SYMMETRIZED TRA CE AND SYMMETRIZED DETERMINANT OF ODD
CLASS PSEUDO-DIFFERENTIAL OPERA TORS

MAXIM BRAVERMAN

Abstra ct. We introduce a new canonical trace on odd class logarithmic pseudo-di erential
operators on an odd dimensional manifold, which vanisheson commutators. When restricted
to the algebra of odd class classical pseudo-di erential operators our trace coincides with the
canonical trace of Kontsevich and Vishik. Using the new trace we construct a new determinant
of odd class classical elliptic pseudo-di erential operators. This determinant is multiplicativ e
whenewer the multiplicativ e anomaly formula for usual determinants of Kontsevich-Vishik and
Okikiolu holds. In particular, it is multiplicativ e for operators whoseleading symbols commute.
When restricted to operators of Dirac type our determinant provides a sign re ned version of
the determinant constructed by Kontsevich and Vishik.

1. Intr oduction

To de ne atrace and a determinant of an unbounded (pseudo-)di erential operator one needs
to usea regularization procedure,which usually leadsto so called anomaliesin the behavior of
the obtained regularized trace and determinant. Namely

The obtained trace and determinant depend on the choicesmade for the regularization.
The regularized trace is not tracial, i.e., doesnot vanish on commutators.
The regularized determinant is not multiplicativ e, i.e., Det AB 6 DetA DetB.

It is well known that, in general, those anomalies are unavoidable. For example, there is no
extension of the usual trace of trace class operators to the algebra of all pseudo-di erential
operators, which is tracial. Howewer, if one restricts to a subalgebra one can hope to have
a tracial extension of the usual trace, cf. [9]. In particular, Kontsevich and Vishik [12, x4]
constructed a tracial functional Tr 1y on the algebra of odd classclassical pseudo-di erential
operators on an odd dimensional manifold.

The usual regularization procedure depends on the choice of a spectral cut of the complex
plane. In this paper we proposea new regularizedtrace and determinant, calledthe symmetrized
trace and the symmetrized determinant, of odd classoperators on an odd dimensional manifold,
obtained by averaging the usual de nitions for di erent spectral cuts. The symmetrized trace
is independent of any choices. The symmetrized determinant still dependson the spectral cut,
but this dependenceis in a senseweaker than for the usual regularized trace and determinant.
The symmetrized trace is tracial and the symmetrized determinant is very often multiplicativ e.
We will now explain our constructions in somemore details.

1.1. The symmetrized trace. Fix an elliptic pseudo-di erential operator Q of a positive order
m and assumethat is an Agmon anglefor Q, cf. Subsection2.6. The Q-weighted trace Tr?) A
1
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of a logarithmic pseudo-di erential operator A is de ned to be the constart term in the Laurent
expansionat s = 0 of the function s 7! TR(AQ? )). Here, Q(S) is the s-th power of Q de ned
using the spectral cut and TR is the Kontsevich-Vishik canonical trace, introduced in [13,
x3], [12, x3] for classicalpseudo-di erential operators, and generalizedin [14, x5]. The weighted
trace dependson both, Q and , and, in general,is not tracial.

Supposenow that the dimension of the manifold is odd, that both operators Q and A are of
odd class,cf. Section2, and that both, and m , are Agmon anglesfor Q. Then we de ne
the symmetrized trace TrY™ A of A by the formula

1
TIOMA = D T A T A

m )

Then, cf. Proposition 3.7, the symmetrized trace is independert of the choice of Q and . If
A is a classicalpseudo-di erential operator, then Tr¥Y™ A coincideswith the Kontsevich-Vishik
canonicaltrace Tr 1y A, cf. Subsection3.10. Recallthat Kontsevich and Vishik de ned Tr( 1) A
using an even order positive de nite operator Q. Thuswe alsoobtain a newformula for Tr 1) A,
which de nes it using an operator which is not necessarilypositive de nite.

To de ne a determinant of A, one needsto de ne a trace of the logarithm of A, which is not
a classicalpseudo-di erential operator. Hence,we are mostly interestedin the properties of the
symmetrized trace on the spaceof logarithmic pseudo-di erential operators. Our main result
hereis Theorem 3.9, which claims that TrSY™M is tracial in the sensethat

TrYMA;B] = ©;
for any odd classlogarithmic pseudo-di erential operators A and B.

1.2. The symmetrized determinan t. Assumenow that A is an odd classelliptic classical
pseudo-di erential operator of positive integer order m and that both, and m , are Agmon

anglesfor A. We de ne the symmetrized determinant Det(sy)m A of A by the formula

1
log Det?y)mA = 5 TrY™ log yA+ log m yA : (1.1)

If the order m of A is even, then the symmetrized determinant (1.1) is equal to the usual -
regularizeddeterminant of A, cf. Proposition 4.4, but in the casewhenm is odd, the symmetrized
determinant might be quite di erent from the usual one.

As the usual -regularized determinant, the symmetrized determinant does depend on the
spectral cut , but this dependenceis weaker than in the caseof the usual determinant, cf.
Proposition 4.6. In particular, if the order of A is odd and its leading symbol is self-adjoirt,
then Detfy)mA is independert of up to sign.

Our main result is Theorem 5.1. Roughly speaking it says that whene\er the multiplicativ e
anomaly formula of Kontsevich-Vishik and Okikiolu for usual determinants holds, the sym-
metrized determinant is multiplicativ e. For example, cf. Corollary 5.3, if the leading symbols of
the operators A and B commute and one of them is self-adjoirt, then

Detfy)m AB = Detfy)’“A Detfy)”‘B;
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where is any angle which is Agmon for the operators A, B, and AB . It follows, that
Det)(A%) = Det’"A % (1.2)
In the casewhen the operator A is of Dirac type Kontsevich and Vishik, [12, x4.1], suggested
to a de ne a new determinant of A as a squareroot of the determinant of the Laplace-type
operator A2. Thus their de nition had a sign indeterminacy. It follows from the equation
(1.2) that the reduction modulo signs of the symmetrized determinant Detfy;”A coincidesin
the caseof Dirac-type operators with the Kontsevich-Vishik determinant. Thus in the caseof
Dirac-type operators our symmetrized determinant provides a more direct construction of the

Kontsevich-Vishik determinant and also xes the signsin its de nition.

