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3. Ifa, = =, ES by the Ratio Test, lim |—*! = |z| lim =|z| < 1for
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convergence, so & = 1. When = = +1, MU

- which is a convergent p-series (p = 2 > 1), so the interval of
ne1 |

n=1 .:m
convergence for f is [~1,1]. By Theorem 2, the radii of convergence of f" and f” are both 1, so we need only check the

oo M oo n=1 e
endpoints. f(z) = 3 mm = flz)=% = 3 : , and this series diverges for = = 1 (harmonic series)
n=1T =
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and converges for z = 1 (Altemnating Series Test), so the interval of convergence is [=1,1). M H_?n_.wﬁ,_

at both 1and —1 (Test for Divergence) since lim mﬂ =1+ 0,50 its interval of convergence is (~1, 1).
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37. By Example 7, tan ™'z = 37 (-1)" for [z] < 1. In particular, for z =
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87 Taylor and Maclaurin Series

(n) (8) 5
1. Using Theorem 5 with Ww ?;nl&:.?ﬂ ! 3_€ %SI / _H )
:Hc .

2. (a) Using Formula 6, a power series expansion of f at 1 must have the form S+ F1 (1= = 1) + - Comparing to the

given series, 1.6 — 0.8(x — 1) + - -, we must have f'(1) = —0.8. But from the graph, f'( 1) is positive. Hence, the given
series is nof the Taylor series of a centered at 1.

{b) A power series expansion of f at 2 must have the form f2)+72)x-2)+ @) -2+ Comparing to the
given series, 2.8 + 0.5(z — 2) + 15(z ~ 2)* — 0.1z — 2)* + - - -, we must have 37"(2) = 1.5; thatis, f"(2) is positive,
But from the graph, f is concave downward near x = 2, so ”(2) must be negative. Hence, the given series is ot the
Taylor series of f centered at 2.
3. Since f(0) = (n + 1)), mn_EEc: 7 gives the Maclaurin series
190, _ 2wy, s
)

=) "= ¥ (n+1)z". Applying the Ratio Test with a,, = (n 1)2"™ gives us
n=0 3_ a0 M n=0
. N M n+1 L9
fim (2 ?|+|| = |z] lim nre 2] - 1 = ||. For convergence, we must have [z] < 1, so the
n—oa | dy n—oo T_ + :H_._ n—oe 1+ 1

radius of convergence R = 1.

(-1)"n!

4. Since H.T_:& = Mal?..h._.[:.

Equation 6 gives the Taylor series

di_?c =8n|:=:_ 3 ﬁ..:_.,
| o h "
_..Mra (z-4) =Muo Pl CFSir (z—4) _._M  FaD ) ( —4)", which is the Taylor series for f centered

atd4. Apply the Ratio Test to find the radius of convergence R.
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For convergence, 2 [z — 4] <1 & |z—4|<3,s0R=3
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0| sm 1 _ (z-m/2f  (z- 7/2)! -~ (z—/2)°
1 SmM 0 - 2 * 4! fil A
2 | —sinz -1 = :E
3| —cosz 0 B .Wua (-1 (2n)!
4| sinz 1

ni1 |z —m/2""%  (2n)! |z - m/2f
1 =1 - li =0<1forallz,s0 B = oo,
we| | oo | @2l o i i DRn 1) e -
111 3 (-9 3.5 (z-9)°
15. — == r-9) 4 =" +-
n %A:uﬁhv H‘T.;g a\m 3 m 33 ﬁ u Mu 35 a wm wq m._
0 212 W o w135 (2n=-1)
= -1 -9
1 rw -3/2 13 ..ma_" ) . gintl.gl (z-9)
2| g )
| B 4000 4
) i [L3:5 o DR+ 1) 1o -9 AR SR
lim = lim -
n—ce - 2FL QRN (g 4 7)) ‘135 (20— 1)]z -9
(2t 1)]r - 9l _
= i 1
e | 2Bt D _a <
for convergence, so |z - 9| < 9and R = 9.
e 1 _1)4
16, r =12 -1)46- EZU g B 1oy @1t
n | f™) | ) 2 kil 4!
0 = ] =1-2z~1)+3(z-1)* —4(x - 1)* 4+ 5(z - 1)* -
I
1| -27 -2 - (-1)"(n+1)(z-1)"
2| 67 6 amc (
3| -4z | -4
4] 12007% | 120
- N |x — n+1
lim {2251 = i (21| = lim :+u._H|: = |z~ 1| < 1 for convergence, so R = 1.

