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1 Generic Algebras

Let (W, S) be a Coxeter System. Let k be a commutative ring with identity. Let E
denote free k-module over {Tw}w∈W . Fix a family of elements of k, (as, bs)s∈S, such that,
whenever s and s′ are conjugate to each other we have

as = as′ bs = bs′

For such a setting, we want to define a structure of k-algebra over E , such that following
conditions hold for every s ∈ S and w ∈ W :

Ts.Tw =

{
Tsw if sw > w
asTw + bsTsw if sw < w

(1)

First main theorem is that such an algebra structure exists on E .

Theorem 1 For a given family of elements of k, (as, bs)s∈S, there exists unique k-algebra
structure on E , such that relations of (1) are satisfied. We denote this k-algebra by
Ek((as), (bs)).

Remark 1 Relations (1) can also be formulated in right handed fashion as follows:
For every t ∈ S and w ∈ W , we have,

Tw.Tt =

{
Twt if wt > w
atTt + btTwt if wt < w

(2)

To prove this claim, let w ∈ W and t ∈ S. If wt > w, choose s ∈ S, such that sw < w.
This implies l(w) = l(swt) > l(sw). By induction on l(w), we can get

TswTt = Tswt

which when multiplied by Ts on left, gives

TsTswTt = TsTswt ⇒ TwTt = Twt

On the other hand, if we have wt < w, then above relation can be applied to Twt to get

TwtTt = Tw
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Multiply this equation on both sides, by Tt on right.

TwTt = TwtT
2
t = Twt(atTt + btT1) = atTw + btTwt

and hence the relations (2).

Remark 2 Yet another pair of equivalent relations are:

T 2
s = asTs + bsT1 (3)

TsTw = Tsw if sw > w (4)

These relations are evidently consequence of (1). To prove other side of implication, we
only need to consider the case when sw < w. In this case, s(sw) > sw. Therefore (4)
implies that TsTsw = Tw. Therefore,

TsTw = T 2
s Tsw = (asTs + bsT1)Tsw = asTw + bsTsw

If we assume that there exists k-algebra structure on E , satisfying (1), it is easy to see
that such structure is unique. These relations imply, by induction on length of w, that if
w = s1 . . . sp is reduced decomposition, then

Tw = Ts1 . . . Tsp

Therefore, algebra structure on E is completely determined by relations (1), hence unique-
ness.

2 Proof of Theorem 1 (Existence)

For every s ∈ S, define the following endmorphisms of k-module E :

λs(Tw) =

{
Tsw if sw > w
asTw + bsTsw sw < w

(5)

µs(Tw) =

{
Tws if ws > w
asTw + bsTws ws < w

(6)

We will first show that these two operators commute. For this we will require the following
lemma:

Lemma 1 Let w ∈ W and s, t ∈ S. If l(swt) = l(w) and l(sw) = l(wt), then we have
sw = wt.
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Proof:
We will use Partition Axioms of Coxeter Systems. Assume first that w < sw. In this
case, we have

l(s(wt)) = l(w) < l(sw) = l(wt)

Therefore, w ∈ Ps and wt �∈ Ps. By (P3), this implies that sw = wt. On the other hand,
if sw < w, then we get

l(s(wt)) = l(w) > l(wt) = l(sw)

Therefore, wt ∈ Ps and (wt)t �∈ Ps. Again using (P3), we get that (wt)t = s(wt).

QED

Proposition 1 For s, t ∈ S, we have λsµt = µtλs.

Proof:
Let w ∈ W . We explicitly compute λs(µt(Tw)) and µt(λs(Tw)) to see that they are equal.
There are six possible cases of ordering on w, sw, wt, swt. Examining each case as follows:
(a) l(w) < l(wt) = l(sw) < l(swt)

In this case, λs(µt(Tw)) = Tswt = µt(λs(Tw)).
(b) l(swt) < l(wt) = l(sw) < l(w)

In this case, we have

λs(µt(Tw)) = λs(atTw + btTwt) = at(asTw + bsTsw) + bt(asTwt + bsTswt)

µt(λs(Tw)) = µt(asTw + bsTsw) = as(atTw + btTwt) + bs(atTsw + btTswt)

and the two resulting terms are equal since k is a commutative ring.
(c) l(wt) = l(sw) < l(swt) = l(w)

In this case, from previous lemma, we get that sw = wt and hence as = at and bs = bt.
Therefore,

λs(µt(Tw)) = a2
sTw + bsasTsw + bsTswt = µt(λs(Tw))

(d) l(wt) < l(w) = l(swt) < l(sw)
In this case, we have the following:

λs(µt(Tw)) = atTsw + btTswt = µt(λs(Tw))

(e) l(sw) < l(w) = l(swt) < l(wt)

λs(µt(Tw)) = asTwt + bsTswt = µt(λs(Tw))

(f) l(w) = l(swt) < l(sw) = l(wt)
This case is similar to (c), since previous lemma is again applicable.

