
Math U575 FE Spring 08  Solutions 

  Math U575 Final Exam Spr 08     Solutions/comments       A. Iarrobino  4/09. 
You will need the original exam from the Class Packet. 
 
1a.{Z3} ! {one of  Z

54
,Z

53
" Z5 , Z52

" Z
52
, Z

52
" Z5 " Z5 ,Z5 " Z " Z5 " Z5 } ! {one of  Z49 ,  Z7 " Z7 }  

  b.  6, 5+1,4+2,4+1+1,3+3,3+2+1,3+1+1+1,2+2+2,2+2+1+1,2+1+1+1+1,1+1+1+1+1+1. 
    and  6 = p1 + ! + ps  corresponds to 

 
Z

2p1 ⊕⊕ Z
2ps  

OR  see tables: 
 6 5+1 4+2 4+1+1 3+3 3+2+1 3+1+1+1 
Z
26  Z
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! Z2  Z

24 ⊕ Z
22  Z

24
! Z2 ! Z2  Z

23 ⊕ Z
23  Z

23
! Z

22
! Z2  Z

2
3 ⊕ Z

2
⊕ Z

2
⊕ Z

2
 

 
2+2+2 2+2+1+1 2+1+1+1+1 1+1+1+1+1+1 
Z
22

! Z
22

! Z
22  Z

22
! Z

22
! Z2 ! Z2  Z

22
⊕ Z2 ⊕ Z2 ⊕ Z2 ⊕ Z2  Z2 ! Z2 ! Z2 ! Z2 ! Z2 ! Z2  

 
2a.  U(75) =U(3) ×U(25) ≅ Z2 ⊕ Z20  

2b.  U(7) = {1,2,3,4,5,6} under  ·mod 7,  23 = 8 = 1, so (−2)3 = −1, so U(7) =< −2 >=< 5 > . 
   ϕ : U(7)→ Z6 :     ϕ(5

a) = a.  
3a.  (1,5)(2,6,4,8,3)(7),  order lcm(2,5)=10. 
3b. Note  g3  = (h7 )3 = h21 = h  (as  | h | divides 10).  So  h = g3 = (1,5)(2,8,6,3,4)  
 
4a.  Since  |(a,b)| =lcm (|a|,  |b|), at least one of  |a|, |b| is 3, and the other is 1 or 3. 
   So  a =0,1,2,   b=0,4,8, with (0,0) not allowed, so 8 elements have order 3. 
4b.  Yes, the subset together with (0,0)  is closed under +, subgroup of order 9. 
 
5.  H= <(1,2,3,4)> in S4   but  (15)H(15)−1 =< (5,2,3,4) > ≠!H,  so H is not normal. 
6.  The orbit sizes can be {1,5,25,125} and we must partition 99 into parts {1,5,25}. 
The minimal # orbit decomposition is 99=25+25+25+5+5+5+5+1+1+1+1,  11 orbits. 
 
7. a. | Im( f ) | !!gcd(!|Z6 |,!|S5 |) = 6,  so could ostensibly be 1,2,3, or 6 . 
  To show each occurs, we must give an example of each (or some argument). 
  | Im( f ) |= 6 :    f (1) = (AB)(CDE);   | Im( f ) = 3, f (1) = (CDE);  | Im( f ) |= 2   f (1) = (AB).  
  | Im( f ) |=1,   f (1) = e. 
   b.   The order of (ABCDE) is 5, which does not divide | Z6 |= 6.  (For  

f :G→ H ,  | Im( f ) |   both  |G |  and  | H | . 
  c.  See first homomorphism above.  |(AB)(CDE)|=lcm (|(AB_|,|(ABC)|)=6. 
8a.  HÕ is conjugate to H in G if there is g in G, such that H ' = gHg! 1. 
 8b.  Let  H ' = gHg! 1. Define φ : H → H ',   φ(h) = g−1hg∈H '.    
   Now  ! (ab) = g" 1(ab)g = (g" 1ag)·(g" 1bg) = ! (a)·! (b),  showing !  is a homomorphism. 