fi—oo ﬁ.__.wn_v:_\.h|”__= n—0g z.n—.m

17. If f{z) = cos, then f"*)(z) = +sinz or &+ cosz. In each case,

a?i;i < 1,50 by Formula 9 with a = 0 and

M=1,|Ru(z)| <

?w:. " Thus, |R(z)| — 0asn — oo by Equation 10. So lim R, (z) = 0 and, by

Theorem 8, the series in Exercise 5 represents cos z for all z.

18. If f(z) = sinx, then f' EE = tsinror+cose. Ineach case, T?t:nu < 1,50 by Formula 9 with @ = 0 and

T
)

(n+1) + 1) ‘ 2
Theorem 8, the series in Exercise 14 represents sin z for all .

=1,|Ra(z)| € —— t,,:_am. [Bn(z)| — 0asn — oo by Equation 10. So lim R,,(z) = 0 and, by

n—ag

w: n in In_In
- . B = (-1)"(nz = (-1)"
19, cosz I:Maﬁ 1) ol = flz) = cos(mz) = :Mum,a ﬁqm.u_ )" smo ( uﬁa I L R=c
=Y ml‘_, = flz)=e" = m (/L = W (1 ", R=oc
n=0 T . n=0 n! a=0 2" n!
AT u=+~ o0 ausi e Hu:+u
N tan'z = Muua 1)t — wmil .:3Hazﬁ_LanuzmaT::mﬂH=M3A|55§+H. R=1
Hu...: ) . n Jua+H
2 sinz = Mwoﬁ Gt i) = f(z) =sin(z uuzMU__ 1) i
oo - oo -| : oo (1) ent2
z.%umcwl_ 5 flz) =1t =42 e M :Hf R=oo
. cosz = M: V'S 5 cos2r= mﬁl n (2™ m - v._ uaqn.. =
G& o )l
flz) =zcos2z = M|.\.=ﬁ ﬁim . M R=wo

25, sin’ ¢ = WE —cos2z) =

2.
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(-1)" (22)™
a1 ()

B = AIU_.“_3+_MMHIH n B
“ET Ty R
Hlmwbﬂ 1 M ﬂ Sa Intl N A :_w In+l B H oo A vnt 2n+3
74 T3 Tntl) | T Hm L (2n+ 1)) | MuUa (2n 4 3)!
- o A o
55 ey L e
and this series also gives the required value at = = 0 (namely 1/6); R =ococ.
n ‘m?;nu ._“?ug
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N
2| gl L
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4| -$1+a)2 | -8
n—1 n-17 4
1 .. — oo (_ 3.5 -
mo._::: -l 3:5:-(n-3) forn>2and yTFz=1+42 4 ¥ Y185 El Ba..,
on . 2 n=2 2!
1" '1.3.5..... .
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n—co| @y | n—oo 2+ (n 4 1)! 135 (20— 3)c |
[continued]
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Notice that, as n increases, T, () becomes a better approximation to f(z) for =1 <z < 1.

H 2n 3 .w.. = H.u
= " ¥ = T = H \J‘].{‘ll]‘l_lll
R T
n=p T n=0 n=0
N
flz)=e" +oosz= Mﬁ )" Az_
g 3, B 1
T Tt Tt N
The series for ¢* and cos = converge for all z, so the same is true of the
series for f(x); thatis, i = oo, From the graphs of f and the first few
Taylor polynomials, we see that T, (x) provides a closer fit to f(z) near 0
as 1 increases.
: n n_dn
= - o - O Vi
= -1 = = ) = i R=m
2. cost = a.Ml.n_ﬁ 1) o) = flz) = cos(z ) =MuUc @) mm: 2]
13 Notice that, as n increases, T ()

T,=T,=T,=T,

L5
Th=T,=T,=T,

Zis L=T=T,=T,

becomes a better approximation to f(z).

