Tits Systems

Sachin Gautam

1 Review of Basic Results

First we give definitions and basic properties of Topological Groups, Fibre
Bundles and Basic Tits Systems which will be required later. We will omit
the proofs which can be found in [1], [2] and [3] respectively.

1.1 Topological Groups

Definition 1 A topological group G, is a set with group structure and a
topology such that:

GxG — G
(g.h) +— g'h

1S continuous.

Definition 2 A topological group G acting on a topological space X is said

to act continuously if
GxX — X

(9,x) +— gz

is continuous. Moreover, g.(h.x) = (gh).x, for every g,h € G and x € X.

Definition 3 A topological group G acting continuously on a topological
space X is said to act properly if

GXX —s X x X
(9,2) = (9,9.7)

is a proper map.



Proposition 1 Let G be a topological group and H be a subgroup of G. Then
(a) G/H with quotient topology is Hausdorff if and only if H is closed sub-
group of G.

(b) G/H with quotient topology is discrete if and only if H is open subgroup
of G.

Theorem 1 Let G be topological group and H be a closed subgroup of G.
Then H acts properly on G by left translations. Moreover, if we have K, a
compact subset of G and A, a closed subset of G, then K.A is closed in G.
Finally, if K' is any subset of G, such that K' = K is compact in G then for
any closed subset A of G, we have

K'A=K.A

1.2 Fibre Bundles

Definition 4 Coordinate Bundles
A coordinate bundle B consists of tuple (B, X,p,Y,G,{V},¢;};es), where
1. B, X, Y are topological spaces called bundle space, base space and fibre
space respectively.

2. p: B — X is continuous function, called projection.

3. {V;},es is open covering of X, called coordinate neighborhoods and for
each j
i VixY — p (V)
is homeomorphism, called coordinate functions, such that py;(z,y) =
x, foreach x € Vyand y € Y.

4. GG is topological group acting effectively on Y, called the structure
group.
5. If we define
Qjc: Y — p ' (z)
as @;.(y) = ¢j(z,y), we get for each i,j € J and x € V; NV}, the
following homeomorphism of fibre space

gp;;%,x Y —Y
Then it is required that this homeomorphism must be same as action

of some element of G. Y, := p~(z) is called fibre over z.
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6. Moreover, for every i, j € J, the map
g;i:ViNnV; — G

defined as g;;(z) = @Eigam is continuous. These maps are called coor-
dinate transformations.

Definition 5 Bundle Maps

Let 98,8’ be two coordinate bundles with same fibre space and structure
group. By a bundle map h : B — B’, we mean a continuous function
h : B — B’ between bundle spaces of respective coordinate bundles such
that

- Restriction of A to any fibre Y, is homeomorphism of Y, onto some fibre
Y), over 2’ € X'. Thus there is a induced continuous map h : X — X’
such that the following diagram commutes.

-lfzeVn E_I(Vk’) and h, denotes the restriction of h to fibre over z,
the we get the following homeomorphism of fibre space

_ -1
Jkj = Crar Daja:Y —Y

which should be same as action of some element of G on Y. Moreover,
for any two such pairs 7, k the map

g_kj:\/jﬂﬁil(‘/k) — G

should be continuous. These functions are called mapping transforma-
tions.

Definition 6 Bundle Equivalence

Two coordinate bundles 8,8’ with same base space, fibre space and struc-
ture group are said to be equivalent if there exists a bundle map h : 28 — B’
such that the induced map h : X — X is identity.



Definition 7 Trivial Bundle or Product Bundle

A coordinate bundle is called product bundle or trivial bundle if there is only
one coordinate neighborhood and structure group is trivial. Equivalently
saying, there is a continuous function from base space to bundle space f :
X — B, such that pf(z) = z for every z € X.

Theorem 2 Bundle Structure Theorem

Suppose B is topological group and G is closed subgroup of B. Assume that
there is a continuous function defined on some open neighborhood of 1 in
B/G, say V to B, such that pf(x) = x for every x € V, where

p:B— B/G

is canonical map. (f is called local cross-section of G in B) Then there exists
a coordinate bundle with B as bundle space B/G as base space, and G, both
as structure group and fibre space (such bundles are called principal bundles).

Theorem 3 Any bundle over normal, contractible, locally compact space X,
for which every open covering has countable refinement, is equivalent to prod-
uct bundle.

Definition 8 Induced Bundles or Pullback Bundles

Let B be a coordinate bundle. Assume X is a topological space and 7 :
X — X' is a continuous function. Then we can define a bundle over X, say
B, together with bundle map h : B — B’ such that h = 1.