1.3. Operators with spectrum symmetric about the real axis. Let A be an odd class
classicalpseudo-di erential operator of odd order. Assumethat the leading symbol of A is self-
adjoint with respect to a Hermitian metric on A. Supposefurther that the spectrum of A is
symmetric about the real axis, cf. De nition 6.1. Note that any di erential operator with real
coe cien ts hasthis property. We denote by m.. the number of the eigervaluesof A (counting
with their algebraic multiplicities) which lie on the positive part of the imaginary axis (sincethe
spectrum of A is symmetric m, is equal to the number m of the eigervalueswhich lie on the
negative part of the imaginary axis). In Theorem 6.2 we show that the symmetrized determinant

Detfy)m A is real and its sign is equalto ( 1)+, i.e.,

Det’"A = ( )™ Det’"A : (1.3)

Note that this result is somewhatsurprising, sincefor a nite dimensionalmatrix whosespectrum
is symmetric about the real axis the sign of the determinant is independert of the number of
imaginary eigervaluesand is determined by the number of eigervalueswhich lie on the negative
part of the real axis.

The equation (1.3) should be comparedwith the main theorem of [1] where a similar equality
wasobtained for the usual -regularizeddeterminant of an operator whosespectrum is symmetric
about the imaginary axis.

1.4. Application to a non-linear -model. In the recen yearsseweral examplesappearedin
physical literature whenthe phaseof the determinant of a geometrically de ned non self-adjoint
Dirac-type operator is a topological invariant, seee.g., [18, 19, 5, 3, 4, 2]. In some of these
examplesthe physicists claim that the determinant is real and compute its sign. Unfortunately,
their argumerts are not rigorous. In particular, they newver specify which spectral cut they
use to de ne the determinant. In [1] we tried to better understand this phenomenon. In
particular, we provided a rigorous computation of the sign of roughly one half of the examples
from [4, 2] in which the spectrum of the Dirac-type operator is symmetric about the imaginary
axis. Unfortunately, the methods of [1] are not applicable to the other half of the examplesin
which the spectrum is symmetric about the real axis, cf. the operator Dmn in section 6.3
of [1]. Moreover, one can show that the usual -regularized determinant is not real in some of
these examplesand the computations of physicists are not legal, essetially becausethey don't
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take into accourt the e ect of the choice of the spectral cut.® There is, however, no reasonto
believe that the usual -function regularization of the determinant is the most adequatefor the
description of physics. Moreover, it turns out that the -model constructed using the usual -
regularizeddeterminant fails to satisfy somebasicconsenation laws. One of our main motivation
for the study of the symmetrized determinants was an attempt to give a rigorous description
of the results of [4, 2]. We will discussthe obtained -models elsewhere.In particular, we will
explain that (1.3) givesthe sign of the determinant predicted in [4, 2].

2. Preliminaries

2.1. Classical pseudo-dieren tial operators of odd class. Let M bea closedd-dimensional
manifold and let E be a complex vector bundle over M . We denoteby CL™ (M ; E) the spaceof
order m 2 C classicalpseudo-di erential operators

A:ctM;E) ' ct(M;E);
cf. [21]. Recallthat for each A 2 CL™(M;E) the symbol (A)(x; ) hasanasymptotic expansion
of the form 2
(A)(x; ) m j (A)(X ); (X )2T M; (2.1)
i=0
whereeaty n j(X; ) is positive homageneusin of degreem j, i.e.
m ((A)Gt) = " L (A ), forewery t> O (2.2)
The functions n j(A)(x; ) are called the positive homaen@us components of the symbol of
A. The function méx; ) is called the principal symtol of A.
SetCL(M;E) =~ ,,cCL™(M;E).
An odd classoperator of an integer order m is an operator A 2 CL™(M; E) sud that
m (A ) = (" - i (A)(X; ), j=01::: (2.3)
We denote by CLE“ 1)(M ; E) the spaceof odd classoperators of order m 2 Z and we set
[
CL( (M E) = CLEn 1(M;E): (2.4)
m2Z
Note that all di er ential operators belongto CL( 1)(M;E).

2.2. Logarithmic  dieren tial operators. We say that a pseudo-di erential operator A :
Cl(M;E)! C!(M;E) is logarithmic of degreem 2 C, cf. [16, 17], if its symbol has an
asymptotic expansionof the form

pS
(A)(X; ) logj j + m j (A)(X ); (x; )2T M; m; 2C; (2.5)
j=0

IMore precisely, they consider a deformation A(t) of A and don't take into accourt the fact that one can not
take the same spectral cut for all values of t.
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where eah 1 j(X; ) is positive homogeneousn of degreem j. The number m 2 C is
called the degreeof the logarithmic pseudo-di erential operator A, and the number 2 C is
called the type of this operator. We denote the set of logarithmic pseudo-di erential operators
of degreem and type ((m; )-logarithmic, for short) by &L (M;E) and we set

[ - [
¢L"M:E) = eL™ (m:E):  ELM:E) = EL" (M E): (2.6)
2C m2Z
Note that logarithmic pseudo-di erential operators are not classicar!].

We say that a logarithmic pseudo-di erential operator A 2 €L (M;E) (m 2 Z) is of odd
classif in the asymptotic expansion (2.5) eah term , j(A)(x; ) satises (2.3). Denote by
€L 1(M;E) (resp. éLE“’l)(M;E)) the set of odd class logarithmic (resp. odd class(m; )-
logarithmic) pseudo-di erential operators.

Using the standard rules of composition of symbols (cf., for example, [21, Th. 3.5], [17, x1])
we immediately get

Lemma 2.3. (i) If A;B 2 @:L(M ; E), then the commutator [A; B] = AB  BA is a classial
pseudo-di erential operator, [A; B]2 CL(M;E).
@) If A;B2 (EL( (M E), then[A;B] 2 CL( 1)(M;E).

