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COMPARISON OF THE REFINED ANALYTIC AND THE
BURGHELEA-HALLER TORSIONS

MAXIM BRAVERMAN ¥ AND THOMAS KAPPELER ?

Abstract.  We express the Burghelea-Haller complex Ray-Singer torsian in terms of the square
of the re ned analytic torsion and the  -invariant. As an application we obtain new results about
the Burghelea-Haller torsion. In particular, we prove a wea k version of the Burghelea-Haller
conjecture relating their torsion with the square of the Tur aev combinatorial torsion.

1. Introduction

1.1. The re ned analytic torsion. Let M be a closed oriented manifold of odd dimension
d=2r 1andletE be a complex vector bundle ovetM endowed with a at connection r . In
a series of paperd]4.159,13], we de ned and studied the non-zeelement

an = an(r) 2 Det H (M;E)

of the determinant line Det H (M;E) of the cohomologyH (M;E) of M with coe cients
in E. This element, called the re ned analytic torsion, can be viewed as an analogue of the
re nement of the Reidemeister torsion due to Turaev [22[Z8[Z4] and, in a more general context,
to Farber-Turaev [14, [I5]. The re ned analytic torsion carries information about the Ray-
Singer metric and about the -invariant of the odd signature operator associated tor and a
Riemannian metric on M. In particular, if r is a hermitian connection, then the Ray-Singer
norm of 4(r ) is equal to 1. One of the main properties of the re ned analyic torsion is that it
depends holomorphically onr . Using this property we computed the ratio between the re ned
analytic torsion and the Turaev-Farber torsion, cf. Th. 14.5 of [4] and Th. 5.11 of [B]. This
result extends the classical Cheeger-Muller theorem abauthe equality between the Ray-Singer
and the Reidemeister torsions[[21[ 12,19, 20 2].

1.2. The Burghelea-Haller complex Ray-Singer torsion. On a di erent line of thoughts,
Burghelea and Haller [11/9] have introduced a re nement of he square of the Ray-Singer torsion
for a closed manifold of arbitrary dimension, provided that the complex vector bundleE admits
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a non-degenerate complex valued symmetric bilinear formb. They de ned a complex valued
quadratic form

= br (1.1)
on the determinant line Det H (M;E) , which depends holomorphically on the at connection
r and is closely related to (the square of) the Ray-Singer tori®n. Burghelea and Haller then

de ned a complex valued quadratic form, referred to ascomplex Ray-Singer torsion In the case
of a closed manifoldM of odd dimension it is given by

R
EHr = oy e Zm e 1.2)
where 2 9 Y(M) is an arbitrary closed (d 1)-form and !, 2 (M) is the Kamber-
Tondeur form, cf. [9, x2] { see the discussion at the end of Section 5 of [9] for the reans to
introduce this extra factor. Burghelea and Haller conjectured that, for a suitable choice of the
form bB;*;'r is roughly speaking equal to the square of the Turaev torsioncf. [9, Conjecture 5.1]
and Conjecture 1.9 below.
Note that seems not to be related to the -invariant, whereas the re ned analytic torsion
is closely related to it. In fact, our study of 4, leads to new results about , cf. [4, Th. 14.10,
14.12] and [3, Prop. 6.2, Cor. 6.4].

1.3. The comparison theorem. The main result of this paper is the following theorem estab-
lishing a relationship between the re ned analytic torsion and the Burghelea-Haller quadratic
form.

Theorem 1.4. SupposeM is a closed oriented manifold of odd dimensiord = 2r 1 and let
E be a complex vector bundle oveM endowed with a at connection r . Assume that there
exists a symmetric bilinear form b on E so that the quadratic form (1.1) on Det H (M;E) is
de ned. Then

(an) = e 20 (r) rankE i ; (1.3)

where (r ) stands for the -invariant of the odd signature operator, associated to theat vector
bundle(E;r ) and a Riemannian metric on M (cf. De nition 2.5) and gjviar IS the -invariant
of the trivial line bundle over M.

The proof is given in Section 4.

Remark 1.5. For mere convenience of notation we use a slightly modi ed vesion of the tor-
sion introduced in [5] - see De nition 2.13 and Remark 2.14 blw for details. The di erence

(r) rankE i in (1.3) is called the -invariant of (E;r ) and its reduction modulo Z is
independent of the Riemannian metric.

The above theorem takes an especially simple form, when theumdle (E;r ) is acyclic, i.e.,
whenH (M;E) =0. Then the determinant line bundle Det H (M;E) is canonically isomor-
phic to C and both, and 44, can be viewed as non-zero complex numbers. We then obtain
the following
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Corollary 1.6. If in addition to the assumptions of Theorem 1.4 one haH (M;E) =0, then

_ el () @kE ) 2 (1.4)

In general, does not admit a square root which is holomorphic inr , cf. Remark 5.12

and the discussion after it in [9]. In particular, the product o, e!( (") rakE wva ) js not a

holomorphic function of r , sincee’ ( (r) @KE wa ) js not even continuous inr . Thus the

re ned analytic torsion can be viewed as a modi ed version ofthe inverse square root of
which is holomorphic.