Define: B := {(z,V') € X x B' 3 n(z) =p'(V')}

and let p: B — X and h : B — B’ be canonical projections. Then by
definition of B, h induces n on base spaces. To complete the construction of
bundle, we need to give coordinate neighborhoods and coordinate functions.

Let {V; := n~'(V])};es be coordinate neighborhoods, and

@ V;NY — p (V)

be defined as @;(z,y) = (v,¢;(n(x),y)). The bundle thus constructed is
called induced bundle or pullback bundle and is denoted by 1195’

1.3 CW-complexes

In this section we will give the definition of CW complex.

4



Definition 9 A CW-complex consists of a Hausdorff topological space X
called underlying space together with partition of X into collection {X,} of
disjoint subsets, called cells, satisfying the following conditions.

(C1) For every a, we have a continuous function, for some n(«) > 0,
fo:D"® X

which maps interior of disc D™ homeomorphically onto X,. n(a) is
called dimension of cell X,

(C2) For any a, every z € X, \ X, lies in cell of lower dimension.

(C3) (Closure finiteness) Every point of X lies in finite subcomplex, that is,
a closed subset of X, which is finite union of cells.

(C4) (Whitehead Topology) A subset of X is closed if and only if its inter-
section with every finite subcomplex is closed.

1.4 Coxeter Systems

Assume W is a group generated by S C W, which consists of elements of
order 2. For any s,s" € S, let m(s, s’) denote the order of ss’ in W.

Definition 10 Coxeter Systems (W, S) is called Coxeter System if set of
generators S and set of relations

{(s8)™=5) =1 5 m(s,s') < oo}
give complete presentation of W.

Theorem 4 Consider pair (W, S) and let T' be set of conjugates of elements
of S. Then (W, S) is Coxeter System if and only if following property holds
(called Strong Exchange Condition)

Ift € T and w € W are such that I(tw) < l(w), then for any expression
W=S81...8, 5; €S, there exists j, 1 < j < p such that

t= (81 c. 5]'71)5]'(51 c. ijl)_l

Definition 11 Let (W, S) be a Coxeter System and Y C S. Denote by Wy,
subgroup generated by Y. Then we define

Wy ={weW > l(wy) > l(w) Yy € Wy}



Lemma 1 Assuming the notations of previous definition, the following holds:
Wy ={weW 3 l(wy) =1l(w) +I(y) Yy € Wy}
Wy ={weW 3 l(wy) >l(w)Vy € Y}

Definition 12 Bruhat-Chevalley Ordering
Let (W, S) be Coxeter System. For v,w € W, we say v < w if there exist
t1,...,t, €T, set of conjugates of elements of S, such that

- v:tp...tlw
-t tw) <U(tjoy .. tw) for every 5, 1 < 5 <p.

Lemma 2 Let (W, S) be Cozeter System. Let v,w € W be any two elements
of W. Fiz a reduced decomposition w = s1...s, of w. Then v < w if and
only if there exist 1 < j; < ... < jr < p such that

U:3j1~~=5’jk

Moreover, this sequence can be chosen in such a way that above decomposition

of v is reduced.

1.5 General Tits Systems

Definition 13 A Tits System (G, B, N, S) consists of a group G, subgroups
B, N and subset S C N/(B N N) such that

(BN1) BN N is normal in N and S generates W := N/(BN N).
(BN2) B and N generate G.
(BN3) For any s € S, sBs™! ¢ B.
(BN4)

BN4) For any w € W and s € S, we have

C(s).C(w) C C(w) U C(sw)

where C(w) := BwB, where W is any coset representative of w in N.



Definition 14 For any Tits System, (G, B, N,S), W := N/(BNN) is called
Weyl group associated with Tits System. Any subgroup of G containing B is
called standard parabolic subgroup of G. And any subgroup of G containing
some conjugate of B is called parabolic subgroup of G.

The following properties will be useful in study of further topics in Tits
Systems.

Theorem 5 Let (G, B, N, S) be a Tits System.
(a) All elements of S are of order 2.
(b) For anyY C S, Py :== BWy B is subgroup of G.

(¢) Bruhat Decomposition

G=|] )

weWw
And for any Y,Y' C S

G = |_| waPy/

wEWy\W/Wy/

" C(sw); [(sw) >
Cls)-Clw) = { C(w) L7J C(sw); I(sw) ;
(e) (W,S) is a Cozeter System.