QED
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We now return to prove the existence part of Theorem 1. Let L be k-subalgebra of
Endk(E ), generated by {λs}s∈S. We define k-module homomorphism ϕ : L −→ E by

ϕ(λ) = λ(T1)

ϕ is clearly k-module map. Moreover, for any w ∈ W , Tw = ϕ(λs1 . . . λsp), for any reduced
decomposition w = s1 . . . sp. This proves that ϕ is surjective map. To prove injectivity,
assume that ϕ(λ) = 0. We will prove by induction on l(w) that λ(Tw) = 0 and hence
λ = 0.
For any w ∈ W , take t ∈ S, such that wt < w. Then λ(Tw) = λ(TwtTt) = λ(µt(Twt)).
Since µt commutes with all the generators of L , it also commutes with λ ∈ L . Therefore,
previous term is equal To µt(λ(Twt)) = µt(0) = 0, since by induction hypothesis, λ(Tv) = 0
for every v ∈ W , such that l(v) < l(w). This proves that ϕ is k-module isomorphism.
Therefore, we can transport structure of k-algebra on L to E . Explicitly

Ts.Tw = ϕ(λs.λw)

As we can talk of λw = λs1 . . . λsp, which is independent of choice of reduced decomposition
w = s1 . . . sp. It remains to check that this structure of k-algebra on E satisfies the
conditions of (1) or equivalently the relations (3) and (4). It is enough to verify these
conditions on λ ∈ L .
If l(sw) > l(w), take w = s1 . . . sr as reduced decomposition. Then ss1 . . . sr is reduced
decomposition of sw. Thus

λsw = λsλs1 . . . λsr = λsλw

which is (4). To check (3), λ2
s can be evaluated for any Tw.

In the first case, let w < sw. Then λs(λs(Tw)) = λs(Tsw) = asTsw + bsTw, which in turn
is equal to (asλs + bsλ1)(Tw).
Again let sw < w. In this case λs(λs(Tw)) = λs(asTw + bsTsw) = asλs(Tw) + bsTw. This
finishes the proof of Theorem 1.

3 Hecke Algebra and R-polynomials

Take Z[q, q−1], ring of Laurent polynomials over Z for k and as = q − 1, bs = q, for every
s ∈ S. The resulting algebra, denoted by H is called Hecke algebra associated with
Coxeter System (W, S).

H = EZ[q,q−1](q − 1, q)

Multiplication in H becomes:

Ts.Tw = Tsw if sw > w (7)

T 2
s = (q − 1)Ts + qT1 (8)
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This implies that Ts(Ts − (q − 1)T ) = qT1. Therefore, Ts is invertible in H , for every
s ∈ S, with inverse given as:

T−1
s = a−1(Ts − (q − 1)T1)

As Tw = Ts1 . . . Tsp, if w = s1 . . . sp is reduced decomposition, we get T−1
w = T−1

sp
. . . T−1

s1

and therefore all Tw are invertible in H .
Now fix a reduced decomposition w = s1 . . . sp. Above considerations apply to result:

(Ts−1)−1 = T−1
s1

. . . T−1
sp

= q−l(w)(−1)l(w)((q − 1)T1 − Ts1) . . . ((q − 1)T1 − Tsp)

which gives us the second main theorem defining R-polynomials.

Theorem 2 For any w ∈ W , we have the following (with εw = (−1)l(w) and qw = ql(w)):

(Tw−1)−1 = εwq−1
w

∑
x≤w

εxRx,wTx (9)

where ′ ≤′ is Bruhat-Chevalley ordering and Rx,w ∈ Z[q], with degree equal to l(w)− l(x).
Moreover, Rw,w = 1, for every w ∈ W .

Proof:
We prove the claim (9) by induction on l(w). Base case is contained in following statement
already proved:

T−1
s = −q−1((q − 1)T1 − Ts)

which gives R-polynomials R1,s = q − 1 and Rs,s = 1.
For any given w ∈ W , assume by induction hypothesis that claim (9) holds for every
v ∈ W , with l(v) < l(w). Take s ∈ S such that sw < w and substitute v = sw.

(Tw−1)−1 = (Tv−1Ts)
−1 = T−1

s T−1
v−1

= −q−1((q − 1)T1−s)εvq
−1
v

∑
x≤v εxRx,vTx

= εwq−1
w

(∑
x≤v(q − 1)εxRx,vTx −

∑
x≤v εxRx,vTs.Tx

)
We want to get the last term as single summation. For any x ≤ w, we have the following
possibilities:
Case 1 sx < x. This automatically implies that sx < sw = v. Let y = sx < v, therefore,
x = sy > y and hence Tx appears as Tsy in last term whose coefficient becomes:

−εyRy,v = εxRsx,sw

Moreover, even if x ≤ v, then x doesn’t contribute towards coefficient of Tx in (Tw−1)−1.
As sx < x, the term corresponding to x ≤ v becomes

(q − 1)εxRx,vTx − ((q − 1)εxRx,vTx + qεxRx,vTsx
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where Tx gets cancelled.
Therefore, we can define Rx,w := Rsx,sw. It is then easy to check that if x = w, Rw,w =
Rsw,sw = 1, by induction hypothesis and deg(Rx,w) = deg(Rsx,sw) = l(w)− 1− l(x) + 1 =
l(w) − l(x).

Case 2 sx > x. We have to consider two subcases, namely when sx ≤ v and when
sx �≤ v.
(a) x < sx ≤ v. In this case, Tx appears in expansion as Tx as well as Tsy, where y = sx.
Therefore, coefficient of Tx becomes

(q − 1)εxRx,v − qεyRy,v

Therefore, we can define Rx,w := (q−1)Rx,sw + qRsx,sw. We only have to check the degree
of Rx,w satisfies conditions stated in theorem. It is clear that deg(Rx,w) = max(1+ l(w)−
1 − l(x), 1 + l(w) − 1 − l(x) − 1) which is same as l(w) − l(x).
(b) When sx �≤ v, we can again define Rx,w as we did in previous subcase, if we agree to
convension that Rx,v = 0 whenever x �≤ v. This completes the proof of theorem.

