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Abstract

Weshow that the re ned analytic torsion is a holomorphic sectionof the determinant
line bundle over the spaceof complex represenations of the fundamental group of
a closedoriented odd dimensional manifold. Further, we calculate the ratio of the
re ned analytic torsion and the Farber-Turaev combinatorial torsion.

As an application, we establisha formula relating the eta-invariant and the phase
of the Farber-Turaev torsion, which extendsa theorem of Farber and earlier results
of ours. This formula allows to study the spectral ow using methods of combina-
torial topology.
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1 Intro duction

Let M be a closed oriented odd dimensional manifold. Denote by
Rep( 1(M);C") the spaceof n-dimensional complex represetations of the
fundamertal group (M) of M. For 2 Rep( 1(M);C") we denoteby E
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the at vector bundle over M whosemonodromy is equalto . Letr bethe
at connectionon E . In [6], we de ned the non-zeroelemert

an( ) = an(r ) 2 Det(H (M;E))

of the determinart line Det(H (M;E )) of the cohomologyH (M;E ) of
M with coe cients in E . This elemen, called the re ned analytic torsion,
carries information about the Ray-Singer metric and about the -invariant.
In particular, if is a unitary represetation, then the Ray-Singer norm of
an( ) Isequalto 1.

Analyticity of the re ned analytic torsion

The disjoint union of the linesDet(H (M;E )) ( 2 Rep( 1(M);C")), forms
a line bundle Det! Rep( 1(M);C"), calledthe determinant line bunde, cf.
[3, X9.7]. It admits a nowhere vanishing section, given by the Farber-Turaev
torsion, and, hence, has a natural structure of a trivializable holomorphic
bundle.

Our rst result is that ,,( ) is a nowhere vanishing holomorphic section
of the bundle Det. It meansthat the ratio of the re ned analytic and the
Farber-Turaev torsionsis a holomorphic function on Rep( 1(M);C"). For an
acyclicrepresemation , the determinart line Det(H (M;E )) is canonically
isomorphicto C and ,,( ) canbe viewed asa non-zerocomplexnumber. We
showv that ,,( ) isaholomorphicfunction onthe opensetRep( 1(M);C")
Rep( 1(M); C") of acyclicrepresemations. This result extendsCorollary 13.11
of [5]. Seealso[11] for somewhatrelated results.

Comparison with the Farber-Turaevtorsion

In [24,25], Turaev constructed a re ned version of the conbinatorial torsion
asseiated to an acyclic represemation , which dependson additional com-
binatorial data, denotedby " and called the Euler structure, aswell ason the
cohomolaical orientation of M, i.e., on the orientation o of the determinarnt
line of the cohomologyH (M;R) of M. In [15], Farber and Turaev extended
the de nition of the Turaevtorsionto non-acyclicrepresemations. The Farber-
Turaev torsion assaiated to a represemation , an Euler structure ", and a
cohomologicalorientation o is a non-zeroelemen -.,( ) of the determinart
line Det(H (M;E )).

Theorem5.11 of this paper states, that for eat connectedcomponert 2 C of

3 In this paper we always considerthe classical (not the Zariski) topology on the



the spaceRep( 1(M);C"), there existsa constart 2 R, sud that #

an( )

";O( ) = € f”?O( )1 (11)

wheref..o( ) is a holomorphic function of 2 Rep( 1(M);C"), given by an
explicit local expressiongcf. (5.50). In the casewhere is an acyclic represen-
tation closeto an acyclicunitary represemation, this formula wasobtainedin

[5].

Recenly, Rung-Tzung Huang [19] shaved by an explicit calculation for lens
spaceghat the constart candepend on the connectedcomponert C.

Sketchof the proof of formula (1.1)

Using the calculation of the Ray-Singer norm of the Farber-Turaev torsion,
givenin Theorem10.2of [15] and the formula for the Ray-Singernorm of the
re ned analytic torsion [6, Th. 11.3],we obtain (cf. (5.58)) that

an( )
";o( )

= jfuol )i (12)

Both, the left and the right hand side of this equality, are absolute values of
holomorphic functions. If the absolute values of two holomorphic functions
are equal, then the two functions are equalup to a multiplication by a locally
constart function, whoseabsolute value is equal to one. Hence,(1.1) follows
from (1.2).

Application: relation of the -invariant with the phaseof the Farber-Turaev
torsion

If 2 Rep( 1(M);C") is an acyclic unitary represetation, then the re ned
analytic torsion ,,( ) is a non-zerocomplex number, whosephaseis equal,
up to a correctionterm, to the -invariant  of the odd signature operator
correspnding to the at connectionon E , cf. (6.65). Hence,if ;and , are
two acyclicunitary represemations which lie in the sameconnectedcomponert
of Rep( 1(M);C"), equality (1.1) allows to compute the di erence |

in terms of the phasesof the Farber-Turaev torsions -,( 1) and -o( »2)
The signi cance of this computation is that it allows to study the spectral

2

complex analytic spaceRep( 1(M);C").
4 Note that since an( ) and -o( ) are non-vanishing sectionsof the samebundle,
their ratio is a non-zerocomplex-valued function.



invariant by the methods of conmbinatorial topology. With someadditional
assumptionson ; and , a similar result was establishedin [13] and [5], cf.
Remark 6.5.

Related works

In [24,25], Turaev constructed a re ned version of the conbinatorial torsion
and posedthe problem of constructing its analytic analogue.In [15, x10.3],
Farber and Turaev asked this question in a more general setting and also
suggestedhat sud an analogueshouldinvolve the -invariant. The proposed
notion of re ned torsion givesan a rmativ e answer to this questionin full
generality.

Having applications in topology in mind, quite sometime ago, Burghelea
asked the question if there exists a holomorphic function on the space of
acyclic represemations Repy( 1(M); C") whoseabsolutevalue is equalto the
(modi ed) Ray-Singertorsion. In [10,11], Burgheleaand Haller constructed
such a holomorphic function. In particular, in [11] they outlined a construc-
tion of this function involving Laplace-type operators acting on forms.> They
require that the given complex vector bundle admits a non-degeneratesym-
metric bilinear form, which they useto de ne their Laplace-ype operators.
The function constructed in [11] is similar to the invariant de ned in x7
of our paper [5]. Burgheleaand Haller then expressthe squareof the Farber-
Turaevtorsion in terms of thesedeterminarts and someadditional ingredierts.
Hencethey obtain a formula for the Farber-Turaevtorsion in terms of analytic
guartities up to a sign. This result shouldbe comparedwith our formula (1.1),
which expresseshe Farber-Turaevtorsion including its signin analytic terms.
The signis important, in particular, for the application discussedn Section6.
Note that the result of Burgheleaand Haller is valid on a manifold of arbitrary,
not necessarilyodd dimension. Their holomorphic function is di erent from
our re ned analytic torsion and is not related to the Atiy ah-Patodi-Singer -
invariant. In [8], we obtain an explicit formula computing the Burghelea-Haller
torsion in terms of the re ned analytic torsion and the -invariant.

