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SUMMARY

Investigation of HIV viral dynamics is important for understanding the HIV pathogenesis
and for development of treatment strategies. Perelson et al.! demonstrated that simple viral
dynamic models fit to data on viral load as measured by plasma HIV-RNA could produce
estimates of rates of clearance of virus and of infected CD4™ T lymphocytes. In this paper we
extend the work of Perelson et al. by proposing models with less restrictive assumptions about
drug activity. Our models take into account the fact that both infectious and noninfectious
virions are produced by infected T cells both before and after the treatment. We also show
that direct measurement of infectious virus load provides sufficient information for estimation
of antiretroviral drug efficacy parameter. For characterizing viral dynamics of populations and
estimation of dynamic parameters, we propose a hierarchical nonlinear model. Compared to
other methods such as the nonlinear least square method used by Perelson et al., we show that
the proposed approach has the following advantages: 1) it is more appropriate for modeling
within-patient and between-patient variation and to characterize the population dynamics; 2) it
is flexible enough to deal with both rich and sparse individual data; 3) it has more power to detect
model misspecification; 4) it allows incorporation of covariates for viral dynamic parameters; 5)
it makes more efficient use of between-subject information to get better parameter estimates. We
give two simulation examples to illustrate the proposed approach and its advantages. Finally,

we discuss practical issues regarding the clinical trial design for viral dynamic studies.

1. INTRODUCTION

Results from mathematical models of HIV viral dynamics have considerably altered beliefs

about rates of clearance of the virus itself and of the immune cells that the virus infects.! =6



Investigation of viral dynamics is important for understanding the HIV pathogenesis and
for the development of treatment strategies.

Simple models of viral dynamics were first used to estimate HIV-1 dynamic parameters
using the viral load data from HIV-1 infected patients by Ho et al.? and Wei et al.>.
Perelson et al.! extended the models to distinguish between the clearance rates of free
virions and infected cells using the extensive viral load data during the first 2 days of
treatment. An accurate mathematical treatment of the early phase (‘shoulder’) was given
by Herz et al.”. Further extensions that considered imperfect drug and drug resistance
were given by Nowak et al.® and Bonhoeffer et al..’

Perelson et al.! proposed a simplified dynamic model to estimate HIV-1 dynamic
parameters in vivo (the clearance rates of virus and productively infected T cells). Esti-
mation of model parameters made use of sequential measurements of total virus load, as
measured from plasma HIV-RNA, collected from five patients treated with an antiviral
drug ritonavir—a potent protease inhibitor. Their model assumed that the HIV virions
infect target T cells (7') and turn them into productively infected T cells (7%). Each
productively infected T cell is assumed to produce N virions in its life-time. The admin-
istration of ritonavir is assumed to cause all newly produced virions from the infected cells
to be noninfectious during the study period. Therefore, only the infectious virions (V7)
produced before initiation of the drug effect can continue to infect the target T cells. As
the infectious virions are eliminated continuously, the number of productively infected T
cells declines. This results in a fall in the production of new noninfectious virions (Viy;);
these virions are themselves eventually cleared. The dynamic model used in Perelson et

al.! is as follows,
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Using this model, Perelson et al.! estimated the half-lives (¢1/2) of productively infected

T cells and plasma virions as 1.6 days and 0.24 days respectively; these results are widely



used in the design of clinical trials and cited in the AIDS literature.

There are several problems in the model assumptions and in the estimation approach
of Perelson et al.!. First, the assumption that the concentration of noninfectious virions
is 0 at time 0 [Vy,;(t = 0) = 0], is incorrect. Although this assumption does not affect
the closed-form solution of the amount of total virus and the parameter estimation based
on it (Appendix I), it does affect the solutions for the infectious and non-infectious virus.
The assumption does not appear correct, because the production of dysfunctional (non-
infectious) virions from productively infected T cells is a natural phenomenon that exists
even without any antiviral treatment. In fact, the number of infectious virions is believed
to be much less than the noninfectious virions in the total virus pool.1%=12 Therefore, it is
inappropriate to ignore the existence of noninfectious virions before treatment. Secondly,
no drug is likely to be perfect. Therefore, we cannot expect that all newly produced
virions will be noninfectious after administration of ritonavir. Perelson et al.! suggested
a modification to address this point in their references and notes. This modified model
leads to a markedly different form of solution for the total concentration of plasma virions,
V = Vi+ V7, because the perfect drug case is a singular point of the system of differential
equations for the imperfect drug case. As noted by Perelson et al.,! parameter estimates
with perfect drug assumption are biased if the drug is actually imperfect. Thirdly, the
nonlinear least square (NLS) regression analysis performed in Perelson et al.' does not
use the data efficiently and cannot be applied to other settings, such as those where the
measurements of virus load are infrequent for each individual patient.

In this paper we propose a modification to Perelson’s model by considering the fact
that the infectious and noninfectious virions are produced by the infected T cells both be-
fore and after the treatment (i.e. drug is not perfect). We also introduce a more powerful
hierarchical model approach to characterize the population HIV dynamics and to estimate
the parameters. The advantages of our proposed approach are: (1) we model the popu-
lation viral dynamics, within-patient and between-patient variations more appropriately;
(2) the model has more flexibility to deal with both rich and sparse data for individuals;
(3) covariates are easily incorporated in the viral dynamic parameters to explain between-

patient variation; and (4) the model has more power to identify model misspecification



because we can use the cross-patient information. Advantage (2) is especially important
in large clinical trials, because individual patient data are often sparse (collected infre-
quently) by necessity. This is also the case especially for some compartments such as
lymph tissue, cerebrospinal fluid and CSF. The hierarchical model approach provides a
tool to deal with this kind of sparse data by borrowing the cross-patient information.

In the next section, we propose our modified model. In Section 3, we introduce the
hierarchical model approach. In Section 4 we investigate briefly the parameter identifiabil-
ity and model diagnostics. We present two simulated numerical examples to illustrate our
approach and to compare with the NLS method in Section 5. Finally, we offer conclusions

and some discussion of practical issues and future research.