QED

This proof also give neat procedure for computing R-polynomials. We briefly describe
the steps to employ in order to find recursive relation for computing them. Assume that
x ≤ w are given and we want to find Rx,w.
Fix s ∈ S such that sw < w.

Rx,w = Rsx,sw, if sx < x (10)

Rx,w = (q − 1)Rx,sw + qRsx,sw, if sx > x (11)

Observe that we could have done the proof equally well by selecting s ∈ S, such that
ws < w. We will thus write right handed versions of above steps, symmetrically. Fix
s ∈ S such that ws < w.

Rx,w = Rxs,ws, if xs < x (12)

Rx,w = (q − 1)Rx,ws + qRxs,ws, if xs > x (13)

4 An involution on H

Define ι : H −→ H by sending q to q−1 and

ι(Tw) = (Tw−1)−1

and extend it linearly. We will prove that ι2 = IdH . First we check it on Ts for any
s ∈ S.

ι2(Ts) = ι(T−1
s ) = ι(q−1(Ts − (q − 1)T1))

= q(T−1
s − (q−1 − 1)T1)

= q(q−1Ts − (1 − q−1)T1 + (1 − q−1)T1)
= Ts
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Thus to prove that ι2 = IdH , we only need to check that ι is algebra map. That is,
ι(TsTw) = ι(Ts)ι(Tw). We verify this in following steps
If sw > w, then we have ι(TsTw) = ι(Tsw) = (Tw−1s)

−1 = T−1
s (Tw−1)−1, which is same as

ι(Ts)ι(Tw).
If sw < w, then we substitute v = w−1s, such that w−1 = vs is reduced decomposition.
Thus we get following steps:

ι(TsTw) = ι(qTsw + (q − 1)Tw)
= q−1T−1

v + (q−1 − 1)(Tw−1)−1

= q−1T−1
v + (q−1 − 1)(T−1

s T−1
v )

= q−1T−1
v + q−1(q−1 − 1)(Ts − (q − 1)T1)T

−1
v

= q−2(q2 − q + 1)T−1
v − (q − 1)q−2TsT

−1
v

Also ι(Ts)ι(Tw) = T−1
s (Tw−1)−1 = T−2

s T−1
v . We can thus evaluate T−2

s , as follows:

T−2
s = q−2(Ts − (q − 1)T1)

2

= q−2((q − 1)Ts + qT1 − 2(q − 1)Ts + (q − 1)2T1

= q−2((q2 − q + 1)T1 − (q − 1)Ts)

which proves the claim that ι(TsTw) = ι(Ts)ι(Tw). The rest part follows from induction,
which completes the prove of assertion that ι is involution on Hecke algebra.

5 Further Properties of R-polynomials

For sake of notation we will use R̄x,w := ι(Rx,w) or in other words, we can say

R̄x,w(q) = Rx,w(q−1)

Proposition 2 For every x, w ∈ W , we have the following:

(a) R̄x,w = εxεwqxq
−1
w Rx,w

(b) (Tw−1)−1 =
∑

x≤w q−1
x R̄x,wTx

(c)
∑

x≤y≤w εxεyRx,yRy,w = δx,w

Proof:
(a) We prove this part by induction on l(w), assuming x ≤ w. As already seen in proof
of Theorem 9, we have two cases to consider, for s ∈ S, such that sw < w.
If sx < x, we have Rx,w = Rsx,sw. Applying involution ι, we get

R̄x,w = R̄sx,sw

= εsxεswqsxq
−1
sw Rsx,sw

= (−εx)(−εw)qxq
−1q−1

w qRsx,sw

= εxεwqxq
−1
w Rx,w
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Second case is when sx > x, where we have Rx,w = (q − 1)Rx,sw + qRsx,sw, which implies

R̄x,w = −q−1(q − 1)R̄x,sw + q−1R̄sx,sw

= −q−1(q − 1)εxεswqxq
−1
sw Rx,sw + q−1εsxεswqsxq

−1
sw Rsx,sw

= εxεwqxq
−1
w ((q − 1)Rx,sw + qRsx,sw)

= εxεwqxq
−1
w Rx,w

(b) Since (Tw−1)−1 = εwq−1
w

∑
x≤w εxRx,wTx, part (a) gives us:

(Tw−1)−1 =
∑
x≤w

q−1
x R̄x,wTx

(c) Apply ι to (b), we get

Tw =
∑
y≤w

qyRy,w(Ty−1)−1

If we expand the last term we get double summation as

Tw =
∑
y≤w

qyRy,w

(∑
x≤y

εxεyq
−1
y Rx,yTx

)

Now compare the coefficients of Tx on both sides of this equation, we get (c).

QED

6 Kazhdan-Lusztig Polynomials

From this section onwards, we use Z[q
1
2 , q−

1
2 ] for k and again denote by H , the resulting

algebra. Note that the preceding calculations remain unchanged with this change of ring.