2 The Rened Analytic Torsion

In this sectionwe recall the de nition of the re ned analytic torsion from [6].
The re ned analytic torsionis constructedin 3 steps: rst, wede ne the notion
of re ned torsion of a nite dimensional complex endoved with a chirality
operator, cf. De nition 2.3. Then we x a Riemannianmetric g™ on M and

> Added in proof: For a more detailed presenation see[12].



considerthe odd signature operator B = B(r ;g") asseiatedto a at vector
bundle (E;r ), cf. De nition 2.5. Using the graded determinant of B and the
de nition of the re ned torsion of a nite dimensionalcomplexwith a chirality
operator we constructan elemen = (r ;g") in the determinart line of the
cohomology cf. (2.15). The elemenn is almost the re ned analytic torsion.
Howewer, it might depend on the Riemannianmetric g™ (though it doesnot
if dimM 1 (mod4)). Finally we\correct” by multiplying it by an explicit
factor, the metric anomaly of , to obtain a di eomorphism invariant ,(r )
of the triple (M;E;r ), cf. De nition 2.9.

2.1 The determinant line of a complex

Givena complexvector spaceV of dimensiondimV = n, the determinantline
of V is the line Det(V) := "V, where "V denotesthe n-th exterior power
of V. By de nition, we set Det(0) := C. Further, we denoteby Det(V) ! the
dual line of Det(V).

Let

c:@: orco @ ¢ @ @ ci1 oo

be a complexof nite dimensionalcomplexvector spacesWe I(_:aII the integer
d the lengthof the complex(C ; @ andwe denoteby H (@ = &, H'(@ the
cohomologyof (C ; @. Set

Nd ) Det(ci) V'; 2.3
N d i (1 '
o Det(H!' (@)

Det(C )
Det(H (@)

The lines Det(C ) and Det(H (@) are referredto asthe determinant line of
the complexC andthe determinantline of its cohomolay, respectively. There
is a canonicalisomorphism

c T c@: Det(C) ! Det(H (@); (2.4)

cf., for example,x2.4 of [6].



2.2 The re ned torsion of a nite dimensional complexwith a chirality op-
erator

Let d = 2r 1 be an odd integer and let (C ;@ be a length d complex of
nite dimensionalcomplexvector spacesA chirality operator is an involution
:C ! C suhthat (C)=C%),j=0;:::;d Forg 2 Det(C') (j =

Det(C/) ! Det(CY 1) inducedby .

Fix non-zeroelemerts ¢ 2 Det(C!), j = 0;:::;r 1 and denote by G ! the
unique elemen of Det(C)) ! sud that G '(g) = 1. Considerthe elemer

c = ( 1RE) c, !
( ()1)r 1 X ' r ro1 (25)
G 7 (Y (a2t? ()t
of Det(C ), where
1 %x1 . . .
R(C) = > dmC! (dimC!+ ( 1)*): (2.6)

j=0

It follows from the de nition of ¢, * that ¢ is independen of the choiceof ;
(G=0::5r 1)

De nition 2.3 The re ned torsion of the pair (C ;) is the element

= .. = c(c) 2Det(H (@); (2.7)
wher ¢ is the canonical map (2.4).
2.4 The odd signature operator

Let M be a smooth closedoriented manifold of odd dimensiond= 2r 1 and
let (E;r ) bea at vector bundle over M. We denoteby *(M;E) the space
of smooth di erential forms on M of degreek with valuesin E and by

r: (M;E) ! *1(M;E)

the covariant di erential inducedby the at connectionon E.



Fix aRiemannianmetricg™ onM andlet : (M;E)! ¢ (M;E) denote
the Hodge -operator. De ne the chirality operator = (gM): (M;E)!
(M;E) by the formula

k(k+1)

o= i"( )"z I; 1 2 K(M;E); (2.8)

with r given asabove by r = d%l The numerical factor in (2.8) has been

chosensothat 2= 1, cf. Proposition 3.58 of [3].
De nition 2.5 The odd signature operator is the operator

B=Br:;g") = r +r : (ME) ! (M:E): (2.9)
We denoteby By the restriction of B to the spaee ¥(M; E).

2.6 The gradead determinant of the odd signature operator

Supposel is an interval of the form [0; |; (; J,or(; 1) ( > 0).
Denote by g2, the spectral projection of B2 correspnding to the set of
eigervalues,whoseabsolutevalueslie in | . Set

((ME) == g ( (MIE)) (M;E):

If the interval | is bounded,then, cf. Section6.10 of [6], the space |, (M;E)
is nite dimensional.

k . — k . .
+1(MJE) = Ker(r )\ {(M;E) (2.10)
K (M;E) = Ker( r)\ KM;E):
Then
K(M;E) = X, (M;E) “ (M;E) if 062: (2.11)

We considerthe decompsition (2.11) asa grading © of the space | (M;E),
andreferto 'i;, (M;E)and . (M E) asthe positive and negative subspaces

6 Note, that our grading is opposite to the one consideredin [9, x2].



of K(M;E). Set

ML
“TN(MSE) = "1 (M;E)
p=0

and let B' and B, denotethe restrictions of B to the subspaces | (M;E)
and {**"(M;E) respectively. Then B}, maps ®{"(M;E) to itself. Let B,

denotethe restriction of B, to the space (M E). Clearly, the operators
B..., are bijective whenewer 062 .

even

De nition 2.7 Supmse0 62 . The gradeddeterminart of the operator B,
is de ned by

Det (B!
e (Been) 5 cfog: (2.12)

Dety; (Beven) = W
even

where Det denotesthe -regularizel determinant asseiated to the Agmon
angle 2 ( ;0), cf., for example,x6 of [6].

It follows from formula (6.17) of [6] that (2.12) is independert of the choice of
2( ;0.

2.8 The re ned analytic torsion

Sincethe covariant di erentiation r commuteswith B, the subspace |, (M;E)
is a subcomplexof the twisted de Rham complex( (M;E);r ). Clearly, for
eath 0, the complex ., ,(M;E) is acyclic. Since

(ME) = o 1(MSE) (;1)(M;E); (2.13)

the cohomologyH ,. ,(M;E) of the complex (,. ;(M;E) is naturally isomor-
phic to the cohomologyH (M;E).