   Onto:  Let  h' ! H ',  and set  h = gh'g" 1. Then #(h) = g" 1(gh'g" 1)g = h'.  
   1-1:   Let   φ(h1) = φ(h2 ).  Then  g

−1h1g = g
−1h2g  ⇒ h1 = h2  by left and right cancellation. 

9.   a.   f (a + b) = 4(a + b) mod 8 = 4a + 4b mod 8 = f (a)+ f (b) in Z8 .  
  b.  f (a) = 0⇔ 4a = 0 mod 8⇔ a even.  Ans:  ker( f ) = 2Z.  
  c.   Z / Ker( f ) = Z / 2Z ! Z2 .  
  d.  Im( f ) = 4Z8 .  
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  e.  ψ (0) = (0),ψ (1) = 4. 

10. a.  n7

77

7
= 11,!!and!!n7 ! 1!mod!7 " !!n7 = 1. 

    n11

77

11
= 7,!!and !!n11 ! 1!mod!11" !!n11 = 1.    Thus both Sylow subgroups are normal. 

b.  Let H be 7-Syow and N be 11-Sylow.  Then |HN |=
|H |á|N |
|H ! N |

=
7á11
1

= 77,   

(Since H ! N " H,N,!!!we!have!| H ! N |! !gcd(| H |,| N |) = 1,!! so  H ! N = {e}. ). 
Thus  H,N  are normal subgroups with HN=G, and  H ! N = {e}.  which is the definition 
of G being an internal direct product  (text p. 187). 
For more detail. 
 Let  H=<h>,   N=<n>.   Then hnh−1 = na ,!!as!N !is!normal .  But  

 
θ :!!H → Aut(N),!!!θ(hk ) ns = hk(ns)h−k  is a homomorphism, but Aut(N) ! Z10 ,  

so | !Im(θ) |! !gcd(7,10) = 1,   so  ! (h) = e "  Aut(N) # a =1  $  hnh%1 = n $  hn= nh.  
Now define  ! :H " N # G,   ! (ha , nb ) = hanb ,   and note that α is a homomorphism 
That is 1-1, onto.  [This proves Thm 9.6]. 
  [You donÕt need this detail in this proof, but you might in a question asked differently]. 
c.  Z7 ! Z11 " Z77  since the orders are relatively prime.  Or, (h,n) is a generator of G. 
11. Assume G  is finite. 
Then # conjugacy classes of G=|G| if and only if each g ∈G is a fixed point for conjugacy, if 

and only if  hgh−1 = g!! for !all !h ∈G,!⇔!hg = gh! for !all !g,h ∈G. 
Note: The Òonly ifÓ statement is not true for infinite groups: Take G = S3 ⊕ H  or  G = S3 ⊕ H ',
where H is the countable group 

 
H = Z2 ! Z2 !  ! Z2  (terms numbered 1, 2,É, only a finite 

number of components are Ò1Ó),  and HÕ is the uncountable group  
 
H ' = Z2 ⊗ Z2 ⊗⊗ Z2  

(elements of HÕ correspond 1-1 to the subsets of the integers indicating the components Ò1Ó, no 
restrictions).  In either case the number of conjugacy classes = |G|, but the group G is not 
Abelian. 
12.  Let  S={8 sides}, C={B,W,Y}, K = CS :  colorings of the labeled 8 sides with 3 colors.  
| K |!=!38.  The group G = Z8   acts.   

  Fix(0)=K   (0 has 8 orbits on S, |Fix(0)|= 38.  
  Fix(1)=Fix(3)=Fix(5)=Fix(7)={ all sides same color}  [Each of 1,3,5,7 have a single orbit 
acting on S,      |Fix(1)\= 3

1. 
Fix(2)=Fix(6)= {every other side same color}. Each of 2,6 have two orbits on S. |Fix(2)|= 3

2. . 
Fix (4)=(opposite sides the same color)   ((4) has 4 orbits on S.  \Fix(4|= 34 .  

 Ans. #orbits  of   G acting on K  =  3
8 + 34 + 2(32 ) + 4(3)

|G |= 8
= 834.           