Theorem 3 For each w ∈ W there exists unique element Cw ∈ H with following prop-
erties:

(a) ι(Cw) = Cw

(b) Cw = εwq
1
2
w

∑
x≤w εxq

−1
x P̄x,wTx

where Pw,w = 1 and Px,w ∈ Z[q] has degree less than 1
2
(l(w) − l(x) − 1) if x < w.

Furthermore, this implies that H admits basis of {Cw}w∈W .

Proof:
As T−1

s = q−1Ts − (1 − q−1)T1, we can define Cs = q−
1
2 (Ts − qT1).

ι(Cs) = q
1
2 (q−1Ts − T1 + q−1T1 − q−1T1)
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which gives ι(Cs) = Cs and as Ps,s = 1 and P1,s = 1, satisfying requirements of theorem.
These polynomials are called Kazhdan-Lusztig Polynomials. We begin by assuming the
existence of such basis elements and prove their uniqueness.

Uniqueness: By induction on l(w). We have already proved the base case. Assume that
the Cv are chosen uniquely satisfying conditions of the theorem, for every v ∈ W , with
l(v) < l(w). To show uniqueness of Cw it suffices to show that each of the polynomials
Px,w are chosen uniquely. This we will show by induction on l(w)− l(x), as we know that
Pw,w = 1 serves as base case. Now assume that Py,w are selected in a unique way for every
y such that x < y ≤ w. Since ι(Cw) = Cw, we get∑

x≤w

εxεwq
1
2
wq−1

x P̄x,wTx =
∑
y≤w

εyεwq
− 1

2
w qyPy,w(Ty−1)−1

the last term can be expanded to give the following:

∑
x≤w

εxεwq
1
2
wq−1

x P̄x,wTx =
∑
y≤w

εyεwq
− 1

2
w qyPy,w

(∑
x≤y

q−1
x R̄x,yTx

)

Now comparing coefficient of Tx on both sides yields,

εxq
1
2
wP̄x,w =

∑
x≤y≤w

εyq
− 1

2
w qyPy,wR̄x,y

This implies,

εxq
1
2
x

(
q

1
2
wq

− 1
2

x P̄x,w − q
− 1

2
w q

1
2
x Px,w

)
=
∑

x<y≤w

εyq
− 1

2
w qyPy,wR̄x,y (14)

where by induction hypothesis, right hand side is fixed. Moreover, there are no cancel-
lations on left hand side because first term is polynomial in q

1
2 without constant term,

while the other is polynomial in q−
1
2 , again without constant term. This fixes choice of

Px,w.

Existence: For this part we need the following definitions

Definition 1 For any z, v ∈ W , we say that z ≺ v if z ≤ v and Pz,v is of degree
1
2
(l(v) − l(z) − 1). In this case, we define µ(z, v) to be coefficient of q

1
2
(l(v)−l(z)−1) in Pz,v.

To show existence of basis elements Cw satisfying conditions of theorem, we again use
induction on l(w). Given w ∈ W , choose s ∈ S such that sw < w and substitute v = sw.
By induction hypothesis, above definition makes sense for every y, z such that l(y) < l(w)
and l(z) < l(w). We define Cw as

Cw = CsCv −
∑
z≺v
sz<z

µ(z, v)Cz (15)
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Clearly induction hypothesis implies that Cw is ι-invariant. If we expand Cz for every
z ≤ w on right side of equation we get

C̄w = (q−
1
2 Ts − q

1
2 T1)

∑
y≤v

εyεvq
1
2
v q−1

y P̄y,vTy −
∑
z≺v
sz<z

µ(z, v)

(∑
y≤z

εyεzq
1
2
z q−1

y P̄y,zTy

)

which we can write as given in statement of theorem, if we define Px,w as (we skip the
actual calculations to write two separate cases in one equation)

Px,w = q1−cPsx,sw + qcPx,sw −
∑

x≤z≺sw
sz<z

µ(z, v)q
− 1

2
z q

1
2
wPx,z

where c = 1 for sx < x and c = 0 for sx > x. It is routine to check that maximum degree
of Px,w is less than 1

2
(l(w) − l(x) − 1).

QED

7 Multiplication Formulae

In this section, we will see how H acts on itself by computing Ts.Cw.

Proposition 3 Let s ∈ S and w ∈ W . Then we have the following identities:

(a) If sw < w, then Ts.Cw = −Cw.

(b) If sw > w, then

Ts.Cw = qCw + q
1
2 Csw + q

1
2

∑
z≺w
sz<z

µ(z, w)Cz

Proof:
First we compute Ts.Cw, when sw > w. In this case, we use equation (15) to assert

Csw = CsCw −∑z µ(z, w)Cz

= (q−
1
2 Ts − q

1
2 T1)Cw −∑z µ(z, w)Cz

where summation is over z such that z ≺ w and sz < z. This implies, by rearranging
terms,

Ts.Cw = qCw + q
1
2 Csw + q

1
2

∑
z≺w
sz<z

µ(z, w)Cz

which proves part (b) of proposition.
For the first part assume that sw < w. If l(w) = 1, we must have w = s.