Let |, denotethe restriction of to ,(M;E). For eath 0, let

= (r ;g") 2 Det(Hp, (M;E)) (2.14)

[0; 1 [0; 1

denotethe re ned torsion of the nite dimensionalcomplex( . (M;E);r )
corresmnding to the chirality operator . |, cf. De nition 2.3.We view

[0; 1]
as an elemen of Det(H (M;E)) via the canonical isomorphism between
Hp. ((M;E) andH (M;E).



It is shavn in Proposition 7.8 of [6] that the nonzeroelemert

even

(r) = (r;g") := Dety. (Blo’) o 2 Det(H (M;E)) (2.15)

is independert of the choice of 0. Further, (r ) is independen of the
choiceof the Agmonangle 2 ( ;0) of Beyen.

If the odd signature operator is invertible then Det(H (M;E)) is canonically
isomorphicto C and = 1. Hence, (r ) is a complex number which

f0g
coincideswith the graded determinart Dety. (Beven) = Dety: (BEL)). This
casewas studied in [5].
Let Byivias (V) : ©*"(M;C) !  ®°(M;C) denotethe even part of the odd
signature operator d+d : (M;C) ! (M; C) correspnding to the
trivial line bundleM C! M.
De nition 2.9 The re ned analytic torsion is the element

a(r) = (r;g") & KkE wa (@) 2 Det(H (M;E)); (2.16)

whee g™ is any Riemannian metric on M, (r ;gM) 2 Det(H (M;E)) is
de ned in (2.15), and

1
wvial (V) = > (O; Byrivial );

is one half of the value at zero of the -function of the operator Byiyia -

In particular, if dimM 1 (mod4), then uvia (gV) = 0, cf. [1], and
an(r )= (r;g").

It is shown in Theorem 9.6 of [6] that ,,(r ) is independert of gM.

3 The Determinan t Line Bundle over the Space of Representations

The spaceRep( 1(M); C") of complexn-dimensionalrepresetations of (M)
hasa natural structure of a complexanalytic spacecf., for example,[5, x13.6].
The disjoint union

G
Det := Det(H (M:E)) (3.17)
2Rep( 1(M);C")



has a natural structure of a holomorphic line bundle over Rep( (M);C"),
called the determinant line bunde. In this sectionwe descrile this structure,
using a CW-decomgposition of M. Then, by construction, the Farber-Turaev
torsion -,( ) is a nowhere vanishing holomorphic section of Det. In partic-
ular, it de nes a holomorphic trivialization of Det. Note, howeer, that this
trivialization is not canonicalsinceit dependson the Euler structure ".

3.1 The at vector bunde induced by a representation

Denoteby : M ! M the universalcover of M and by (M) the funda-
mertal group of M, viewed asthe group of dedk transformationsof M1 | M.
For 2 Rep( 1(M);C"), we denoteby

E =M@ ¢Cc" ! M (3.18)
the at vector bundle inducedby . Letr bethe at connectionon E

induced from the trivial connectionon i1 C". We will alsodenoteby r
the induced di erential

r . (M;E) ! T(M;E );
where (M;E ) denotesthe spaceof smaoth di erential forms of M with
valuesin E .
For eath connectedcomponert (in classicaltopology) C of Rep( (M);C"),

all the bundles , 2 C, areisomorphic,seee.g.[17].

3.2 The combinatorial cochain complex

alift g, i.e., a cell of the CW-decomposition of 1, such that ()= ¢g.By
(3.18), the pull-back of the bundle E to [ is the trivial bundle 1 C" !

1. Hence, the choice of the cells e;;:::; ey identies the cochain complex
C (K; ) of the CW-complexK with coe cientsin E with the complex
0! Cn ko @(!) Cn k1 @(!) @ 1(!) Cn kg I o (3.19)

K andthe di erentials @( ) are(nk; nk; i1)-matricesdependinganalytically
on 2 Rep( 1(M);C").

10



The cohomologyof the complex(3.19)is canonicallyisomorphictoH (M;E ).
Let

¢ ()1 Det(C (K; )) ! Det(H (M;E)) (3.20)

denotethe isomorphism(2.4).

3.3 The holomorphicstructure on Det

and, hence,an isomorphism

:C I Det(C (K; )); z 7'z c:

Then the map

7 cwir( (1) 2 Det(H (MiE)); (3.21)

where 2 Rep( 1(M);C"), is a nowherevanishing sectionof the determinart
line bundle Det over Rep( 1(M);C").

De nition 3.4 We say that a section s( ) of Det is holomorphic if there
existsa holomorphicfunction f ( ) onRep( 1(M);C"), suchthats( )= f( )

()

This de nes a holomorphic structure on Det, which is independen of the

section ( ) will be multiplied by a constart. In the next subsectionwe show
that this holomorphic structure is alsoindependen of the CW-decomposition
K of M.

3.5 The Farber-Turaevtorsion

orientation o, cf. [23, x20]. Moreover, every Euler structure and every coho-
mological orientation can be obtained in this way. The Farber-Turaev torsion

~o( ), correspnding to the pair ("; 0), is, by de nition, [15, x6], equalto the
elemen ( ) denedin (3.21).In particular, it is a non-vanishingholomorphic
section of Det, accordingto De nition 3.4. Sincethe Farber-Turaev torsion

11



is independer of the choice of the CW-decomposition of M [25,15],s0is the
holomorphic structure de ned in De nition 3.4.

3.6 The acyclic case

If the represemation is acyclic,i.e., H (M;E ) = 0, then the determinart
line Det(H (M;E )) iscanonicallyisomorphicto C. Hence the Farber-Turaev
torsion can be viewed as a complex-walued function on the set

Rep( 1(M);C") Rep( 1(M);C")

of acyclic represemations. It is easyto see,cf. Theorem 4.3 of [10], that this
function is holomorphic on Repy( 1(M); C"). Moreover, it is a rational func-
tion on Rep( 1(M);C"), all whosepolesarein

Rep( 1(M);C")nRep( 1(M);C"):

In particular, the holomorphic structure on Det, which we de ned above,
coincides,whenrestricted to Repy( 1(M); C"), with the natural holomorphic
structure obtained from the canonicalisomorphism

Detjrepo( 1(M):cny - Rep( 1(M);C") C:

We summarizethe results of this sectionin the following

Prop osition 3.7 a. The holomorphicstructure de ned in De nition 3.4 is
independentof any choiees made.

b. For every Euler structure " and every cohomolgical orientation o, the
Farber-Turaevtorsion -,( ) is a holomorphicsection of the determinant line
bunde Det.

c. The restriction of -,( ) to the open subset
Rep( 1(M);C") Rep( 1(M);C")

of acyclic representationsis a holomorphicfunction.