2.4. Odd pair of logarithmic pseudo-dieren tial operators. We say that the operators
A;B 2 €L (M;E) form an odd pair (or that the pair (A; B) is odd) if, for all j = 0;1;:::,

m (A )= (D™ B ) (2.7)

where m j(A)(X; ), m j(B)(X; ) are positive homogeneoussomponerts of the symbols of A
and B respectively, cf. (2.5).

Clearly, if A 2 éL( 1y(M;E) then the pair (A; A) is odd. Further, if (A;B) is an odd pair,
then A+ B 2 éL( (M E).

From the standard formulae of composition of symbols (cf., for example, [21, Th. 3.5], [17,
x1]) we immediately obtain

Lemma 2.5. Given two odd pairs (A1;B1) and (Az;B>) of classicalpseudo-di erential opera-
tors, the pair (A1A2;B1B>) is also odd.

2.6. Complex powers of elliptic pseudo-dieren tial operators. An angle 2 [0;2 ) is
said to be a principal anglefor a pseudo-di erential operator A 2 CL™(M;E) (m 2 Z,) if there
exists a conical neighborhood  of the ray

R = e 0 (2.8)

sud that, for each 6 0, the principal symbol ,,(A)(x; ) of A doesnot have eigervaluesin .
In particular, the existenceof a principal angle implies that the operator A is elliptic and that
the spectrum of A is discrete.

An Agmon anglefor A is a principal angle suc that there are no eigervaluesof A on the ray
R . If A admits an Agmon anglethen it is elliptic and invertible. In this situation there exists
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" > 0 such that there are no eigervaluesof A in the solid angle
(e €0 0T +"

SupposeA 2 CL™(M;E) (m 2 Z,) admits an Agmon angle . Then, cf. [20], [21, Ch. I1,x8],
for each s 2 C a complex power Af') 2 CL(M;E) is de ned. The symbol of Af) can be

calculated as follows: Let R( ) = (A ) L (where 2 [ ++) denotethe resohernt of A.
The symbol r(x; ; ) of R( ) hasan asymptotic expansionof the form
pS
r(x; ;) Frm (x5 ) (2.9)

j=0
wherethe terms ri(Xx; ; ) are positive homogeneousn the sensethat, for t > 0
nexitt" o= e ) (6 )2T My 2 e g (2.10)

Moreover, if A 2 CL[n 1)(M ;E), then it follows from the explicit formulae for r(x; ; ), cf. [21,
x11.1],[12, x2], that

rex SCD™ = (D) (6 ) 2T My 2 e (2.11)

The symbol (A(S ))(x; ) hasthe asymptotic expansion,cf. [21, x11.2],[12, x2],

b3
(A? ))(X; ) sm j(A? ))(X; ); (2.12)
j=0

where the terms g ,-(A(s ))(x; ) are positive homogeneousof degreesm j. They depend
analytically on s 2 C and for Res < 0 are given by

4
|

sm j(A?))(X? ) = 5> f)r m (% 5 )d; (2.13)
O
wherethe cortour (y= ()., Cconsistingof three curves = 1[ 2[ 3,
1= e 1> 0 2= o€ 1 > > 2
s = el 2). o <1 (2.14)
Here o> 0is a small enoughnumber, and ¢, is de ned as e$'%90) | where Im log )
2 (ie,Imlogy = on jiandimlog ) = 2 on 3).

Lemma 2.7. SupmseA 2 CL{n 1)(M ;E) and that both, and m , are Agmon anglesfor
A. Then, for eachj = 0;1;:::;, (x; )2T M, s2 C,

sm f(ATDOG ) = (D E™ o j(A] m D6 ) (2.15)
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Proof. Assume, rst, that Res < 0. Then, using (2.11), we obtain

A
|
() 7
+j |
= (D™ - Ormiils (DM )d
Z )
= (p™i - €™ 5y m 06 )dE™ )
(Zm)
= 1)m+jeim 2'7 gms ? m)r " j(X; ) d

= (D™ j(AF )

Sinceboth, the left and the right hand side of this equality, are analytic in s, we concludethat
the equality holds for all s 2 C.

2.8. Logarithms of elliptic pseudo-di eren tial operators. For A 2 CL™(M;E) admitting
an Agmon angle , the logarithm log, y A of A is de ned by the formula

@ AS.

log A = — ;
90) @ s=0 ()

(2.16)
Then, cf. [12, x2], [16, Lemma2.4],log  y A 2 éLo;m(M ;E). In particular, the symbol of log y A
admits an asymptotic expansion
. . X
(log(yA)(x; ) mlogj | + j(log(y A)(X; ) (2.17)
j=0
and its positive homogeneousomponerts  j (log y A)(x; ) are given by the formulae
j(log yA)XX ) = Ji1@ sm (A} ))(X F Disso;  for | 0 (2.18)
From (2.5) and (2.17) we immediately obtain the following

Lemma 2.9. LetB 2 CL™(M;E) be a classial elliptic pseudo-di erential operator of positive
order and supp)s%_tnbat is an Agmon anglefor B. Then for any logarithmic pseudo-di erential
operator A 2 e (M;E) the dierence A log )B 2 CL"(M;E). In particular, any A 2

éL(M ;E) can be represental in the form
A = A; + logiyAz; (2.19)

wher A1; A, are classi@l pseudo-di erential operators.
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2.10. Dep endence of logarithm on the angle. Let (.., denotethe spectral projection
of A corresponding to the eigervalueswhich lie in the solid angle

(vp = €1 0 a< <o
In particular, (,.,y=1difj2 41 2.
Supposenow that 1; » are Agmon anglesfor A. It follows immediately from the de nition

(2.16) of the logarithm that if 2k 2 1< 2(k+ 1) for someintegerk then, cf. formula
(1.4) of [16],

log. ,)A = 2k Id + 2i 12 2t olog ) A (2.20)
In particular, if both, and 2k (k 2 Z) are Agmon anglesfor A, then
IOg( ) A = 2k Id + |Og( 2 ) A: (221)

If A 2 CL(M;E) is a classical pseudo-di erential operator we denote by ResA the non-
commutativ e residue of Wodzicki [22, 23] and Guillemin [10] (seealso[11] for a review).