2. THE DYNAMIC MODELS

Let T, T*, Vi and Vy; denote the concentration of target cells, productively infected cells,
infectious virions and noninfectious virions respectively. Let V = V; 4+ Vy; denotes the
total concentration of virions. Following Perelson et al', we assume that the HIV infects
the target cells with a constant rate k. We describe the interaction between the T cells

and free HIV as:

drT*
—— = kTV; — 0T" 4
dt I ’ ( )
av
& NoT -
o J cV, (5)

where ¢ is the rate of loss of virus-producing cells, N is the number of new virions produced
per infected cell during its lifetime, and c is the constant rate for virion clearance. If we
consider a short time period, we may assume that the concentration of target T cells (T')
is a constant.!

To estimate parameters from equations (4) and (5), Perelson et al.! assumed that
all the newly produced virions (IN§T*) are completely infectious before the treatment of
a protease inhibitor and completely noninfectious after the treatment. For the reasons
discussed in the previous section, we modify these equations by assuming that, before and

after the treatment, respectively 7y and n* proportion of the newly produced virions are
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infectious. Hence, the dynamics of the two categories of the virions are described by

dv,
d—tf = (1 — o) NOT™ — ¢V, (6)

AV
dt

= UUN(ST* - CVNI7 (7)

before treatment. After treatment effect, we follow the suggestion of Perelson et al',

dv;
S (1 )NOT" — eV, ®

AV
dt

= U*NéT* — CVN[. (9)

As in Perelson et al.!, if we assume that the protease inhibitor is perfect, i.e., n* = 1,
we can solve the above linear differential equations (with the quasi-steady state initial

conditions) to obtain a closed form solution as follows (see Appendix I for details),

Vo —t Vo
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Vi(t) = Vo(l—mo)e™, (11)
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Therefore the total virus is,
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Note that although we do not assume Vy;(t = 0) = 0, as did Perelson et al.!, we obtain

C

(c—9)?

V(t) = Vi(t) + V(1) = Vol e~} (13)

the same formula for total virus. However, this assumption does affect the results of V()
and Vy,(t) in (11) and (12).

In the more plausible case that n* # 1 (imperfect drug), we define n = (n*—n0)/(1—m0),
as the efficacy of the protease inhibitor drug relative to a perfect drug. Notice that the
(n* —np) is a measurement of the current drug effect, and simply equals (1 —1y) for perfect
drug, n* = 1. Similarly we can solve the system of linear differential equations (4), (8)
and (9), and use the steady-state conditions derived from (4), (6) and (7) (see Appendix
IT for details) to obtain

*

1
T — 70[a1 exp(—dit) + az exp(—dat)],
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Vi(t) = %[G@, exp(—dit) + a4 exp(—dat)], (14)
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and the total concentration of virions,
Vo Vo
V(it) = — —dyt —dayt)| — —ct). 15
(1) = g o exp(=it) + avesp(-dat)] - 0 exp(-et). (15)

In Section 4, we show that we cannot identify the three parameters ¢,d and 7 simul-
taneously using only the measurements of total virus, V(¢),¢t = 1,2,...,n. However, if
we have sequential measurements of infectious virions, V;(¢), we may easily identify these
parameters using the formula for V; in (14) (see next two sections). In the next section,

we propose using hierarchical nonlinear models (HNM) to estimate the parameters.

3. HIERARCHICAL NONLINEAR MODELS AND PARAMETER
ESTIMATIONS

For estimation, Perelson et al.' simply used the NLS regression to fit their data for each
individual patient separately and they obtained parameter estimates for each individual.
The NLS approach does not account for the within- and between-patient variation appro-
priately and does not use the cross-patient information efficiently. The simple averages of
individual parameter estimates are not good estimates for population parameters, though
some two-stage methods may be used to improve the population parameter estimates.'34
Here we propose using hierarchical nonlinear models (HNMs) to model population HIV
dynamics, the within-patient and between-patient variations. Therefore we can take ad-

vantage of the HNM approach: flexibility to deal with rich and sparse individual data,
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ability to incorporate the covariates, and efficient utilization of cross-patient information.
Since its first introduction to pharmacokinetics/pharmacodynamics by Sheiner, Rosen-
berg and Melmon'® in 1972, the HNM has been widely used in biological studies.'®16 A
general HNM is described as follows. For the ith patient,

Stage 1, within-patient variation

Y, = f(mz,,Bz) + €, 6Z|,31 ~ (07 Ri(ﬂi:&))v

Stage 2, between-patient variation
IBi:d(a’i;/Ba bz); sz (OaD)a

where y, and e; are (n; x 1) vectors of responses (measurements) and within-patient
random errors for individual ¢ with n, measurements. (We use bold letters to denote
the vectors in this paper.) The vector function f(x;, 8;) = [f(®i,B;)s- - f(®in,, B;)]
is the mean function for ith individual with the (p x 1) individual-specific regression
parameter vector B, and independent variables x; (usually time t). Here d(a;, 3,b;) is
a p-dimensional function of between-patient covariate vector a;, population parameter
vector B and between-patient random error b;. This function may be linear or nonlinear
(see Davidian and Giltinan® for details).

In our case y; is the measurement of viral load or the number of infected T cells for
the 7th patient, e; is the within-patient random measurement error. The mean function
f(zi,3;) is Vi(t), Vivi(t), V(t), or T* as in (14) or (15) depending on what is measured.
The independent variable x; is time t. The parameters for each individual patient are
B; = [¢i, 0i,m;]" in our model (14) or (15), and we may simply assume that they are the
population parameters (fixed effects) with additive between-patient random error, say,
B; = B+ b;, where 3 = [c¢,0,n]" is the population parameters. Notice that we shall scale
V(t) or Vi(t) by dividing Vj or V¢ in our simulation examples; and after scaling in this
way, we do not need to estimate the initial value, V§ or V}q, in the formula (14) or (15), i.e.,
we fit the ratio of virus load to its initial values (we can also treat V4 or Vj as unknown
parameters as in Perelson et al.!).

More complicated models (such as nonlinear model with multiplicative random errors)

can be used for function d(a;, 3, b;). Covariates a; such as baseline values, age and weight
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of patients, complement activity, etc., can be incorporated. For example, the parameter
of clearance rate ¢ and/or §, may depend on the baseline virus load, age of the patient
and other individualized variables. Then the HNM can be used to study the effect of
these covariables to these viral dynamic parameters. For example, we can assume that
B, = A;B3+ B;b; (or even other nonlinear functions), where A; and B; are design matrices
(or covariates) for the fixed and random effects respectively, which contain the covariate
information of the ith patient such as baseline values and age of patients.