(f) For any reduced decomposition, w = 1 .. .s,, we have
C(s;) € (C(w))
for every i, 1 <1 <p. Moreover,

(B,wBw™) = (C(w))

(9) For anyY,Y' C S, Py = Py: if and only if Y =Y. Moreover for any
standard parabolic subgroup P of G, there is some Y C S, such that
P = Py. That is, there are precisely 21 standard parabolic subgroups

of G.



(h) Every parabolic subgroup P of G is proper normalizer. Two standard
parabolic subgroups of G are conjugate if and only if they are equal.

The following lemma will be extensively used in study of Topological Tits
Systems, and we will give its proof here.

Lemma 3 Let (G,B,N,S) be a Tits System. LetY C S and w € Wy, For
any decomposition w = wy ... wp, such that

lw) =1U(w) + ...+ l(wp)
following holds:

(a) Let A; be any subset of C(w;), such that w; : A; — C(w;)/B is surjective
(resp. bijective), for every i, 1 <i < p. Then

(o A1><...><Ap — BU}Py/Py
(ay,...,a,) +— ai...a,(mod Py)

is surjective (resp. bijective)

(b) Assume, in addition, that each w; € S and let Z; C P, be any subset
containing e, such that the canonical projection Z; — P,, — P,,/B s
surjective. Then the image of map

v:Zyx...xZ,— G/Py

1s precisely equal to

U BvPy /Py

v<w

where < is Bruhat-Chevalley ordering on Coxeter Group W.

PROOF:
(a) We first prove surjectivity of ¢ assuming that A; — C(w;)/B is surjec-
tive, for every 1.

Ime = C(w)...C(w,) Py mod Py

which is same as C(W)Py mod Py and hence ¢ is surjective.
Now assume that each m; : A; — C(w;)/B is bijective. We will prove that
@ is injective in this case . Assume that

/

olay,...,ap) = @(ay, ... a)
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where a;,a; € C(w;). This is same as saying that a;...a, = aj...a,p’ for
some p’ € C(v), where v € Wy. Now as w € Wy, C(w).C(v) = C(wv),
which implies

ay...a, =aj...ayp € C(w)NC(ww)

and hence v = 1 and p’ € B. Let w; = s;...8s, be reduced decomposition
of wy. For each j, 1 < j < mn, let D; C C(s;) be chosen such that D; —
C(s;j)/B is bijective map. Thus we can write

a=di...dbd, =d.. . dV
where d;,d; € D; and b,V € B.
4,7y dybay . ay=dy .. Y -app (1)
Now dy,d, € C(sy). Therefore, d; 'd; € C(s1) U B. If we assume d, 'd; €
C(s1), we get that both sides of (1) belong to C(w) N C(syw) = ¢. Hence

d'~'dy € B and therefore they are equal because D; — C/(s1)/B is bijective.
Similarly we can prove that

dy=dy,....dH = dyb

which again follows from bijectivity of D,, — C(s,)/B that d,, = d,.
This implies, because of bijectivity of A; — C(w;)/B that a; = a. Fol-
lowing similar way of proof, we can prove that

/ !/
A = Ay, ...,0p = Q,p

and as p' € B, we get a, = a,, proving injectivity of .

(b) Now assume that Z; = {1} U A; such that A, C C(w;) and A; —
C(w;)/B is surjective. Then

Imyp = U C(wy,) ...C(w;, )Py mod Py
(1<i1<...<ip<p)

Now from characterization of Bruhat-Chevalley ordering, as stated in Lemma
2, following is immediate

U Cwy...w,)= U C(w;,)...Clwy) = | C(v)
(1<ii<...<i <p) (1<i1<...<i<p) v<w
and hence the lemma follows.

QED



2 Topological Tits Systems

Definition 15 Let (G, B, N, S) be a Tits System. We say it is Topological
Tits System if following additional conditions hold:

(BN5) G is Hausdorff Topological Group, B, N are closed subgroups of G.
BN N is open in N, and hence the Weyl group W has discret topology.

(BN6) For each s € S, P,/B with quotient topology is homeomorphic to S™*),
sphere of dimension n(s) > 0. Moreover, the canonical projection
7s + P, — P,/B has local continuous cross-section and hence has
principal B-bundle structure. (cf. Theorem 2)

Theorem 6 Let (G, B, N,S) be Topological Tits System andY C S. Then
we have

(a) Assume Py is closed in G, then for any w € W5,

BuwDPy = |_| BuPy

v<w
veWy,

In particular B-orbits in G/ Py are locally closed.
(b) Py is closed in G if Wy is finite.

(¢) Let Py be closed in G. Define the following topology on G /Py :
Inductive Limit Topology: A C G/Py is closed if and only if
Ty (A) N BwPy is closed in G, for every w € Wy, where my : G —
G/ Py is canonical map.