Lemma 2.11. SupmseA; 2 CL™ (M;E) (j = 1,2) are classial elliptic pseudo-di erential
operators of positive orders. Then the numkber
log( A1 log( ) Az
mq mo
is independent of the choice of the Agmon angles 1 and ».

Res

log( 1) A1 log( ,) A2
ma ma

Note that the operator is classicaland henceits residueis well de ned.

Proof. Let jo 2 [2kj + j;2(kj + 1) + ;] be another Agmon angle for A; (j = 1,2). Let
P02 (Aj) denotethe spectral projection of Aj corresponding to the solid angle . 0 2%

Then it follows from (2.20) that

log A1 log ;) Az log A1 logc g Az
mq mo mi my
ki ke 2i 2 .
- 2| mil miz Id + mil 1;? 2k1 (Al) miz 2;8 2k2 (AZ) (222)

Since the Wodzicki residue of a pseudo-di erential projection vanishes,cf. [22, x6], [23], the
residue of the right hand side of (2.22) is equalto O.

2.12. Logarithms of odd class elliptic pseudo-dieren tial operators. From equality
(2.18) and Lemma 2.7 we obtain the following

Lemma 2.13. SupmseA 2 CL[n l)(M;E) and both, and m , are Agmon anglesfor A,
then

logyA; im Id+log. o, yA (2.23)
is an odd pair of operators, cf. Subsetion 2.4.
0;
In particular, if m is even,thenlog )A 2 @ZL( nL(M T E).
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Proof. SinceAf)
bol are given by

<o IS the identity operator, the positive homogeneousomponerts of its sym-

sm (A% ))(X diszo = jpold: (2.24)
Thus, from (2.15) we obtain
@ sm (AS)( T iisso = im jo+ (1@ sm (A 5 )% T isso: (2.25)
Hence,by (2.18), the pair (2.23) is odd.
If m is even, then from (2.21) and (2.23) we concludenow that the pair (log( yA; log  yA) is
odd, which, by de nition of the odd pair, meansthat log ) A 2 (f:L?’ni)(M T E).
Corollary 2.14. Let A 2 CLE“ l)(M;E) and both, and m , are Agmon anglesfor A.

Then 0
‘m
log yA + log, A 2 €Ly (M;E):

Prop osition 2.15. SupmseA; 2 CLE”jl)(M;E) (j = 1;2) are odd classclassial elliptic pseudo-
di er ential operators of positive orders on an odd dimensional manifold M. Then

lo A lo A
Res —dnt G»fz -, (2.26)
mi moy

for any Agmonangles 1 and ».

Proof. By Lemma 2.11 the left hand side of (2.26) is independert of 1; ». Hence, we can
assumethat 1; » are chosensothat the angles 1 mi ; 2 my arealso Agmon anglesfor
operators A1; A, respectively. From Corollary 2.14 we seethat
log( ;) A1 log ,) Az N log(, m, yA1 109, m, )A2
my mp may my
Sincethe Wodzicki residue of an odd classoperator on an odd dimensional manifold vanishes,
cf. [13, Lemma 7.3], [12, Remark 4.5], it follows that

2 CL{ 4,(M;E):

lo A lo A lo A lo A
Res 2dwA1 100 AR2 o 09 mi )M 100, my ) A2 (2.27)
mj ma miy my
On the other side, by Lemma 2.11
Res IOg( 1) A1 IOQ( 2) Az - Res Iog( 1 m )Al IOg( 2 My )A2 (2.28)
mi mo m; ma

The equality (2.26) follows immediately form (2.27) and (2.28).

3. The symmetrized tra ce

In the rst part of this section we recall the notion of weightal trace of a pseudo-di erential
operator and discussits basic properties, cf. [15, 8, 9]. Then we de ne a new canonical trace,
called the symmetrized trace TrY™, of a logarithmic pseudo-di erential operator of odd classon
an odd dimensional manifold and show that it is tracial, in the sensethat TrY™[A; B] = 0 for all
A;B 2 (EL( 1)(M; E). For odd classclassi@l pseudo-di erential operatorsthe symmetrizedtrace
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coincideswith the Kontsevich-Vishik canonicaltrace Tr( 1y introducedin [12, 13] by a slightly
di erent procedure. Thus our symmetrized trace extendsthe Kontsevich-Vishik canonicaltrace
to logarithmic pseudo-di erential operators of odd class.

3.1. Weighted traces. Let Q 2 CL(M;E) be a classicalelliptic pseudo-di erential operator
of positive order admitting an Agmon angle . For A 2 éL(M ;E), considerthe generalized
-function

s 70 (s5QA) = TR(AQ(,); (3.1
where TR stands for the Kontsevich-Vishik canonical trace, introducedin [13, x3], [12, x3] for
classicalpseudo-di erential operators, and generalizedin [14, X5]. For Res 1, the operator

AQ’(S ) is of trace classand the Kontsevich-Vishik trace coincideswith the usual trace.
Lemma 3.2. The function (3.1) is meromorphic in s and has at most simple pole at s = 0.

Proof. For A 2 CL(M;E) it is shavn in [13, Th. 3.1], [12, Prop. 3.4]. For A = log B the
statemert of the lemma is proven in Prop. 2 of [9]. The general case, follows from this two
special casesand the existenceof the decomposition (2.19).

We shall use the following notations: Supposef (s) is a function of a complex parameter s
which is meromorphic near s = 0. We call the zero order term in the Laurent expansionof f
nears = 0the nite part of f at O and denoteit by F:p:s=o f (S).

De nition 3.3. Let Q 2 CL(M;E) be a classial elliptic pseudo-di erential operator of posi-
tive order admitting an Agmon angle . The Q-weighted trace TrQ A of a logarithmic pseudo-
di er ential operator A 2 (fZL(M ;E) is de ned as

TrS)A = Fipis=o TR (AQS)): (3.2)

A slightly more explicit expressionfor Tr?) A is obtained in De nitions 3 and 4 of [9].