1.7. Applications.  As an application of Theorem 1.4 and the results of our previas papers
[4, 5, 3] we obtain new properties and new proofs of some knowwones of the Burghelea-Haller
form . In particular, we give a new proof of the Burghelea-Haller tieorem [9, Th. 4.2] stating
that p, is independent of the Riemannian metric and is locally consant in b, cf. Theorem 5.2.
We also slightly improve the latter result, cf. Theorem 5.3.

Next we discuss our main application of Theorem 1.4.

1.8. Comparison between the Turaev and the Burghelea-Haller tor sions. In[9], Burghe-
lea and Haller made a conjecture that the quadratic form (1.3 is roughly speaking equal to the
square of the Turaev torsion, cf. [9, Conjecture 5.1]. More pecisely, recall that the Turaev

torsion depends on the Euler structure” and a choice of a cohomological orientation, i.e, an
orientation o of the determinant line of the cohomologyH (M; R) of M. The set of Euler struc-

tures Eul(M), introduced by Turaev, is an a ne version of the integer homology H1(M; Z) of

M. It has several equivalent descriptions [22, 23, 7, 10]. Foour purposes, it is convenient to

adopt the de nition from Section 6 of [23], where an Euler structure is de ned as an equivalence
class of nowhere vanishing vector elds orM { see [23,x5] for the description of the equivalence
relation. The de nition of the Turaev torsion was reformula ted by Farber and Turaev [14, 15].

The Farber-Turaev torsion, depending on", o, and r , is an element of the determinant line

Det H (M;E) , which we denote by - o(r ).

Recall that the quadratic form bB;*;'r is de ned in (1.2). Burghelea and Haller made a con-
jecture, [9, Conjecture 5.1], relating the quadratic form F* and - (r ), which extends the
Bismut-Zhang theorem [2]. They have proved their conjectue modulo sign in the case when
the dimension of the manifold M is even and the bundleE admits a parallel symmetric bilinear
form ([9, Th. 5.7]) and in some other cases as well - see [85]. Though Burghelea and Haller
stated their conjecture for manifolds of arbitrary dimensions, we restrict our formulation to the
odd dimensional case.

Conjecture 1.9. [Burghelea-Haller] SupposeM is a closed oriented odd dimensional mani-
fold. Let " 2 Eul(M) be an Euler structure onM represented by a non-vanishing vector eldX .

Fix a Riemannian metric g onM and let ( gM) 2 9 1(TMnf0Og) denote the Mathai-Quillen
form, [18, x7], [2, pp. 40-44] Set

o= (@) = x (g
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Assume that(E;r ) is a at vector bundle over M which admits a non-degenerate symmetric
bilinear form b. Then

i wo(r) = 1: (1.5)

r

In Theorem 5.1 of [3] we computed the ratio of the re ned analftic and the Turaev torsions.
Using this result and Theorem 1.4 we establish the followingnveak version of Conjecture 1.9.

Theorem 1.10. Under the same assumptions as in Conjecture 1.9, for each coected compo-
nent C of the setFlat( E) of at connections on E there exists a constantR¢ with jR¢j = 1, such
that

B wo(r) = Rg  foral r2cC: (1.6)

r

The proof is given in Subsection 5.4.

Remark 1.11 It was brought to our attention by Stefan Haller that one can modify the arguments
of the proofs of Theorem 1.4 and of [3, Th. 5.1] so that they carbe applied directly to the
Burghelea-Haller torsion. In this way, one can obtain a moredirect proof of Theorem 1.10 and
Theorems 5.2{5.2. Moreover it might lead to a proof of the stdements of these theorems for
even dimensional manifolds as well.

Acknowledgment.  We are grateful to Stephan Haller for valuable comments on a peliminary
version of this paper.

2. The Refined Analytic Torsion

In this section we recall the de nition of the re ned analyti ¢ torsion from [5]. The re ned
analytic torsion is constructed in 3 steps: rst, we de ne the notion of re ned torsion of a
nite dimensional complex endowed with a chirality operator, cf. De nition 2.3. Then we X a
Riemannian metric g™ on M and consider the odd signature operato8 = B(r ; gV ) associated
to a at vector bundle ( E;r ), cf. De nition 2.5. Using the graded determinantof B and the
de nition of the re ned torsion of a nite dimensional compl ex with a chirality operator we
construct an element = (r ;gV) in the determinant line of the cohomology, cf. (2.14). The
element is almost the re ned analytic torsion. However, it might dep end on the Riemannian
metric g™ (though it does not if dim M 1 (mod4) or if rank(E) is divisible by 4). Finally
we \correct" by multiplying it by an explicit factor, the metric anomaly o f , to obtain a
di eomorphism invariant 4, (r ) of the triple (M;E; r ), cf. De nition 2.13.

