y) — v(z)) dy| d

< Cp max |u(y) —v(x)] < Clp Jnax |Vv( ) —=0as p—0+.
lz—y|<p

This proves the first part of Proposition A.3. To prove the second part, we note
that B

Tu = 9;(bu) = Tu + (0;b)u,
and thus the desired result follows from the first part and from Lemma A.5.

A.9. Proof of Proposition A.1. It follows from the assertion (ii) in Lemma 5.13
that (Lu)? — Lu — 0 in (L], (R™))™ as p — 0+. Thus, it suffices to show that

Luf — (Lu)? = (Lu” — Lu) — ((Lu)? — Lu) = 0 (A.9)
in (L{,.(R™))™ as p — 0+. Let us estimate the left-hand side of (A.9) separately for
the zero-, first-, and second-order terms of the operator L; see (A.1). We can use
Lemma A.5 for the zero-order terms. Proposition A.3 gives the desired result for
the first-order terms (for vector functions we must apply the proposition separately
to each component of the vector). The following lemma treats the second-order
terms.
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Lemma A.10. Fiz indices i,k € {1,...,n} and a function u € (L .(R™))™ such
that Oxu € (L, (R™))™. Let a(z) be an m x m matriz with locally Lipschitz entries.

loc

Then 8;(adruf) — (8;(adku))? — 0 in (L (R™))™ as p — 0+.

Proof. Since J° commutes with dxu, we have

0;(adkdPu) — 3°(0;(adku)) = 0;(ad?Oxu) — J°(0;(adru))
= 0;(ad’v) — 3°(0;(av)), (A.10)

where v = Opu € (L

loe(R™))™. The lemma now follows from (A.10) and Proposi-
tion A.3.

Combining Lemma A.5, Proposition A.3, and Lemma A.10, we obtain Proposi-
tion A.1.

A.11. Proof of Proposition 5.14. Since the statement is local, we can work
in a coordinate neighbourhood U in which V*V is given by (5.14). Using the
standard elliptic regularity argument (see, for instance, the arguments at the end
of the proof of Lemma 4.1), we see that u € W, (E), that is, diu € L}, _ for any
i=1,...,n in any local coordinates. Hence, it is immediate from Proposition A.1
that V*Vu? — (V*Vu)? — 0 in LL (R")(E|y) as p — 0+.

loc

Appendix B. Positivity

The content of this appendix is mostly well known, but we could not find an
adequate reference in the literature.

Let us briefly describe the classical positivity results for the Green’s function of
the operator b + Ajps on a complete Riemannian manifold (M, g) with a smooth
positive measure dy. Here b > 0, and Ajp; = d*d > 0 is the scalar Laplacian (see
Definition 5.4). We note that, if dy is the Riemannian volume form on M, then
Ay = —Ay, where A, is the metric Laplacian, A u = div(grad u).

The classical result of Gaffney [30] claims that the operator A, is essentially
self-adjoint. Gaflney’s argument works for Aj; without any modifications (for
any measure du). We reproduced this argument in the proof of Lemma 8.9. A
more general statement about the essential self-adjointness of V*V follows from
Proposition 8.11. (We note that Assumption A is automatically true in this case,
whereas Assumption B follows from elliptic regularity.)

Hence, the operator b + Ajs is also essentially self-adjoint and strictly positive.
More precisely,

((b+ App)u,u) = b(u,w), u € CP(M). (B.1)

Therefore, this inequality holds for any v € Dom(Aasmax). In particular, the
spectrum of b+ Ajs is a subset of the semi-axis [b, +00), and thus the operator
(b+ Apr)~ 1t is everywhere defined and bounded. We denote by Gy = Gy(-,-) the
Schwartz kernel of (b + Ajpr)~t. The kernel Gy is locally integrable on M x M,
C*° smooth outside the diagonal in M x M, and has singularities on the diagonal
that can readily be described by a variety of methods (for instance, by using the
technique of pseudodifferential operators).
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Theorem B.1. In the above notation,

Gy(z,y) 20 for any z,ye M, z#uy. (B.2)

Proof. This proof was communicated to us by A. Grigor’yan. It suffices to establish
that

u(z) = /M Gyl 9)é(y) du(y) >0,  z € M, (B.3)

for any ¢ € C°(M) such that ¢ > 0. Clearly, u = (b+ Ap) 1o € L?(M), and u
satisfies the equation
(b+ Ap)u=¢. (B.4)

In particular, u € C*°(M).