4 Rened Analytic Torsion as a Holomorphic Section

One of the main results of this paper is that the re ned analytic torsion 4,
is a non-vanishing holomorphic section of Det. More precisely the following
theorem holds.

12



Theorem 4.1 There ned analytic torsion 4, is a holomorphicsection of the
determinant bunde Det, i.e., for any Euler structure " and any cohomol@ical
orientation o, theratio ,,= -, is a holomorphicfunction on Rep( (M );C").

In particular, therestriction of ,, to thesetRep( 1(M); C") of acyclicrepre-
sentations,viewea asa complex-valud function via the canonical isomorphism

Detjrepo( 1(M)cy ~ Rem( 1(M);C") C;

is a holomorphicfunction on Repy( 1(M);C").

We prove this theoremin two steps:in this sectionwe shaw that 4, is holo-
morphic on Rep( 1(M);C")n( M), where ( M) is the set of singular points
of the complex analytic set Rep( 1(M);C"). In the next sectionwe will use
this result to calculatethe ratio of the re ned analytic and the Farber-Turaev
torsions. This calculation and the fact that the Farber-Turaev torsion is holo-
morphic, will imply that 5, is holomorphic everywhere,cf. Subsection5.13.

The main result of this sectionis the following

Prop osition 4.2 Let o2 Rep( :(M);C")n( M). Then the re ned analytic
torsion ,,, viewal as a section of Det, is holomorphicin a neighlmrhood of
o with respect to the holomorphicstructure de ned in Section 3.

For corvenienceof the readerand in order to illustrate the main ideasof the
proof we, rst, prove the proposition for the casewhen  is acyclic. Then in
a neighborhood of , the re ned analytic torsion can be viewed asa complex-
valued function, and we shall shov that this function is holomorphicat .

4.3 Reduction to a nite dimensionalcomplex

Fix a Riemannian metric g™ on M and a number 0 sud that there
are no eigervaluesof B(r ,;g")? with absolutevalue equalto . Then there
existsa neighborhood U  Rep( 1(M);C")n( M) of ¢ sud that the same
property holds for all 2 U . By Proposition 13.2 of [5] the function 7!

Dety: (Bl (r ;g")) is holomorphic” onU . It followsnow from (2.15) and

(2.16) that to prove Proposition 4.2t is enoughto shaw that the function

()= (")

’ Proposition 13.2 of [5] only dealswith the casewhere B is invertible and = 0.
But a verbatim repetition of the sameproof with B replacedeverywhereby B(: 1)
works in our more generalsituation.

13



is holomorphic.

4.4 Reduction to one-rameter families of representations

By Hartog's theorem, [18, Th. 2.2.8], it is enoughto shov that for ewery
holomorphiccurve :O! U , whereO is aconnectedopen neighborhood of
Oin C, sudhthat (0) = o,

z 7! o ](r @) z20;

is a holomorphic function on O.
4.5 A family of connections

Let usintroduce someadditional notations. Let E be a vector bundle over M

and let r bea at connectionon E. Fix a basepoint x 2 M and let E,

denotethe b erof E overx . Wewill identify E, with C" and (M ;x ) with
1(M).

For a closedpath p : [0;1] ! M with p(0) = p(1) = x , we denote by
Mon; (p) 2 End Ex, ' Mat, ,(C) the monodromy of r along p. Sincethe
connectionr is at, Mon, (p) dependsonly on the class[p] of pin 1(M).
Hence,the map p 7! Mon, ( ) de nes an elemen of Rep( ;(M);C"), called
the monadromy representationof r .

Supposenowthat O Cisaconnectedopenset.Let :O! Rep( (M);C")
be a holomorphic curve. By Proposition 4.5 of [17], all the bundlesE (,); z 2
O, areisomorphicto ead other. In other words, there exists a vector bundle
E! M anda family of at connectionsr ,; z 2 O, on E, sudh that the
monodromy represemation of r , is equalto (z) for all z 2 O. Moreover,
LemmanB.6 of [5] shows that, for any z, 2 O, the family r , can be chosenso
that there existsa one-form! 2 (M;End E) sud that

ro=1r144 + (z 2z)! + oz zp): (4.22)

Sincezy 2 O is arbitrary, it follows now from the discussionin Subsectior4.4,
that to nish the proof of Proposition 4.2 we only needto show that the
function

t@ = | zd") (4.23)

14



is complexdi erentiable at zg, i.e., there existsa 2 C, sud that

f(2) = f() + z z)a+ oz 2z):

4.6 Choice of a basis

Let (o, 1(2) (z 2 O) denotethe spectral projection of the operator B(r ,;g")?,
correspnding to the set of eigervaluesof B(r ,;g")?, whoseabsolute value

IS , cf. Subsection4.3. It follows from (4.22) that there exists a bounded
operatorP (M;E)! (M; E) sud that
012 = 1(2) + (2 )P + 0oz 2o): (4.24)

We denoteby (z) the imageof o, (z). Foreadhj = 0;:::; r 1, x abasis

wj = fwjl;""w gof J(z) andsetwy ; = f wl"':; W 'g. To simplify
the notation we will write wq ; = w;. Thenw; is a ba3|sfor I (zo) for all
j=0:d

Foreahhz2 O, = 0;:::;d, set

Wj (Z) le(Z) ..... jmj (Z) g = f [0: ](Z)W ..... o ](Z) ijj g:

It follows from the de nition of U that the projection . {(z) dependscon-
tinuously on z. Hence,there exists a neigl“borhood 0% O of 7, sud that
w;(z) is a basisof I(z) forall z2 O%j = 0;:::;d. Further, since o 1(z)
commnutes with , we obtain

Wy j(2) =  w(2): (4.25)

Clearly, wj(zp) = w; forall j = 0;:::;d.
Let
2. Det( (z)) ! Det(H (MJE ()) "' C
denote the isomorphism (2.4). For z 2 O° let w(z) 2 Det( (z)) be the
elemen determined by the basisw;(z);:::;wq(z) of (z). More precisely

we introduce

w(2) = W@~ "~w"(2) 2 Det( '(2));

15



and set
W(z) = Wo(z) wi(z) * we(z) *:

Then, accordingto De nition 2.3, it follows from (4.25) that, for all z 2 O°
the re ned torsion of the complex (z) isequalto  (;(w(2)), i.e.,