2.1. The determinant line of a complex. Given a complex vector spaceV of dimension
dimV = n, the determinant line of V is the line Det(V) := "V, where "V denotes then-th
exterior power of V. By de nition, we set Det(0) := C. Further, we denote by Det(V) ! the
dual line of Det(V). Let

(c:@: o' cor @ c1 @ 1 @ cd1 oo (2.1)
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be a complex of nite dimensional complevaector spaces. Weall the integer d the length of
the complex (C ; @ and denote byH (@ = ?:0 H (@ the cohomology of C ; @. Set

e, . . o . .
Det(C ) := Det(Cl)( V';  Det(H (@) = Det(H! (@)¢ ' (2.2)
j=0 j=0
The lines Det(C ) and Det(H (@) are referred to as the determinant line of the complexC
and the determinant line of its cohomology respectively. There is a canonical isomorphism

c = (c:g- Det(C) ! Det(H (@); (2.3)
cf., for example, x2.4 of [5].

2.2. The re ned torsion of a nite dimensional complex with a chir ality operator.  Let
d=2r 1beanoddinteger andlet C ;@ be a lengthd complex of nite dimensional complex
vector spaces. Achirality operator is an involuton : C ! C suchthat (Cl)= C91,

the isomorphism Det(C') ! Det(CY J) induced by . Fix non-zero elements ¢ 2 Det(C),
j =0;:::;r 1 and denote byc;J ! the unique element of DetC!) ! such that G 1(c]) = 1.
Consider the element
ro1 r r
c =( P ¢ a? (oY (o) (o) ' (@4
of Det(C ), where
1 X1 _ . .
R(C) := > dmcC! dimC'+( 1) (2.5)
j=0
It follows from the de nition of G L that ¢ is independent of the choice o (j =0;:::r 1),

De nition 2.3.  The re ned torsion of the pair (C ;) is the element
= = ¢ (c) 2Det H (@ ; (2.6)

Cc
where ¢ is the canonical map (2.3).
2.4. The odd signature operator. Let M be a smooth closed oriented manifold of odd di-

mensiond=2r 1 and let (E;r ) be a at vector bundle over M. We denote by K(M;E) the
space of smooth di erential forms onM of degreek with values in E and by

r: (ME) ! T (M;E)
the covariant di erential induced by the at connection on E. Fix a Riemannian metric gM
onM andlet : (M;E)! d (M;E) denote the Hodge -operator. De ne the chirality
operator = ( gM): (M;E)! (M; E) by the formula
. K (k+1)
R LG e el I 2 XM;E); (2.7)

with r given as above byr = 0"’71 The numerical factor in (2.7) has been chosen so that? = 1,
cf. Proposition 3.58 of [1].
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De nition 2.5.  The odd signature operatoris the operator
B=Br:g")= r +r : (ME)! (M;E): (2.8)

We denote byBy the restriction of B to the space ¥(M;E).

2.6. The graded determinant of the odd signature operator. Note that for each k =
0:::::;d, the operator B2 maps X(M:E) into itself. Suppose| is an interval of the form
[0, 1; (; Lor(;21)( > 0). Denote by g2, the spectral projection of B2 corresponding

to the set of eigenvalues, whose absolute values lie in. Set
 (MJE) == ey (M;E) (M;E):

If the interval | is bounded, then, cf. Section 6.10 of [5], the space, (M; E ) is nite dimensional.

KJ(M;E) = Ker(r )\ [(M;E) = (Ker r) \ [(M;E);
k’ . — k . — k . . (2'9)
J(M;E) == Ker( r)\ [(M;E) = Ker r\ L (M;E):
Then
KME) = K, (ME) K, (ME)  if 0621 (2.10)

We consider the decomposition (2.10) as agrading * of the space  (M;E), and refer to
K, (M;E)and *, (M;E) as the positive and negative subspaces of {(M; E ).
Set
M1
“SMIE) = ® (ME)
p=0
and let B' and B, denote the restrictions of B to the subspaces | (M;E) and &""(M;E)
respectively. ThenBl,e, maps ©$"(M;E ) to itself. Let Bejen denote the restriction of Bl to

the space e";?”(M; E ). Clearly, the operators Be\je'n are bijective whenever 062 |I.
De nition 2.7.  Suppose0 62 |. The graded determinant of the operator Bl is de ned by

Det (Beven

Detyr: (Bhyep) = —
ar; even Det (B ev’e!n)

2 CnfOg; (2.12)

where Det denotes the -regularized determinant associated to the Agmon angle 2 ( ; 0),
cf., for example, x6 of [5].

It follows from formula (6.17) of [5] that (2.11) is independent of the choice of 2 ( ; 0).

INote, that our grading is opposite to the one considered in [8, x2].