Ts.Cs = Ts(q
− 1

2 Ts − q
1
2 T1)

= q−
1
2 ((q − 1)Ts + qT1) − q

1
2 Ts

= −q−
1
2 Ts + q

1
2 T1

= −Cs
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For any w ∈ W such that sw < w, second part applies to sw, which gives

Ts.Csw = qCsw + q
1
2 Cw + q

1
2

∑
z≺w
sz<z

µ(z, w)Cz

⇒ Cw = q−
1
2 TsCsw − q

1
2 Csw −

∑
z≺w
sz<z

µ(z, w)Cz

Multiplying both sides on left by Ts gives

Ts.Cw = q−
1
2 ((q − 1)Ts + qT1)Csw − q

1
2 TsCsw +

∑
z µ(z, w)Cz

= −q−
1
2 TsCsw + q

1
2 Csw +

∑
z µ(z, w)Cz

= −Cw

where summation is over z such that z ≺ w and sz < z. This completes the proof of
proposition.

QED

Corollary 1 Let x < w. If sw < w, but sx > x for some s ∈ S, then Px,w = Psx,w.

Proof:
From first part of previous proposition, we have TsCw = −Cw. This implies∑

x≤w

εxq
−1
x P̄x,wTs.Tx = −

∑
x≤w

εxq
−1
x P̄x,wTx

Comparing coefficient of Tsx on both sides gives (using sx > x and both x, sx are less
than w).

εxq
−1
x P̄x,w + (q − 1)εsxq

−1
sx P̄sx,w = −εsxq

−1
sx P̄sx,w

⇒ P̄x,w = −qεsxεxqxq
−1
sx P̄sx,w

which is equivalent to Px,w = Psx,w.

QED

8 W -graphs

8.1 Abstract W -graphs

Definition 2 An undirected graph Γ = (V, E) together with following data:
(i) I(v) ⊂ S, for every v ∈ V .
(ii) µ : E −→ Z \ {0}
is called W -graph, if for free Z[q

1
2 q−

1
2 ]-module over V , denoted by A , (we will use k for
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the ring Z[q
1
2 q−

1
2 ]) following conditions are satisfied:

(a) For each s ∈ S, τs defined as

τs(v) = −v, if s ∈ I(v)

τs(v) = qv + q
1
2

∑
(z,v)∈E
s∈I(z)

µ(z, v)z, ifs �∈ I(v)

is an element of Endk(A ).
(b) If s, t ∈ S are such that m = m(s, t) < ∞, then

τsτt . . .︸ ︷︷ ︸
m terms

= τtτs . . .︸ ︷︷ ︸
m terms

The two conditions stated in definition ensure a unique representation ρ : H −→
End(A ), which maps each Ts to τs. To show this we only need to check the follow-
ing

τ 2
s = (q − 1)τs + qτ1

where, τ1 is identity map. This together with condition (b) and the fact that following
relations form presentation of H , give required map.

T 2
s = (q − 1)Ts + aT1

TsTt . . .︸ ︷︷ ︸
m(s,t) terms

= TtTs . . .︸ ︷︷ ︸
m(s,t) terms

, m(s, t) < ∞

If s ∈ I(v), then τ 2
s (v) = v and ((q − 1)τs + qτ1)(v) = −(q − 1)v + qv = v. Now suppose

that s �∈ I(v).

τ 2
s (v) = qτs(v) + q

1
2

∑
(z,v)∈E
s∈I(z)

µ(z, v)τs(z)

Since s ∈ I(z) for every z in last part of above equation we get the following (where
summation is over z, such that (z, v) ∈ E and z ∈ I(z).

τ 2
s (v) = qτs(v) − q

1
2

∑
µ(z, v)z

= qτs(v) − τs(v) + qv
= ((q − 1)τs + qτ1)(v)

This proves the existence of required representation. Now we define ordering on set of
vertices in a W -graph.

Definition 3 Let v, w ∈ V . We say that v ≤Γ w if there exists a path v = v0, v1, . . . , vn =
w, such that
(a) (vi, vi+1) ∈ E, for every i, 0 ≤ i ≤ n − 1
(b) I(vi) �⊂ I(vi+1), for every i, 0 ≤ i ≤ n − 1. Two vertices, v, w ∈ V are called
Γ-equivalent, denoted by v ∼Γ w if v ≤Γ w and w ≤Γ v.
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We will two preliminary lemmas about abstract W -graphs, before giving explicit
Kazhdan-Lusztig Construction of W -graph, decomposing it into left, right and two-sided
cells.

Lemma 2 Let Γ = (V, E, (I(v))v∈V , µ) be a W -graph. For any subset X ⊆ S, the re-
stricted graph ΓX = (V, E, (I(v) ∩ X)v∈V , µ) is WX-graph. Here WX is subgroup of W
generated by X.

Proof:
First note that (WX , X) is a Coxeter System. Let AX be free k-module on V , which is
same as A . Let τX

s be maps corresponding to ΓX as defined in Definition 2. Note that
for every s ∈ X, τX

s = τs, since for any s ∈ X, s ∈ I(v) ∩ X ⇐⇒ s ∈ I(v). Therefore,
the conditions in the definition are trivially verified.

QED

Lemma 3 Let Γ = (V, E, (I(v))v∈V , µ) be a W -graph. Let C ⊂ V be an equivalence class
of Γ-equivalent elements. Then induced graph Γ(C) = (C, E ∩ (C × C), (I(v))v∈C , µ) is
again a W -graph.

Proof:
Let AC be free k-module on C. For every s ∈ S, we define following maps on AC similar
to that in Definition 2.

