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Summary

In this paper, we provide asymptotic theory and use it to construct confidence sets for High-
dimensional Empirical Linear Prediction (HELP). HELP is a statistical prediction technique based
on a model similar to a factor analysis model. The aim of HELP model however is to predict
future observations, and is different from the usual factor analysis. We generalize HELP to the
cases of non-iid errors, thus going beyond the standard factor analysis model. We studied an
unusual asymptotic theory where the size of the covariance matrix goes to infinity. This kind of
asymptotic theory is important for practical applications and leads to confidence sets with much
better coverage probabilities than the ones derived from the typical asymptotic theory where the
size of the covariance matrix remains fixed. Although the covariance matrix may not be estimated
consistently, it is shown that the point estimates of HELP are consistent. Also, valid asymptotic
confidences sets are constructed based on the inconsistently estimated covariance matrix.
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1 Introduction.

Recently, a technique called High-dimensional Empirical Linear Prediction (HELP) is devel-
oped (Souders and Stenbakken, 1987, 1991, 1994; Stenbakken, 1996; Hwang and Liu, 1995a,
b). The basic idea is to use an empirical linear model to predict a partially observed high-
dimensional vector. In its simplest form (called purely empirical linear model), the model
is very similar to a factor analysis model. Most of the successful applications in fact involve
only purely empirical linear model, which we focus on in the present paper.

To describe the problem, let y be the measurement of an m-dimensional vector p, which
represents m characteristics of a device that the manufacturer is interested in. It is assumed
that only a partial subvector y; of y is observed and the rest of y is denoted as y5. The aim
of HELP is to use y;, together with some training data, to estimate p or to predict y,.

Is it possible to predict p (therefore ys) well by a y; that has a much smaller dimension?
HELP technique was applied to electronic A/D converters testing in the papers cited above.
In that example, each 13-bit converter has measurements of m = 8192 characteristics, called
transition levels. In applying HELP, they used training data corresponding to exhaustively
measuring 88 similar converters to estimate the design matrix. Then they use only 64 out
of the 8192 measurements on a future converter to predict p (or y) well. This reduces the
measuring of y to less than one percent; the saving in time and money is tremendous.

Specifically, the purely empirical linear model assumes that the training data on the n
converters satisfy:

(1) Y=l e = xp e 1=1,2,...,n

where y is a m x k matrix, u° = y° corresponds to the m characteristics of the ith device,
and €' is a zero mean vector representing measurement errors. This model is similar to a
factor analysis model since the quantities including x on the right hand side of the above
displayed equation are assumed to be unknown whereas y'’s are observed. In the above

cited papers, it is assumed that £’ has a zero mean vector and covariance matrix 021, where



1 is an identity matrix. This assumption slightly differs from a standard factor analysis
model where the covariance matrix of ¢ is assumed to be diagonal with possible different
diagonal elements. The HELP would then estimate the design matrix y through singular
value decomposition in a spirit similar to a principal component analysis.

The vector of interest y satisfies

(2) y=pte=xb+e

However, only a t-dimensional subvector y; of y is observed. The estimated design matrix y
and y; were then combined to yield an estimate for p (and ys).

An important problem is to asses the uncertainty of prediction. To solve this problem,
Hwang and Liu (1995a,b) and Ding and Hwang (1999) construct statistical intervals; those
for u are called confidence intervals and those for y, are called prediction intervals. In this
paper, we shall focus on confidence sets for p since the theory for y, is very similar. Hwang
and Liu’s confidence intervals are based on a standard asymptotic approach, in which m is
fixed and n approaches infinity. In contrast, the approach of Ding and Hwang (1999) is based
on asymptotic theory where both m and n approach infinity, resulting in confidence intervals
with better coverage probability. In applications, m is often larger than n. For example, in
the aforementioned application to electronic A/D converters, m = 8192 and n = 88. Hence
it seems intuitively more reasonable to allow both m and n approach infinity. However, the
problem is much more difficult as m — oc, since one has to deal with covariance matrix
with sizes increasing to infinity as in Ding and Hwang (1999). All the statistical intervals,
however, are based on the assumption that the elements in &’ are independently identically
distributed (i.i.d).

The objective of this paper is two-folded. First, we construct statistical intervals for the
cases where the elements in £’ are not ii.d. so that they can have wider applications in
practice. The variances of elements in £’ may not be equal. It is also quite likely in practice

that there will be some correlation between the elements in &' so that their covariance



matrix X is not necessarily diagonal. Hence we would like to consider a more general form
for covariance matrix X. Therefore, we consider a HELP model that is more general and is no
longer a special case of a factor analysis model. To gain some information on the covariance
matrix, we assume that there are repeated measurements on some training devices.

Second, this paper provides a technical account, albeit in a more general model setup,
for Ding and Hwang (1999) which states the theorems but omits most of the proofs. Since
the asymptotic theory of letting both m and n increasing to infinity is highly unusual in
literature, readers can better appreciate the technique through a more detailed account of
the proofs.

Section 2 provides detailed description of the model, motivations, assumptions and the
prediction procedure HELP. Section 3 provides some asymptotic theory which is used in
Section 4 to construct confidence sets. Simulations were conducted to check the validity of
the proposed confidence sets, and the results are reported in Section 5. The more involved

technical details are given in the Appendix.