REFINED ANALYTIC AND BURGHELEA-HALLER TORSIONS 7

2.8. The canonical element of the determinant line. Since the covariant di erentiation
r commutes with B, the subspace | (M;E) is a subcomplex of the twisted de Rham complex
( (M;E);r ). Clearly, for each 0, the complex (i1 )(M; E ) is acyclic. Since

(ME) = o, ;(MIE) 1) (ME); (2.12)

the cohomolong[O; ](M; E ) of the complex [0: ](M; E ) is naturally isomorphic to the coho-
mology H (M;E). Let | denote the restriction of to |, (M;E). For each 0, let
01 = o ,(1:9")2 Det(Hp 1(M;E)) (2.13)
denote the re ned torsion of the nite dimensional complex ( [0: ](M; E);r ) corresponding to
the chirality operator ., cf. De nition 2.3. We view o | as an element of DetH (M;E))
via the canonical isomorphism betweerH[O; ](M; E)and H (M;E).
It is shown in Proposition 7.8 of [5] that the nonzero element

(r) = (r;g") = Detg. (Blier)) o, 2 Det(H (MiE) (2.14)

is independent of the choice of 0. Further, (r ) is independent of the choice of the
Agmon angle 2 ( ; 0) of Bevwen. However, in general, (r ) might depend on the Riemannian
metric gM (it is independent of gM if dim M 3 (mod 4)). The re ned analytic torsion, cf.
De nition 2.13, is a slight modi cation of  (r ), which is independent of g™ .

2.9. The -invariant. First, we recall the de nition of the -function of a non-self-adjoint
elliptic operator D, cf. [16]. LetD : C! (M;E) ! C?! (M;E) be an elliptic di erential operator
of orderm 1 whose leading symbol is self-adjoint with respect to someigen Hermitian metric
on E. Assume that is an Agmon angle forD (cf., for example, De nition 3.3 of [4]). Let

> (resp. <) be the spectral projection whose image contains the span oéll generalized
eigenvectors ofD corresponding to eigenvalues with Re > 0 (resp. with Re < 0) and whose
kernel contains the span of all generalized eigenvectors @f corresponding to eigenvalues with
Re 0 (resp. with Re 0). For all complex s with Res < d=m, we de ne the -function
of D by the formula

(s;D) = (s; >;D) (s; <; D); (2.15)

where (s; >;D):=Tr( >DS3)and, similarly, (s; <;D):=Tr( <DS3). Note that, by the
above de nition, the purely imaginary eigenvalues of D do not contribute to  (s; D).

It was shown by Gilkey, [16], that (s; D) has a meromorphic extension to the whole complex
plane C with isolated simple poles, and that it is regular at 0. Moreover, the number (0;D)
is independent of the Agmon angle .

Since the leading symbol ofD is self-adjoint, the angles =2 are principal angles forD.
Hence, there are at most nitely many eigenvalues oD on the imaginary axis. Letm. (D) (resp.,
m (D)) denote the number of eigenvalues ob , counted with their algebraic multiplicities, on the
positive (resp., negative) part of the imaginary axis. Letmg(D) denote the algebraic multiplicity
of 0 as an eigenvalue oD.
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De nition 2.10.  The -invariant (D) of D is de ned by the formula

(0;D)+ my(D) m (D)+ mg(D),
5 :

As (0;D) is independent of the choice of the Agmon angle for D, cf. [16], so is (D).

(D) = (2.16)

Remark 2.11 Note that our de nition of (D) is slightly di erent from the one proposed by
Gilkey in [16]. In fact, in our notation, Gilkey's -invariant is given by (D)+ m (D). Hence,
reduced modulo integers, the two de nitions coincide. Howeer, the number € (P) will be
multiplied by ( 1)™ (®) if we replace one de nition by the other. In this sense, De nition 2.10
can be viewed as asign re nement of the de nition given in [16].

Let r be a at connection on a complex vector bundleE ! M. Fix a Riemannian metric
g™ on M and denote by

(r) = Beven(r ;gM) (2.17)
the -invariant of the corresponding odd signature operatorB(r ;gM), cf. De nition 2.5.

2.12. The re ned analytic torsion. Let wivial = wivia () denote the -invariant of the
operator Byjvia = d+ d : (M) ! (M). In other words, ivia IS the -invariant
corresponding to the trivial line bundle M C! M over M.

De nition 2.13. Let (E;r ) be a at vector bundle onM . The re ned analytic torsion is the
element

an = an(r) = (r ;gM) exp i rankE ivia (gM) 2 Det(H (M;E)); (2.18)
wheregM is any Riemannian metricon M and (r ;gM) 2 Det(H (M;E)) is de ned by (2.14).
It is shown in Theorem 9.6 of [5] that an(r ) is independent of gM .

Remark 2.14. For convenience we use a slightly di erent de nition of the re ned analytic torsion
thanin [4, 5, 3]. In these papers we considered an oriented miold N whose oriented boundary
is the disjoint union of two copies of M and instead of the exponential factor in (2.18) used the

term
. Z
i rankE

exp ———— L(pgd")
N
where L (p;g") is the Hirzebruch L-polynomial in the Pontrjagin forms of any Riemannian
metric on N which near M is the product of g™ and the standard metric on the half-line. The
advantage of this de nition is that thedatter factor is simp ler to calculate than € vl | |n
addition, if dm M 3 (mod 4), then , L(p;g™) = 0 and, hence, the re ned analytic torsion
then coincides with (r ;g™ ). However, in general, the re ned analytic torsion as de ned in our
previous papers depends on the choice df (though only up to a multiplication by ik ra(E)
(k 2 Z)). For this reason we decided to use an alternative de nition in this paper, cf. also [17].
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2.15. Relationship with the -invariant.  To simplify the notation set