τ ′
s(v) = −v, if s ∈ I(v)

τ ′
s(v) = qv + q

1
2

∑
(z,v)∈E

z∈C
s∈I(z)

µ(z, v)z

First condition of Definition 2 is trivially verified, since Γ is W -graph. Therefore, τ ′
s ∈

Endk(A ). To prove the validity of second condition, we need to prove the following
assertion:
For s1, . . . , sn ∈ S and x, z ∈ C, the following equality holds:
(E) Coefficient of z in (τs1 . . . τsn)(x) = Coefficient of z in (τ ′

s1
. . . τ ′

sn
)(x).

Assuming the validity of above condition (E), if s, t ∈ S, such that m(s, t) < ∞, then

τ ′
sτ

′
t . . .︸ ︷︷ ︸

m(s,t) times

= τ ′
tτ

′
s . . .︸ ︷︷ ︸

m(s,t) times

on AC , since, for every x, z ∈ C, coefficients of z in both ( τ ′
sτ

′
t . . .︸ ︷︷ ︸

m(s,t) times

)(x) and ( τ ′
tτ

′
s . . .︸ ︷︷ ︸

m(s,t) times

)(x)

are same as those in ( τsτt . . .︸ ︷︷ ︸
m(s,t) times

)(x) and ( τtτs . . .︸ ︷︷ ︸
m(s,t) times

)(x) respectively using (E), which are

same from hypothesis that Γ is W -graph.
To prove condition E, we use induction on n. First note that for any x ∈ V and s ∈ S,

contrary to popular belief, latex is user-friendly 13



coefficient of z ∈ V is non-zero in τs(x) implies that z ≤Γ x (because either z = x or
s ∈ I(z) and s �∈ I(x), which means I(z) �⊂ I(v) and since (z, x) ∈ E, we get that z ≤Γ x).
For the base case, i.e, n = 1, the assertion is trivially verified. Assume n > 1 and (E)
holds for every m < n. Let s1, . . . , sn ∈ S and x ∈ C. Apply induction hypothesis to
s2, . . . , sn to write

(τs2 . . . τsn)(x) =
∑
z∈C

nzz +
∑

v∈V \C
nvv

(τ ′
s2

. . . τ ′
sn

)(x) =
∑
z∈C

nzz

For any z, v ∈ V , if we denote by nv,z, the coefficient of z in τs1(x), then assuming z ∈ C,
the coefficient of z in (τs1 . . . τsn)(x) is same as∑

v∈V

nv,znv =
∑
v∈C

nv,znv

since for any v ∈ V , such that nv �= 0, we have v ≤Γ x. If besides this nv,z �= 0, we get
z ≤Γ v and since x ∼Γ z, we conclude that v ∈ C.
The later term is same as coefficient of z in (τ ′

s1
. . . τ ′

sn
)(x), which proves the condition

(E) and hence completes proof of the lemma.

QED

8.2 Kazhdan-Lusztig Construction

In this section, we give one explicit construction for W -graphs and definitions of left cells.
Similarly, one can define right cells and two sided cells, which we will omit.
Construct W -graph Γ, as follows. Let V = W be set of vertices. For every w ∈ W , let

Il(w) := {s ∈ S : sw < w}

Let edge set be given be E = {(v, w) : v, w ∈ W, v ≺ w}.
For (v, w) ∈ E, the function µ is defined similar to function in Definition 1. That is,
µ(v, w) = µ(w, v). Exactly, one of the previous two terms is given in Definition 1.

Theorem 4 The graph constructed above Γ is a W -graph.

Proof:
If A denote free algebra on set of vertices of Γ, which is same as W , then from Theorem
3, we can denote basis of A by {Cw}w∈W . We will prove that the maps τs, defined in
Definition 2, are same as left multiplication by Ts in Hecke algebra H of (W, S).
Observing the following two relations, proved in Proposition 3,

Ts.Cw = −Cw, if sw < w
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Ts.Cw = qCw + q
1
2 Csw + q

1
2

∑
z≺w
sz<z

µ(z, w)Cz, if sw > w

we can conclude that it suffices to prove that if sw > w, then only z, such that sz < z
and w ≺ z, is z = sw. That is we have to prove that if sw > w, w < z, sz < z then

w ≺ z ⇐⇒ z = sw

Moreover, in this case µ(w, z) = 1. Use the Corollary 1 to conclude that in this situation,
Pw,z = Psw,z. If z �= sw, then we get

deg(Pw,z) = deg(Psw,z) =
1

2
(l(z) − l(w) − 1 − 1) <

1

2
(l(z) − l(w) − 1)

which implies that w �≺ z. If z = sw, then Pw,z = Pz,z = 1, which implies that µ(w, z) = 1.
This completes proof of theorem.

QED

An equivalence class under relation ∼Γ is called left cell of W . If we define

Ir(w) := {s ∈ S : ws < w}
we get right cells. In order to get two sided cells of W , we can consider (W ×W o, S ∪So)
as Coxeter System. Then we define I(w) := Il(w) ∪ Ir(w)o.

9 Hecke algebra of (G, B) pair

In this section, we define Hecke algebra for a pair (G, B), where B is subgroup of group
G, such that equivalent conditions of following proposition are satisfied:

Proposition 4 Let G be a group and B be its subgroup. Then the following are equivalent:
(a) For any g ∈ G, double coset BgB is finite union of qg left B-cosets in G.
(b) qg = [B : B ∩ gBg−1] < ∞, for every g ∈ G.
Also, in this case qgh ≤ qgqh.