One usually assumes that the within-patient random errors (measurement errors) e;
have mean 0 and variance-covariance structure R;(3;,£), and are independent between
patients. A simple choice is R;(8;,€) = o?diag[f?(zi1,3,) - - -, [*(Tin;, B;)]. We assume
that the between-patient random errors b; have mean 0 and are i.i.d. with a common
covariance matrix D. For these two random errors, if we assume a distribution (say,
normal or lognormal), we can use the maximum likelihood inferences. However, if not,
we can use the generalized least square approach for parameter inferences.

Two classes of inferential procedures have been proposed for the HNMs. One is based
on individual-specific regression parameter estimates when there are sufficient measure-
ments taken on individuals to allow estimation of individual parameters. In this case,
one can estimate the population parameters using the standard two-stage method (STS),
the global two-stage method (GTS), the iterated two-stage method (ITS) or Bayesian
method. A brief review of these methods appear in the book by Davidian and Giltinan'3
(Chapter 5) and Steimer et al.!” Also see Steimer et al.' for some comparisons of these
methods.

Another class of inferential procedures is based on linearization (Davidian and Giltinan'?,
Chapter 6). We use this approach in our numerical examples because it is more suitable
for settings where individual data are sparse. The nonparametric, semiparametric and
Bayesian approach have also been developed for the HNMs. We refer readers for the de-
tails of these inferential methods to Davidian and Giltinan'®. Several computer packages
or functions such as SAS, Splus, NONMEM, P-Pharm are developed for the inferences
of HNMs. In this paper, we use the Splus function, NLME, developed by Pinheiro and

Bates.'®



When we obtain the estimates for parameters (¢, d,7n), we may also estimate other
parameters in the model using the steady-state condition at the initial time points. From

the steady-state equations (20)-(22) in Appendix I, we can obtain that

_ Ty AL (16)

k=—0 =29
TV’ 5T;

Thus if we can obtain the initial values of infectious virus, total virus, productively infected
T cells, and uninfected T cells by assays, we can also estimate the infection rate £ and

the number of virions produced by a productively infected T cell in its life time, N.

4. PARAMETER IDENTIFIABILITY AND MODEL DIAGNOSTICS

Before we illustrate the application of HNMs to estimate the HIV dynamic parameters
using numerical examples, we briefly investigate the parameter identifiability and model
diagnostics in this section. We show that if only total virus is measured, we cannot iden-
tify all the parameters in imperfect drug case. If infectious virus can be measured (as is
now possible, Scott Hammer, personal communication), these parameters are identifiable.
In addition to demonstrating the conditions for parameter identifiability, we show from
a numerical example that the HNM approach has more power than other approaches to

detect model misspecification.

4.1. Parameter identifiability
The dynamic model in previous sections provides a way to estimate the clearance rates
(c and ¢) of free virus and productively infected T cells, and drug efficacy n from virus
load data. By repeated measurement of the total virus load before and after initiation of
treatment, we can estimate the parameters based on formulas (13), (14) or (15) depending
on the assumptions and measurements. Perelson et al.! applied the NLS method to fit
the model (13) for the viral load data in vivo and to estimate the clearance rates ¢ and ¢
under the assumption of a perfect drug (n =1).

If we want to estimate 7, however, there is a problem with parameter identifiability.

As mentioned in Section 2, the parameters are not completely identifiable if n # 1 and



we have only measurement of total virus. Although the parameters are theoretically
identifiable from the total viral load using formula (15), they are not estimable in practice
because of measurement error. The reason is that many different sets of parameters in
formula (15) may produce mathematically different V' (t) curves, but the differences are
too small to be identified based on the observed data with random errors.

In practice, the viral clearance rate ¢ usually is much larger than the clearance rate of
the infected T cells, . (In Perelson et al.!, the two estimates differ by a factor between
5 and 10.) Since the protease inhibitors are usually very potent, one often assume 7 is
close to 1. In such situations, the total viral load (15) is a sum of three exponential
terms. However, the exponential rates for the last two terms are almost the same and
their coefficients are of opposite signs with approximately same magnitude. Thus the sum
of the last two exponential terms is small compared to the first. For example, if we take
B: = (m,c1,61) = (0.8,3.0,0.5), the sum (scaled by dividing V) of the last two terms in
(15) is,

1 . 0+c—2cn
2(1*n)[(1 \/(c+6)2—4cc577)

= 3.691e 3115 _ 4¢3t

(—(c+6)—\/éc+6)2—4c6nt) _ 2ne:rp(—ct)]

exp

which goes to a very small value as time ¢ increases. But the first exponential term in
(15) is 1.309e~9-3%" in this case, which dominates the total viral load process. Thus three
parameters are nearly redundant and cannot be identified simultaneously.

In the following, we show that two different sets of parameters may lead to the similar
total virus curves. In Figure 1, we plot the two curves of V(¢) from (15) using the two
different parameter sets, (,c¢,d1) = (0.8,3.0,0.5) and (1, c2,62) = (0.5,2.812,0.916).
These two curves cannot be identified. In fact, they are two different curves, but the
difference between them is too small. We sampled 16 time points from the two curves
following the time schedule of Perelson et al.!, the sum of squares of the differences between
the two curves on these 16 time points is only 0.005. However, the measurement error
of viral load (the coefficient of variation, CV, is 10% to 20%) is at least 1000-fold bigger
than this value. Thus these two different parameter sets are numerically unidentifiable

using the measurements of total viral load.
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Figure 1: The solid line is the curve of (15) with parameters 8, = (0.8, 3.0,0.5), where ¢
are the points of the curve at the same times as that of measurements for each individual
patient in Perelson et al.!. The crosses “+” are the virus load at the same time points,

but produced from the curve with another parameter set, 3, = (0.5,2.812,0.916).
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The above example shows that the information contained in the total viral load mea-
surements is not enough for identifying all the three parameters (7, ¢,d). To identify the
drug efficacy as well as the clearance rates of virus and infected T cells, more informa-
tion such as the concentration of infectious virions (V;) is needed. The measurements,
Vi(t), provide further information on the HIV dynamics and enable us to estimate all
the parameters based on the solution (14). For example, the solution for V(t) is a sum
of two exponential terms with very different decay rates; this solves the identifiability
problem. For B; = (0.8,3.0,0.5), V;(t) = Vi0(0.26186¢ 23853 4-(0.73814¢ 31147"). The two
exponential rates differ by a factor of 10 and thus are very easy to distinguish. From the
numerical examples in the next section, we can see that we can also estimate drug efficacy

based on such extra information.