¥ h NGRS
T =T(@;d") = Det;  (r)*+(r)* 4 (e :
j=0 |

(2.19)

where 2 ( =2;0) and both, and + , are Agmon angles forBeyen (hence, 2 is an Agmon
angle for B,,,). We shall use the following proposition, cf. [5, Prop. 8.1]

Proposition 2.16. Letr be a at connection on a vector bundleE over a closed Riemannian
manifold (M;g™) of odd dimensiond =2r 1. Assume 2 ( =2;0) is such that both and
+ are Agmon angles for the odd signature operatoB = B(r ;gV). Then, for every 0,

. 2 . M
Detgro (Blian)) = T e 21 (o0 (2.20)

Note that Proposition 8.1 of [5] gives a similar formula for the logarithm of Detg;» (Bé\}eln )),
thus providing a sign re ned version of (2.20). In the presen paper we won't need this re ne-
ment.

Proof. Set
= (r;d") = (Bl (2.21)
From Proposition 8.1 and equality (10.20) of [5] we obtain

Detgo (Blign))? = T e 2 ' @ B1ME). (2.22)

The operator Bg?,;er]] acts on nite dimensional vector space [ea’;er]‘(M; E). Hence, 2 Bg\)je,% 27

and

2 BU.l dim {°(M;E) mod 2 (2.23)
Since =  Beven B([;?,;er]] , We obtain from (2.23) that
ei 2 +dim [0 ](M;E) = e 2i Beven .

The equality (2.20) follows now from (2.22).

3. The Burghelea-Haller Quadratic Form

In this section we recall the construction of the quadratic orm on the determinant line
Det H (M;E) due to Burghelea and Haller, [9]. Throughout the section we asume that
the vector bundle E ! M admits a non-degenerate symmetric bilinear formb. Such a form,
required for the construction of , might not exist on E, but there always exists an integerN
such that on the direct sumEN = E E of N copies ofE such a form exists, cf. Remark 4.6
of [9].
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3.1. A quadratic form on the determinant line of the cohomology of a nite di-
mensional complex.  Consider the complex (2.1) and assume that each vector spad@ (j =
0;:::;d) is endowed with a non-degenerate symmetric bilinear form : CI' C/ 1 C. Set
b= Bb. Then by induces a bilinear form on the determinant line Det(Cj) and, hence, one
obtains a bilinear form on the determinant line Det(C ). Using the isomorphism (2.3) we
thus obtain a bilinear form on Det(H (@). This bilinear form induces a quadratic form on
Det(H (@), which we denote by ¢ .

The following lemma establishes a relationship betweenc ., and the construction of Subsec-
tion 2.2 and is an immediate consequence of the de nitions.

Lemma 3.2. Suppose thatd is odd and that the complex(C ;@ is endowed with a chiral-
ity operator , cf. Subsection 2.2. Assume further that preserves the bilinear formb, i.e.
b( x; y)= h(x;y), forall x;y 2 C . Then

col )= 1: (3.1)
where s given by (2.6).

3.3. Determinant of the generalized Laplacian. Assume now thatM is a compact oriented
manifold and E is a at vector bundle over M endowed with a non-degenerate symmetric bilinear
form b. Then b together with the Riemannian metric g™ on M de ne a bilinear form

b: (M;E) (M;E) ! C (3.2)

in a natural way.
Letr : (M;E)! *1(M;E) denote the at connection on E and letr # :  (M;E)!
1(M; E ) denote the formal transpose ofr with respect to b. Following Burghelea and Haller
we de ne a (generalized) Laplacian

- gt = rFr o+ Fo (3.3)

Given a Hermitian metric on E, is not self-adjoint, but has a self-adjoint positive de n ite
leading symbol, which is the same as the leading symbol of thasual Laplacian. In particular,
has a discrete spectrum, cf. [9, x4].
Supposel is an interval of the form [0; Jor (; 1 )andlet . be the spectral projection
of corresponding to 1. Set

KM;E) == .1 (ME) KM;E);  k=0;:::;d:

For each 0, the space [0: ](M; E) is a nite dimensional subcomplex of the de Rham
complex ( (M;E);r ), whose cohomology is isomorphic toH (M;E). Thus, according to
Subsection 3.1, the bilinear form (3.2) restricted to  (M; E ) de nes a quadratic form on the
determinant line Det(H (M;E )), which we denote by 0. 1= by [0 |-

Let L denote the restriction of  to }((M; E ). Since the leading symbol of is positive
de nite the -regularized determinant Det( L) does not depend on the choice of the Agmon



REFINED ANALYTIC AND BURGHELEA-HALLER TORSIONS 11

angle . Set

\: .
; 8 .
(1) = bri1) = Det’( 1)) ¢ 2 cnfog: (3.4)
=0

Note that both, p; .[o; ;and py (. 1), depend on the choice of the Riemannian metrigM .