We assume throughout that above equivalent conditions hold for pair (G, B) under con-
sideration.

Theorem 5 Let k be commutative ring with identity 1 �= 0. For every s ∈ G/B (resp.
t ∈ B\G/B), we denote by at and bt, the following maps from G to k:

as(g) =

{
1, g ∈ s
0, g �∈ s

bt(g) =

{
1, g ∈ t
0, g �∈ t

Let L be k-module generated by {as : s ∈ G/B} and H be k-module generated by
{bt : t ∈ B\G/B}. Then
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(a) There exists a unique linear form µ on L, such that µ(as) = 1, for every s ∈ G/B.

(b) For ϕ ∈ L, ψ ∈ H and x ∈ G, the following map from G to k,

θx(ϕ, ψ) : y �−→ ϕ(y)ψ(y−1x)

is an element of L.

(c) Define the following map for any ϕ ∈ L and ψ ∈ H

ϕ ∗ ψ : x �−→ µ(θx(ϕ, ψ))

This map from G to k belongs to L. Moreover, if ϕ ∈ H, then ϕ ∗ ψ ∈ H. Thus

(ϕ, ψ) �−→ ϕ ∗ ψ

gives structure of k-algebra on H, called Hecke algebra of G with respect to B,
denoted by Hk(G, B). And under the same map, L becomes right H-module.

Theorem 6 Assume that (G, B, N, S) is a Tits System with associated Coxeter system
(W, S). Further suppose that for every s ∈ S, C(s) is finite union of qs left B-cosets in
G. Then conditions of Proposition 4 hold. Let Hk(G, B) be Hecke algebra over k of G
with respect to B (defined in Theorem 5). Denote by bw = bC(w), adhering to notations of
Theorem 5, which form basis of Hk(G, B).

(a) For s ∈ S and w ∈ W , the following relations hold:

bs ∗ bs = (qs − 1)bs + qs

bs ∗ bw = bsw, if sw > w

(b) Consider the generic algebra Ek((qs − 1), qs) on (W, S). The map Tw �−→ bw is then
isomorphism of k-algebras.
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10 Closed form expression for R-polynomials

To state the formula for computing R-polynomials, we need to first fix some notations
and definitions. Let (W, S) be a Coxeter System and let w ∈ W . Fix w = s1 . . . sp reduced
expression for w. For any x ∈ W , we say x ≤ w in Bruhat-Chevalley ordering on W , if
there exists i1, . . . , ik, such that

x = s1 . . . ŝi1 . . . ŝik . . . sp

Definition 4 By a subexpression of (s1, . . . , sp), we mean a sequence σ = (σ0, . . . , σp),
where σ0 = 1 and for each i, 1 ≤ i ≤ p, σi = σi−1 or σi−1si

Let S denote the set of subexpressions of (s1, . . . , sp). We fix the following notations
for any x ≤ w and any σ ∈ S .

S (x) = {σ ∈ S : σp = x}

I(σ) = {j : σj−1 = σj}

J(σ) = {j : σj < σj−1}

n(σ) = |I(σ)| ; m(σ) = |J(σ)|
Also define a map π : S −→ W by π(σ) = σp.

Definition 5 An element σ ∈ S is called distinguished if for every j, 1 ≤ j ≤ p, we
have σj ≤ σj−1sj

We denote by D , the set of all distinguished subexpressions and D(x) = D ∩ S (x).

Theorem 7 For x ≤ w, x, w as above, we have

Rx,w(q) =
∑

σ∈D(x)

qm(σ)(q − 1)n(σ) (16)

The proof of this theorem will take up rest part of this section. First we observe that
for any σ ∈ S , we have

l(π(σ)) = p − n(σ) − 2m(σ)

For any i ∈ Z
+, define

Si(x) = {σ ∈ S (x) : m(σ) = i}

Di(x) = {σ ∈ D(x) : m(σ) = i}
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Let S ′, D ′, . . . be corresponding sets for wsp = s1 . . . sp−1. Define

θ : S −→ S ′

(σ0, . . . , σp) �−→ (σ0, . . . , σp−1)

It is clear that θ maps D to D ′.

Lemma 4 Assume xsp ≤ x. Then,

1. xsp ≤ wsp

2. p �∈ I(σ), ∀σ ∈ D(x) and θ(D(x)) ⊆ D ′(xsp)

3. n(σ) = n(θ(σ)), ∀σ ∈ D(x) and θ(Di(x)) ⊆ D ′
i(xsp), ∀i

4. θ : Di(x) −→ D ′
i(xsp) is bijective map.

Proof:
We begin with one elementary observation. Assume x ≤ w and x �≤ wsp. In this case
x can be obtained from reduced expression w = s1 . . . sp, but not from wsp = s1 . . . sp−1.
Therefore, xsp can be obtained from wsp and hence xsp ≤ wsp. Now the proof of first
part is trivial since x ≤ wsp also implies xsp ≤ wsp.

For second part, assume the contrary, i.e, p ∈ I(σ) for some distinguished subex-
pression σ ∈ D(x). This means σp−1 = σp, which because of definition of distinguished
subexpression implies that σp−1sp > σp and hence xsp > x, which is contradiction.