4.2. Model diagnostics

As mentioned in the introduction, the HNM approach is more powerful for model diag-
nostics since we can use the cross-patient information. When people fit each individual’s
viral dynamic data using the NLS method, only individual data are applicable for each
individual model diagnostics. This may not be powerful enough to identify the model
misspecification in some cases, especially for the case of sparse data on each individual.
Thus this may result in misleading diagnostic conclusions. In this subsection, we show
this point using a simulation example.

This numerical example is similar to Example 2 in next section except that we add 4
more time-point measurements (on Day 10, 14, 21, and 28) and we use the perfect drug
model. In this case we obtain richer individual data and this benefits the NLS approach.
We expect that the comparison between the NLS and HNM approaches is fair.

First we simulate the observed data, total virus load, from Perelson’s perfect drug
model' or equation (13). Secondly we simulate another data set from another model

specified by the following differential equations,

dT*
— =kTV; = 0T" 17
dt I ; ( )
d
L= Vilog(V), (18)
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dVnr

pra NOT* — cVyplog(Vyi). (19)

In this model, the virus clearance does not follow an exponential as in Perelson et al.l.
Instead we specify it as a double exponential which seems to fit some clinical data. We
simulate the data from this model using numerical integration (Splus initial value problem
function, “ivp.ab”), and we add the random measurement error as that in Example 2 in
next section.

We fit these two data sets to the same model (13). Our purpose is to see whether
the model diagnostic tools such as residual plots can identify that the second data set is
from a wrong model. Following Perelson et al.!, we simulated data for five subjects (see
examples in next section for detailed simulation procedure). First we separately fit the
total virus load data for these 5 subjects using the NLS approach (for both right model
and wrong model data). And then we fit the five subjects’ data using the population
HNM approach.

For the NLS approach, two out of 5 subjects’ data from both right and wrong models
are successfully fitted. We show the residual versus fitted value plots in Figure 2 (the
right model in Figure 2a and 2b and the wrong model in Figure 2¢ and 2d). There are no
clearly abnormal patterns seen in Figure 2(c) and 2(d). From these plots, it is impossible
to identify the wrong model.

For the HNM approach, however, we fit both data sets successfully, although the
estimate of virus clearance rate is very large for the wrong model. We plot the residuals
versus fitted values in Figure 3. From the right model data, the residual plot in Figure 3(a)
shows no pattern, and for the wrong model data, the plot in Figure 3(b) shows a very
clear abnormal pattern.

This example shows that the HNM approach has more power to detect model mis-
specification compared to the NLS approach when we use the residual versus fitted value

plots. More theoretical and comprehensive studies on model diagnostics are needed.

5. NUMERICAL EXAMPLES
To illustrate the approaches proposed in this paper and to show its advantages com-
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pared with other methods, we present two simulated numerical examples. In the first
example, when 1 = 1 (perfect drug case), we show that the clearance rates of infected
T cells and free virus can also be well estimated based on sparse measurements of total
virus load V' (¢) using the HNM approach. In this example we also investigate the covariate
effects on the viral dynamic parameters. We show that we can identify the covariates suc-
cessfully using the AIC, BIC or other model selection criteria. In Example 2, we illustrate
that we can identify the drug efficacy parameter, 1, together with other two viral dynamic
parameters provided we can measure infectious virus concentration. We also show that
the consequence of an incorrect assumption of perfect drug when 7 is only .8, is that
the bias and mean-squared error (MSE) are unacceptably large. Using this experiment,
we also compare the HNM and NLS estimation methods for the imperfect drug model.
The bias of the two approaches is similar, but the MSE of HNM estimates is consistently

smaller than that of the NLS estimates for both the population and individual parameters.

Example 1. In this example we simulate a clinical trial with 40 HIV infected patients
in a short time period (10 days) of protease inhibitor monotherapy treatment. For each
patient we assume that four measurements of virus load are taken in the treatment period
(Entry day 0, Day 2, Day 7, and Day 10). The design of this simulation experiment is
based on an actual AIDS clinical trial (ACTG 315), from which we can develop the viral
dynamic models. We assume, as in Perelson et al.!, that the protease inhibitor drug is
perfect and that other assumptions in Perelson et al.! are also satisfied. Thus, we can use
the perfect drug model (13) to analyze the data.

We generate the true parameters using the following between-patient variation model
ci=c+ BiVio+bi, 0 =03+ Vi + by,

where ¢; and ; are the clearance rate of the free virus and productively infected T cells
respectively for ith patient (i = 1,2,...,40). We assume that these two parameters are
the linear functions of population parameters (¢ = 3.0 and 6 = 0.4) and the baseline virus
load Vjg (the Vjq is scaled by dividing by 120000 in our simulation, and 3; = 2.0, 35 = 0.2).

We assume that the random effects, by; and by; are normal distributions with mean 0 and
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standard deviations of 0.1 and 0.03 respectively. We generate the baseline virus load, Vjq,
using a uniform distribution with range of (5000,250000) for the 40 patients. Based on the
results in Ho et al.2 and Wei et al.3, the viral clearance (decay) rate and the baseline virus
load are not correlated, and our simulation example shows that, if they are correlated, we
are able to identify it using our approach.

To further the study of covariate effect on the clearance rates, we generate an extra
covariate, the “age of patients” which is uncorrelated with two clearance rates in the
model. We generate this covariate using an uniform distribution with a range of (25,60).
We also fit a model with this additional covariate, to determine whether model selection
techniques such as AIC or BIC appropriately select models without this covariate.