Note that though traditionally we call (3.2) a trace it is not a trace on the algebra of pseudo-
di erential operators sinceit doesnot vanisheson commutators. More precisely Proposition 1
of [8] states that

Prop osition 3.4. SupmseQ 2 CL™(M;E) is a classial elliptic pseudo-di erential operator of
positive order admitting an Agmon angle . Then for any classi@al pseudo-di erential operator
A;B 2 CL(M;E)

1
Tr?)[A;B] =~ Res [log ) QAIB ; (3.3)

whetre [ ; ] dentesthe commutator of operators and Res standsfor the non-commutative residue
of Wodzicki [22, 23] and Guillemin [10] (see also [11] for a review).

Note, cf. [8, Prop. 1(j)], that [log ) Q;A] and, hence, [log  y Q;A]B are classical pseudo-
di erential operators. Therefore the non-commutativ e residuein the right hand side of (3.3) is
well de ned.

The following proposition (cf. Lemma 0.1 of [17]) describesthe dependenceof the weighted
trace on the operator Q.
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Prop osition 3.5. Let Q; 2 CLM™(M;E); Q, 2 CL™M?(M;E) be positive order classial el-
Iiptirc‘:_ pseudo-di erential operators with Agmon angles 1 and , respectively. For any A 2
€L (M;E),

Q Q - )
Tr 11) A Tr 22) A = ResW, (3.4)
where
lo lo lo lo
W 9 Q1 , g, Q2 A 9, Q1 g( ,) Q2 (3.5)
2mq 2ms mjy ma

It follows immediately from (2.17) that the operators

log ,) Q1 . log ,) Q2 A and logi,) Q1 log ,) Q2
2m; 2m; m1q ms
are classical. Hence,sois W. Thus the non-commutativ e residuein the right hand side of (3.4)
is well de ned.
Note that if A 2 CL"(M;E) is a classicalpseudo-di erential operator, then = 0 and (3.4)
reducesto

log ,) Q1 log ,) Q2

3.6
my my (3.6)

T A T2 A= Res A
(1) (2)

3.6. The symmetrized trace. Let Q 2 CL[“ 1)(M;E), where m is a positive integer, and

supposethat both, and m , are Agmon anglesfor Q. For A 2 (f:L( 1y(M; E) considerthe
symmetrized Q-trace

1

Q;sym — Q Q .
Tr() A = > Tr( ) A+ Tr( A 3.7)

m )

Prop osition 3.7. Let Q; 2 CL?""I)(M;E) (j = 1;2) be odd class classial elliptic pseudo-
di er ential operators and supmsethat ; and ; m; are Agmon anglesfor Q; (j = 1;2).

Then, for any odd classlogarithmic operator A 2 éL?’ 1)(M;E),

Q1;sym _ Q2;sym ,.
Tr( ) A = Tr( ) A: (3.8)
Proof. Set
log( ;) Q1 log ,) Q2 .
S 1,2 T + A’
2mq 2mo
log(,) Q1 log( ,) Q2
T 1; 2 m .
1 my

By Proposition 3.5,

: . 1
Tr?lly)sym A Tr?iy)sym A= é Res Sl? 2 Tl; 2 T Sl mi ;2 mM2 T1 mi ;2 M2 (3'9)

From Lemma 2.13we concludethat (S ;. ,;S, m;, :, m, 1 )and(T . ,;T, my ;5 my )
are odd pairs of operators. Hence,by Lemma 2.5, the pair

Sllle;z;Slml;zmz T1m1;2m2+| T1m1§2m2
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is also odd. Therefore,
81;2T1;2+Slm132m2 Tlml;zmz o T1m1§2m2
is an odd classclassicalpseudo-di erential operator. Sincethe Wodzicki residue of an odd class

operator on an odd dimensional manifold vanishes,cf. [13, Lemma 7.3], [12, Remark 4.5], it
follows that

Res Sl§2T1;2+Sl my ;2 m2 Tl mi ;2 M2 = i ReSTl mi ;2 mz:(3-10)
By Proposition 2.15,ResT , m, :, m, = 0. Hence(3.8) follows from (3.10) and (3.9)

Proposition 3.7 justi es the following

De nition 3.8. LetA 2 (EL( 1y(M; E) be an odd classlogarithmic operator on an odd-dimensional
closal manifold M. The symmetrized trace Tr3¥Y™ A of A is de ned by the formula

TrYMA = Tr?;)Sym A;
where Q 2 CL[n 1)(M ; E) is any odd classclassia@l elliptic pseudo-di erential operator of positive

order m, which admits an Agmonangle,and 2 [0;2 ) is an arbitrary Agmon anglefor Q such
that m is also and Agmon angle for Q.

The main property of the symmetrizedtrace is that it is tracial, i.e., vanisheson commutators.
More precisely the following theorem holds.

Theorem 3.9. SupmwseM is an odd-dimensional closed manifold and let E be a vector bundle
over M. Then

TrYMA; B] = 0 (3.11)
for any operators A; B 2 €L 1)(M;E).

Proof. Let Q 2 CL?“ 1)(M ;E) be an odd classclassicalelliptic pseudo-di erential operator of a
positive order m, and assumethat both, and m , are Agmon anglesfor Q.

Consider rst the casewhenboth, A and B, are classical. Let and m be Agmon angles
for Q. By Proposition 3.4,

. 1
TrO9MAB] = S Res log)Q+log m)QiA B : (3.12)

By Corollary 2.14,log yQ+ log. n yQ2 (f:L( 1(M;E). Hence,by Lemma 2.3(ii),
logyQ+log. m QA B 2 CL( 1)(M;E):
Sincethe Wodzicki residue of an odd classoperator on an odd dimensional manifold vanishes,
cf. [13, Lemma 7.3], [12, Remark 4.5], equality (3.11) for the caseA; B 2 CL( 1)(M;E) follows
from (3.12). . .
Assumenow that A 2 (f_‘,Lanl’)l(M ;E), B 2 éL[nzl’)z(M ,E). Then the operatorsA 1 log ) Q
andB  Zlog ) Q are classical. Hence, it follows from the equality

. _ 1 ) 2 .2 1
[A;B] = A aIog()Q,B EIog()Q + Iog()Q,EA EB
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that
TIYMA;B] = Tr¥™ log ,Q; 2A B : 3.13
rIAB] ' 905 m (3.13)

If Ois any Agmon angle for Q, then the operators Q? 0 and log, y Q commute. Therefore, for
every s2 CnZ,

s . 2

3.