2 Model Assumptions and Prediction Procedures

2.1 Model description

We shall rewrite model (1) and (2) in a matrix form. Combining p’ into a matrix and

applying singular value decomposition, we arrive at

U = (p'p? ... pu") =/mnSDV
) { p = V/mS)

Here the unknown matrices S, D, V and n are of sizes m x k, k x k, k x n and k x 1;
S'S = VV' = I, the identity matrix of size k x k; D is a diagonal matrix. The scaling
constants y/mn and /m are chosen for the convenience of presentation of asymptotic theory
and they do not affect the end results.

In the present paper, each m-dimensional vector ;¢ is measured repeatedly r; times,

(4) yfj) = +5§j) = xp +5§j), t=1,..,nand j=1,...,1;



The total number of measurements on the training vectors is therefore r = ry +ry 4+ ... +1,.
In Ding and Hwang (1999), r; = 1, which reduces (4) to (1). We shall assume that 5’@ has
an m-dimensional normal distribution with mean zero and covariance matrix Y. Here X is
not necessarily diagonal, whereas in Ding and Hwang, ¥ = 021,,,.

The inference under an arbitrary covariance matrix ¥ requires a consistent estimate of X
with % free parameters, which requires that r to be much larger than m. However, in
practice, that would be too costly. (In the A/D converters example, that means exhaustively
measuring converters more than 8192 times comparing with 88 times now.) Hence we would
need to make assumptions about ¥ so that HELP still works for a sample size comparable
to the previous applications (e.g., we can measure half of the training vectors twice resulting
in r = 1.5n). On the other hand, these assumptions should be general enough to hold in
likely applications.

Let 0 > 03 > ... > o7, > 0 denote the ecigenvalues of matrix ¥, and 0% = - g:lai? =

i=
%tmce(EQ). Then &% represents the average variation in the m elements of measurement
errors €. We expect that, as m increases, 3% will remain at a constant order (i.e., not blow
up to infinity or diminishes to zero). Also, o7 represents the largest single source of variation
in the measurement errors. We expect that the ratio of o to the average variation 6% would
not blow up to infinity as m increases. Otherwise, it would mean that the measurement
errors essentially comes from a single source with infinite variance. Mathematically, we can

write the above intuition as

(5) liminf& > 0, limsup oy < oo
m—00 m—00

This condition is the fundamental reason that HELP works well in practice. This condi-
tion is not very restrictive and is satisfied in many important cases. In the following The-
orem, we show that condition (5) is satisfied if the measurement errors come from a causal
auto regressive-moving average (ARMA) process. For the definition of a causal ARMA pro-

cess, see Brockwell and Davis (1987). The condition of being causal is probably necessary



for an ARMA process to satisty (5).
Theorem 2.1 Assume that e;’s follow a causal ARMA (p,q) process
€, = ¢1€i71 + -+ qﬁpei,p + 9021‘ + 912:2',1 +---+ 0qzi,q,

where z;, 1 = —00,...,00 are i.i.d. standard normal random variables. Then for any fixed

values of p and q, as m — oo, the covariance matriz of € = (eq, e, ..., en)" satisfies condition

(5)-

Proof is included in the Appendix.

HELP reduces the measurement on a future vector y to a t-dimensional subvector
by identifying the underlining variance structure (the design matrix S) from the training
data {yfj)}. With the design matrix .S known, the subvector y; can then be used in a linear
regression model to provide inference on u. Hence the reliable inference on p requires a
good estimate of S from the training data and also a good estimate of the variation in the
resulting linear predictor. Next, we define the notations and motivate the assumptions. Then
we provide a detailed description of how HELP works, and in the next section we provide
theoretical justification for why HELP works.

The basic motivation for HELP is that excluding the measurement errors, the true varia-
tion of y comes only from a subspace with a limited number of dimension k respresented by
the design matrix .S of dimensions m x k. When n is relatively larger than %k, we can identify
S from the training data reasonably well. When ¢ is larger than £, we can then estimate
the projection of y to this k-dimensional subspace well and hence the whole vector p also.
To assess the uncertainty of the estimator for u, we also need to estimate the covariance
matrix 3, which requires a large number (r — n) of repeated measurements. Therefore we
shall provide theoretical foundation for the HELP techniques in the following asymptotic
situation

(6) m — o0, t — 00, n — 00, (r —n) — oo and ™ — ¢ € [0, oo].



Notice that m and n are of different orders when ¢ =0 or ¢ = .

As m and n change, we expect that the singular values d;’s remain constants. We also
expect that the ¢-dimentional subvector would capture about % portion of the total variation
in the m-dimentional vector. Under (6), the above intuitions is represented mathematically

by the following conditions:

(7) limd; = d; < oo
(8) d;’s are distinct and positive if i < k.
t t
9 M/ =0(1 M =01— d\) ' =04/—
(9) 1/ = 0(1), 1=0(/ ) and () (/7>

where \y > Ay > ... > Ay > 0 and A7 > AJ > ... > A} > 0 denote respectively the singular
values of S; and (SS;)7'S;M;. Here and below, M denotes the “square root” of X, i.e.
M? = ¥ and M is symmetric and semi-positive definite. Further, S; and M; consist of
the first ¢ rows of S and M. More detailed explanation of the motivations behind these
conditions can be found in Ding and Hwang (1999).

We shall use ||A]| to denote the Ly-norm of a matrix A, that is, the largest singular value
of A. Also, we shall use O,(-) and o,(-) to denote the probability big “O” and little “0”.
They may be scalars or matrices. For a matrix A, O,(A) and o0,(A) denote O,(||A]|) and
op([1A]).