In this example we assume that only total virus load is measured and is the only infor-
mation for parameter estimation. The observations (the total virus load) are generated
using the formula (13) with the above generated parameters and an additive within-patient
measurement error,

y, = Ve, 0i,t) + e,

where V(¢;,0;,t) is the total virus load function (13) and we assume that the within-
patient random error e; is normally distributed with zero mean and constant standard
deviation 100. Actually, one may use a more complicated random measurement error
model. For example, we may use the multiplicative error or model the variance of the
error as a function of the mean.'® Here we keep it simple for illustrative purpose.

We use the generated observations to estimate the viral dynamic parameters by ap-
plying the approach introduced in Section 3. For simplicity, we scale the observations
V(t) by dividing V,. Thus, the value, V4, is not estimated. We fit three different models.
The first is a model without considering any covariate for the between-patient variation.
The second is the true model, i.e., we consider the covariate V3. In the third model we
consider an additional unnecessary covariate “AGE” of the patients as well as the neces-
sary covariate V;o. We replicated the experiment 100 times with results summarized in
Table 1.

In Table 1, we report only population parameter estimates, but we can also obtain the

parameter estimates for each individual patient using empirical Bayes methods. We ob-
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Table 1: The results for three hierarchical nonlinear models with 100 replications.

S.E. denotes the square root of mean-squared error (MSE), The % is based on the true value.

Model 1 ci=c+ by 0;i =0+ by

True c=15.125 0 =0.6125

Mean Estimate 5.048 0.6135

Bias -0.077 0.00097

Bias (%) -1.5% 0.2%

S.E. 0.244 0.0201

S.E. (%) 4.8%) 3.3%

95% CI Coverage 85% 90%

AIC Selection 0 BIC Selection 0
Model 2 0; = 0 + B2 Vio + ba; 0; = 0 + [2Vio + by

True c=3 =2 0=04 [y=0.2

Mean Estimate 3.00036 2.0135 0.40034 0.1989

Bias 0.00036 0.0135 0.00034  -0.0011

Bias (%) 0.012%  0.7% 0.1% -0.5%

S.E. 0.1648 0.2372 0.0117 0.0100

S.E. (%) 5.5% 11.9% 2.9% 5.0%

95% CI Coverage 5% 90% 90% 92%

AIC Selection 84 BIC Selection 99
Model 3 ¢ =c+ 1 Vig+ B3AGE + by; 6 = 6 + B2Vig + B4 AGE + by;
True c=3 [ =2 B3 =0 0=04 p2=02 p4=0
Mean Estimate 3.020 2.0179  -0.0186 0.4003 0.1990 -0.0003
Bias 0.020 0.0179  -0.0186 0.0003  -0.0010 -0.0003
Bias (%) 0.7%  0.9% 0.1% 0.5%

S.E. 0.3495  0.2502 0.3662 0.0242 0.0096  0.0254
S.E. (%) 11.7%  12.5% 6.1% 4.8%

95% CI Coverage 90% 88% 89% 96% 93% 95%
AIC Selection 16 BIC Selection 1
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tained the maximum likelihood estimates for parameters using the Splus function NLME
developed by Pinheiro and Bates!®.

The simulation results show that the bias of parameter estimate is very small (less than
1.5%) for all three models. The standard estimate error (S.E.), defined as the square-root
of MSE, is reasonable (less than 12.5% of the true value). The estimate of infected T
cell clearance rate is consistently better than that of free virus clearance rate in terms
of the S.E.. Note that the NLME Splus function also outputs the standard error of the
estimates. This standard error estimate is based on the Fisher information, which is the
lower bound of the standard error under the asymptotic theory. Using this standard error
estimate and under the asymptotic normality assumption, we obtain the 95% confidence
interval coverages in the 100 replications. The coverage should be smaller than 95%
in general unless the standard error estimate is exaggerated. For most parameters, the
coverage is reasonable except for parameter ¢ in Model 2 where the coverage is only 75%.
We suspect that this low coverage may also be caused by the truncation in our simulation
(we dropped the case if the simulated data had too many outliers where we could not fit
any one of the three models successfully). We note that one may obtain a more accurate
estimate of the standard deviation using the bootstrap method, but it costs much more
in computation.

In Table 1, we also present the number of times that we selected the model as best
by AIC and BIC criteria. Based on our results, the BIC criterion is better behaved
(99% of the correct model selection) than that of the AIC (84% of the correct model
selection). But both criteria tend to include more covariates when we select the wrong
model. Model 1 is never selected by either criterion. From this example, we can see that
we can also use the hierarchical model approach to identify the important factors that

may explain some of the between-patient variations of dynamic parameters.

Example 2. To illustrate the identification of drug efficacy for imperfect drug using
the information of infectious virus measurements and to evaluate the consequence of
misapplication of perfect drug assumption, in this example we follow Perelson et al.! to

consider 5 patients in the experiment and 16 time-point measurements for each patient
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as scheduled as that in Perelson et al.! However, here we assume that the drug efficacy,
7 is only .8 rather than 1.0. As indicated in the last section, the parameters cannot be
completely identified for the imperfect drug case using only the measurement of total virus
load. In this example we assume that we can quantify the infectious virus and that we
have sequential measurements of infectious virus load. We illustrate that we can identify
all the HIV dynamic parameters (including drug efficacy) in the model.

The true dynamic parameters, ¢; and ¢;, are generated by ¢; = ¢ + by; and §; =
0 + by;, where ¢ = 3.0 and 6 = 0.5 are population parameters, the by; and by; are random
effects following normal distributions with mean 0 and standard deviations of 0.64 and
0.13 respectively as estimated in Perelson et al.! Because there are no covariates in this
example, the between-patient variation is completely due to unexplained random effects;
relative drug efficacy is a fixed effect, n = 0.8 for all the patients. We generated the
baseline total virus loads (the viral loads at time 0) using the uniform distribution as in
Example 1, and assume that the baseline infectious virus load is 0.1% of total virus at
time t = 0, or Vg = 0.001V;. We simulate the measurements of infectious virus using the
formula V7(¢) in (14) with multiplicative normal random error (CV=15%). Similarly as
in other examples, we fitted the observed ratio, V;(¢)/Vio. The natural log scale is used
in this example, due to multiplicative measurement error. The experiment is replicated
100 times. Table 2 summarizes the population and individual parameter estimates (the
individual estimates are empirical Bayes estimates).