The equation (B.4) has a unique solution v € L?(M) (in the sense of distribu-
tions). We now construct a positive solution v € L?(M) of this equation, which
will complete the proof because then we will have v = u by uniqueness.

Let us take a sequence of relatively compact open subsets with smooth boundary
in M,

MeMhe ey €---

(that is, 2y, is relatively compact in Qx1), such that they exhaust M, which means
that their union is M. For any k& we denote by vi the solution of the following
Dirichlet problem in §2:

b+ Am)or =0,  vkly =0 (B.5)

Let us consider only indices k large enough that supp ¢ C Q. It follows from the
maximum principle that vi > 0 and

0< v <vgq1 for any k.

Thus, the sequence of functions vy, v, ... is increasing, and hence there is a point-
wise limit
v(z) = lim vg(z), x € M.
k—o00

We prove that this limit is in fact everywhere finite and locally bounded.
To this end, we multiply the equation in (B.5) by v dp and integrate over 2.
Using the Stokes formula, we get that

1

2
d
% qub i,

b
/ (bvi+|dvk|2)du=/ ¢vkdué—/ vi dp +
Qr Qp 2 Qp

b o 2) 1/ 2
—vi + |dv du < — o“ du,
L (Get+ anJan< 55 [

which gives, in particular, a uniform estimate for the L? norm of v on any compact
set in M. By standard interior elliptic estimates (see, for instance, [87], §5.3),
this implies that every derivative of vy is bounded uniformly with respect to k on

and hence
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any compact set L C M, and hence the sequence vy converges in the topology
of C*°(M). Therefore, v is everywhere finite and positive, and it satisfies the
condition (B.4). Applying Fatou’s lemma, we also see that v € L?(M). Therefore,
v = u, and hence u > 0. This proves the theorem.

In a more general context, it can be a problem to prove that a solution u of the
equation (B.4) is positive. Namely, we assume that

(b+Ay)u=v>=0, wuecL?*M),

where the inequality v > 0 means that v is a positive distribution, that is, (v, ¢) > 0
for any ¢ € C°(M). It follows that v is in fact a positive Radon measure (see, for
instance, [31], Theorem 1 in §2 of Chap. II).

Conjecture P. In this case, u > 0 (almost everywhere or, equivalently, as a distri-
bution).

At first glance it seems that the above proof (with ¢ € C2°(M) instead of v)
could work in this case as well. However, it does not work without additional
conditions on u or M (see Proposition B.2 below). Let us see what the difficulty is.

Taking a test function ¢ € C°(M), ¢ > 0, we must prove that (u, ¢) > 0. Let us
solve the equation (b+Apr)Y) = ¢, where 1) € L?(M). We can see that 1) € C°°(M)
and v > 0, according to Theorem B.1. Thus, we can write

(u, ¢) = (u, (b+ Anr)ep).

The right-hand side can now be represented as

(u, b+ An)y) = ((b+ Am)u,¥) g = (1, 9)s,

where the Hermitian form (-,-)s on the right-hand side is obtained by continu-
ously extending the inner product on L?*(M) from C°(M) x C>(M) to the (non-
degenerate) Hermitian duality

H2(M) x H*(M) — C (B.6)

of the Sobolev spaces H~2(M) = (b+ Ap)L2(M) and H2(M) = Dom(Apfmax) =
Dom(A pf,min) With the Hilbert structures transferred from L?(M) by means of
the operator b+ Ay acting from L2(M) to H=2(M) and from H2(M) to L2(M),
respectively. The norms in H2(M) and H2(M) are given by the formulae

[oll2 = [[(b + Anr)ol

o e+ AM)fll-2 = (11, (B.7)

where || - || is the norm in L*(M).

The continuous extension of the duality (B.6) from CS°(M) x C°(M) is well
defined because C°(M) is dense in both spaces H~2(M) and H2(M) with respect
to the corresponding norms (B.7). Indeed, the denseness of C°(M) in H2(M)
simply means that (b+ Apr)C°(M) is dense in L?(M). To establish this fact, let
us take f € L?(M) orthogonal to (b+ Ap)C°(M) in L?(M), which means that
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(b4 Apr)f = 0 in the sense of distributions, that is, f is in the null-space of the
maximal operator (b+ Aps)max- This implies that f = 0 due to the above essential
self-adjointness and the strict positivity of b+ Ajpy.