Therefore, we certainly have σp = σp−1sp, for any distinguished subexpression σ and
hence π(θ(σ)) = σp−1 = xsp which gives θ(D(x)) ⊆ D ′(xsp). And n(θ(σ)) = n(σ). This
together with l(x)−1 = l(xsp) = p−1−n(θ(σ))−2m(θ(σ)) proves that m(σ) = m(θ(σ))
and hence we have θ(Di(x)) ⊆ D ′

i(xsp) for each i.

To prove that θ : Di(x) −→ D ′
i(xsp) is bijective map, we produce inverse map as

φ((σ0, . . . , σp−1)) = (σ0, . . . , σp−1, σp−1sp). From previous discussion, it is now clear that
this map is well defined inverse of θ and hence θ restricted to Di(x) maps it bijectively to
D ′

i(xsp).

QED

Lemma 5 Assume xsp ≥ x and xsp �≤ w, then

1. x ≤ wsp

2. p ∈ I(σ), ∀σ ∈ D(x) and θ(D(x)) ⊆ D ′(x)

3. n(σ) = n(θ(σ)) + 1, ∀σ ∈ D(x) and moreover, θ(Di(x)) ⊆ D ′
i(x), ∀i.

4. θ : Di(x) −→ D ′
i(x) is bijective map.
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Proof:
The proof of first part is contained in proof of previous lemma. Assume, if possible,
x �≤ wsp. This together with initial assumption that x ≤ w gives xsp ≤ wsp which is
against hypothesis of lemma.

Now again assume the contrary that p �∈ I(σ) for some σ ∈ D(x). This means
σp = σp−1sp, that is, σp−1 = xsp. Hence, xsp can be obtained as subexpression of wsp and
hence xsp ≤ wsp, which is contradiction. This proves that π(θ(σ)) = σp−1 = x and hence
θ(D(x)) ⊆ D ′(x).

Since σp−1 = σp for any distinguised subexpression σ for x, we have n(σ) = n(θ(σ))+1.
This together with the relations l(x) = p − n(σ) − 2m(σ) = p − 1 − n(θ(σ)) − 2m(θ(σ)),
proves that m(σ) = m(θ(σ)) and hence θ(Di(x)) ⊆ D ′(x).

To prove that θ : Di(x) −→ D ′(x) is bijective, we give inverse map as φ((σ0, . . . , σp−1)) =
(σ0, . . . , σp−1, σp−1) and from previous discussion it is clear that this is inverse to θ and
hence θ maps Di(x) bijectively to D ′

i(x).

QED

Lemma 6 Assume x ≤ xsp ≤ wsp, then define the following two sets:

A (x) = {σ ∈ D(x) : p �∈ I(σ)}

B(x) = D(x) \ A (x)

1. n(σ) = n(θ(σ)), ∀σ ∈ A (x) and θ(A (x) ∩ Di(x)) ⊆ D ′
i−1(xsp)

2. θ : A (x) ∩ Di(x) −→ D ′
i−1(xsp) is a bijective map.

3. n(σ) = n(θ(σ)) + 1, ∀σ ∈ B(x) and θ(B(x) ∩ Di(x)) ⊆ D ′
i(x)

4. θ : B(x) ∩ Di(x) −→ D ′
i(x) is a bijective map.

The proof of this lemma is entirely contained in previous two lemmas.
Now we proceed with proof of main theorem (7). We prove the formula (16) by in-

duction on l(w), base case for w = 1 or w = s being clear. We have the following cases:

(A) xsp ≤ x. In this case, we know that Rx,w(q) = Rxsp,wsp(q), therefore using induction
and Lemma 4, we have the following:

Rxsp,wsp(q) =
∑

σ′∈D ′(xsp)(q − 1)n(σ′)qm(σ′)

=
∑

σ∈D(x)(q − 1)n(θ(σ))qm(θ(σ))

=
∑

σ∈D(x)(q − 1)n(σ)qm(σ)
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(B) x ≤ xsp and xsp �≤ wsp. In this case, we know that Rx,w(q) = (q−1)Rx,wsp(q). Using
Lemma 5, we get the following:

Rx,w(q) = (q − 1)
∑

σ′∈D ′(x)(q − 1)n(σ′)qm(σ′)

= (q − 1)
∑

σ∈D(x)(q − 1)n(θ(σ))qm(θ(σ))

= (q − 1)
∑

σ∈D(x)(q − 1)n(σ)−1qm(σ)

(C) x ≤ xsp and xsp ≤ wsp. In this case, we know that Rx,w(q) = (q − 1)Rx,wsp(q) +
qRxsp,wsp(q). We compute both these terms separately, using Lemma 6. Firstly, Rx,wsp(q) =∑

σ′∈D ′(x)(q − 1)n(σ′)qm(σ′). The later term can be written as

Rx,wsp(q) =
∑

i


 ∑

σ′∈D ′
i(x)

(q − 1)n(σ′)


 qi

Since D ′
i(x) is in bijection with B(x)∩Di(x) under the map θ, and n(θ(σ)) = n(σ)−1

we write it again as

Rx,wsp(q) =
∑

i


 ∑

σ∈B(x)∩Di(x)

(q − 1)n(σ)−1


 qi

which is obviously equal to
∑

σ∈B(x)(q − 1)n(σ)−1qm(σ).

Similarly, the second term becomes

Rxsp,wsp(q) =
∑

σ∈A (x)

(q − 1)n(σ)qm(σ)−1

Substituting these in expression for Rx,w(q), we get (16), for this case too.
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