Remark 1: In practice, the coordinates, called test points, of the observable subvector
y1 should be chosen by an algorithm (Ding and Hwang 1999). For ease of presentation, we

assume that we have switched them around so that y, consists of the first ¢ elements of y.

2.2 Estimating u: A generalized HELP.

Here we describe the point estimator for p in the setup of previous subsection generalizing
HELP to the case of non-diagonal and unknown 3.

1. Estimation of the covariance matrix .



With the repeated measurements, a natural estimator is the moment estimator

1 L . . . .
X Wiy — 0wy — 0
r—n= o (4) (4)

(10) > =

where ' = ‘i Y(;)/ri is the mean measurement of the ith vector 1'.
2. Estimatijo_n of the true dimension k.
We shall estimate k by
k
(11)
1

where Y = (g1, 7%, ...,7"), 62 = ttrace(X) and § > 0. Here In(min(m,n)) can be replace by

T m

number of singular values of Y that are greater than &(\/m + /n)(1+ d - In(min(m,n)))

A

any function (m, n) such that as m, n — oo, I(m,n) — oc and I(m,n) - (ﬁ + =) —0.

n

S

3. Estimation of the design matrix S by a singular value decomposition.

That is, to decompose
Y s (D 0 v
=(S.5S — ~
vmn (’0)<0D0><V0>

Here the right-hand side is the product of three matrices; the first matrix (with size m x m)

(12)

and the third matrix (with size n x n) are orthogonal matrices and the second matrix (with
size m x n) is diagonal with decreasing nonnegative diagonal elements czi, called the singular
values. Here and elsewhere in this paper, we use 0 to denote a zero matrix with appropriate
sizes. Note that we partitioned the three matrices on the right hand side, so that S, D and
V has the same size as that of S, Dand V (m xk, kx k and k x n respectively). In practice,
since k is also estimated, the sizes of 5’, D and V are m x lAc, kxkandkxn respectively.
It is easier to see why S’, D and V are natural estimators of S, D and V if we combine

the first equation in (3) with (4) in the following form.

w el )(h) e

where R is a diagonal matrix with entries 1/,/r1, ..., 1//T,, and € is an m by n matrix with

independent entries that follows standard normal distribution. Here Sy and V| are chosen

so that (S, Sp) and (V' V) are orthogonal matrices with size m x m and n x n.
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4. Inference of p.

Here and below we decompose

w9 =(2) =)

where §1 and M, consist the first ¢ rows of the corresponding matrices S and M.
We estimate 7 by

(15) 0= (S151) Sty /v/m.

Hence p1 = \/mSn can be estimated by

(16) jr = vmSi = 5(515)7" S}y

Then the uncertainty of /i is assessed using information on 3, and we provide an asymp-
totically valid confidence set in Section 4.

For the prediction of y9, we will use the corresponding coordinates from /i, 3o = \/ﬁ@ﬁ
The prediction sets can be constructed similarly to the confidence sets. The theory is repe-
tition for those of the estimation of . Hence we do not report results on the prediction of
19 in this paper to keep it simple.

Remark 2: Often in practice, (r — n) << m. In such cases, the estimate S in Step 1 is
not a consistent estimator for ¥ (it is not even full-ranked). However, 6% = %tmce(i) is
consistent for 52 and hence its use in Step 2 is valid. The only other use of ¥ is in Step 4 to
assess the uncertainty of the estimate . As we will see in the following sections, we also do
not need ¥ to be consistent in the usual sense to assess the uncertainty of /.

Remark 3: The point estimates in Step 3 and 4 are based only on 7'’s, and they are
the same estimates as before when Y is assumed to be 0?I. We do this because j'’s are
the sufficient statistics for p. As in a principal component analysis, the singular value
decomposition results in a consistent estimate S since on the k-dimensional subspace S the
true variation builds up to the order O,(mn) while the zero-mean measurement errors only

cumulate to a smaller order on this subspace. The estimate [ is consistent because the



consistency of S. Since, the estimate Y is often inconsistent, it is not used in the estimation
for u. However, for constructing a valid confidence set for fi, we do need the estimate .

In the next section, we shall show that k and S are consistent estimators for k and S. We
then provide analysis of the asymptotic error of ji. In Section 4, we provide an asymptotically

valid confidence set.

3 Asymptotic analysis for empirical linear model

First we shall derive some properties relating to the distribution of 3.

Lemma 3.1 Under model (4), one may write

Tin €€
(17) Y=M=——M

r—n

where e;’s are i.9.d. m-dimensional standard normal vectors. Furthermore, (5) implies

1 ~
(18) 52 = Etrace(E) =+ 0y(1)

Also, ¥ is statistically independent of Y .

Proof of Lemma 8.1: From (4), it is obvious that

n

J J) - gi)l]M
=1 j= 1

where 5% are standard m-dimensional normal random vectors, and & = Z 6 / T

J)
z")_éﬂ‘

Using standard normal theory, i (e(;

Jj=1
r; — 1 terms of e;¢}, and it is independent of . Hence (17) holds and ¥ is independent of Y.

)(5’@ — &%) can be expressed as the sum of

Therefore

1
= LE[e\Se1] + Op(——=1/Varle|Ze))



To compute the E[e}Xe;] and Var[e]Xe;], we shall assume without loss of generality that

o2 0 0 0
- 0 o2 0 0
0O 0 . 0
0 0 0 o
Otherwise,
a2 0 0 0
0 o2 0 0
Yy=r ) P.
0O 0 . 0
0 0 0 o

Replacing e; by Pe; leaves the problem unchanged because Pe; is also a standard m-
dimensional normal random vector.