Hence,

™o, | - _2ZA B = F:pceg TRQS, | - _2ZA
rfg 10g0) Qi — Pis=0 TR Qo log() Qi —

1 1
m m

From the de nition (3.7) of the symmetrized trace we now concludethat

Trsym Iog()Q;EZA alB = 0

which in view of (3.13) implies (3.11).

3.10. The Kon tsevic h-Vishik canonical trace on the algebra of odd class classical

pseudo-di eren tial operators. Forthe casewhenA 2 CL( 1)(M;E) is an odd classclassical
pseudo-di erential operator Kontsevich and Vishik [12, x4] de ned a canonicaltrace Tr( 1) A as
follows: Consider a classicalelliptic positive de nite operator Q. Then, cf. [12, Prop. 4.1], the
function s7! TR A Qf ) is regular at 0 and

Tre yA = TRAQY, (3.14)

is independert of the choice of Q. Note that sucdh a Q must have an even order. If we assume
that Q is an odd classoperator, then by (3.7) we obtain

Tre nA = Tr??)symA = TrYMA: (3.15)

Thus, in the casewhen A is classical, our symmetrized trace coincideswith Tr¢ ;). The
advantage of formula (3.15) is that it allows to compute the canonical trace using an operator
Q which is not positive de nite. For example, using the operator Q whoseorder is odd. This
will be important for applications to determinants in the next section.

4, The symmetrized determinant

In this section we de ne the symmetrized determinant of an odd classelliptic operator on
an odd-dimensional manifold M. For operators of even order the symmetrized determinant
coincideswith the usual -regularized determinant, but for operators of odd order it might be
quite dierent. In the next section we show that the symmetrized determinant is very often
multiplicativ e. This result generalizesthe theorem of Kontsevich and Vishik [13, Th. 7.1], [12,
Th. 4.1], that on odd dimensionalmanifold the -regularizeddeterminant is multiplicativ e when
restricted to odd classoperators, which are closeto positive de nite ones.
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4.1. De nition  of the symmetrized determinan t. Recall, cf., for example,[9, x5], that the
-regularizeddeterminant of an elliptic classicalpseudo-di erential operator A 2 CL(M ; E) with
an Agmon angle can be de ned by the formula
d
ds <o TR Af - (4.2)
Note that (4.1) de nes a particular branch of the logarithm of Det ) A.
We now de ne a symmetrized version of the -regularized determinant as follows:

|OgDet( )A = TI"(O‘) |Og( )A =

Denition 4.2. Let M be an odd dimensional closal manifold and let E be a vector bunde
over M. SupmseA 2 CL?‘ 1)(M ;E) is an odd classclassial elliptic pseudo-di erential operator
of positive order m and let both, and m , be Agmon anglesfor A. The logarithm of the

symmetrized determinant Detfy)m A is de ned by the formula ?

1
logDet*|" A = 5 Tr¥™ log ) A+ log m)A : (4.2)

We now give an alternativ e formula for the symmetrized determinant.

Prop osition 4.3. Under the assumptionsof De nition 4.2 we have
1
logDet}" A = 5 logDet()A + logDet A : (4.3)

Proof. Clearly, (4.3) is equivalent to
Tr?)log( m A+ Trf mylog ) A = Trf\)log()A + Tr? m 109 m A
and, hence,to

Trey logyA logi m ) A Tre log yA log. m) A = 0 (4.4

m )
By (2.20),
log yA logq m)yA = 2k Id; (4.5)
if m= 2k is even, and
Iog( )A Iog( m )A =2k Id+ 2 o (4.6)

if m = 2k+ 1is odd. In both cases,log yA log. , yA is a classical pseudo-di erential

operator. Hence,it follows from (3.6) that the left hand side of (4.4) is equal to
1 2! )
-~ Res log(yA log. A

4.7)
Sincethe Wodzicki residue of a pseudo-di erential projection vanishes,cf. [22, x6], [23], we have
Resld = Res .= 0

From (4.5) and (4.6) we concludenow that (4.7) is equalto 0 and, hence,(4.4) holds.

Prop osition 4.4. If m = 2k is eventhen Detfy)m A = Det()A.

2By Corollary 2.14, log. yA+log, A isanodd classlogarithmic pseudo-di erential operator. Hence,the
symmetrized trace in the right hand side of (4.3) is well de ned.
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Proof. As m is even,

S — im saAS .

Hence,form (4.1) we obtain

logDet; , yA = logDet yA im TR A7, !

Sincethe -function of an odd classelliptic operator of even order on odd dimensional manifold
vanishesat 0, cf. [20], [21, xI1.13], [7, Th. 1.1], we concludethat logDet, ., yA = logDet ) A.
The proposition follows now from (4.3).

4.5. Dep endence on the angle. For the usual -regularized determinant Det( y A, we have
Det( y A = Det( o A if there are only nitely many eigervaluesof A in the solid angle

(9= € 0; 0.
If the order m of A is even, then in view of Proposition 4.4 the sameis true for the symmetrized
determinant DetfymA. However, if m is odd, then the above condition does not imply that
Detfy)mA = Detfy{,‘;A sinceit might happen that there are in nitely many eigervalues of A in

the solid angle (.o ). Moreover, becauseof the factor 1=2 in the de nition (4.2) even if

there are only nitely many eigervaluesof A in the solid angles (.o and ( .o ), weonly
have

Detfy)m A = Det?yg)“ A: (4.8)
If the arein nitely many eigervaluesin (. o, then (4.8) doesnot hold in general. However, the

dependenceof Det y A on in this caseis weaker than the dependenceof the usual -regularized
determinant. In particular, the following proposition holds.