From the results in Table 2, when we fit the right model of infectious virus load, the
bias of estimates is very small (for the population parameter estimates, the bias ranged
from 0.6% to 3.8%; for the individual parameter estimates, the bias ranged from 0.6%
to 9.2%). The S.E. (squared-root of MSE) of the estimates are reasonable (ranges from
2.1% to 12.6% for population estimates and from 5.9% to 30% for individual estimates)
considering that CV of measurement error is 15%. Generally speaking, the population
parameter estimates are better than the individual parameter estimates. This is expected
because we have more information to estimate the population parameters. As with the
previous example, the estimates of clearance rate of infected T cells are consistently better

than those of free virus in terms of bias and MSE for both population and individual
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Table 2: The results for imperfect drug data and misapplication of perfect drug model:
100 replications. (S.E. denotes the square root of MSE. The % is based on the true value).

Model 1: Fit V7(t) model with considering the fact of imperfect drug
True Value Mean Est. Bias (%) S.E. (%) 95% CI Cover
Population ¢ = 2.837 2730 -0.107 (-3.8%)  0.359 (12.6%) 96%
§ = 0.522 0.511  -0.011 (-2.1%)  0.032 (6.1%) 100%
n =08 0.804 0.004 (0.6%)  0.017 (2.1%) 86%
Patient 1 ¢ = 3.621 3.432  -0.189 (-5.2%)  0.840 (23.2%)
§ = 0.564 0548 -0.016 (-3.0%)  0.040 (7.1%)
Patient 2 ¢ = 3.152 2.905 0.247 (7.8%)  0.854 (27.1%)
§ = 0.708 0.704  -0.004 (-0.6%)  0.042 (5.9%)
Patient 3 ¢ = 1.241 1.328 0.087 (7.0%)  0.273 (22.0%)
§ = 0.402 0.387  -0.015 (-3.8%)  0.045 (11.3%)
Patient 4 c=3.146 2.858 -0.288 (-9.2%)  0.943 (30.0%)
5 = 0.251 0.247  -0.004 (-1.6%)  0.035 (13.8%)
Patient 5 c=3.026 3.129 -0.103 (-3.4%)  0.688 (22.7%)
5 = 0.685 0.672  -0.013 (-1.9%)  0.042 (6.2%)
Model 2: Mistakenly fit perfect drug model, V (¢)
Population ¢ = 2.837 2.926 0.089 (3.1%)  1.113 (39.9%) 88%
§ = 0.522 0432 -0.090 (-17.2%) 0.121 (23.2%) 53%
Patient 1 ¢ = 3.621 3542 -0.078 (-2.2%)  2.274 (62.8%)
§ = 0.564 0450  -0.114 (-20.2%)  0.121 (21.5%)
Patient 2 c=3.152 2.985 -0.167 (-5.3%) 1.444 (45.8%)
§ = 0.708 0.535  -0.173 (-24.4%)  0.182 (25.7%)
Patient 3 ¢ = 1.241 2211  0.970 (78.2%)  2.385 (192.2%)
§ = 0.402 0.363  -0.039 (-9.7%)  0.172 (42.8%)
Patient 4 ¢ = 3.146 2724 -0.422 (-13.4%)  2.283 (72.6%)
§ = 0.251 0.288  0.037 (14.9%)  0.156 (62.3%)
Patient 5 ¢ = 3.026 3.167 0.141 (4.7%)  1.283 (42.4%)
§ = 0.685 0521 -0.164 (-23.9%  0.166 (24.3%)

21



parameters. The reason for this is not completely clear, but it may be due to the nonlinear
structure of the model. Also we can see that the fixed effect parameter, 7, the drug efficacy,
is surprisingly well estimated (the bias is only 0.6% and the S.E. is 2.1%).

On the other hand, if we ignore the fact that the drug is imperfect and we mistakenly
fit a perfect drug model, the bias and S.E. of estimates are unacceptably large. For
the same data set in this example, when we fit a perfect drug model, the bias of the
population parameter estimates is as high as 17.2%, and the S.E. is as high as 39.9%. For
the individual parameter estimates, the bias is as high as 78.2% and the S.E. is as high
as 192.2%. Note that, when we consider the imperfect drug model, the estimates are still
biased for finite sample size due to the nonlinearity, but it is asymptotically unbiased as
the sample size goes to infinity.!* However, if the perfect drug model is used incorrectly,
the bias still exists even for infinite sample size. The 95% confidence interval coverages
are reasonable when we consider the imperfect drug model, but the coverages are very
low when we mistakenly use the perfect drug model (Table 2).

From this example we can see that the quantification of infectious virus provides
more information for the HIV dynamic parameters with protease inhibitor treatment,
especially for the drug efficacy. The consequence of misapplication of the perfect drug
model is serious and unacceptable when the drug efficacy parameter 7 is only 0.8.

To compare HNM estimation method and NLS method, we regenerated the true pa-
rameters and simulated similar data sets to those above (since the NLS method does not
converge for some of the previously simulated data sets). Note that we recorded the first
100 replications for which both estimation methods converge. Both methods are used to
fit the right model of infectious virus, V;(¢) in (14). Table 3 summarizes the estimation
results.

From the results in Table 3, we can see that the estimation bias of both methods are
similar. However, the S.E. of HNM estimates are consistently smaller than those of NLS

estimates for both population and individual parameters.
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Table 3: The comparison results between the HNM method and NLS method with

100 replications. S.E. denotes the square root of MSE. The % is based on the true value.