Similarly, the denseness of C2°(M) in H~2(M) means that (b+ Ay)~2C°(M)
is dense in L?(M). To prove this fact, we take h € L?*(M) orthogonal to
(b+ Ap)~tC®(M). Since (b+ Apr)~! is a bounded self-adjoint operator, this
would imply that (b + Ap)~1h = 0, and hence h = 0.

We note that the space H2(M) differs (at least formally) from the space H2(M),
whose norm includes arbitrary second-order covariant derivatives (see [33], §2.2).
It is apparently still unknown whether C2°(M) is dense in H3 (M) (see § 3.1 in [33]).

We must now find out whether or not the formula

(v, ¥)s = /M Y (B.8)

holds (the integral on the right-hand side makes sense as the integral of a positive
measure, though this integral can be infinite). If this formula holds, then we are
done because the integral is obviously non-negative.

A possible way to establish (B.8) is to present the function v as a limit

Y= lim 9y,
k—o0

where ¢y, € C°(M), ¥ = 0, ¥ < Yr41, and the limit is taken with respect to the
norm || - [|2. The equality (B.8) obviously holds if we replace ¢ by v, and hence
we would obtain the equality for v by passing to the limit.

We can try to take ¢ = xxt, where x, € C°(M), 0 < xx < 1, x& < Xk+1, and
for every compact set L C M there is a k such that x| = 1. Then we obviously
have ¢y — v in L2(M) as k — +oco. It is also desirable to have the limit relation
Appr — App in L2(M). Clearly,

Anhr = xeAmy — 2(dxr, d) + (Anrxe)y-
Obviously, xxAnp — Apnp in L?(M). We can now note that

1 1
ld1? = (Ane ) < S1ANYIP + 5 19112

and, on the other hand, dy; — 0 and Aprxr — 0 in C°°(M). We have achieved
our goal if we can construct xj such that

sup |dxk(z)| < C, sup |Apxk(z)| < C, (B.9)
zeEM zeM

where C' > 0 does not depend on k. This leads to the following statement commu-
nicated to us by E. B. Davies.

Proposition B.2. Let us assume that (M, g) is a complete Riemannian manifold
with a positive smooth measure such that there are cut-off functions xx, k=1,2, ...,
satisfying the above assumptions. Then Conjecture P holds.

It is always possible (on any complete Riemannian manifold) to construct cut-
off functions xj satisfying the above conditions except for the uniform estimate
for Aprxk (that is, except for the second estimate in (B.9)). This was proved by
Karcher [45] (see also [79]). However, the estimate for Ajsx, presents a difficulty.
The following sufficient condition provides an important class of examples.
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Proposition B.3. Let (M,g) be a manifold of bounded geometry with arbitrary
measure dy having positive smooth density. Then Conjecture P holds.

Proof. For the definition and properties of manifolds of bounded geometry, see,
for instance, [67] and [75]. In particular, a construction of cut-off functions xg
satisfying the necessary properties on any manifold of bounded geometry can be
found in [75], p. 61.

Remark B.4. We note that the bounded geometry conditions are not imposed on
the measure du, which can be an arbitrary measure with positive smooth density.

B.5. Example. Let us consider the manifold M = R™ with a metric g coinciding
with the standard flat metric go outside a compact set. Then Conjecture P holds.
This can also be proved by using the invertibility of b+ Ajs in the Schwartz space
S(R™), which, in turn, implies the invertibility of b + Ajs in the dual space 8'(R™)
formed by the tempered distributions.

Appendix C. Stummel and Kato classes

In this appendix we briefly survey the definitions and most important properties
of the Stummel and Kato classes of functions on R™ and on manifolds.

C.1. Stummel classes. The uniform Stummel classes on R™ were introduced
in [84]. For more details about the Stummel classes and proofs, see §1.2 in [23],
Chaps. 5 and 9 in [72], and also [2], [83], [84].