With this topology, G /Py is CW-complex with cells { Bw Py }yew;,

PROOF:
Claim: There exists continuous map o, : D™®) — P, for each s € S such
that the following diagram commutes:

Os

D) P
P,/B = S")



where D" is closed unit disc in R". We will denote boundary of this disc by
J(D™) and interior of the disc by D, i.e, d(D™) = D™\ D". Then we recall
that 9(D") = S™! and D"/9(D") = S™. Therefore, P,/B = S™ implies that

there is a continuous map
o, : (D"® 9(D™®)) — (P,/B, B/B)

That is, continuous map from D™ to P,/B, which maps the boundary
identically to identity coset.

Now we know that my : P; — P;/B has principal B-bundle structure,
therefore, we can talk about a,-induced bundle over D™®) such that following

diagram commutes.

aY(P) L— P,

S

lp l

Dn(s) TPS/B

Referring to Theorem 3, we know that bundle over D™®) is equivalent to
trivial bundle and hence there is a map f : D™® — a7 !(P,) such that
pf(x) = x, for every 2 € D™, Therefore, we can define continuous map
from D™ to P, as o, = ho f.

WSOUS:WSOhOf:aSOpOf:aS

completing the proof of claim.

(a) Now we come to the proof of part (a). Assuming the notations we
introduced in above claim we have following commuting diagram, for every
seS.

ps) == P,

Sk
P,/B

Moreover, «ay is surjective. Because o pics 18 homeomorphism of interior of
disc onto (P, \ B)/B and a,(d(D™®))) = B/B, by definition of a.

Denote by A, the image of o, in P,. Being image of compact set it is compact
and we can further assume that 1 € A,. By surjectivity of as, it follows that

7(A,) = P,/B=A,B (2)
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As N C(S) = As (3)

As o, carries interior of disc into C(s) and boundary into B. Denote by
Ay = A,NC(s).

Assuming the notations of statement of part (a), let w = s1...s, is reduced
decomposition of w. For each i, we have the canonical map A;, — Ps,/B

is surjective and hence we can apply Lemma 3, to get that

Ay .. APy =] BoPy = | | BuPy (4)
v<w v<w
veWy,

Also, as A, is compact and Py is closed in G, from Theorem 1, we get that
Ag ... A Py is closed in G and

Ag APy = Ay, . A, Py (5)

Finally, we have that A,,.B = P,,NC(s;) = C(s;) and C(w) = C(s1) ... C(s).
Hence we get R R
Asl...AspPy :Bwa (6)

From (4), (5) and (6), we get the result we intended to prove, i.e,

BuwDPy = |_| BuPy
v<w

veWy,

which directly implies that

BwPy \ BuPy = | | BoPy

v<w
veWy,

which is closed in G and hence Bw Py is locally closed, completing the proof
of part (a).

(b) Now assume that Wy is finite. Then we have

Py = || Clw)

weWy
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and the union is finite. Moreover if we substitute Y = ¢ in part (a), we get

that

Clw)=| |C)

v<w

Also, v < w implies that v € Wy-. Hence it follows that

Py = ] Cw)

weWy

which being a finite union of closed sets is closed in G.

(c) Assume that Py is closed, then we will prove that for each w € Wy,

P

BwPy [Py is a cell of dimension d(w) = > 7, n(s;), where, w = s1...5, is

any reduced decomposition of w.
Sticking to the notations of the claim, we define

Ow: D™V x . x DM G/ Py
(t1,....tp) — 04 (t1)...04,(tp) mod Py

Then the following are immediate

Im(o,) = (BwPy)/Py

o,(0(D)) € | BoPy/Py

v<w
veWy,

0u(D) = BwPy /Py
where D = D™ x ... x D" is disc of dimension d(w).
Also o, is continuous under inductive limit topology on G/ Py and
Owlpy: D — BwPy /Py

is bijective continuous map. We will prove that it is homeomorphism.
Assume that C' is any closed set in D, then

O'w|D(O) = O'w(é) N B’U}Py/Py



which is closed in BwPy/Py. Thus, 0,/ has continuous inverse and hence
is homeomorphism.
Moreover (8) implies that

(BwPy/Py)\ BwPy/Py C | | BvPy/Py
vewwy,
which are cells of lower dimension (as v < w = d(v) < d(w))
Closure finiteness follows from (a) and Inductive limit topology on G/Py
satisfies condition of Whitehead Topology. Hence, G/Py is CW-complex
with cells { BwPy /Py }wew,, completing the proof of Theorem.

