Prediction Intervals for Artificial Neural Networks

J. T. Gene HWANG and A. Adam DING

The artificial neural network (ANN) is becoming a very popular model for engineering and scientific applications. Inspired by
brain architecture, artificial neural networks represent a class of nonlinear models capable of learning from data. Neural networks
have been applied in many areas, including pattern matching, classification, prediction, and process control. This article focuses
on the construction of prediction intervals. Previous statistical theory for constructing confidence intervals for the parameters (or
the weights in an ANN), is inappropriate, because the parameters are unidentifiable. We show in this article that the problem
disappears in prediction. We then construct asymptotically valid prediction intervals and also show how to use the prediction
intervals to choose the number of nodes in the network. We then apply the theory to an example for predicting the electrical load.
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1. INTRODUCTION

The artificial neural network (ANN) is an architecture of
connected neurons (cells) inspired by the study of brain. A
network can be organized hierarchically into layers of neu-
rons. The first layer, the interior layers and the last layer
are called the input layer, the hidden layers, and the output
layer. A feedforward net has signals all going in one direc-
tion, from input cells to output cells. A connection between
two cells has a numerical value (weight) representing the
influence of the input cell on the output cell. For a special
case of feedforward ANN with only one hidden layer, see

Figure 1.
Using Figure 1 as an example, the input signals
Z1,%2,...,%q are linearly combined with respect to vari-

ous weights to give various input signals for the second
layer. These input signals are then passed through an acti-
vation function f(-) to yield output signals of the cells in
the second layer. The output signals of the second layer are
then linearly combined to give an output y for the last layer.
The activation function can be a linear discriminant func-
tion (i.e., the function value is 1 or 0, depending on whether
the argument is greater or smaller than a threshold level).
In the prediction context, the activation function is usually
chosen to be a symmetric sigmoidal function; that is,

f(z) =0,
flz) =1,
f(@)+ f(-z) = 1.

The nonlinear least squares approach and the back-
propagation algorithm can be used to train the network;
that is, to estimate the unknown parameters. Here we use
the former approach, which has been shown to be statisti-
cally more efficient than the latter (see White 1989b). An
especially popular choice of the activation function is the
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Now for Figure 1 with an activation function f(-),
the output of the whole network given the input x =
(.’1:1, cee ,:L‘d)t is then

k
9o(x) = a0+ > _ o f(Bix + Bio), 2

i=1
where 8! = (Bi1,...,Biq) and 8 = (ap, ...,k Bio;- - -,
Bro, B%, ..., BL) are the weights or the unknown parameters,

with the superscript ¢ denoting the transpose. As proven by
Cybenko (1989), most functions (including any continuous
function with a bounded support) can be approximated by
functions of form (2). In this article we concentrate on the
case of only one hidden layer. Further, we assume a statis-
tical model that relates Y and gg(x) as follows:

(©)

Here ¢ is a random error with mean O and distribution as-
sumption specified later. (For a statistical review of neural
networks, see Cheng and Titterington 1994.)

The network is trained on the dataset (Y1,x1) - - - (Y, Xn);
that is these data are used to come up with an estimator
for 6. Then this network is used to predict the future output
at a new input x,41 by Ypiq = 95, (Xn+1). We assume
that for every 1 < ¢ < n + 1, (Y;,x;) satisfies (2) and (3);
that is YV; = go(x;) + €5, ¢ = 1,2,...,n + 1, where Y,
is the unobservable random variable that is the target of
prediction. Further, we assume that the x;’s are independent
of the ¢;’s and that (x;,¢;), 1 < ¢ < n+ 1, are iid. Our
aim in this article is to construct prediction intervals for
Y, +1 and confidence intervals for gg(xp+1), the conditional
expectation of Y,,+1 given x,41.

A theoretical problem of the ANN is the unidentifiability
of the parameters. That is, there are two sets of parame-
ters such that the corresponding distributions of (Y,x) are
identical. (In fact, in our problem they are such that gg(x) in

Y =go(x) +e.
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Hwang and Ding: Artificial Neural Networks

Figure 1. A Feedforward Neural Network With One Hidden Layer.