The (uniform) Stummel class S, consists of the measurable real-valued functions
V on R" such that

lim [sup/ lz —y|* "V (y)|? dy] =0 for n>5,
Ol 2z Jig—y|<r

lim[sup/ log(|m—y|_1)|V(y)|2dy] =0 for n=4,
Ol w Jjz—yl<r

sup/ [V (y)|? dy < oo for n < 3.
= Jlz—yl<ro
Here r9 > 0 is an arbitrarily fixed constant. Clearly, this class S,, is invariant
under multiplication by any real-valued bounded measurable function. We can also
readily see that if f € S, and a diffeomorphism ¢: R™ — R” is linear near infinity,
then ¢*f = fo¢ € S,. Therefore, the corresponding local version Sy, 10c(M) is
well defined for any manifold with dim M = n. We denote by Sy, comp(M) the class
of compactly supported functions f € Sy 10c(M). Both the classes Sy, 10c(M) and
Sh.comp (M) are invariant under diffeomorphisms of M and also under multiplication
by any real-valued locally bounded measurable function.
There is a relationship between the local Stummel classes and the spaces LP:
Lp

loc

(M) C Spjoc(M) if p>n/2forn>4 and if p=2 for n<3. (C.1)
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The same relationship holds for the classes of compactly supported functions and
for the uniform classes S, on R™ (if LP(R™) is replaced by the class L? ..(R™)
consisting of the functions v € L} (R™) whose L? norms are bounded on any unit
ball).

An important property of the uniform Stummel classes is that, if u € Sj, on R*
and 7: R® — RF is a surjective linear projection, then 7*u € S,. This obviously
implies the corresponding property for the local Stummel classes with respect to
submersions of manifolds.

The following majorization property makes the Stummel classes important in
the theory of Schrodinger operators: if V € S, on R™, then for any a > 0 there is
a constant C' > 0 such that

Vull < allAul| + Cllull,  we CZRY), (C.2)

where A is the flat Laplacian. Hence, if V' € S, 1oc(M), where dim M = n, then
the inequality (2.2) holds for the function V (instead of |V_|) because, locally, all
elliptic operators of the same order have equal strength.

C.2. Example. We have 1/|z| € L2 (R?), and hence 1/|z| € S5. It follows
that 1/|zx — x| € S3n in R3N if 1 < k <1 < N, zp,7; € R?, and the points in
R3N are represented in the form z = (z1,...,2x) with z; € R®. Therefore, the

inequality (C.2) implies the majorization relation
ek — i)~ ull <af|Auf + Cllull,  u e CFR™™Y), (C.3)

with an arbitrary a > 0 and with C = C(a). However, it should be noted that
|z — x|t ¢ LPN/2(R3N) already for N = 2.

C.3. Kato classes. The definitions of the uniform Kato classes K, are similar
to those of the Stummel classes S,, and play the same role for majorization of
quadratic forms as the Stummel classes for majorization of operators. They were
introduced by Beals [3] as a special case of more general classes in Schechter’s paper
[71] (see also Schechter’s book [72] or its first edition published in 1971). A year
later, this class was reinvented by Kato in his famous paper [47], where Kato’s
inequality appeared for the first time.

A good introduction to the Kato classes K,, can be found in § 1.2 of [23]. These
classes were extensively studied by Aizenman and Simon ([2], [82]).

The (uniform) Kato class K,, consists of the measurable real-valued functions V'
on R™ such that

lim[sup/ lz — 2"V (y)] dy] =0 for n >3,
Ol & Jig—yl<r

lim[sup/ log(|m—y|_1)|V(y)|dy] =0 for n=2,
oLz JSjz—yl<r

x

sup/ [V(y)|dy < o0 for n=1.
|z—y|<ro
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Here r9 > 0 is an arbitrarily fixed number. The class K, is again invariant
under multiplication by any real-valued bounded measurable function, as well
as under any diffeomorphism of R™ that is linear near infinity. Thus, the cor-
responding local class K, 10c(M) is well defined for any manifold of dimension
dim M = n, and we denote by K, comp(M) the class of compactly supported func-
tions f € Ky 10c(M). Both the classes Ky, 10c(M) and K, comp(M) are invariant
under diffeomorphisms of M and also under multiplication by any real-valued locally
bounded measurable function.
The relation similar to (C.1) also holds for the Kato classes:
Lp

loc

(M) C Kpoc(M) if p>n/2 forn>2 and if p=2 for n=1.

The same holds for the classes of compactly supported functions and for the uniform
classes K, on R™ (if LP(R"™) is replaced by the class L? ..(R™)).

As far as the uniform Stummel classes are concerned, it is also true that if
u € Kg on R® and 7: R® — R? is a surjective linear projection, then 7*u € K,.
This obviously implies the corresponding property for the local Kato classes with
respect to submersions of manifolds.