Prop osition 4.6. Let M be an odd-dimensional closedl manifold and let E be a vector bunde
over M. SupmseA 2 CL?‘ 1)(M ;E) is an elliptic pseudo-di erential operator of odd positive
orderm = 2l 1 andthat ; and (i = 1;2) are Agmon anglesfor A. Supmse that
0 2 1< andthatall but nitely many eigenvaluesof A lie in (.. 5[ (, ., )
Then

Det?yf)‘A = Detfyz”)1 A (4.9)
Proof. Sincem is odd it follows from our assumptionsthat 1 m and , m are Agmon
anglesfor A. Let ,.,and |, m ., m beasin Subsection2.10. Then

- 2 i .
A? 1) A?z) =1 ") A? 1)’

?1m) ?2m)=(1 eZIS) 1m32mA?1m):

1, 2

(4.10)

Since the Wodzicki residue of a pseudo-di erential projection vanishes,cf. [22, x6], [23], the
functions

s 7! TR 2 AL and s 7! TR ymiom AL m)

are regular at s = 0. Hence,from (4.1), (4.2r)], and (4.10), we obtain _

[

logDet” VA  logDet” VA = i TR LAY imiom AL, ) o, 41D
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Let © denote the spectral projection of the operator A2 corresponding to the eigervalues of
A2 which lie in the solid angle , ,.» ,. Then

€ = 2 T 1 M52 m (4'12)
and
_ o
TR A,y +€°TR i, m Af, my = TR e(A2)§21).
Hence, at shz 0 we obtain .
i
s s — 2yS=2 .
TR LA )Y smiam AYL m) Y T TR €(A%3 Y (4.13)

From (4.12) and the assumptionsof the proposition we concludethat | € isa nite dimensional
projection. Hence,

215=2 2,S=2 i
TR (A )(2 ) s=0 TR € (A )(2 ) s=0 2 Z:

Since the -function of an odd class elliptic operator of even order on an odd dimensional
manifold vanishesat 0, cf. [20], [21, XI1.13], we have TR (A2)S2 = 0, and, hence,

(2 1) s=0
2yS=2 .
TR €(A%3") e0 2 Z
Therefore, from (4.11) and (4.13) we obtain
logDetY™ A logDet™ A 2 iZz; (4.14)

(1) (2)

which is equivalent to (4.9).

Corollary 4.7. LetA 2 CL{n 1)(M ;E) be an elliptic operator of odd order m = 2 1 on an
odd dimensional manifold M . Assumethat the leading symtol of A is self-adjoint with respect to
the salar product de ned by someHermitian metric on E. Then up to a sign the symmetrized

determinant Det?y)m A is independent of the choice of the Agmon angle .

Remark 4.8. Kontsevich and Vishik, [12, x4.1], suggestedto de ne a determinant of Dirac-type
operator A as a squareroot of the determinant of the Laplace-type operator A2. Thus their
de nition had a sign indeterminacy. It follows from the equation (5.2) below that the reduction
modulo signs of the symmetrized determinant DetfyTZ)A coincidesin the caseof Dirac-type
operators with the Kontsevich-Vishik determinant. Thus in the caseof Dirac-type operators
our symmetrized determinant provides a more direct construction of the Kontsevich-Vishik

determinant and also xes the signsin its de nition.

5. The Mul tiplica tive Pr operties of the Symmetrized Determinant

In this section we show, that under suitable assumptionsthe symmetrized determinant is
multiplicativ e. Let be a principal angle for an elliptic operator A 2 CL[“ 1)(M ' E). We sa&y
that an Agmon angle © is suciently closeto if there are no eigervalues of A in the

solidangles (.qand ( .o, ]. Weshall denote by Det( )A; Det?y)m A; Iog( )A, etc. the
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corresponding numbers de ned using any Agmon angle ©° su cien tly closedto . Clearly,
those numbers are independert of the choice of such °

Theorem 5.1. Let M be an odd dimensional manifold and let E be a vector bunde over M.
Supmse A 2 CLE"Al)(M;E) and B 2 CL?“Bl)(M;E) are odd class classial invertible pseudo-
di er ential operators of positive integer orders. Let o and o ma be Agmon anglesfor A,
andlet g and g mg be Agmonanglesfor B. Assumefurther that there existsa continuous
functions :[0;1]! R suchthat (0) = g andfor eacht 2 [0;1] the angle (t) is principal
for the operator AE B Set g = (0); ag = (1). Then
Detfy:; ,AB = Detfy:‘) A Detfy;“) B: (5.1)

The proof is given in Subsection5.4.

The assumptionsof Theorem 5.1 are rather restrictive. There are, however, seeral important
situations, where these conditions are automatically satis ed. We now mertion some of these
situations.

Corollary 5.2. Assumethat the leading symtols of A and B are self-adjoint and that the leading
symlol of A is positive de nite. Then (5.1) holdswith a5 = 5.

Proof. Without loss of generality we can assumethat g 62 Z. The leading symbol of the

operator AE A)B is conjugate to the self-adjoint symbol

t=2

t=2 .
ma=2 A HBAC ¢

Thus g is aprincipal anglefor A} A)B. Hence,we can apply Theorem5.1with (t) = 5.

Corollary 5.3. Assumethat the leading symtols of A and B commute with each other and that
the leading symtol of A is self-adjoint. Then there exists an angle which is Agmon for the
operators A, B, and AB. Moreover, the equality (5.1) holdswith a5 = A= B =

Proof. Sincethe leading symbol n,, (A) of A is self-adjoirt, all its eigervalueslie on the real
axis. Hence, since the leading symbols of A and B commute the eigervalues of the leading
symbol m,+mg (B) = m,(A) mg(B) havethe form where is an eigervalue of n, (B).
Thusif is a principal angle of B sud that is also a principal angle of B, then s also
a principal angle for AB. If, in addition, 62 Z, then it is also a principal angle for A. Then
arbitrary closeto wecan nd an angle which is Agmon for the operators A, B, and AB .
To nis the proof of the corollary we canapply Theorem5.1with ()= ag = A= B =

It follows from the last corollary that

Det?y"(A%) = Det"A %

" (5.2)
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5.4. Pro of of Theorem 5.1. The leading symbol of the operator AE A)B is given by

marms (AL )B)OG ) = mu(AYOG ) () me (B)OG ):
Hence,from (2.15) we obtain
th+mB(AE A)B)(X; ) = ( 1)me gmat th+mB(AEA ma )B)(X; )
= ¢ (Matrms) th+mB(AEA ma )B)(X; ):
Therefore, if (t) is a principal angle for AE A)B then
(1) = () i(mat+ mg)

is a principal angle for AE A ma )B.