T, =T,

e

N7 = (12 =22

HW _: R=o0.

Notice that, as n increases, T, () becomes a better

approximation to f{z).
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P m 02 _ & (=02 _ 5, 1 6
Hoe'= ) Thsoe |=m.|ﬁl|73+|33 35 ch _3.5 +502° -
1 ] - —8 - - 3 . =0.2 : A DMH "
But mE.E = 8.8 107", 50 by the Allemating Series Estimation Theorem, e%% & 37 "0 = 0.81873, correct to
! ) ao !
five decimal places.
o T Lz (=)t
32.3° = &% radians and sinz = :Muw Gnt 1) , 50
Y TP
o _x (F) (&) F s 7 T .
— = et \e) + — ... But
%060 & " T 60 1,296,000  93,312,000,000 " g3araon000 <10 s0by
3
the Alternating Series Estimation Theorem, sin Wm % - 5 mmmbc 0 = 0.05234.
Cﬂ . n _ah Ju: oo _._ Ha;
=
33 cosz Moﬁ 1) m: cos(z”) = _,Mﬁ 1) @ =Mu.w ) =
. a0 m_.:L m_im
oslr) = -1 = = " ith R = oc.
zeos(z’) :Mu.\.ﬁ " o] \.anc& Jdr = Q+M -1 Bx+m:wzuts= R=oc

sinx I:s ntl o u____ an .

ilm. W ﬁ _ A 5 sinx ; < ﬁli_..n.m:i.
34, T IHM (2n+1)! IMH ﬁmm+:.c\ dr = .\MU mﬁ+£_§ a+_W\DGn+:_ﬂm=+:_

35. Using the series from Exercise 27 and substituting = for z, we get

2 2np!

\,\Hu+§u:_+m+ PR L R R ET&H?T_

- H = (=1)"'1.3.5. ... (2n=3) 3041
=Crz+3+ ¥ 2l(3n+1) ’
HCC ~ T _ Ionm mal~..8H| t
36, ¢ =o3_ = € Hl_._MHmS_ - IW .1:Mma nl’
with i = oc.
Ha:+n
37. By Exercise 33, ’ e
By Exercise \HBAH Jde=C+ V B=+§mi_
. Bnt2 ! ¥
. = (- 1 1 1 1
.\oasmh Jdr = Tx aiua&; |=mi§+m:§_ TR T T ] , but
. 1
20- 6! :M& ~ 0.000069, so \ zeos(c’)dr = 5 — Bt Q 7 0.440 (correct to three decimal places) by the
-G (1]

Altemating Series Estimation Theorem,

38. From the table of Maclaurin series in this section, we see that

u=+u 2rt-1
I
t = i 1, d = - fi 1 §
an”ly = MUA 1 c?f:_ ] and sinz = V_UH 1) Ao:.,ﬂc,_ or all real numbers z, so
- LOn53 Lt
tan™"(z%) + sin(z M ) +MA 1" fora®in[-1,1] & zin[-1,1]. Thus,

w:.._‘_

2nt1)

o.u _ 0.2 o Jon+s 1 1
H” _ u— T &
\a [tan ﬁ. + sin(x _&H ) MU ﬁm: +1 N (2n + C._v

B AT 1 1 0.z L [0.2)8mH ) 1
55 (1) l = 5 (&2 +
ns0 bn+d\2n+1 (1)) ~ 5 fn+d \2n+1 (2n+1)

(0.2)* (0.2)1° 1
= (1+1)- ™ h +w_u4,

g

]

L

I

[continued]
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02°(1, 1
B 133
_(0.2)*

2

_ 0"

20

=5.12 x 1077, s0 by the Alternating Series Estimation Theorem,

= 0.00080 (correct to five decimal places). [Actually, the value is 0.000 8000, correct to seven decimal places.]