The following majorization property for quadratic forms makes the Kato classes

important: if V € K,, on R", then for any a > 0 there is a C > 0 such that
|(Vu, )| < a(Au,u) + Cllul?, u € CP(R™).

The arguments given in Example 8.2 can be repeated literally with the Stummel
classes replaced by the Kato classes.

Appendix D. Some more history

In this appendix we describe some related results and provide bibliographical
comments. This section complements § 2.16, where the most recent references were
provided.

This survey is by no means complete. It would be next to impossible to make
it complete. (For example, MathSciNet, the database of the American Mathemat-
ical Society based on Mathematical Reviews, lists more than 1000 related papers.)
Thus, except for several landmark papers and papers which were explicitly impor-
tant for our work or closely related to it, we concentrated on results concerning
operators on manifolds. A comprehensive survey of self-adjointness results for one-
dimensional operators can be found in [25]. Concerning the multidimensional case
(for operators on R™), the reader can consult the books [64], Chap. X, and [26] and
the survey papers [43], [41], and [83]. We tried not to repeat these sources, unless
it was directly relevant to the main text of our paper.

This story was begun by Weyl (as many good stories in mathematics) in 1909-
1910 in his pioneering papers on the spectral theory of one-dimensional symmetric
singular differential operators (see [90]-[92] and also [20], Chap. IX, [34], Chap.
13, and [55], Chap. II, §2). The term singular means here that one (or two) end-
points of an interval on which the operator is considered is either a point at infinity
or a singular point of coefficients of the operator. Depending on the asymptotic
behaviour of solutions of the corresponding ordinary differential equation at a sin-
gular endpoint of the interval, Weyl classifies the situation at this endpoint as either



684 M. Braverman, O. Milatovic, and M. Shubin

the limit point case or the limit circle case. In modern terminology (which emerged
decades later, after the invention of quantum mechanics and von Neumann’s math-
ematical formulation of it), the case of limit points at both endpoints corresponds
to essential self-adjointness.

Among the first authors who wrote about multidimensional Schrédinger opera-
tors of the form Hy = —A +V in R", we find Carleman [14] and Friedrichs [28],
who proved independently the essential self-adjointness when the potential V is
locally bounded and semibounded below. (Carleman’s proof was reproduced in the
book [32] of Glazman, Chap. 1, Theorem 34.)

Moving closer to this day, let us consider a magnetic Schrédinger operator (on
M =TR") of the form

n

Hypy =~ Y (05— ibj(x))g’ () (0 — ibi(x)) + V(2), (D.13)

j.k=1

where the matrix g’*(z) (the metric) is assumed to be real, symmetric, and pos-
itive definite, and b; and V are some real-valued functions. Additional regularity
conditions can be imposed on g/*, b;, and V. Let us assume that the coefficients
g’F are sufficiently smooth (at least locally Lipschitz).

We denote by Hj v the operator Hy p v for the flat metric ¢7% that is, g% = 0jk-

Assume first for simplicity that b; € C*(R™). It is desirable that the operator
Hp v be naturally defined on C2°(R™). Then we must assume that V € L2 (R").

The most dramatic improvement of the Carleman—Friedrichs result in the case
of potentials V' semibounded below is due to Kato [47]. Kato established that
the condition of local boundedness imposed on V' can be completely removed, and
hence it suffices to assume that V € L (R") and V is semibounded below (even
for the magnetic Schrédinger operator Hp, y with b; € C1(R™)). What is now called
Kato’s inequality appeared for the first time in this context in [47]. Namely, let L
be the operator in (D.1) with V' = 0 and let Ly be the operator with b; = 0 and
V =0 (thus, Lo = —A). We also assume that v € L} _(R") and Lu € L{ (R").
Then the following inequality holds:

Lo|u| < Re(Lu - signw),

where (signu)(x) is equal to u(x)/|u(z)| if u(z) # 0 and to 0 otherwise. The main
result of Kato’s paper [47] was the essential self-adjointness of the operator Hj v
with V' = Vi + Vi, where V; € L _(R"), Vi > —f(|z]), f(r) is a monotone non-
decreasing function of r = |z| of order o(r?) as r — oo, and V5 belongs to what is
now called the Kato class (see Appendix C). In particular, Kato was the first who
established the essential self-adjointness of the operator Hy with V € L% (R"),
V > 0, without any global conditions on V.