Using the formula for multiplicativ e anomaly of the -regularized determinant, [12, Prop. 2.1]
[17, Th. 1], we concludethat

Z
IogDetfy;”B)AB IogDeth/’:’)A IogDetfy;“)B = mTA OlRes U@t)?+ V(t)? dt; (5.3)
where .
u(t) = U ALE A, (5.4)
mat + mg mp
and t 5
Vi) = 109 1) ACa ma ) 095 ma ) A, 5.5)

mat+ mg ma
Lemma 5.5. For eacht 2 [0;1], (U(t);V(t)) is an odd pair of operators in the senseof Subse-
tion 2.4.

Proof. Fix t 2 [0;1] and setm = tma + mg. From (2.15) we easily obtain
miALYB ()= (M m i A B (% ): (5.6)

(A ma
Set
— t 1, — t 1,
R() = A[,B . R() = Al .. ,B
Letr(x; ; ) ot m 06 5 )and(x ;) =0 ® m j(% ; ) bethe symbolsof R( )
and Ii?( ) respectively. Here the asymptotic expansionsare understood in the samesenseasin
(2.9).
From (5.6) and the standard formulae for the parametrix, cf., for example,[12, X2], we get
Fm 6 €™ )= (e rm ;) (5.7)
Hence,a verbatim repetition of the computation in the proof of Lemma 2.7 yields
smi ALoB @y 6 )= (™ amj (AL, mi BN ) (58

i t S — t S - i
Slnce(A( A)B)( ®) s=0 = (A( A Ma )B))( (1) $=0 = Id, we obtain

@ sm i (ALHB) ) (6 ) g = o ld: (5.9)
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Combining (5.8) with (5.9) we get

@ sm | (AE A)B)? @y X T 1) e
= im jjo T @ sm j (AEA ma )B))?(t)) G| s=0 - (5.10)

Hence,using (2.18) we conclude that

t . t .
|Og( ) A( A)B’ |Og( ®) A )B +im |d

(A ma

is an odd pair of operators. The statement of the lemma follows now from Lemma 2.13 and the
de nitions of the operators U(t); V(t).

Combining Lemma 2.5 and Lemma 5.5 we conclude that (U(t)%;V (t)?) is an odd pair of
operators. Hence, the operator U(t)? + V(t)? is of odd class. Since the Wodzicki residue of
an odd class operator on an odd dimensional manifold vanishes, cf. [13, Lemma 7.3], [12,
Remark 4.5], we obtain Res U(t)?2+ V(t)2 = 0. Therefore, (5.1) follows from (5.3).

6. Opera tors whose Spectr um is Symmetric about the Real Axis

In this sectionwe prove that the symmetrized determinant of an operator whosespectrum is
symmetric about the real axis is real and we compute its sign. Note that the spectrum of every
di erential operator with real coe cients is symmetric about the real axis. Other interesting
examplesof operators with symmetric spectrum are discussedin [4, 2, 1].

De nition  6.1. The spectrum of A is symmetric with respect to the real axis if the following
condition holds: if is an eigenvalueof A, then alsois an eigenvalueof A and hasthe same
algebric multiplicity as

We denote by P, and P the spectral projection of A corresponding to the positive and
negative parts of the imaginary axis respectively. Assumethat the leading symbol of A is self-
adjoint with respect to someHermitian metric on E. Then the projections P have nite rank.
Setm = rankP . Then m., (respectively m ) is equalto the number of the eigervaluesof A
(counted with their algebraic multiplicities) on the positive (respectively negative) part of the
imaginary axis. If the spectrum of A is symmetric about the real axisthen my = m .

Theorem 6.2. Let A 2 CL[n 1)(M;E) be a classial elliptic pseudo-di erential operator of
positive odd order m = 21 1, whose spectrum is symmetric alout the real axis and whose
leading symtol is self-adjoint with respect to someHermitian metric on E. Choose 2 ( =2; )
suchthat both, and m , are Agmon anglesfor A and there are no eigenvaluesof A in the
solid angles ( . ;and ( = . Then the symmetrized determinant Det?y)mA is real and

its signis equalto ( 1)™+, i.e.

Detfy)mA = (™ Detfy)mA: (6.1)
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Proof. Let .+ and denote the spectral projections of A corresponding to the solid angles
L( =2 =) and L 3 =5 respectively. Let P, and P denote the spectral projections of A
corresponding to the rays R -, and R _, respectively (here we usethe notation introducedin

Subsection2.6). Set € = + P . SinceA isinjectiveld = €, + € : Clearly,
TRAZ) = TR €, A% + e!°TR € ( A, ; (6.2)
TRA? )= e ™MD TR €, A% +e™°TR € (AR, ; (6.3)
TR(ADLY = TR €, A%, + TR € ( A} : (6.4)
Hence,

TRA?) + TRA?

m )

= (1+e!™MD TR €, A%, + (e'®°+e™ TR € ( AP, : (65)

Sincethe functions TR €, Af) andTR € ( A)f) are regular at s = 0 we concludefrom
(6.5) that

d d
— TRA?, + — TR A?
ds s=0 0) ds s=0 ¢ m)
d d
2— TR €, A? + 2— TR € A)?
ds s=0 70 ds s=0 ( )()
i(m+1) TR €, A%, i +im TR © (A,
d d
2— TR €, A? + 2— TR € A)?
dS s=0 * ( )h dS s=0 ( )( ) |

im+1) TR €,AS, + TR € ( A) . (6.6)
() () o

Using (6.4) and the fact that the -function of an odd classelliptic operator of even order on
odd dimensional manifold vanishesat 0, cf. [20], [21, xII.13], [7, Th. 1.1], we concludethat

h i
TR €., A(S) + TR € ( A)f) o 0:
Also by formula (A.2) of [6] that the imaginary part of
d d
— TR €, A?, + — TR € A)?
ds s=0 00 ds s=0 ( )( )

isequalto m.; . Hence,we concludefrom (6.6) that the imaginary part of

logDet¥" A = }hg TRA?, + d TRAS |
0) 2 dss=0 ) ds s=0 ¢ m)

isequalto m,
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