De nition 3.4.  The Burghelea-Haller quadratic form = p, on Det H (M;E) is de ned
by the formula

= by T br;o; 1 bri(;1) (3.5)

Itis easy to see, cf. [9, Prop. 4.7], that (3.5) is independdrof the choice of 0. Theorem 4.2
of [9] states that is independent ofgM and locally constant in b. Since we are not going to use
this result in the proof of Theorem 1.4, the latter theorem provides a new proof of Theorem 4.2
of [9] in the case when the dimension oM is odd, cf. Subsection 5.1.

4. Proof of the Comparison Theorem

In this section we prove Theorem 1.4 adopting the arguments Wwich we used in Section 11 of
[5] to compute the Ray-Singer norm of the re ned analytic torsion.

4.1. The dual connection.  SupposeM is a closed oriented manifold of odd dimensiord =
2r 1. LetE! M be acomplex vector bundle overM and let r be a at connection on E.
Assume that there exists a non-degenerate bilinear fornb on E. The dual connectionr %to r
with respect to the form bis de ned by the formula

db(u;v) = br u;v) + bu;r Q); u;v2 Cl (M;E):

We denote by ECthe at vector bundle (E;r 9.

4.2. Choices of the metric and the spectral cut. Till the end of this section we x a
Riemannian metric g™ on M and setB = B(r ;gM) and B®= B(r ®gM). We also x 2
( =2;0)suchthatboth and + are Agmon angles for the odd signature operatoB. Recall
that for an operator A we denote byA# its formal transpose with respect to the bilinear form
(3.2) de ned by g and b. One easily checks that

r# = r0; r9% = r ; and B*¥ = B® 4.1)

cf. the proof of similar statements whenb is replaced by a Hermitian form in Section 10.4 of [5].
As B and B¥ have the same spectrum it then follows that

B% = (B) and Dety: (B9 = Det g (B): 4.2)
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4.3. The duality theorem for the re ned analytic torsion. The pairing (3.2) induces a
non-degenerate bilinear form
HIMEY HYIME) ! C; j=0;::d;

and, hence, identies Hi (M; E 9 with the dual space of HY I (M;E). Using the construction
of Subsection 3.4 of [5] (with : C ! C being the identity map) we thus obtain a linear
isomorphism
:Det H (M;E) ! Det H (M;EY : (4.3)
We have the following analogue of Theorem 10.3 from [5]
Theorem 4.4. Let E! M be a complex vector bundle over a closed oriented odd-dimemsal

manifold M endowed with a non-degenerate bilinear fornb and let r be a at connection on
E. Let r 9denote the connection dual tor with respect tob. Then

an(r) = an(r (5: (4.4)

The proof is the same as the proof of Theorem 10.3 from [5] (agtlly, it is simple, since B
and B? have the same spectrum and, hence, there is no complex conjatipn involved) and will
be omitted.

4.5. The Burghelea-Haller quadratic form and the dual connectio n. Let
O= (r 9 r %+ r O 9%
denote the Laplacian of the connectionr °. From (4.1) we conclude that
0 _

Hence, a verbatim repetition of the arguments in Subsectionl1.6 of [5] implies that we have
bri(;1) = bro(;1) (4.5)
and, for eachh 2 Det H (M;E) ,
br (N) = bro (h) (4.6)

with  being the duality isomorphism (4.3).
From (4.4) and (4.6) we get

br an(r) = by © an(r (5 : (4.7)
4.6. Direct sum of a connection and its dual. Let
r 0
r = 4.8
0 r 0 ( )

denote the at connection on E  E obtained as a direct sum of the connections andr © The
bilinear form binduces a bilinear formb bonE E. To simplify the notations we shall denote
this form by b. For each 0, one easily checks, cf. Subsection 11.7 of [5], that

bri(;1) — bri(:1) broGi) (4.9)
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and
b an(m) = br an(r) br © an(r () : (4.10)
Combining the later equality with (4.7), we get
o an(™) = by an(r) (4.11)
Hence, (1.3)is equivalent to the equality
b an(™) = e 41 (r) rankE yivial - (4.12)
4.7. Deformation of the chirality operator. We will prove (4.12) by a deformation argu-

ment. Fort 2 [ =2; =2] introduce the rotation U; on
= (M;E) (M;E);

given by
cost sint

Y= sint cost
Note that U, 1= U . Denote by § t) the deformation of the chirality operator, de ned by

0 cos2 sinZ

- 1 -
B0 =W U™ = sin2  cos2 (4.13)
Then
_ o . _n - O :
W= 4, i f=4= " (4.14)
4.8. Deformation of the odd signature operator. Consider a one-parameter family of op-
erators B{(t) : ! with t 2 [ =2; =2] de ned by the formula
B(t) = §t)r + r§t): (4.15)
Then
B 0O
B(0) = 0 BO (4.16)
and 0
o 0 r +r
B(=4) = .o 0 (4.17)
Hence, using (4.1), we obtain
0
B( = 4)2 - 0 0 = e- (4.18)