Hence
Ele\Yei] = B ojel] = iaf = mao?,
i=1 i=1
and
VarleyYe)] = E[(X ofet,)’] - (X 07)?
=2 f:l af
< 20%1_'7271:1 o2

Hence mﬁ\/Var[eﬁEel] < \/‘;% = 0,(1). Consequently 6 = 52 + 0,(1). O

The above lemma shows that the estimator 3 is independent of Y the sufficient statistic
that is used to estimate S. Although the lemma does not provide the consistency of fl, it
does show 62 = %tmce(i) to be a consistent estimate for 52. Next, we shall use this fact
to show that k is a consistent estimator for the true dimension k. The reason is that the

estimated singular values d; are consistent estimators for true singular values d;.

Lemma 3.2 Assume model (18) and condition (5), then as m — 0o, n — oo and ™ — ¢ €
[0, 0],

(19) di — di| < or(y/E+ /1) (1 +0,(1)) for all i,

where d; = 0 for 1 > k.

11



Proof of Lemma 3.2: From (12), we know that the singular values of Y /\/mn are d;’s,

1 <i < min(m,n). On the other hand, (13) implies

Y MER
—— =5SDV
vmn N vmn

By Corollary 8.3.2 in Golub and Van Loan (1989) page 428,

max |d; — d;]
i=1,..,min(m,n)

||WY SDV||
= MIIENIR]

o1(y/E + /L)L +0,(1)]

The last line used the result ||E'E]| = m(1 + \/%)2[1 + 0(1)], which is established in Yin, Bai

(20)

ININ A

and Krishnaiah (1988). Hence (19) is proved. O

Lemma 3.2 can be used to prove that k is a consistent estimator for k as shown below.

Corollary 3.3

Pk=Fk) —1
Proof of Corollary 3.5
Plk>k] = Plde > a(% + J=)(1 46 - In(min(m,n)))]
< P[al(\ﬁ + f)(l +0,(1)) >a(1+ op(l))(ﬁ + ﬁ)(l + 9§ - In(min(m, n)))]
= (]]3[01 > (14 0,(1))(1 40 - In(min(m,n)))]
%

according to condition (5).

Plk < k]

= Pldy < 6(=+ )1+ 0 In(min(m, n)))]
< Pldy — al(ﬁ + %)(1 +0,(1)) <o(1+ op(l))(ﬁ + T)(l + 6 - In(min(m,n)))]
= 0.

12



Due to its consistency, k may be and will be replaced by k£ without affecting the asymp-
totic assertions below.
Next, we show that S is a consistent estimator of S, which is the fundamental reason

that our procedure works asymptotically.

Lemma 3.4 Together with the assumptions in Lemma 3.2, conditions (7) and (8) imply

that

(21) {VV::Q+%W%+¢3

§S = Li+O,(\/E+ /1),

where Iy, denotes a k X k identity matriz.

Proof of Lemma 3.4:

As in (13), let us choose Vj such that < “;
0

. 1%
rea( 1),

Since VV' = I, AA" = I. Also, since A is a partial matrix of an orthogonal matrix, the sum

) is a n x n orthogonal matrix. Then we may

find a £ X n matrix A such that

of squared elements of A in a given column is no greater than one. Let \A/(’]) denotes the jth

row of ‘7, ie. ‘7’” = e'< )V, where e(;) is the jth coordinate column vector of dimension k.

~

() = d; § , where §(j) is the jth column of S. Hence

\/_

-~

dy

|V ||
||SDVV MSV ||

ISDVVa |I+FIIM||||5||IIV |
[1SDAel + Zamoll€]l

Vadi(d)? + ..+ alk(dk +0,(/E + /).
C/Z\l — d1 + Op(\/g"’ \/g),
dy < \Jad (dy)2 + ..+ a3, (dy)? + Op(\/g+ \/%)-

13
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we have




Note that (8) implies that liminf,, , oo di > A and liminf,, ;00 (d; — diz1) > A. Using this

and af; +afy + ... + ai, < ai;, +aiy + ...+ ai, = 1, we conclude

1 1
at =14 0y(y) — +4/ ),
/1 1
a%iZOp( E-f' E) fOTiZQ,...,k.

1 1
dy < \/agl(d1)2 + .o+ @b (di)? + Op(\/%q— \/;)

Since a3, <1 —a?, = Op(\/g-l— \/%) and dy > ... > d,

[1 1
a32:1+0p( E*’\/%L
1 1
a%z’:op(\la-f'\/;) fori=1,3,4,..., k.
By induction,
[1 1
“?j:5ij+0p( E+\/;) fori=1,...,kand j=1,...,n.

where 6;; is 1 if ¢ = j and 0 otherwise. Hence

_ 1 1
VVi=(I; 0) A" = I + Op(\/%jt \/;).

By symmetry, the second half of (21),

_ 1 1
S'S =1 + Op(\/; + \/;)

is proved too. O

and

Similarly we derive

and

Note that A = S is the only matrix such that A'S is identity matrix I;. In this sense
the above displayed equation implies that S is a consistent estimator of S. The next lemma

provides the asymptotic distribution of the estimate fi.
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Theorem 3.5 We assume that the model (3) also satisfies conditions (7), (8) and (9).

under the asymptotic (6) and conditions m/(m —t) = O(1), n = o(m?), we have

(22) i-n=T 4o+,

where
1

(23) T = ﬁMeRV'D—ln + S[515,]71S! Mye
Proof of Theorem 3.5: From (12), we have
1
mn

Post-multiplying both sides by V', we have

(24) YV' = 5D.