Returning to a more general case of the operator Hy v, we now omit the condi-
tion b; € C1(R™). Then the natural conditions for the minimal operator to be well
defined are be (L (R™))", divbe L (R™), and V € L2 (R™). Working under these
minimal regularity conditions only, Leinfelder and Simader [52] improved Kato’s
result by admitting potentials of the form V =V; + V,, where Vi > —c|z|? and V5

is A-bounded with a relative bound a < 1.In particular, if V' is semibounded below,
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then the above minimal regularity conditions on b and V are sufficient for essen-
tial self-adjointness (see also [23], Chap. 1). A non-trivial technique of non-linear
truncations is used in [52] to approximate functions in the maximal domain of the
operator Hp y and of its quadratic form by bounded functions.

A natural question (probably first formulated by Glazman) is as follows: can
we replace the semiboundedness below of the potential (in the above Carleman—
Friedrichs result on essential self-adjointness) by the semiboundedness of the oper-
ator itself (that is, the semiboundedness of the corresponding quadratic form) on
C°(R™)? (In this case, the potential can fail to be semibounded below on some
relatively ‘small’ sets.)

It turns out that if we assume only that V € L2 (R"), then the semiboundedness
below of Hy does not imply its essential self-adjointness in general, as we can see
from the following example (see [43], Example la, and [81], Appendix 2, and also
[64], Example 4 in § X.2, for n = 5).

D.1. Example. Let Hy = —A+V, where V = % and n > 5. Then Hy is essen-

tially self-adjoint on C°(R™) if and only if 8 > Gy :=1 — ("7_2)2 The operator
Hy is semibounded below if and only if 8 > —("7_2)2. The first assertion follows
by separation of variables, and the second from Hardy’s inequality (see [44]).

The first result about essential self-adjointness of semibounded differential oper-
ators is probably due to Rellich [65], who considered the one-dimensional case and a
general Sturm—Liouville operator on an interval with one or two singular endpoints.
In the case when M = R", V is continuous, and Hy = —A + V is semibounded
below, the essential self-adjointness of Hy was proved by Povzner [63] (Chap. I,
Theorem 6). (Povzner indicates that the result was conjectured by Glazman in a
conversation between them. This happened not later than 1952, the year in which
Povzner’s paper was submitted for publication. It is unclear whether Glazman knew
of Rellich’s paper.) About a year and a half after the publication of Povzner’s paper,
the essential self-adjointness problem for a semibounded Schrodinger operator Hy
was posed by Rellich [66] in his talk at the Amsterdam International Congress of
Mathematicians. Answering Rellich’s question, Wienholtz [93] proved the following
result.

Theorem D.2. Let H,, v be elliptic, let g% = g* be bounded functions of class
C3(R™), let b; € C3*(R™), and let V be a real continuous function. Suppose that
the operator Hyp v is semibounded below on C°(R™). Then Hyp v is essentially
self-adjoint.

(Clearly, neither Rellich nor Wienholtz were aware of Povzner’s paper. Wienholtz
used a simpler method than Povzner. A simplified version of the Wienholtz result is
explained in [32].) Wienholtz [93] also proved the same statement for any potential
V belonging to a global Stummel-type class (V need not be continuous).

The case in which the operator Hy is semibounded differs substantially from
the case in which the potential V is semibounded. This is true even for n = 1, as
becomes clear from an example by Moser, which is described by Rellich [65] and
also cited by Kalf [40]. This is an example of a semibounded Schrédinger operator
Hy in L*(R) with smooth potential V' such that Dom(Hy,max) is not contained
in WH2(R), which means that there is an element u € Dom(Hy max) for which
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v ¢ L?(R). This cannot happen if V is semibounded below (for instance, see
Proposition 8.13).

There are many papers in which the smoothness assumptions on the coefficients
in Theorem D.2 were relaxed in diverse directions (see, for instance, the results
cited in [43]). In particular, an important step was made by Simader [80] who
considered an operator Hy = —A+V that is semibounded below with V' = V; + V5,
where 0 < V; € L2 (R™) and V5 satisfies a local Stummel-type condition or a local
majorization condition. The proof is based on the observation that Dom(Hy, max) C
I/Vli’f in this case (this is the most difficult part of the proof), and this condition is
sufficient for essential self-adjointness. Following [79], we have used Simader’s ideas
in the geometric context of the present paper.