0,12 = oW@): (4.26)
4.7 Reduction to a family of di er entials

For eah z 2 O° the space (z) is a subcomplexof (  (M;E);r ,), whose
cohomologyis canonically isomorphic to the cohomologyof ( (M;E);r ,)
and, henceto H (M;E (). Usingthe basisw; (z) we de ne the isomorphism

i(@:cm o1t (@

by the formula

X . X .
(@)X Xmy) = Xj Wi(z) = Xj 0 1(Z) W (4.27)
k=1 k=1

We concludethat for each z 2 O° the complex( (z);r ,) is isomorphicto
the complex

(W :dz): 0! cmo ©@ cm 4@ Gip) ome  (4.28)
where
d@ = @ * r, @ j=0;:::d: (4.29)

It follows from (4.24) and (4.27)that d;(z) is complexdi erentiable at zo, i.e.,
there existsa (m;+;  m;)-matrix A sud that

di(z) = d(z) + (z z)A + oz 2o):
Let (2):= - %o j(2).Since ( I(z)) = ®I1(2) (j = 0;:::;d), weconclude
that m; = my ;. From (4.25) we obtain that

e = 1(2) (2) (4.30)
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is independen of z2 O%and

€ (X Xmy) T (Xay i Xy ) j =00 (4.31)

It follows from (4.29) and (4.30) that

(2 = o ](r ) (4.32)

where e(z) denotesthe re ned torsion of the nite dimensional complex
(W ;d(z)) correspnding to the chirality operator € cf. De nition 2.3.

Let w (2) : Det(W ) ! Det(H (d(z))) denotethe isomorphism(2.4). The
(4.31) and the de nition (2.7) of (z) we concludethat

o2 = w (D(w): (4.33)

Hence,to nish the proof of Proposition 4.2 in the casewhen g is acyclic it
remainsto shaw that the function z 7!\ (2)(w) is complexdi erentiable at
Zo. In view of (4.29), this follows from the following

Lemma 4.8 Let

@(_f) @(_f)

@ (@)

(C:@z): 0! Cnrk Cnk

(4.34)
Chka 1 0

be a family of acyclic complexesde ned for all z in an open set O C.
Suppmsethat the di er entials @(z) are complexdi er entiableat z, 2 O. Then
for any c 2 Det(C ) the function z 7! c ;@z))(c) is complexdi er entiable at
Zp.

Pro of. It isenoughto provethe lemmafor oneparticular choiceof c. To make

@ 1(z0) Vi 1; 15 @ 1(20) vjIj 1oV vj'j (4.35)
form a basisof Cl. Let ¢ 2 Det(C ) be the elemen de ned by thesebases.
@ 1)V 15 11 @ 1(z)vjIj TR vj'j (4.36)
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transforming the basis (4.36) to the basis (4.35). Then, by the de nition of
the isomorphism c @) cf. x2.4 of [6],

©:@© = ( YN " Deta@) ¥ (4.37)
i =0

whereN (C ) isthe integerde ned in formula (2.15) of [6] which is independen
of z. Clearly, the matrix valuedfunctions A; (z) and, hence their determinarts
are complexdi erentiable at zg. Thus, sois the function z 7! c ;@Z))(c).

4.9 Sketchof the proof of Proposition 4.2 in the non-acyclic case

Let r , be the family of connections(4.22). To prove Proposition 4.2 in the
casewhen g is not acyclicit is enoughto show that the function

Y
[0:](r 29")

@ = @

(4.38)

is complexdi erentiable at z,. Here -.o( (z)) standsfor the Farber-Turaev
torsion assaiated to the represemation (z), the Euler structure " and the
cohomologicalorientation o, cf. Subsection3.5. To seethis we considerthe
integration map

0 (2 (M;E) ! C (K; (2);

whereC (K; (2)) isthe cochain complexcorrespndingto the CW-decomm-

valueddi erential formsis de ned usinga trivialization of E over eadh cell g,

and, hence,it dependson the at connectionr ,, cf. below. We then consider
the conecomplexCone (J,) of the map J,. This isa nite dimensionalacyclic
complexwith a xed basis,obtained from the basesof (z) andC (K; (2)).

The torsion of this complexis equalto f (z). An application of Lemma4.8to

this complex provesProposition 4.2.

In the de nition of the integration map J, we have to take into accoun the
fact that the vector bundlesE () and E are isomorphic but not equal. The
standard integration map, cf. Subsection4.10,isa map from (M;E) to the
cochain complexC (K; E) of K with coe cien ts in E, which is not equalto the
complexC (M;E (). Thereis a natural isomorphismbetweenthe complexes
C (K;E)andC (K; (z)) which dependson z. The study of this isomorphism,
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which is conductedin Subsection4.11, is important for the understanding
of the properties of J,. In particular, it is usedto show that J, is complex
di erentiable at zy, which implies that the conecomplex Cone (J,) satis es
the conditions of Lemma4.8.

4.10 The cochain complexof the bunde E

apoint x; 2 g andlet E,; denotethe b erof E over x;. The cochain complex
of the CW-decompsition K with coe cients in the at bundle (E;r ;) can
beiderti ed with the complex(C (K;E): @z))

M M
01 £, @¢ e @p
dim & =0 dime=1 - (4.39)

dimeg=d

We usethe prime in the notation of the di erentials @ in order to distinguish
them from the di erentials of the cochain complex C (K; (z)) de ned in
(3.19).

It follows from (4.22) that @(z) are complex di erentiable at zo, i.e., there
exist linear maps

M M
q : Ey ! Ey,

I
dim g =j dime=j+1

sud that

@) = @z) + (z z)a + oz 2); j=Lund L
4.11 Relationshipwith the complexC (K; (2))

Recall that for ead z 2 O°the monadromy represemation of r , is equalto
(z). Let :f1 ! M denotethe universalcoverof M andlet B = E denote
the pull-back of the bundle E to 1. Recallthat in Subsection4.5we xed a
point x 2 M. Letx 2 M bealift ofx to 1 and x abasisofthe b erE,
of B over x . Then, for eath z 2 O° the at connectionr , identies E with
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Subsection4.5and let x; 2 g bethe lift of x; 2 . Then the trivialization of
E de nes isomorphisms

S;jiEx ' By ! CT j=1::1;N;z20°%

The isomorphismsS;;; depend op the trivialization of E, i.e., on the con-
nectionr ,. The direct sumS;, = ;| S;; is anisomorphisms;, : C (K;E) !
C (K; (2)) betweenthe complex(4.39)and (3.19). It followsfrom (4.22) that
S, iscomplexdi erentiable at zg, i.e., there existsalinearmaps: C (K;E)!
C"N sudc that

S; = S5 + (z zo)s + oz 2p):
4.12 The integration map

isomorphismT;.; : Ejg ! Ey  g. Thus, we cande ne the integration map

I,: (M;E) ! C(K;E) (4.40)

by the formula

M 4
(1) = Ti.(1): (4.41)

1) Ng

By the deRhamtheorem,l, isamorphismofcomplexesj.e.,l, r , = @z) I,,
which inducesan isomorphismof cohomology Also it follows from (4.22) that
|, is complexdi erentiable at z.

