Math U575 FE Spring 08 Solutions

Math U575 Final Exam Spr 08  Solutions/comments A. larrobino 4/09.
You will need the original exam from the Class Packet.

la{z}! {oneof Z ..z " Z.Z." Z,.Z," Z," Z,.Z," Z" Z," Z}! {oneof Z,. Z," Z,}
b. 6, 5+1,4+2,4+1+1,3+3,3+2+1,3+1+1+1,2+2+2,2+2+1+1,2+1+1+1+1,1+1+1+1+1+1.

and6=p, +! +p  correspondst,, ®---®Z,

OR see tales:

6 |5+1 4+2 4+1+1 3+3 3+2+1 3+1+1+1

Z,y |20 2,2,02, |2,! 2, Z, | Z2,®Z, |Z,! Z,! Z,|2,©2,02,8Z,
2+2+2 2+2+1+1 2+1+1+1+1 1+1+1+1+1+1
Z,VZ,V Z, |2,V Z,' Z,! Z, | Z ©2,©Z,©Z,®7Z, z,\zVz"VZzZ!"2Z! Z

2a. U(75)=U(B)xU(25)=Z,®Z,

2b. U(7)=1{1,2,3,4,5,6} unde ‘mod 7, 2°=8=1,0(-2)’=—1,0U(7)=<2>=<5>.
p:UN—>2Z,: o(B5%)=a

3a. (1,5)(2,6,4,8,3)(7), order lcm(2,5)=10.

3b. Note g* =(h")’ =h* =h (as | h|divides 10). So h=g’ =(1,5)2,8,6,3,4)

4a. Since |(a,b)| =lcm (|a], |b|), at least one of |a|, |b] istBeavttier is 1 or 3.
So a=0,1,2, b=0,4,8, with (0,0) not allowed, so 8 elements have order 3.
4b. Yes, the subset together with (0,0) is closed under +, subgroup of order 9.

5. H=<(1,2,3,4)>inS, but (15)H(15)*=<(5,2,34)> =#!H, so H is not normal.
6. The orbit sizesan be {1,5,25,125} and we must partition 99 into parts {1,5,25}.
The minimal # orbit decomposition is 99=25+25+25+5+5+5+5+1+1+1+1, 11 orbits.

7.a. |Im(f)||"gad(!| Z, |!|Ss ) = 6, so could ostensibly be 1,2,3, or 6 .
To show each occurs, we must give an example of each (or sgpumeezit).
ITm(f)I=6: f(1)=(AB)YCDE); IIm(f)=3,f(1)=(CDE); ITm(f)I=2 f(1)=(AB).
Im(f)I=1, f()=e.
b. The order of (ABCDE) is 5, which does not dividé, I= 6. (For
f:G— H, IIm(f)| both |G| and | H I.
c. See first homomorphism above. |(AB)(CDE)|=lcm (|(AB_|,|(ABC)|)=6
8a. HO is conjugate to H in G if there is 6, such that# ' = gHg'".
8b. Let H'=gHg'". Define¢g:H = H', ¢(hy=g'hgeH".
Now ! (ab) =g '(ab)g=(g 'ag)-(g 'bg) =/ (a)! (b), showing ! is a homomorphism.
Onto: Let h'! H', andset h=gh'g"". Then #h)=g '(gh'g "Yg=h".
1-1: Let ¢(h)=¢(h). Then g'hg=g'h,g = h =h, by left and right cancellation.
9. a. f(a+b)=4(a+b)mod 8 =4a+4bmod 8 = f(a)+ f(b)in Z,.
b. f(a)=0«< 4a=0 mod 8 & a even. Ans: ker(f)=2Z.
c. Z/Ker(f)=2/22! Z,.
d. Im(f)=4Z,.
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e. y(0)=(0),y(1) = 4.

77
10.a. n,|—=11Yand!n, ! 1Imod!7" !in, =1
7

nnE =7Mand"!n;; ! Umodl1" !n,, =1. Thus both Sylow subgroups are normal.

|H[&N| _ 741
|H! N| 1
(SinceH! N" H,N,!'welhawe!|H! N||'|gad(H ||N])=1!"so H! N ={e}.).
Thus H,N are normal subgroups with HN=G, artld! N = {e}. which is the definition

of G being an internal direct product (text p. 187).
For more detalil.

Let H=<h>, N=<n>. Thehnh™ = n"as!Nlis'normal . But

6 :MH — Aut(N),119(h*)on® = h*(n*)h™ is a homomorphism, buut(N)! Z,,,

so |!Im(9) |'|'gad(7,10)=1, so /(hy=e" Aut(N)# a=1$ hnh*=n$ hn=nh
Now define! :H" N# G, ! (h*,n")=h‘n", and note thatxis a homomorphin
That is *1, onto. [This proves Thm 9.6].

[You donOt need this detail in this proof, but you might in a questioncaiéieshtly].
c. Z,! Z," Z,, since the orders are relatively prime. Or, (h,n) is a generator of G.

11. Assumé& is finite
Then# conjugacy classed G=|G| if and only if eaclg € G is a fixed point for conjugacy, if
and only if hgh™ = g!l forlall'h € G,\=hg = gh! forlall'g,h € G.
Note: TheQonly ifOstatement is not true for infinite groups: Take=S, ® H or G=S,® H ',
whereH is the countable groupl =z,! Z,! ---! Z, (terms numbered 1, 2,E, only a finite
number of components are 010), and HO is the uncountableigteup, ® Z, ® ---® Z,
(elements of HO correspond o the subsets of the integers indicating components O1Gb
restrictions) In either case the number of conjugatasses = |G|, but the group is not
Abelian.
12. Let S={8 sides}, C={B,W,Y}X =C’: colorings of the labeled 8 sides with 3 colors.
|K |'=13%. The groupG = Z, acts.

Fix(0)=K (0 has 8 orbits on S, |Fix(0)|3".

Fix(1)=Fix(3)=Fix(5)=Fix(7)={ all sides same color} [Each of 1,3,5hAve a single orbit
actingon S |Fix(1)\= 3"
Fix(2)=Fix(6)= {every other side same color}. Each of 2,6 have twot®dm S. |Fix(2)|:32..
Fix (4)=(opposite sides the same color) ((4) has 4 orbits OWiR(4|= 3*.
3 +3"+2(3)+403)

IGI=8

b. Let H be 7Syow and N be 1:Bylow. Then| HN |- =77,

Ans. #orbits of G adingonK = =834.