39. We first find a series representation for f(x) = (14 ) "/%, and then substitute.

1l _,.z,3
ViFr 24

Ui - |z
0 Vi4a?

n[ @ [0

0 (14+z)2? 1

1| —31+2)% -1

—5/2

2| a4 | 3

3| R4 L
Y\ 15(4° 1 1, 3,4 5 4
— —_— e — . = — - - pR— e ﬁ
2)78\F)T T e U e
Ly, 37 1 4 " 1 4 . . L
o +&n - mma + =~ (0.1) - mS_: , by the Alternating Series Estimation

fl

1}

Theorem, since 2-(0.1)7 &~ 0.0000000054 < 10~%, which is the maximum desired error, Therefore,

——#= (L099 987 50.
\\ a.__h+‘_4‘u
0.5 0.5 n_Int2 n_intdqli? n
- & : = [(=)"e o (1) _ ;
40. et P = ﬁ dr=% = the te th
% e dr : M Ly Muu o T 32 and since the term wi
1 (-1 1
=218 —— < 0.001, = — — — = (.0354.
"R g SE,_MG Al(2n £ 3 91 Tgp < 0%
—tan~1; A (PR v I PR P ST 1.3 _ Hu+w.~r
P L T 77 ) _ iy 37 L
T 3 20 frowe] d
e fl 1.2, 1 4 _1
=lim(5 - 2%+ 32t - ) =
since power series are continuous functions.
1- 1-(1-4a"+ 12 - 1af 4.
@ lim — %L _ gy ( g )
014 —e a0l4o—(l+z+4 Hfif 24 grs+ Lab 4o
II.H +l.H
= lim — 5 m
a0 — 472 — _
1
1 1.9
= lim =-2 =-1
«lol%l%u;lJHu IWIG
since power series are continuous functions.
sinz —z 4 1o R LR T A TIPS PP
8. lm TRy B ) -
=0 Pl 20 ¥
1.5 1.7
T Ll LA AR DR
=l e =I5 TEHT
sinee power series are continuous functions.
. tanr—1z (z+ic®+ 224 )z i L _
. m:m., T3 Hmﬁ:: Hu waﬂu 3 Hm_mwﬂ\w.+ 2] = 3

since power series are continupus functions.
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2 4 (] m 4
© 2 :
_.+m_ T msnsn_sgziocoujplmﬂ+ﬂ_.l_:wc§

Equation 16. Therefore, ¢™*" cosz = (1-2*+1a% - Q-2+ 4

aaH»+WHﬁ+m.ah+.

2 I

45. As in Example §(a), we have e =1 —

—-++). Writing only the terms with

degree < 4, we gete™ cosz=1— 1at+ 2 =1-32% + Bty

Swonunfu c@ 1
cos H|-nu+ 3T —-

From the long division above, secx = 1 4 jat+ &

_+w_nu+%u.ﬁ+:

_— ml-‘.
bk &

HI...H +ﬂm|=R

0~ +
RS .mmmua._..:
15
HmDH +-
maaﬂ_ﬁ_o:m&smimcho.4HI.I|~+W».N+mmaf..
smnr

48. From Example 6 in Section 8.6, we have In(1 — T)= -z - ja* - 12* — .. |z] < L. Therefore,

msgﬁluvuT+a+waw+.:XrH|Wnurmnu!:v

nralwnulmwaulnulwuurwamf:nlnlman ff— o 2 <1

. e (A"
o St _ & (2

,.Mu”.uH Y nl :Ma n! by

D= (F)T vi
50, =¥ (-1)" =cosE =¥

Z @ = o gt =5 =5 by (6)

0 n4l

= _(=1)'r . & (-1)" A u _ _1

;mu%iéat =L @neny i =y by(s)

oo 5"
D A a: = &5 by (1),

n=0 m:.:. n=0
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—1=¢—1,by(l1).
In2 In2)® & (—In2)" . a1 o
5, _._H.T;m_U ?u_v +___u=m:$u[un 2 (¢R2) 7 =97 = L by (1),

55. Assume that | f"'(z)| < M, so f"(z) < M fora < z < a + d. Now Lrgd < [fMdt =
T - fe) <M(z—a) = f'(2) < f"(a) + M(z ~ a). Thus, S de < [E 1" () + M(t—a)]dt =

fla)= f@) < f(a)e-a) + Mz =af* = [() < f'(a) + f'(a)(z - a) + IM(z - a)?