QED

3 Amalgamated Product of System of groups

Definition 16 Let {M,};c; be a family of groups, such that for each i, j € I,
M;; = M; N M; = Mj; is a subgroup of both M; and M; and has same group
structure as subgroup of either of M; and M;. Let ¢;; : M;; — M; be
canonical injection. Such a collection will be called system of groups. By
amalgamated product of such system of groups we mean (M, {®; }icr), where
M is a group, and following holds:

(a) For each i € I, ¢; : M; — M is group homomorphism such that
following diagram commutes for every 7,5 € [

Pij
Mij - sz‘ . Mz

| l%

MjLM

(b) Universal Property: 1If (H,1);) is any other group together with group
homomorphisms satisfying (a), then there exists unique group homo-
morphism ¢ : M — H such that for each ¢ € I following diagram

commutes .
M, 2 M
N
H
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Theorem 7 Let (G,B,N,S) be a Tits System. Then G is amalgamated
product of system of subgroups {N, Ps;s € S}.

PROOF:

It is trivial to verify that {N, Py;s € S} is a system of subgroups of G. We
will assume that G’ is amalgamated product of this system together with
group homomorphisms ¢ : N — G’ and ¢, : P, — G’, such that following
diagrams are commutative.

B~ P, (10)
:
Py o G’
T UsT— N (11)
lw
Pi——¢

Then by Universal Property of amalgamated products, we have a unique
group homomorphism 1 : G’ — G, such that for every s € S, the following
diagrams are commuting.

N —= (12)

DN

P, -2 (13)

where ¢, and ¢, are canonical injective maps. Denote by (3, the restiction of
s to B, for any s € S, i.e, § = p4|p for every s € S. We intend to prove
that 1 is an isomorphism in the following steps.

Step 1 G’ is generated by ¢(N) and 3(B). As G’ is generated by
O(N) U (Uyeg s(Ps)) and Py = B U C(s), it is immediately verified that
G’ is generated by images of N and B under ¢ and 3 respectively. Hence v
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is surjective

Step 2 G’ = 3(B)p(N)B(B) We first claim that if n € N,b € B are such
that nbn=! € P,, then

ps(nbn™") = p(n)Bb)p(n™)

We will prove the claim by induction on length of w(n), where 7 : N — W
is canonical map. For base case, I(7(n)) = 0 implies n € BN N and the
result follows immediately from commutativity of 11.

Now let w = m(n). There are two possibilities
(i) I(sw) > l(w)
In this case we get that

nBn'NC(s) C (Clw)NCO(s).C(w))nt = ¢

Therefore, nBn~' N P, C B, which implies that nbn~! € B. Therefore, if we
choose s’ € S, such that {(s'w) < l(w) and m’ € 771(s') and m € 7~ (s'w),
such that n = m/m, we get the following:

ps(nbn™") = o (m'mbm™m' ™) = g () oy (mbm™" ) o, (m' ")

= p(mJvarphi(m)B(B)p(m™)e(m' ™) = p(n)Bb)p(n™)
and hence the claim.
(i)l (sw) < l(w)
Again writing n = mm’, where m € 771(s) and m’ € 77! (sw), we get that

ps(nbn ™) = g (mm'bm' ™ m™") = o (m)py(m'bm' ™ )p(m ™)

which is same as p(n)3(b)¢e(n~1). Hence in either case, our claim holds.
Now to complete the proof of Step 2, it is enough to show that if s € S and
m € w7 '(s), n € N and b € B, then

p(m)B(b)e(n) € B(B)p(N)B(B)

as G’ is generated by G(B) and ¢(N).

Let w = 7w(n). As we have C(s).C(w) C C(w) U C(sw), we consider the two
possibilities separately that

(i) mbn € BnB
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In this case let mbn = b'nb”, which implies that nb"n=! € P,

(i) mbn € BmnB

In this case let mbn = V'mnb”, which together with C(s).C(s) = B U C(s),
implies that nb"n~! € P,.

This coupled with first claim gives the following

_ [ es(nt'nTY) if mbn € BnB

Hence, we get o(m)3(b)p(n) = BV )p(m/n)B(b"), where m’ = 1 or m, which
completes the proof of Step 2.

Step 3 v is injective.
From Bruhat Decomposition, we have

G =BNB

Moreover ¥ o 3 and 1 o are canonical inclusions of B and N into G, because
of commutativity of 12 and 13.
This implies that Kery C 5(B). Moreover

B(b) € Kery = b=1(5(b)) =1
and hence the injectivity of ¢ follows.

QED
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