Method 1:  Fit Vi(¢) model using HNM method
True Value Mean Est. Bias (%) E. (%)
Population ¢ = 3.074 3.083  0.009 (0.3%) 0.316 (10.3%)
0 =0.494 0.493 -0.001 (-0.2%)  0.025 (5.1%)
n=0.8 0.801  0.001 (0.1%)  0.014 (1.8%)
Patient 1 ¢ = 3.81 3701 -0.109 (-2.9%) 0.623 (16.4%)
§ = 0.26 0.268  0.008 (3.1%) 0.031 (11.9%)
Patient 2 c=2.73 2.862 0.132 (4.8%) 0.616 (22.6%)
0 =0.68 0.678 -0.002 (-0.3%)  0.038 (5.5%)
Patient 3 ¢ = 3.68 3459  -0.221 (-6.0%) 0.471 (12.8%)
§ = 0.50 0491  -0.009 (-1.8%) 0.034 (6.8%)
Patient 4 ¢ = 2.06 2.051  -0.009 (-0.4%) 0.345 (16.7%)
§ = 0.53 0522 -0.008 (-1.5%) 0.039 (7.3%)
Patient 5 c=3.09 3.343 0.253 (8.2%)  0.469 (15.2%)
0 =0.50 0.504 0.004 (0.8%) 0.035 (7.0%)
Method 2:  Fit V;(¢) model using NLS method
Population ¢ = 3.074 3199 0125 (4.1%)  0.349 (11.4%)
0 =0.494 0.494 0.000 (0.0%) 0.030 (6.0%)
n=0.8 0.801  0.001 (0.1%)  0.016 (2.0%)
Patient 1 ¢ = 3.81 3.974  0.164 (4.3%)  0.815 (21.4%)
5 =0.26 0.264  0.004 (1.6%) 0.035 (13.4%)
Patient 2 c=2.73 2.886 0.156 (5.7%)  0.759 (27.8%)
0 =0.68 0.687 0.007 (1.0%)  0.079 (11.6%)
Patient 3 c=3.68 3.675 -0.005 (-0.1%) 0.783 (21.3%)
§ = 0.50 0491  -0.009 (-1.8%) 0.050 (10.0%)
Patient 4 ¢ = 2.06 92178 0.118 (5.7%)  0.518 (25.2%)
0 =0.53 0.526 -0.004 (-0.8%) 0.083 (15.6%)
Patient 5 c=3.09 3.280 0.190 (6.1%)  0.767 (24.9%)
0 = 0.50 0.503 0.003 (0.6%)  0.064 (12.8%)
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6. CONCLUSIONS AND DISCUSSION

In this paper, we proposed a modified model for HIV dynamics based on the results
of Perelson et al.! These results are further exploration of Perelson et al’s work!. The
hierarchical nonlinear model approach was introduced to characterize the population vi-
ral dynamics and to improve efficiency of estimation of model parameters. We showed
that this approach is more powerful for identification of model misspecification since the
cross-patient information is efficiently used. We also showed that the measurement of
infectious virus allows us to estimate not only the viral dynamic parameters, but also
the parameter that characterizes drug efficacy. From the numerical examples, the HNM
procedure appears to perform well in settings where individual data are rich as well as
when they are sparse. We can successfully identify the covariates for the viral dynamic
parameters by the AIC or BIC criterion using the proposed approach. The simulation
comparison study showed that the parameter estimates of HNM approach are superior to
those from the NLS method in terms of MSE.

To apply the proposed methodology to a clinical trial, we must address several practical
issues. First, we must determine what we need to measure, and how often we need
to measure. Second, we must evaluate the estimation accuracy of dynamic parameters
(including the clearance rates and drug efficacy) associated with a given sample size.
Finally, we must determine the optimal sampling times.

Inspection of our models can help in investigating the trade-off between the use of
resources to increase the number of patients and the number of measurements to take
per subject. This trade-off depends on the objectives of the study. The more patients
we have, the more information we obtain for estimation of the between-patient variation;
the more measurements we take on each individual patient, the more information we
have for estimation of the within-patient variation. If our interest is in estimating the
population parameters, it may be better to have a larger number of patients with less
frequent measurements per patient than to have a smaller sample size with more frequent
measurements per individual. On the other hand, if our interest is in investigating the viral
dynamics for individuals and the within-patient variations, we may prefer a design with a

smaller sample size with frequent measurements per patient. Also notice the restrictions
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for some particular studies. For example, the frequent measurements on each individual
may not be practical for the study of HIV dynamics in lymphoid tissue, cerebrospinal fluid,
or other compartments, or for pediatric studies. In these cases, one might recruit more
patients to provide more information on population parameters. In some other studies,
the number of patients may be limited due to the enrollment criteria, in which case we
need frequent measurements on each individual patient to obtain sufficient information
for dynamic parameter estimation.

Once we have determined the sample size and the number of measurements per indi-
vidual, it is also important to determine the sampling times for each individual so as to
maximize the information for parameter estimation. There are some theoretic results us-
ing D-optimal design in the literature of pharmacokinetics and other biological studies.'%2°
These theoretic results suggested that one should replicate the measurements at a num-
ber of distinct time points which is equal to the number of parameters to be estimated.
However, the optimality of this kind of design highly depends on the true model structure
and the true parameter values which are unknown in most cases. The use of a sequential
procedure to deal with this issue has been examined?!?2, but it is not convenient in prac-
tice. Most practitioners such as pharmacologists prefer intuitive (conventional) sampling
schedules, that is, the sampling times are spread out in the study interval. In pharma-
cokinetic studies, pharmacologists usually take samples more frequently at the beginning
and less frequently at the later stage. This is intuitively reasonable since the nonlinearity
is more serious at the beginning of the drug dynamics and less serious at the later stage.
In fact, the HIV dynamics are similar to the drug dynamics. We suggest use of a sampling
schedule similar to that used in pharmacokinetic studies.

Perelson et al.! mentioned that the drug pharmacokinetic (drug effect) delay ranges
from 2 to 6 hours. One should set the initial time of the dynamics (¢t = 0) as the starting
time of drug effect and it is important to capture this starting time point. We suggest
sampling as frequently as possible during the first 8 hours until one captures the drug
effect time (the time that viral load starts to drop). Herz et al.” provided a more complete
mathematical treatment of such delay.

Since the true model structure and the true parameter values are unknown, we cannot
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obtain a real optimal design. Our suggestion is to study the identifiability problem and
the parameter estimation for varieties of possible models and parameter combinations
using extensive Monte Carlo simulations, from which one can select a good design. Also,
we notice that some measurable quantities may provide more information for parameter
identification than others; we may decide what variables we should measure based on the
simulation study and other considerations such as the costs.

