Mathematics Department — Northeastern University

Professor M. Bridger
MTH U343 QUIZ 8 Name:

(You must show all work to get credit. Always give appropriate units.)

1. A mass of 3 kilograms is suspended from a spring with spring constant £ = 15. Assume there is
no damping and no external force.

(a) Write the differential equation of motion for the mass and find the general solution.

The differential equation is 3x” + 15z = 0, or, equivalently, 2" +5x = 0. The complementary
equation is D? + 5 = 0, with roots ++/5i. This gives the general solution A sin (\/gt) +

B cos (\/gt)
(b) Without damping, the motion is simple oscillatory. Draw a sketch of the motion (z versus
t) assuming that there is a small amount of damping.

The damping causes a gradual decay in amplitude of the form e~%:
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2. Let D be the differential equation x” + 22’ + 22 = 10 cos .

(a) Find the general solution to the associated homogeneous equation z” + 22’ + 2z = 0.

Associated polynomial equation is D? + 2D + 2 = 0 with roots —1 4 i (quadratic formula).
The general solution is then

xy (t) = e (cycost + cysint)
(b) Using undetermined coefficients, find a particular solution to D.
Since cost is not a root of the homogen. eq., we guess xp(t) = Acost + Bsint. so we get:

r = Acost + Bsint 20 = 2Acost + 2Bsint
2’ = Bceost — Asint 20" = 2B cost — 2Asint
2" = —Acost — Bsint 2" = —Acost — Bsint
2"+ 22" +2x = (A+2B)cost+ (B —2A)sint = 10cost

Equating coefficients we get B —2A =0 and A+ 2B = 10. Thus, A =2, B =4, so
z,(t) = 2cost + 4sint.



(¢) The function A coswt+ B sinwt can be written C' cos(wt — ), where C' = v/ A? + B2 cosa =
A/C, and sina = B/C. Do this with your answer to part (b).
C = /22 4+ 42 = \/20; since A, B are positive, we’re in the first quadrant; sin o = 4/ V20 so
a ~ 1.10715 and
z,(t) &~ V20 cos(t — 1.10715).

(d) Write down the general solution to D.

zg(t) = wn(t) +ap(t) =z (1)
{ e ' (cicost + cosint) + 2cost + 4sint

ther | .
et (cpcost + cosint) + /20 cos(t — a). } (either is correct)



