THE GRAVITATIONAL ATTRACTION OF A SPHERE
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The small bit of arclength is ds = R d¢.
When rotated around the y-axis, this
w gives a narrow strip whose area is dA =

(27 Rsin(¢))Rd¢ = 2nR*sin(¢)dd. We
suppose the whole sphere has mass M, so

Thus, the small

ds its area density is 72k

M
strip has mass ——=dA = —sin(¢) do.
¢ /g Now the force on the mass m at (0,b) due
to this mass, by symmetry, has only a ver-
tical component, which is cos(«) times the

total force due to the strip. By Newton’s
Law of Gravity, this is:

dF =
2

w2

mé (M sin(@) cos(a)> d.

Now we rewrite the last equation above so that it is a function of the distance w only.
To do this, we use the Law of Cosines twice:

w? = R +b* - 2Rb cos(9)
R? = b? 4+ w? — 2bw cos(a)

d
We differentiate the first to get 2w dw = 2Rbsin(¢) do, so sin(¢) dp = wR_bw
b2 2 _ p2
We use the second equation to solve for cos(a) = —I_;Ub—R
w

We now substitute these into the equation for dF' and integrate to find the total force
for Wi <w < Wj:
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When the point is outside the sphere (as in the diagram), 0 < R < b, W, = b— R and
Wy = b+ R. This gives F' = 2210

:i.e. the same force as if the entire mass were located
at the center of the sphere.

R
When the point is inside the sphere, Wy = R —b, Wy, = R+ b, and F' = 0. The

gravitational force inside a sphere is always 0.