1
vmn

This implies by (13)

SDVV' + MERV' = SD.

mn

Since (VV’) is a square matrix of size k x k, we may write with probability one

(25) S = (5D — V(YYD

1
vmn

Using (16) and, similar to y, partitioning M = (M;, M)’, we may write

= p
= S(5151) §(\/_5177+M15) vmSny
= Vm[(S(5151) 7157, 0) = L] Sy + S(5151) 181 Mie,

Then

where I,,, is the m xm identity matrix and 0 is a zero matrix of size m x (m—£k). Substituting

S in the above displayed equation by the expression in (25) and noting

~

[(5(518,)71S!, 0) = I,]S=5—-5=0,

we establish that g — p equals
Vml(S(5151)7181 0) — ][~ fMgRV’][VV’] ‘D7

= LMERV'[VV'D 'y + 5(5,5) '8 Mye — L5(8;
(26)

/\

+ g(gl gl)_lg M1€
)"

U]
18IS M ERV! VYV D!

15
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Notice that this is almost (22). To finish the proof, we need to carefully analyze the order
of the terms. We summarized some useful facts for the order analysis in Lemma 7.1, which
is included and proven in the Appendix.

From (21), [VV']"! = I; + 0,(1). Using this together with facts (42) and (47), the first
term is ﬁMSRV’D’ln + op(\/%), which is of order Op(\/%) by (41). The second term
according to (43) is of order Op(ﬁ). Hence what is left to be proven is that the remainder

term (the third term) is indeed op(ﬁ + \/?)

The order of the remainder term is

L0,(18(518) 1SLERTV T D )

Z0p (IS - 1(S15) T SIMERV!|| - [[VV']H] - (1D~ 9]])
RO E TR,

where the last equation follows from (45) and (21).

Multiply out the terms, the above order is

Op(\/?% + \/?% + \/%%) = op(\/?nt \/%

This finishes the proof. O

Notice that on the right-hand side of (23), the first term is of order O(\/%) and the
second term is of order O(ﬁ) This is the optimal rate of estimation (Ding 1996, Ph.D

thesis at Cornell University).

4 Confidence Sets

Based on the asymptotic theory in the previous section, we can try to construct asymptoti-

cally valid confidence sets for p.

Theorem 4.1 Under the assumptions of Theorem 3.5, and assume also that t < n, then

— —

(27) (A= w'(i—p) - =" D' VEV'D ' < ¢}

16



is a confidence set for u with an asymptotic coverage probability (1 — «). Here ¢ (obtained

by numerical simulation) denotes the (1 — «) quantiles of

k

~

(28) Ty =Y Az,

=1

where zy, 29, ..., 2 are statistically independent standard normal random variables; 3\12 s, 1=
1,...k, are the eigenvalues of [S151] 15/511.51[S151] Y, and Sy is the t X t sub-matriz of &

by removing the last (m —t) rows and the last (m —t) columns.

Remark 4: Although ignoring the non-diagonal covariance matrix X can result in the
same consistent point estimator [, the valid confidence set for i involves the estimator
Y. The estimate 3. may not be consistent in the standard sense, but it captures the main
structure of the covariance matrix X, therefore resulting in an asymptotically valid confidence
set for fi.

Remark 5: Inequality (27) gives a spherical confidence set. As in Ding and Hwang
(1999), a more useful confidence set is the cubic confidence set constructed from (22), albeit
its asymptotic validity is not established. To describe the cubic confidence set, let ||al|
denote the L,-norm, i.e., max la;| for a vector a = (ay, ..., an)". A recommended (1 — «)
cubic confidence set is

(29) 17 = plloe < Ca,

where C, is the (1 — «) quantile of || Z||«. Here Z is a m-dimensional normal random vector

with mean zero and covariance matrix
WRVDARS: |, 5(515,) 151805315 13"
This type of sets have the advantage of providing confidence intervals with the same length
for each coordinate of p.
Remark 6: We may also derive prediction sets for y, as in Ding and Hwang (1999).

Remark 7: The extension of the above results to the empirical linear model (Ding and

Hwang 1999) is straightforward albeit tedious.
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Proof of Theorem 4.1:

ko
Let ¢ = > A\;'. The condition (9) together with facts (43) and (44) implies that ¢ is at

=1

least of the same order as m/t. Because t < n, Theorem 3.5 states that

~ 1 ! y— araraN—-1ar
i—p= %Mé‘RVD '+ S(5151) ' S{Me + 0,(1/7).

Hence

(A=) (7 — p)

= /D 'V RE'MPERV'D 'y + &' M{S(515)) 28] Mye + 2=’ M{ S, (515)) 15" MERV'D '+ 0,(q).

Notice that ¢ is independent of £ and S , hence the order of the third term is

O,( S1(5151) 'S MERV' D™ ")),

1
_ M’
\/ﬁ” 1

which is O, (/S]] - |(S151)7Y| - [|S"MERV'||). Using (9), (38), (40), (46) and t < n, this

vl
vn

Op%\/%?(@ +1) = op@\/%(% + =)= oo

From (41), the first term is

equals

52y DWWV RNV'D ' + 0,(q),
n

which equals

according to (18), (42) and (47).