L Fwdt < [7[f'(a) + fa)(t —a) + LM(t - a)? Pldt =

flz) = f(a) < f'(a)(z - a) + 3 f"(a)(z - @)’ + IM(z - a)*. So

1) - (@) ~ o)z~ a) - 1£"(@)(& - a)? < IM(z - o). Bu

mME = f(z) = Tafz) = f(z) - f(a) - £'(a)(x ~ a) - § f"(a)(z - a)?, 50 Ra(z) < EM(z - a)*.

A similar argument using f""(z) > —M shows that Ra(z) > ~2M(z — ). So |Ry(z2)] < 1 IMz<af.

Although we have assumed that z > a, a similar calculation shows that this inequality is also true if = < a.

P -1/z*

N 0 IO T ey e
(using I"Hospital's Rule and simplifying in the penultimate step). Similarly, we can use the definition of the derivative and
I'Hospital’s Rule to show that f(0) = 0, f®(0) = 0, ..., f")(0) = 0, so that the Maclaurin series for f consists

entirely of zero terms. But since f(z) # 0 except for z = 0, we see that f cannot equal its Maclaurin series except
atz = 0.

() 0,002

5. (a) f(z) =

From the graph, it seems that the function is extremely flat at the
origin. In fact, it could be said to be “infinitely flat™ at = = 0, since

all of its derivatives are () there.

-04 04
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2. The graph is inconclusive about the limit of f as ¢ — 0.

-2
3. The limit has the indeterminate form m_ Applying I'Hospital’s Rule, we obtain the form m six times. Finally, on the seventh
nM(z) -168

application we obtain n_uw i(z) =5 =1
4 lim f(z) = lim 22D 2 lim —30 E.. il
e o (z) =0 —graT+ 24 m,r_L+
- lim ﬁl.._l—au.ql._‘ama +- :H - lim J%|JQH+ I“WI-Q
- = ! =
20 (—gga” + 3500 + a0~ a4 -

Note that '™ (z) = d7)(z) = ~ L = 504 — 168, which agrees with the result in Problem 3.

5. The limit command gives the result that lim f{x) = 1.

240
6. The strange results (with only 10 digits of precision) must be due to the fact that the terms being subtracted in the numerator
and denominator are very close in value when || is small. Thus, the differences are imprecise (have few correct digits).

8.8 The Binomial Series

1. f(z) = nfz) _ : sin(tan r) — tan(sin ) _
d(z)  arcsin{arctanz) — arctan(arcsinz)

z | 1)
1 1.1838
01 0.9821
0.0 2.0000
0.001 3.3333
0.0001 | 3.3333

The table of function values were obtained using Maple with 10 digits of precision. The results of this project will vary
depending on the CAS and precision level. It appears that as z — 07, f () — 42, Since f is an even function, we have
flz) = Lasz—0.

1. The general binomial series in (2) is

P A o kE-1) 5 k(k-1)(k-2)
(1+2) HaMnUn N =1+4kr+ T 4 3 4
1 1 1
o &) . (2)(=3) .
(14)" Hnmo M T HH+_$VH+ 2 o 2ty
¢ 2 132 1.3.5.2°
tyeatEy g b
o B L T T S ~ 3"
uu+m+MH D7 L85 (-3 for [z < 1, soR=1.
2 = 2".n
2 — ! (1+z)* = W o x". The binomial coefficient is
(27~ S .
_EES)E6) (At ) (4)(=5)(=6) - [~ (n + 3)]
n- n! n!

(1723456 (n+1)(n+2)(n+3)  (-1)*(n+1)(n+2)(n+3)
B 2-3-n! - i

Thus, :._m_ X = W =1 ?+:M_1m:3+&uz forjz| <1, soR=1
T n=0