Finally, we considerthe morphism of complexes

J, =S 1|, @:W ! C; z2 0% (4.42)

This map is complexdi erentiable at z, and inducesan isomorphismof coho-
mology.
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4.13 The cone complex

The conecomplexCone (J,) of the map J, is given by the sequencef vector
spaces

Cond(J,) = W Cl ¥K; () Cc™m C'k 1 j=0::00d

with di erentials
0 1

b = 59 0 «.
Jzi @ (2))

where J,; denotesthe restriction of J, to Wi, This is a family of acyclic
complexeswith di erentials @(z), which are complexdi erentiable at z,. The
standard basesof C™  C"ki 1 de ne an elemen c 2 Det(Cone (J,)) which
is independert of z 2 O° Using the isomorphism(2.4), we henceobtain for
eah z 2 O°the number cone (5,)(€) 2 CnfOg. From the discussionin Sub-
section4.9 it follows that this number is equal to the ratio (4.23). Hence,to
nish the proof of the Proposition 4.2 it remainsto shav that the function
zZ7' cone (3,)(C) iscomplexdi erentiable at z,. This followsimmediately from
Lemma4.8.

5 Comparison betweenthe Re ned Analytic and the Farb er-T uraev
torsions

In this sectionwe calculate the ratio of the re ned analytic and the Farber-
Turaev torsion. As a corollary, we concludethat the re ned analytic torsion
is a holomorphic sectionon the whole spaceRep( 1(M); C") and not only on
the subsetRep( 1(M);C")n( M) of smooth points.

First, we needto introduce someadditional notations.

5.1 The -invariant

First, we recall the de nition of the -function of a non-self-adjoint elliptic
operator D, cf.[16].Let D : C1 (M;E)! C?! (M;E) beanelliptic di erential
operator of order m 1 with self-adjoirt leading symbol. Assumethat is
an Agmon anglefor D (cf., for example,De nition 3.3 of [5]). Let . (resp.
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<) be a pseudo-di erertial projection whoseimage cortains the span of all
generalizedeigervectors of D correspnding to eigervalues with Re > 0
(resp. with Re < 0) and whosekernel cortains the span of all generalized
eigervectors of D correspnding to eigervalues with Re 0 (resp. with
Re 0). For all complexs with Res < d=m, we de ne the -function of
D by the formula

(s;D) = (s; »;D) (s; <; D) (5.43)

where (s; -;D) = Tr( -D?®) and, similarly, (s; <;D) := Tr( D?®).
Note that, by de nition, the purely imaginary eigervaluesof D do not con-
tribute to (s;D).

It was shavn by Gilkey, [16], that (s;D) has a meromorphic extensionto
the whole complex plane C with isolated simple poles,and that it is regular
at 0. Moreover, the number (0;D) is independert of the Agmon angle .

Sincethe leading symbol of D is self-adjoirt, the angles =2 are principal
anglesfor D. Hence,there are at most nitely many eigervaluesof D on the
imaginary axis.Let m, (D) (resp.,m (D)) denotethe number of eigervaluesof
D, courted with their algebraicmultiplicities, on the positive (resp., negative)
part of the imaginary axis. Let my(D) denotethe algebraic multiplicit y of O
asan eigervalue of D.

De nition 5.2 The -invariant (D) of D is de ned by the formula

(0;D)+ m,(D) m (D)+ mg(D).

(D) = 5

(5.44)

As (0;D) is independen of the choice of the Agmon angle for D, cf. [16],
sois (D).

Remark 5.3 Note that our de nition of (D) is slightly di er ent from the
one proposal by Gilkey in [16]. In fact, in our notation, Gilkey's -invariant
is givenby (D)+ m (D). Henee, reduced modulo integers, the two de nitions
coincide. However, the number € () will be multiplied by ( 1)™ ®) if we
repla@ one de nition by the other. In this sense,De nition 5.2 can be viewel
as a signre nement of the de nition givenin [16].

Let 2 Rep( 1(M);C") be arepresemation of the fundamenal group of M
andlet E ! M be the vector bundle de ned by , cf. Subsection3.1. We
denoteby r the at connectionon E . Fix a Riemannian metric g" on M
and denote by

= (Bewen(r ;g")) (5.45)
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the -invariant of the correspnding odd signature operator B(r ;g"), cf.
De nition 2.5.

5.4 The number rc

For every integerhomologyclass 2 H;(M;Z) andewery 2 Rep( (M);C"),
we denoteby det () the determinart of the value of on any closedcurve
represeting ,[ ]=

Let Ly 1(p) 2 HY 1(M;Z) denotethe componert in dimensiond 1 of the
Hirzebruch L-polynomial L(p) in the Pontrjagin classesof M and let P, 2
H1(M;Z) denotethe Poincare dual of L4 1(p).

Lemma 5.5 The function

70 r() = jdet (B)j*?2e™ 2 R, (5.46)
is locally constant on Rep( 1(M);C"). In particular, if C Rep( 1(M);C")
is a connected compnent of Rep( :(M); C"), which contains a unitary rep-

resentation o, then  is real andjdet (P,)j = 1, hene, r( ) = 1 for all
2 C

Pro of. Following Farber [13]we denoteby Arg the unique cohomologyclass
in HY(M; C=2) sud that for every closedcurve 2 M we have

det( ([ ])) = exp(2 ibArg [ ]i); (5.47)

whereh; i denotesthe natural pairing H*(M;C=Z) Hi(M;Z)! C=Z.Then
logr( ) = Im( hArg ;Pji):

Suppose  (t 2 [0;1]) is a smooth family of represemations. From Theo-
rem 12.3and Lemma12.6 of [5] we concludethat

d d
dt ' dt
Hence,&r( () = 0.

De nition 5.6 For each connected component C  Rep( 1(M); C") we de-
note by r¢ the value of the function r on C.

Lemmab.5impliesthat rc = 1if Ccorntains a unitary represetation.
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5.7 The homolay class -

We needthe following

Lemma 5.8 Let M be a closal oriented manifold of odd dimensiond = 2n

1. Let Ly 1(p) 2 HY }(M;Z) denotethe component in dimensiond 1 of
the Hirzebruch L-polynomial L(p) in the Pontrjagin classesof M. Then the
reduction of Lg 1(p) modulo 2 is equal to the (d  1)-Stiefel-Whitney class
Wy 1(M) 2 Hd 1(M,Zz) of M.