Therefore

Since ¢ is distributed as standard normal m-dimensional vector, the first term on the right
ko~ - -

hand side equals 3 M\2e¢? where ey,..., ¢, are i.i.d. standard normal variables and \y,...,\; are
i=1

the singular values of (S5]5;) 1S, M;. According to (44), we can replace \;’s by \;’s.
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Therefore,

3

k
(30) (7~ ) (i — ) — 252D VRVD /g = Y aiz? +0,(1)
=1

3

where a; = \2/q, i =1, ..., k.

If we had assumed that \!’s in (9) have asymptotic limits, it would have been obvious that
(30) implies the correct asymptotic coverage of (27). Since we do not make such assumptions,
we have to use a more elaborate argument.

k
Let T = Y a;z?, then by definition of c,,
i=1
(31) P(T < &/q) = (1-a).
Because of (30), to prove (27), we only need to prove that

(32) P(T +o0,(1) <c/q) = (1 —a) +o1(1).

Let us denote a = (ay, ..., a;) and ¢ = ¢2/q. Obviously a; + az + ... + a;, = 1. We write
c(a) to emphasize that ¢ is a function of ay, ..., a.
To complete the proof, it suffices to show that the absolute difference between the left-

hand side of (31) and the left-hand side of (32) approaches zero, i.e.,
(33) [P(T + 0,(1) < c(a)) = P(T < ¢(a))] = 0.
Now the left-hand side of (33) is bounded above by
P(|T(a) - cla)] < lop(1)]),
whose asymptotic limit in turn is bounded above, by the asymptotic limit of
P(|T(a) - c(a)] <9)

for any 0 > 0.
Since a;’s depends on m,n and the data as well, we will need the compactness argument

below. The asymptotic limit of the last displayed expression is obviously bounded above by

(34) sup P(|T(a) — ¢(a)| < 9),

acK
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where K = {a : a1 +as+ ... +a, = 1;a4; > 0,i = 1,..,k.} is a compact set. Therefore,
for 6; = %, there exists a’ such that the supremum is achieved at @ = a’. Again from the
compactness of K, there exists a subsequence of {a'} such that it converges to a® € K.
Without loss of generality, we may call the subsequence {a'} itself. Hence the limit of (34)

as 6 — 0 equals

[u—

lim P(|T(d") — c(a')| < =),

1—>00 1
by the monotonicity of (34) in J. Since ¢* € K, T'(¢™) has a nondegenerate distribution.

This and the continuity of T'(a) and ¢(a) in @ imply that the last expression equals
P(|T(a®) — c(a™)|<0)=0. O
5 Simulation

To study the coverage probability of the proposed intervals, we did some numerical studies.
In particular, we want to see if the proposed intervals do improve upon the intervals of Ding
and Hwang (1999) when the measurement errors are not i.i.d.

First, we generate a covariance matrix . To study the effect of unequal magnitude
of measurement error sources, we generate a diagonal matrix D* with first three elements
as 400, 200, 100, and the rest of elements as ones. (Therefore, there are three sources
contributing measurement errors about 10-20 times larger than the rest.) To study the
effect of correlated errors, we than randomly generate an orthogonal matrix @) of size m x m.
The final covariance matrix is X = QD*Q'".

Samples were generated from the model (3), where ¥ is fixed as above and k£ = 3. Each
vector is assumed to be measured twice, i.e., ry = ry = ... = r, = 2. The HELP procedure is
then applied on the sample. The proposed intervals and intervals of Ding and Hwang (1999)
are calculated and their coverage recorded. Then the process was repeated by generating 400
such samples, and the empirical coverage probabilities were calculated from the 400 samples.

We simulated for various sizes of m, n and ¢. The simulation in Ding and Hwang (1999) shows
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that generally the asymptotic works well for m and n both bigger than 40. Therefore, we
chose to simulate values of m = 50, 100, 500, n = 50, 100, 500. We did not simulate for m and
n values greater than 500 because that would take too much running time. The simulation
was coded in Matlab running on a computer with 525MHz EV6 Compaq Alpha processors.
Table 1 reports the summarized empirical coverage probabilities for various values of m and
n, and ¢t = 30. The results are similar for different ¢ values so that we only reported for the

case of t = 30.

Table 1: Coverage probabilities for the proposed new confidence sets and previous confi-
dence region for i.i.d. errors (Ding & Hwang 1999) at nominal level 95% and 90% (in the
parenthesis).

Proposed Ding & Hwang (1999)
m n Spherical Cube-shaped Spherical Cube-shaped
50 50  91.50% (85.50%) 93.25% (85.75%) 20.25% (16.00%) 41.00% (32.75%)
100 95.50% (89.75%) 96.25% (90.25%) 19.75% (16.25%) 44.25% (36.25%)
500  95.25% (89.25%) 95.25% (89.50%) 19.00% (14.00%) 43.25% (34.50%)
100 50 93.00% (86.75%) 94.50% (86.50%) 14.75% (12.00%) 30.00% (24.25%)
100 93.00% (88.25%) 93.50% (88.50%) 20.50% (17.00%) 42.50% (35.00%)
500 95.00% (88.50%) 93.75% (88.25%) 18.00% (15.50%) 39.50% (31.25%)
500 50  92.75% (87.75%) 93.75% (89.00%) 89.25% (83.75%) 97.50% (94.75%)
100 94.00% (89.50%) 94.75% (90.25%) 85.00% (76.50%) 98.25% (96.25%)
500  96.00% (89.25%) 96.50% (91.00%) 85.75% (76.50%) 99.50% (98.25%)