Set
() = Ker r§1t),
= Kerr~ = Kerr Kerr @

Note that is independent oft. Since the operators™ and § t) commute with B{(t), the spaces
+(t)and are invariant for B{(t).
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Let | be an interval of the form [0; ] or (; 1 ). Denote

(O = g © (0);
where B()2:1 is the spectral projection of B(t)? corresponding tol. For j = 0;:::;d, set
L= ,@®\ I and _ ‘ _
y G (O = Py @): (4.19)
As B()2:] and B{(t) commute, one easily sees, cf. Subsection 11.9 of [5], that
(;1)(t) = +;(;1)(t) ;(;l)(t); t2[ =2,=2] (4.20)

We de ne B} (t); Blen(t); Bhga(t); B; 1 (1); Beven(t); B y(t), etc. in the same way as the
corresponding maps were de ned in Subsection 2.6.

4.9. Deformation of the canonical element of the determinant lin e. Since the operators

r~ and B(t)2 commute, the space | () is invariant under 1, i.e., it is a subcomplex of
The complex (i1 )(t) is acyclic and, hence, the cohomology of the nite dimensiaal complex
[0: ](t) is naturally isomorphic to
H(ME E9%' HME) HMEY:
Let €, 1(t) denote the restriction of § t) to o (D). As & t) and B(t)?> commute, it follows
that €. (t) maps [0: ](t) onto itself and, therefore, is a chirality operator for [0: ](t). Let

. o 2 Det H (M;E E9 (4.21)
[0; 1

denote the re ned torsion of the nite dimensional complex [0: ](t); r~ corresponding to the
chirality operator €. 4(t), cf. De nition 2.3.

Foreacht2 ( =2, =2) xan Agmon angle = (t) 2 ( =2;0) for Beven(t) and de ne the
element (t)2 Det H (M;E E9 by the formula
(t) := Detg; Bfien’ (1) () (4.22)

“0; 1

where is any non-negative real number. It follows from Propositin 5.10 of [5] that (t) is
independent of the choice of 0.
Fort2[ =2 =2], 0, set

Y QENACY
T (t) = Det; B (1)? N : (4.23)
j=0 ‘
Then, from (4.22) and (2.20) we conclude that
O = M T e el (4.24)
by b;r

*o: 1®
In particular,

or ey 0@ T
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is independent of 0.

4.10. Computation for t =0. From (2.4) and de nition (2.6) of the element , we conclude
that

QMY — 0 M.
[0 ](r :g") [0; ](I’ 9%):
Thus,
or o, 009 = e (050
Hence, from (4.8) and (4.14) we obtain
- . M 0 My .
b~ e0; 1O © = b o: ](I’ ;g7) by © o ](I’ g (4.25)

Using (4.16) and the de nitions (2.19) and (4.23) of T we get
T@O = T(@;d" ) T%M; ) (4.26)

Combining the last two equalities with de nitions (2.14), ( 4.22) of and with (2.20), (4.2),
and (4.7), we obtain

o © TO = o an(r) el () @KE wa (4.27)

“0: 19

Comparing this equality with (4.11) we see that in order to prove (4.12) and, hence,(1.3) it is
enough to show that

o o o ©) T () = 1: (4.28)

4.11. Computation for t= =4. From (4.18) and the de nitions (3.4) and (4.23) of br(: 1)
and T (t), we conclude

T(=4) = 1= 1y (4.29)
By (4.18) we have
0 1(=4 = o (ME) o (MES:
From (4.14) we see that the restriction of § =4) to [0: ]( =4) preserves the bilinear form on
[0: ]( =4) induced by b. Hence we obtain from Lemma 3.2
b0 1 ey, ](=4)( =4) =1
Therefore, from (4.29) and the de nitions (3.5) of , we get

b e, ](:4)(=4) T(=4) = 1: (4.30)
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4.12. Proof of Theorem 1.4. Fix an Agmon angle 2 ( =2;0) and set
. 1 X i+1: 0 A 2 .
(1) = 5 ( 1Y 0; Beven(t)] i M
2. (1)
i=0
where 9(0; A) denotes the derivative at zero of the -function of the operator operator A. Then

T (t) = € O, Hence, from (4.30) we conclude thatin order to prove (4.28) (and, hence,
(4.12) and (1.3)) it su ces to show that

N () e M (4.31)
[0; 1

is independent of t.

Fix to2 [ =2 =2] and let 0 be such that the operator Beyven(to)? has no eigenvalues
with absolute value . Choose an angle 2 ( =2;0) such that both and + are Agmon
angles forB(tg). Then there exists > Osuchthatforallt2 (tg ;to+ )\ [ =2 =2], the
operator Bayen(t)? has no eigenvalues with absolute value and both and + are Agmon
angles forB{(t).

A verbatim repetition of the proof of Lemma 9.2 of [5] shows trat

d
J— H (t) = .

at ‘o ](t)(t) e 0: (4.32)
Hence, (4.31) is independent of.