Brézis [8] introduced yet another majorization-type local condition on V
(‘localized’ self-adjointness), which also implies the essential self-adjointness of a
semibounded operator Hy in R™. We also note that Rofe-Beketov and Kalf [70]
unified the results of Simader [80] and Brézis [8] by a refined use of localized self-
adjointness.

The smoothness assumptions for the metric coefficients ¢?* can also be relaxed.
For example, Perel’muter and Semenov [62] proved the essential self-adjointness of
the operator Hy o,y for V > 0 and gk — 8k € WHYR™).

A Povzner—Wienholtz-type result for matrix-valued Sturm—Liouville operators
on intervals in R and with coefficients in L{. . was established by Clark and Gesztesy
in their recent preprint [19], which appeared after our paper was submitted for
publication.

We comment on the completeness condition in Theorem 2.13. This condition
cannot be omitted. In fact, Ural’tseva [88] and Laptev [51] showed that there are
elliptic operators H, oo acting in L?(R™), n > 3, that is, operators of the form

> 2 (o)

jk=1

with smooth positive-definite matrix g?*, such that the space C2°(R") is not dense
in the maximal domain Qu.x of the corresponding quadratic form. If this non-
completeness holds, then the operator Hy g is not essentially self-adjoint. This is
caused by the ‘rapid growth’ of the functions ¢7%, which implies that the elements of
the inverse matrix g, are ‘rapidly decreasing’, which means that R™ is not complete
with respect to the metric g;5. (Laptev [51] also gives some sufficient conditions
ensuring that C2°(R™) is dense in Qmax.)

Maz’ya [56] (see also [57], §2.7) established the amazing fact that the cases
n = 1,2 are special here. Using the notion of capacity, he proved that C°(R™) is
always dense in Quax forn=1or n = 2.

The non-completeness of the metric can sometimes be compensated by a specific
behaviour of V, in which case the operator Hg; v can be self-adjoint even though
the metric g is not complete (see, for instance, [12], [13], [22], Chap. 4, and the
references therein).

We make some comments on Schrodinger-type operators which can fail to be
semibounded below. The first result similar to Theorem 2.7 (however, on M =R"
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with the standard metric and measure and with ¢ = ¢(|z|)) for an operator Hy =
—A+V with V e L2 (R") is due to Sears [73] (see also [86], §§22.15 and 22.16,
and [5], Chap. 3, Theorem 1.1), who followed an idea of an earlier paper by Titch-
marsh [85]. Rofe-Beketov [68] was apparently the first who admitted a minorant
g(z) that is not radially symmetric, though he did not formulate the conditions
geometrically. He also proved that the local inequality V' > —g can be replaced by
the operator inequality Hy > —0A — g(x) with a constant 6 > 0. This fact enables
us to consider potentials that are not bounded below even locally. Oleinik [58]-[60]
showed that this phenomenon extends to the case of manifolds. He also provided a
geometric self-adjointness condition relating this property to the classical complete-
ness in the situation that is not radially symmetric. Oleinik’s proof was simplified by
Shubin [77], and then the result was extended to the case of magnetic Schrédinger
operators in [78].

A first Sears-type result for an operator Hp y with a locally singular potential
V was obtained by Ikebe and Kato [37] (still with a radially symmetric minorant
for V). The paper [78] extends this result to complete Riemannian manifolds and
admits non-radially symmetric minorants for the potential V' with Oleinik-type
completeness condition, though the potential V' is assumed to be locally bounded.
By now we can also admit appropriate singularities of the potential V' for the
magnetic Schrédinger operators considered in [78], since these operators are special
cases of those in Theorem 2.7.

A remarkable Sears-type result of Iwatsuka [38] is seemingly the only result
directly involving the magnetic field in the essential self-adjointness. In this result,
the magnetic field grows at infinity in such a way that the scalar potential V' can
fall off to —oo more rapidly. (This fall can in fact be arbitrarily rapid, depending
on the growth of the magnetic field.)