As we can see from the Table 1, the coverage probabilities of the newly proposed confi-
dence sets are close to their nominal levels, while the coverage probabilities of the previous
confidence sets (Ding and Hwang, 1999) assuming i.i.d. errors vary wildly. Generally, the
previous sets have very low coverage probabilities because they ignore the deviation of error
distributions from i.i.d. assumptions. Since we let three main sources of measurement error
to be 10-20 times larger than the rest, the deviation from equal variance is bigger for smaller
m. As m increases, the measurement errors looks more like from equal variance sources, and
the coverage probabilities for the previous confidence sets increase. However, the coverage

probabilities for the previous confidence sets are not converging to the nominal level in such
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cases. In some cases (m = n = 500 for the cubic-shaped sets), it is clear that they have
coverage probabilities far higher than the nominal level.
The confidence sets proposed in this paper, however, do have correct coverage probabili-

ties in all cases, even in the cases where X is inconsistent.

6 Conclusion and Discussions

In this paper, we generalized the HELP technique to cases with dependent error structure. It
is shown that the HELP estimator ji based on mean measurements of the devices is consistent
when the measurement errors do not come from a single source of infinite variance. However,
ignoring the error structure, the confidence sets for [ are no longer valid. We estimated the
error covariance matrix ¥ from the repeated measurements of devices. It is shown that valid
confidence sets for ji can be constructed based on the estimated error covariance matrix )

2 can be consistently estimated. This requires a large

when the average error magnitude o
number of repeated measurements but can be much smaller than the number m required for
a consistent estimation of . Simulation studies were conducted and the results confirmed

our asymptotic theory.

7 Appendix

Proof of Theorem 2.1:

Professor Hans R. Kiinsch communicated to us that Theorem 2.1 holds for any second-
order stationary time series with a bounded spectral density. He also informed us the fol-
lowing proof which is much simpler than our original proof.

It is an easy corollary of Theorem 3.1.1 and Theorem 4.4.2 of Brockwell and Davis (1987)
that the above process is second-order stationary with a bounded spectral density. Let R(h)
denote the autocovariance function and let f(\) be the spectral density. Then the covariance

matrix of € = (e, e9,...,€,) 18 X = (R(i — j);1 < i,7 < m). Thus the trace of ¥ equals to
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mR(0), hence = 1/ R(0). Moreover, for any m-dimensional vector «,

o'Ya = [|T0, a2 f(N)dA
< suplf V]| 0 cge
= 2msup|f(N)]d/a.

Thus o? < 27sup[f()\)]. This completes the proof.

Lemma 7.1 Under conditions of Theorem 3.5,

(35)

(36)

(37)

(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)

(47)

1€l = Op(vm + V/n)

M€ = Op(VE+ Vi)

—~ ]_ ~ o~
§ = Sl + 0, ()] + ——=MERV'D™",
a 1 — [t
S1 = Si[lk + 0p(1)] + WMNSRV D' = 5; + 0y( E):
—~ ]_ - R
V= [I; + o, (1)]V + D™'S'MER,
mn

(S180)7" = (S151)™" + 0,5,
VRE'M*ERV' = ma*V R*V' + o,(m)
MER(V = V) = o,(v/m)

(515015 MI8,(S151) ! = (S150) SIMMISI(S{8) ! + 0p()
(S151) "SiMMIS1(8151) ! = (S18) ' SiMMIS1(S151) ! + 0,()
(8137 SERT = O, [+ [2 4+ /™)

S'MERV' = ()1,(\/§Jr 1)

D' =D '+ o0,(1).
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Proof of Lemma 7.1:

(a). ||€]|*/m is the largest eigenvalue of the matrix £'E/m, which is asymptotically
o*(1+ \/%)2 by Yin, Bai and Krishnaiah (1988). Therefore |[|£]|* = O,((v/m++/n)?). Hence
(35) is established.

(b). Use a singular value decomposition and write M; = PAQ), where P, A and @) are of
sizes t X t, t X t and t x m respectively, PP’ = QQ' = I;, and A is a diagonal matrix.

Then Q€ is a t x n matrix with i.i.d. entries following standard normal distribution.
Hence ||Q€|| = O,(v/t + \/n) similar to (35).

Therefore, [|Mi&]| < [|A]l - |QE]| < o1]|QE]l = Op(VE+ V/n).

(¢). Combine (12) and (13), we have

Y MER
=SDV .
vmn * vmn

Post-multiplying by V' on both sides, we establish

(48) SDV + 8Dy =

MERV'

SD = SDVV’ .
+ v mn

Hence
SDVV'D 1+ L MERV'D!

mn

S(Ik + 0,(1)) + A= MERV'D".

95))
I

The last line is because DVV'D ! = I;+0,(1) by Theorem 3.2 and Theorem 3.4. Thus (37)
is established.

(d). Taking the first ¢ rows of both sides of equation (37) yields

~ 1 ~
Sl = Sl[lk + Op(l)] + —MlgRVID_l.
mn

Vo

Notice that

1 ~ 1 —
— || M DY < ——||ME| - D71
which by (36) is of order
1 t 1 1 t
Op(\/m(\/i'f‘ Vn)) = Op(\/ E(ﬁ + %)) = 0y( E)



Hence S) = S; + op(\/%).
(e). (39) is derived similarly to (37) by pre-multiplying (48) by S’ and using the fact
D 158'SD = I} 4 0,(1) from Theorem 3.2 and Theorem 3.4.
(f). (38) implies that
) t
SiSl == SiSl + OP(E).
This together with (9) implies
PR m
(8157 = (157" + 0"
(g). Conduct a singular value decomposition on RV’, we have

RV' = PAQ,

where P, A and () are of sizes n x k, k X k and k x k respectively, PP = Q'Q = I}, and A
is a diagonal matrix.