(2) remains unchanged.) Previous work focused on deriving
estimators for the parameters and also deriving asymptotic
properties of the estimators (see Amari and Murata 1993
and White 1989a). This appears to be inappropriate, though,
because the parameters are not identifiable. However, Yy, 11
and gg(xn+1), the conditional mean of Y, ;, are identi-
fiable and hence can be estimated. The variability of the
point estimator of gg(x,+1) is also estimable. Therefore,
we are able to construct asymptotically valid confidence
intervals for gg(xn+1) and asymptotically valid prediction
intervals for Y, ;.

Our theoretical studies also help to explain a computa-
tional problem in neural networks. Typically, calculation of
the estimators for @ is based on iteration, and quite often
these estimates are unstable and do not converge. This phe-
nomenon is explained in part by the unidentifiability of 0.
In many of the aforementioned situations, if one looks at
the estimates for identifiable quantities such as gg(zn+1),
the iterated values often converge.

In Section 2 we divide the parameter space into several
different subsets and show that the parameters are iden-
tifiable within each subset, generalizing and strengthening
the results of Sussmann (1992). We then use our results
to construct confidence intervals and prediction intervals in
Section 3. In Section 4 we present a numerical example.
Using prediction intervals, we propose an intuitive way to
estimate the number of nodes in a neural network, and ap-
ply this method to a particular set of data involving the
prediction of electric load.

2. IDENTIFICATION OF PARAMETERS

To discuss the identifiability (or rather the unidentifiabil-
ity) of the parameters, we first discuss two concepts. We
say that a neural network (with a fixed set of parameters)
is “redundant” if there exists another network with fewer
neurons that represents exactly the same relationship func-
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tion ge(-). A related definition (as in Sussmann 1992) is the
reducibility of 6, as follows.

Definition 2.1. For f satisfying (1), = (ao, . - ., ok, P10,
ooy Bro, B, ..., BL) is called “reducible” if one of follow-
ing three cases holds for 7 # 0 and j # 0: (a) a; = 0 for
some i =1,...,k; (b) B; =0 for some i =1,...,k; or (c)
(B%, Bio) = (8%, Bjo) for some i # j, where 0 denotes the
zero vector of the appropriate size.

Note that a reducible 8 (with symmetric sigmoidal f)
leads to a redundant network, because it gives a gg(-) func-
tion that can be represented by another network by deleting
the ith neuron, where < is as described in a, b, or c. This
is obvious for a. For b, after the deletion replace ag by
ao + a;f(Bio). In ¢, if (B, Bio) = (85, Bjo), then we can
delete the ith neuron and replace a; by a; + a;. On the
other hand, if (8}, Bi0) = —(B%, Bj0), then we can delete the
ith neuron and replace o;; and ap by a; — a; and o + a,
because

ai f(Bix + Bio) = i — s f(—Bix — Bio), (4)

following from the equation in (1). We summarize the idea
in the following theorem.

Theorem 2.2. If 6 is reducible, then the corresponding
network (3), with f satisfying (1), is redundant.

On the other hand, an irreducible (i.e., not reducible) 0
may not always lead to a nonredundant (i.e., not redundant)
network, although a sufficient condition on f can be given

* so that this is the case, as we show in Corollary 2.4.

Next we discuss a related concept of identifiability. Note
that every neural network is unidentifiable. To explain this,
we write the parameters as o and pt = (a;, Bio, 8¢) for i =
1,2,..., k. Note that there are two kinds of transformations
on @ that leave gg(x) invariant.

i. The function is obviously unchanged if we permute
ui’s. Therefore, for example, if p; and po are inter-
changed, gg(x) remains unchanged.

ii. In another scenario, (4) can be used to establish
that the parameters (ao, p1, . . ., M, - - - , hi) and (o +
Oy M1y —Mi, ..., UE) give exactly the same value
of gg(x) and hence the same distribution of Y.

The two transformations just described in (i) and (ii)
above generate a family with 2%k! elements. For all trans-
formations 7 in this family, go = g,(¢). Each transforma-
tion can be characterized as being a composite function of
{71,..., 7k}, where

m1((@0, p1, - -+ pii)) = (@0 + 1, —p1, pia, - - - 5 Bk
and
Ti((Q0, 1y - -+ 5 i)
= (00, iy B2y - - s Bim15 By Bick1s - - - 5 Bk
for i=2,...,k. (5)

However, we show in Theorem 2.3a that for networks
with certain activation functions, these transformations (i)
and (ii) are the only ways to modify parameters without
changing the distribution of Y.



