Pro of. For any homologyclass 2 Hy 1(M;Z) there exists a smooth ori-
erted submanifold X M, represeting . Then hLy 1(p); i is equal to
the signature (X ) of X . The parity of (X ) is equalto the parity of the
Euler characteristic (X ) of X , which, in turn, is equalto hwy (M ); X i =
hwvg 1(X ); X i. Thus we concludethat

g 1(p) wg 1(M); i=0 mod 2,

for any homologyclass 2 Hy 1(M;2).

We denote by P, 2 H.(M;Z) the Poincare dual of Ly 1(p) and by c(*) 2
H1(M; Z) the characteristic classof the Euler structure ", cf. [25] or Section5.2
of [15].

Corollary 5.9 The classPi(p) + ¢(") 2 H1(M; Z) is divisible by 2, i.e. there
existsa (not necessarily unique) homolay class - 2 H1(M;Z) suchthat

2 . = By(p)+ (") (5.48)

Pro of. It is showvn on page 209 of [15] that the reduction of ¢(") modulo 2
is equalto the Poincare dual of the Stiefel-Whitney classwy (M ). Hence,it
follows from Lemma 5.8 that the reduction of P,(p) + c(") is the zeroelemen
of H]_(M ,22)

The equality (5.48) de nes - modulo two-torsion elemetts in H;(M;Z). We
X a solution of (5.48) and for the rest of the paper - denotesthis solution.

5.10 Comparison between the Farber-Turaevand the re ned analytic torsions

One of the main resultsof this paper is the following extensionof the Cheeger-
Meller theorem about the equality betweenthe Reidemeisterand the Ray-
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Singertorsions:

Theorem 5.11 Supmse M is a closeal oriented odd dimensional manifold.
Let " be an Euler structure on M and let o be a cohomolaical orientation of
M. Then, for each connected component C of Rep( 1(M);C"), there existsa
constant €= $2 R=2 Z, degendingon o (but not on "), suchthat,

¢ '+ n; mod?2 ; (5.49)

(0] (0]

and for any representation 2 C,

an( )

ol do rc det (-); (5.50)

whee - 2 H;(M;Z) is the homol@y classde ned in (5.48) andrc > 0Ois
de ned in De nition 5.6. If the connected component C contains a unitary
representation o, thenrc= 1

As an immediate corollary of Theorem5.11 we obtain

Corollary 5.12 If the representations ;; , belongto the same connected
component of Rep( 1(M); C") then

aw( 1) _ ol 1) det o ).
w( D ol o) det o( )

(5.51)

5.13 Proof of Theorem 4.1

Beforeproving Theoremb5.11let us note that, sincethe right hand side of the
equality (5.50) is obviously holomorphicin , it follows from this equality that

an( ) is @ holomorphicsectionof Det, cf. De nition 3.4.Hence,Theorem4.1
is proven.

5.14 Proof of Theorem 5.11

In Subsection5.15 below, we usethe calculations of the Ray-Singer norm of
the Farber-Turaev torsion from [15] and the calculation of the Ray-Singer
norm of the re ned analytic torsion from [6] to computethe absolutevalue of
the left hand side of (5.50). More preciselywe concludethat (cf. (5.58))

det () ! a”(()) = re (5.52)
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By Proposition 4.2, ,,( )= -o( ) is an analytic function on the set
Rep( 1(M);C")n( M)

of non-singular points of Rep( (M );C"). Further, det ( -) is obviously a
polynomial function on Rep( ;(M); C"). Hence,the function

an( )

7! det () ?! o0

is holomorphicon Rep( 1(M); C")n( M). By (5.52) the absolutevalue of this

function islocally constart Rep( 1(M);C")n( M). It followsthat the function
itself is locally constart, i.e., there existsa locally constart real valuedfunction
wo - Rep( 1(M);C")n( M)! R=2 Z sud that

an( )
";0( )

= € () 1o det (-); 2 Rep( 1(M);CMNn( M):(5.53)

In Lemma 5.16, we shaw that the function ,,( )= -o( ) IS cortinuous on
Rep( 1(M);C"). Hence, -,( ) extends to a cortinuous function on
Rep( 1(M);C"). Since -, is locally constart on the open dense subset
Rep( 1(M);C")n( M), which hasonly nitely many connectedcomponerts,
it is alsolocally constart on Rep( 1(M);C"). In other words, -,( ) depends
only on the connectedcomponert C cortaining

To nish the proof of Theorem5.11it remainsto provethat -, isindependen
of " and satis es (5.49). This is donein Subsection5.17.

5.15 The Ray-Singernorm of the Farber-Turaevand the re ned analytic tor-
sions

Let k kS5 (me y denotethe Ray-Singer norm on the determinart line
Det(H (M;E )), cf. [21,4,15,6].Theorem 10.2 of [15] statesthat

K=o )kggt(H ey = |det (c(") | (5.54)

Further, by Theorem 11.3 of our previous paper [6],

K ankpen me y = €™ (5.55)
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Combining (5.54) and (5.55) we obtain

= jdet (c(")j e ™ : (5.56)

Sincefor any two homology classesa;b 2 H,;(M;Z) we have det (a+ b) =
det (a) det (b), in view of (5.48) we obtain

jdet (c(M)j = jdet (c(")+By)j jdet (By)j*

(5.57)
= jdet (-)j ° jdet (Bpj "
Substituting (5.57) into (5.56) we obtain, using (5.46),
an( ) = i det W) i det E 172 e Im
=0 j ()i (B1) ] (5.58)

jdet (1) rc

Lemma 5.16 The function 7! % is continuous on Rep( 1(M); C").

Pro of. The proof is similar (but easier)to the proof of Proposition 4.2.
The only di erence is that we now assumethat o 2 Rep( 1(M);C") is an
arbitrary (possiblysingular) point and that the connectionr , dependsmerely
cortinuously on z. Correspndingly, throughout the proof, one should replace
the words \complex di erentiable" by \continuous".

5.17 Dependene of -, on the Euler structure and the cohomol@ical orien-
tation

From Lemmab5.16we concludethat -, islocally constart on Rep( 1(M);C").
For eath connectedcomponert C of Rep( 1(M); C") denoteby £, the value
of ., onC. To nish the proof of Theorem5.11it remainsto show that Co
is independert of " and satis es (5.49). In the caseof acyclic represemations
the independenceof CO of " was rst establishedby R.-T. Huang[19].