Hence VR2V' = Q'A%Q).

On the other hand, £P is a m X k matrix with i.i.d. entries that comes from standard

normal distribution. Hence Lemma 7.2 (whose proof is at the end of Appendix) states that
P'EM*EP = m& 1), + o,(m).

This implies that
VRE'M?ERV' = Q' AP'E'M*EPAQ
= ma?Q'A*Q + o,(m).

Hence (41) is proven.

(h). Using (39),

MER(V — V) = MERV'0,(1) + MER2E'MS' D™,

1
vmn
According to (41), the first term is of order o,(y/m).

The second term is bounded by ——|| M ||||E][||R2||IE"IM][||S’||||[D ||, which is of order

mn

w%nsn% = 0,2 +\[2) = oy (vm)
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according to (35), (19) and n = o(m?).
(i). (43) follows directly from (38), (40) and (9).

(j). Taking the first ¢ rows of M, (17) implies

(S\igl)ilgiﬂlfw\{gl(gigl)il — (S\igl)ilgiMl Z:1_ n M{gl(s\igl)il

Conduct a singular value decomposition,

where P, A and () are of sizes k X k, k x k and k x m, PP' = QQ' = I}, and A is a diagonal

matrix.

Since e;’s are independent of S, condition on S, Qe; are i.i.d. standard k-dimensional

r—n
N
Z €i€;

normal random vectors. Hence Q= ——Q" = Iy + 0,(1). Therefore,

(S150) T SIMLIE; S1(S151) ™! = PAPP' 4 0,(<) = (S181) T SIM M1 S1(S150) ™! + 0p(5):
(k). Using (38) and (39),

(%Sl)_l‘%MﬁRV’ o e
= (S150) PSIMIERV! (I, + 0p(1)) + 7 (S1.51) P MIER?EMSD ™

(5150) 7 (I + 0p(1)) S| MIE RV (I + 0,(1)) + 4= (5151) "D~V RE'M{ M ERV' (I, + 0,(1))
+A=(915)) 1S M ER*EMSD !
= O,(II(815) SIMERV'|)) + Oyl i I(S150) "D 'VRE MM ERV'| )

0, (7 | (S181) I SIMIERPEM SD ™))
= Oy(2ISIMERV'|)) + Op( oz IE M| - | MLERV'|)) + Op( Tz JEIME - |IE])

mn t

S1M,ERV' is a k x k matrix. Each of its entries is a zero mean normal random variable.
The variance of each entry is at most [|S{M;]|? - |[RV'||* = Op(L). Hence ||[SIMERV'|| =
Op(\/25)-

Similar to Lemma 7.2, | MERV|| = O,(V/1).

Using the above two facts together with (35) and (36), we calculate the order of (5]5;) 15! My ERV’

as

V) + O A= (VE+ VIV + Oy 7 (Vi + Vi) (Vi + /)
= Op(\/T)+ Ouly/ 5 + D)+ O (R + 14 [T +/3)
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(1). Using (37), (41) and (42), we have

S'MERV'
= [Li +0y(1)]S'MERV' + =DV RE'M?ERV’
= Ik + 0p()]S'MERV' + =D~ [mN>V R*V' + 0,(m)]
= Op(||S’MERV’||)+0p(\/§)-

Again, S"MERV' is a k x k matrix whose entries are zero mean random variables. The

variance of each entry is at most ||S’M|| - ||RV’|| < o%. Hence
IS"MERV'|| = Op(1).

This completes the proof for (46).

(m). First, D71 = D'(5181) 718181 + =D ~1(515)) S Mye.

According to (38) and (40),
(5151) 71518 = (81.51) 7181y 4 0,(1) = I + 0,(1).
This and Theorem 3.2 implies that
D=Y(5!8)71S18m = Dy + 0,(1).

Because ¢ is independent of D and §1, the remainder term —=D—(S! 51 -1g M;e is of
v 1 1

order ﬁ”b\_l(g{gl)_lg{MlH, which according to (43) is Oy(1/%) = 0p(1) - O

Lemma 7.2 Suppose the entries of a m X k matric E are i.1.d. standard normal variables.
Then
E'S?E = mé*Iy + O,(v/m).

Proof of Lemma 7.2: Since X is a covariance matrix, it can be written as

o2 0 0 0
0 o2 0 0
P P,
0 0 . 0
0 0 0 o
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where P is an orthogonal matrix of size m x m.
Hence PFE is also an m X k matrix with i.i.d. entries of standard normal distribution.

Therefore without loss of generality, we can assume that

o2 0 0 0

0 02 0 0
>y =

0 0 . 0

0 0 0 o

here.

Let ¢;; and a;; denote the entries of £ and A = E'Y E respectively. Obviously,

m
2 . .
aij:ZUgeﬁegj Z:L...,k, ] :1,...,k.

=1

Hence
m62 Z = j 2 gt: 0-21 L= ‘]
E(a;;) = -, and  Var(a;) =4 !
0 1#£ ] > 021 i 4 j
=1
Therefore

a.:{ma%op(ﬁ) i=j
7\ 0+ 0,(vm) Y

Since k is fixed, this means that

E'S?E = ma* I + O,(v/m).
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