5. Properties of the Burghelea-Haller Quadratic Form

Combining Theorem 1.4 with results of our papers [4, 5, 3] we érive new properties and
obtain new proofs of some known ones of the Burghelea-Hallgquadratic form . In particular,
we prove a weak version of the Burghelea-Haller conjecturd9, Conjecture 5.1], which relates
the quadratic form (1.2) with the Farber-Turaev torsion.

5.1. Independence of  of the Riemannian metric and the bilinear form. The following
theorem was established by Burghelea and Haller [9, Th. 4.2)ithout the assumption that M
is oriented and odd-dimensional.

Theorem 5.2. [Burghelea-Haller] Let M be an odd dimensional orientable closed manifold
and let (E;r ) be a at vector bundle over M. Assume that there exists a non-degenerate
symmetric bilinear form b on E. Then the Burghelea-Haller quadratic form p, is independent
of the choice of the Riemannian metricg™ on M and is locally constant in b.

Our Theorem 1.4 provides a new proof of this theorem and at thesame time gives the following
new result.

Theorem 5.3. Under the assumptions of Theorem 5.2 suppose thafis another non-degenerate
symmetric bilinear form on E not necessarily homotopic tob in the space of non-degenerate
symmetric bilinear forms. Then p, = ;.
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Proof of Theorems 5.2 and 5.3. As the re ned analytic torsion an(r ) does not depend ong"
and b, Theorem 1.4 implies that, modulo sign, . is independent ofg™ and b. Since p; is
continuous in g™ and b it follows that it is locally constant in g™ and b. Since the space of
Riemannian metrics is connected, ,, is independent ofgM .

5.4. Comparison with the Turaev torsion: proof of Theorem 1.10. LetPD: Hi(M; Z2) !
HY 1(M; Z) denote the Poincae isomorphism. Forh 2 H{(M: Z) we denote by PD}h) the im-
age of PD) in HY 1(M; R). Turaev [23, x5.3] introduced a characteristic clas(") 2 H1(M; Z)
associated to an Euler structure”. If " is represented by a non-vanishing vector eldX, " =[X],
then

PD? ¢([X]) = 2X (d")I (5.1)

where X ( gM)] 2 HY 1(M; R) denotes the cohomology class of the closed fortd ( gM).
Following Farber [13], we denote byArg , the unique cohomology clasrg , 2 H(M; C=2)
such that for every closed curve in M we have

det Mon, () =exp 2ibPArg, ;[ ]i ; (5.2)

where Mon () denotes the monodromy of the at connectionr along the curve and h; i
denotes the natural pairing H*(M; C=Z) Hy(M;Z)! C=Z:

Let L(p) = Lwm(p) denote the Hirzebruch L-polynomial in the Pontrjagin forms of a Rie-
mannian metric on M . We write E’(p) 2 H (M; Z) for the Poincae dual of the cohomology class
[L(p)] and let B; 2 H1(M; Z) denote the component of(p) in H(M; Z).

Theorem 5.11 of [3] combined with formulae (5.4) and (5.6) of[3] implies that for each
connected componeniC  Flat( E) and each cohomological orientationo, there exists a constant
FQ such that for every at connection r2 C and every Euler structure " we have

jF((;)j - e 2ihArg,;91i+2i (r) : (5.3)
and
wo(r) 2 . .
;0 — F((:) e2| hArg , ;P1+c(")|: (5.4)
an(r )
Suppose now that" is represented by a non-vanishing vector eldX andset - = X ( gM).

Then it follows from (5.1) that
2 e = = h[ly plie(M)i:
M
Hence, combining (5.4) with Theorem 1.4 and (1.2) we obtain

EH"'I’ "'O(r ) = F((:) eZi hArg ;p1+C(")i 2i ((r) rankE giviar )+ !y ;b];c(")i: (55)

Assume now thatr ¢ with t 2 [0;1] is a smooth path of at connections. The derivative
— = %r t is a smooth di erential 1-form with values in the bundle of isomorphisms ofE. We
denote by [Trr—] 2 H1(M; C) the cohomology class of the closed 1-form Ti;.
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By Lemma 12.6 of [4], we have

2i %Argrl =  Trr, 2 HY(M;C): (5.6)

Let —(r ¢;gM) 2 C=Z denote the reduction of (r ¢;g™) modulo Z. Then —(r ¢;g™) depends
smoothly on t, cf. [16, x1]. From Theorem 12.3 of [4] we obtair
Z

d_ My = A _ . .
g (Fug’) = 3 . L) Tres = o= Tri Py (5.7)
By Lemma 2.2 of [9] we get
eh ['r plie(™i = det Mon, ¢(") = g2i PArg . ic(")i. (5.8)

(Note that Mon , () is equal to the inverse of what is denoted by hof ( ) in [9]).
From (5.5){(5.8) we obtain
d g
at o ore
proving that the right hand side of (5.5) is independent of r 2 C . Combining (5.3) with (5.8)

and the fact that iz 2 R we conclude that the absolute value of the right hand side of %.5)
is equal to 1.

wo(f t) = 0; (5.9)
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