Recallthat the group H,(M; Z) actsfreely and transitiv ely on the setEul(M)
of all Euler structures on M, cf. [25,15]. Suppose” ;"> 2 Eul(M) are two
Euler structuresand let h 2 H;(M;Z) be sud that

2 = h+"q
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whereh + "; denotesthe action of h on ";. By formula (5.3) of [15]

o("s) = 2h + (") 2 Hi(M;2): (5.59)

Further, by the rst displayed formula on page211 of [15]

() = det (h) () (5.60)

Combining (5.59) and (5.60) with (5.48), we concludethat

det () _ et (., ) = det ()t = —wel) (5.61)

det ( -,) "30( )

Comparing (5.61) with (5.50) we concludethat CO is independen of ".
It is showvn in x6.3 of [15] that

w0l ) = (D) wo( ) (5.62)

i ©

Comparing this equality with (5.50) we concludethat € $ o= ( D" € "o,
which is equivalert to (5.49). The proof of Theorem5.11is now complete.

5.18 Comparison with the Farber-Turaev absolutetorsion

An immediate application of Theorem5.11concerngthe notion of the absolute
torsion introduced by Farber and Turaev in [14]. Supposethat the Stiefel-
Whitney classwy 1(M) 2 HY 1(M;Z,) vanishesa condition always satis ed if
dimM  3(mod4), cf. [20]. Then, by [14,x3.2], there existsan Euler structure
" sud that ¢(") = 0. Assume,in addition, that the rst Stiefel-Whitney class
wy(E ), viewedasa homomorphismH,(M;Z) ! Z,, vanishesonthe 2-torsion
subgroup of H;(M;Z). In this casethere is also a canonical choice of the
cohomologicalorientation o, cf. [14, x3.3]. Then the Turaev torsion -,( )
correspnding to any " with ¢(") = 0 and the canonically choseno will be the
same.

If the above assumptionsonwy (M) andw,(E ) aresatis ed, then the num-
ber

abS( ) = ";0( ) 2 C; (C(") = O); (563)

is canonicallyde ned, i.e., is independentof any choices It wasintroducedby
Farber and Turaev, [14], who called it the absolutetorsion.
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In view of (5.48) and the fact that P, vanishesif dimM 3 (mod4), Theo-
rem 5.11leadsto the following

Corollary 5.19 In addition to the assumptionsmadein Theorem 5.11 sup-
posethat dimM 3 (mod4) and that the 2-torsion sulgroup of H1(M;Z) is
trivial. Then the ratio ( )=23( ) is a locally constant function on
Rep( 1(M);C") and its absolutevalueis equalto 1. @

6 Application to the eta-invariant

As an application of Theorem 5.11 we establish a relationship between the

-invariant and the phaseof the Farber-Turaev torsion which improves and
generalizesa theoremof Farber [13]and an earlierresult of ours, cf. Remark 6.5
below.

6.1 Phaseof the Farber-Turaevtorsion of a unitary representation

Recallthat if 2 Rep( 1(M);C") is an acyclic represemation, then we view
the re ned analytic torsion ,,( ) as a non-zerocomplex number, via the
canonicalisomorphismDet(H (M;E )) ' C. We denotethe phaseof a com-
plex number z by Ph(z) 2 [0;2 ) sothat z = jzje P" (@),

Prop osition 6.2 Supmsethat i1; ,2 Rep( 1(M);C") are acyclic unitary
representationswhichlie in the sameconnected componentof Rep( :(M); C").
Then, modulo 2 Z,

Ph( ~o( 1))+ .+ 2 hArg ;i (6.64)
Ph( ol )+ ,+2 hArg ,; i

21

Pro of. By formula (14.10) of [5], for any acyclic unitary represetation we
have

Ph( an()) = +  (rank ) yivial ; mod 2 Z: (6.65)

8 Added in proof: Recenrly, Huang [19] proved that if there exists a cortinu-
ous path of represerations, connecting with a unitary represeration, then
an( )= )= e | where = (rank ) tiviar IS the -invariant of
E .
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Hence,

Ph(an( 1)) Ph(Caw(2)= (., ) mod2 Z (6.66)

From (5.51) and (5.47) we obtain, mod 2 Z,

Ph( an( 1)) Ph( an( 2)) Ph( ";o( l)) Ph( ";o( 2))

(6.67)
+ 2 hArg o 2 hArg i

1 S

Combining (6.66) with (6.67) we obtain (6.64).

6.3 Sign of the absolutetorsion

Supposethat the Stiefel-Whitney classwy (M) = 0andthat the rst Stiefel-
Whitney classw;(E ), viewed asa homomorphismH(M;Z) ! Z,, vanishes
on the 2-torsion subgroupof H{(M; Z). Then the Farber-Turaev absolutetor-

sion (5.63) is de ned. If 2 Repy( 1(M);C") is an acyclic unitary represen-
tation, then 2°S( ) is real, cf. Theorem 3.8 of [14] and, hence,

eiPh(abS( ) = Sign( abS( ))

Note also,that sincec(") = 0it followsfrom (5.48)that 2 - = ;. Therefore,

2 MArg ; i hArg ;Pii;  mod 2 Z: (6.68)

Recallthat P, vanishesif dimM 3 (mod 4).
From Proposition 6.2 and (6.68) we now obtain the following

Corollary 6.4 Supmsethat 1; > 2 Rep( 1(M);C") are acyclic unitary
representationswhichlie in the sameconnected componentof Rep( (M); C").
Supmsethat he rst Stiefel-Whitney classw;(E ,) = wy(E ,) vanisheson the
2-torsion sulgroup of Hy(M; Z2).

(1) If dmM 3 (mod 4), then
sign( **( 1)) € 1 = sign( ¥ ;) €
(2) If dmM 1 (mod 4) andwy (M) = 0, then

sign( @s( ;)) & ¢ 1hAg ;b

sign( abS( 2)) ei( o h Arg z;bli):
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Remark 6.5 For the special case when there is a real analytic path  of
unitary representationsconnecting ; and , suchthat . is acyclic for all

but nitely many valuesof t, Corollary 6.4 wasestablishd by Farber, using a

completelydi er ent methal,® see [13], Theorems2.1 and 3.1. In [5, x14.11]
we suceadd in eliminating the assumptionof the existene of a real analytic

path ; and assume only that the representations ; and , lie in the same
connected component of a certain subsetof the set of acyclic representations.
Corollary 6.4 improveson this result by showingthat it is enoughto assume
that ; and » lie in the sameconnected compnent of Rep( ((M); C").
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