Levitan [54] suggested a new proof of the Sears theorem. This proof is based on
the consideration of the hyperbolic Cauchy problem

0u ou

—+HU’:07 U’|t:0:f7 E =9

(D.2)
ot t=0

where H is the symmetric differential operator in question (for instance, H = Hy v
asin (D.1)). Let us assume for a moment that H is non-negative (or semibounded
below) on CS°(R™). Then the essential self-adjointness of H would follow if the
problem (D.2) were known to have a unique solution belonging to L?(R?) for every
t € R (or even t € [0,¢9] with some to > 0) for any f,g € C°(R"), because
different self-adjoint extensions would generally produce different solutions by the
spectral theorem. In turn, the uniqueness follows (by the Holmgren principle) from
the existence if a globally finite propagation speed is ensured, that is, if for every
to > 0, every bounded open set G C R™, and every f, g € C°(G) there is a bounded
open set D G such that the problem (D.2) has a solution u(t, z) € C*°([0, to] xR™)
for which supp u(t,z) C Qfor all ¢ € [0, to]. A modification of this argument enables
one to consider non-semibounded operators as well. Establishing the globally finite
propagation speed for a problem of the form (D.2) is crucial in proving the essential
self-adjointness.

A good explanation of the approach based on the abstract hyperbolic equation
can be found in Berezanskii’s book [4] (Chap. VI, §1.7). For details concerning the
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hyperbolic equation method see the paper [61] by Orochko, which also contains a
good survey with many relevant references.

Berezanskii’s book [4] also contains an extensive discussion of self-adjointness
for operators generated by boundary-value problems for elliptic and more general
operators.

Up to now we assumed that the potential V belongs (at least) to L (R"), in
which case the minimal operator is defined on C°(R™). However, Kato [49] pointed
out that if V€ L _(R™), then one can still consider the maximal operator Hy max
associated with Hy = —A + V' as an operator with the domain

Dom(Hymax) = {u € L*(R") : Vu € Lj,(R") and Hyu € L*(R")},

where Hyu is a priori defined as a distribution. The question which can then
be asked is whether the operator Hy max is self-adjoint. Moreover, the minimal
operator Hy min can now be defined as the restriction of Hy max to the compactly
supported elements of Dom(Hvy max). In the latter case one can ask whether the
operator Hy min is densely defined and whether H {*/',min = Hy max. More general
operators of the form (D.1) can also be considered. We refer the reader to [50], [27],
[42], and [61] for results and references in this direction. In particular, locally
integrable potentials were treated in [61] by the hyperbolic equation method.

Let us discuss some results on essential self-adjointness for operators on mani-
folds. The essential self-adjointness of the Laplace—Beltrami operator on a com-
plete Riemannian manifold was established by Gaffney [30] (not only in L?(M)
but also in the standard L2-spaces of differential forms). Cordes [21] (see also [22],
Chap. 4) established the essential self-adjointness of powers of Schrodinger-type
operators with positive potentials (as in the present paper, these operators act
in L? spaces defined by measures not related to the metric). Cordes studied not
only the case of complete Riemannian manifolds but also cases in which the non-
completeness is compensated by an appropriate behaviour of the potential, for
instance, in domains G C M of a complete Riemannian manifold M if the potential
V(z) is bounded below by the quantity v(dist(z, dG))~? with appropriate constant
~v > 0 (his approach is ‘stationary’). Chernoff [16] used the hyperbolic equation
approach to establish similar results. (He later extended his results to the case
of singular potentials V' [17].) We refer the reader to Cordes’ book [22], Chap. 4,
for other results concerning these topics. Kato [48] extended Chernoft’s arguments
used in [16] to prove the essential self-adjointness of powers of an operator Hy,
where Hy > —a — b|z|? and V is smooth (for Hy = —A +V on M = R" with the
standard metric and measure). Chumak [18] used the hyperbolic equation method
to prove the essential self-adjointness of operators Hy v semibounded below on
complete Riemannian manifolds.

We also mention a subtle result of Donnelly and Garofalo [24], who proved the
essential self-adjointness of the operator Hy = —A + V on a complete Riemannian
manifold under the assumption that V is locally in a Stummel-type class except at
a point zg, and has a negative minorant Q(z) such that Q(z) = By dist(z, x¢) 2
near zo (which exactly agrees with the borderline case in Example 9.1, and thus
the condition is practically optimal) and Q(x) = —cdist(z, x0)? at infinity (with a
constant ¢ > 0).
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For other related results on Schrédinger-type operators on manifolds, see, for
instance, the references in [22] and [77]-[79]. For higher-order operators in R", see
[72] and [69]. For higher-order operators on manifolds of bounded geometry,
see [75].
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