In this paper we only considered a dynamic model for the protease inhibitor monother-
apy treatment in a short time period. Our methods can be extended to include more
complicated models similar to those of Perelson et al.?® and Nowak and Bangham®, as
well as models for multiple drug therapy. Since the current available anti-HIV agents,
including protease inhibitors and reverse transcriptase inhibitors, work differently to stop
virus reproduction, the effects should be modeled in different ways’. The assumption
about constant target T cells (T) is not reasonable for a longer time-period treatment,
since the CD4™" T cells will be recovered (at least partially) due to the treatment. This
recovery implies a need for models relaxing the assumption of constant target T cell. In
addition, more studies on model validation and diagnostics are needed. Although we
have concentrated on the dynamic modeling of HIV infection in this paper, the methods
developed in this paper may also be used to model other virus infection (such as hepatitis

B virus) treated with anti-viral therapies.?*

APPENDIX I: PERFECT DRUG MODEL

Before treatment, we assume the system in a quasi-steady state. Setting the right sides

of equations (4), (6) and (7) to be zero at initial time ¢ = 0, we have

KTV = 6T} (20)
(L —mo)NOTg = cVio (21)
NIy = cVro (22)
Combining (20) and (21), we get
1 c
KT = ——— 23
A w N )
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Substituting this and Vj = V¢ + Vo back into the system (20), (21) and (22), we get

C

To = mvo (24)
Vio = (1 - 770)V0 (25)
Vo = m0Vo (26)

We need to solve the following system of linear equations with the above steady-state

conditions,
T* T*
d
wl Vi Al v (27)
Vi Vi
with
1 c
—0 om) ¥ 0
A= 0 —c 0
NS 0 —c

The eigenvalues of matrix A are —c and —9, where —c is a repeated eigenvalue. The

corresponding eigenvector and —c and —¢ are

0 c—0
01| 0
1 N¢
Solving
c=0 §ie O 0
0 0 0 ]&=|0],
Né 0 0 1
we have
s
£=1 —(1—m)5
0
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Therefore the solution to the system (27) is

. 1
T c—90 0 No
Vv, | =a 0 e tay| 0 |e +as —(1 =)

Using initial conditions (24), (25), (26), we have

c 1
No c—6 0 No aq
1—n | VW= 0 0 —(1—770)%5 asy
To No 1 0 as

We derive the constants a;, as and a3 as

Ni(c—9)?
2
c
a2 Tlo (c—0)? Vb
cd
a3 P

Substituting the above results back into (28), we have

* 2 c

T No(c—0) " N(c=9) 0

Vi =W 0 e 11— et = 0

c? c? ()

Vi @ o o~ o e

Therefore,
2 2
B c st c cot . .
V(t)—Vo{(c_é)ze +[1-— (0_5)2—6_5]6 },

which is identical to that in Perelson et al.!

APPENDIX II: IMPERFECT DRUG MODEL

Using (23), the system of differential equations (4), (8) and (9) becomes

dl™ 1 c
T 8T _
dt * (1 —m0) NVI
dv,
d—tf = (1 — 9" )NST* — cV;
dVi

dt = 7’]*N6T* — CVN[.
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Alternatively, we can write this as the form (27) with

1 [
=l A
A=| 1-n)N§ —c 0
n*NJ 0 —c

which is a constant matrix over time ¢.
Therefore, we can obtain the solution to this linear differential equation system by
using the eigenvalue and eigenvector approach as in Appendix 1. Setting |[A — AI| = 0, we

obtain three eigenvalues,

—(c+6)+\/(c+6)2—4c<577 —(c+5)—\/(c+5)2—406n
)\1 = —C, )\2 = 5 )\3 = .
2 2
Notice that for perfect drug, n» = 1, we have Ay = A3 = —¢, A3 = —4§. Hence —c

is a repeated eigenvalue, which yields a different form of solution for the system. See
Appendix 1.

The corresponding eigenvectors are

0 (c—8)++/ (c+68)2—4cdn (c—8)—+/ (c+68)2—4cdn
2N 2N§
0 f: (1 =) ) (=)
1 " "
Hence
. (c=8)++/ (c+0)2—4con (c=0)—+/ (c+08)2—4cin
T 0 ING 2N§
Vi |=ai]| 0 |eM+a (1—77) e + ay (1—7n") et
Vi 1 n* n*

(33)
where a;, as and agz are constants that we can determine from the initial conditions (24),

(25), and (26),

c (c—0)(a2+a3)++/(c+0)>—4con(az—as)

NG ING
1—n Vo= (1 —1*)(ag + as)
7o ay + 1 (az + as)
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Hence

a; = _H_Z%a
Vi d+c—2cn
2 = 317 1+ (c+5)27405n], (34)
WV . d+c—2cn
a3 = 2(1EW) [1 (c+5)274c5n].
Then the final solution is
x _ 1g c+d —(ct+0)+4/(c+0)2—4cin
c —(c+9)—+/ (c+6)2—4cé
+(1 - m)efﬂp( 2 1))
_ *) _ W +c—2 —(c+8)++/ (c+6)?—4cdn
Vi= (=gl + o, Jeep 2 t 35)

o d+c—2cn —(c+0)—+/ (c+6)2—4cdn
+(1 \/(c+5)27406n)€xp( 2 t)]’
INNCR v/ d+c—2¢ —(c+8)++/ (c+8)2—4con
Vv =1 2(1317)[(1 + \/(c+6)2fzc5n)€x ( 2 t)

+(1 _ S+c—2en )exp(—(c+5)—\/;c+6)2_4c617t)] Y%

(c+0)2—4con (1-n) exp(_Ct)'

Notice that n = (* —no)/(1—mn0), thus n* = n(1—mn¢)+ne and (1—n*)/(1—n) = 1—1nq,
and also using (25) and (26), we obtain,

d+c—2¢ —(c+8)++/ (c+6)2—4cd
V[(t) = %[(1 + _(616)227266—n)exp( - T/t)
_ —(c+8)—/ (c+6)? —4cd
(1 R (O
d+c—2¢ —(c+0)++/ (c+6)2—4co
Vivi () = BEERI (1 4 — o eqp( )

c—92¢ —(c+9)—+/ (c+6)2 —4cé
+(1 - %)exp( 5 1] - (Jlf—%exp(—ct).

(36)
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