Math U575 Spring 08 Quiz 3 Prof. A. larrobino Solutions

Note these problems were closely related to HW and Worksheet: #1,2i, mog of 3 are
HW from Chap 6. #4 isessentially WS2 #1, and #5 fromWS 2 #2 3. | would like
studentsto learn this material, and dowell onthem,. Related Quiz 4 Feb 27 (Chap 6,7,8).

1. Showtha themap 7: C, +to C,+ /(a+bi)=a" bi isanisomorphism of additive
groups Youneed to show ! is1-1, onto, and satisfies a homomorphism propety.
Ans. ! 1-l:t(a+bi)=1(ctdi) >a-bi=c—di >a=c,b=d=a+bi=c+di.
! Onto: Given g=a+bill!l 1"(a#bi)=a+bi.
T((a+bi)+(c+di)=1((atc)+(b+d)i)=
! Homomorphism: (a+c¢)—(b+d)i=(a—bi)+(c—di)=
T(a +bi)+ 1(c + di).

2.i. Showtha U(8) isisomorphic to U(12), butis notisomorphic to U(10).
Ans. U(8): 1735,7, 3=5°=7"=1mod8.
U(12): 1,5,7,11: 5°=7>=17 =1mod12.
Themap ! :U®)" UU12):!(3)=5,I(5)=17,!(7)=11.is1-1,onto andtakesthe
Cayley table of U(8) to that of U(12), so it is an isomorphism.
But U(10)=(1,3,7,9) =<3> (since ¥ =9,3°=7,3'=1), sniscydlic.

21i. Identify each of these as either a cyclic group, or aprodud of cyclic groups
Ans U®8)=Z,®Z, =U(12);"U(10)= Z,.

3. Let r,n! N. Showtha themapping
o:Z,—7Z, ddinedby a(s)=s modnforalsin Z, isanautomorphism of Z,,
if andonly if ris relatively primeto theinteger n.
Ans. A. Assume GCD(r,n)=1. Then weclaim:
i.! isl-1: let a(s)=oa(s") Then rssrsOmodn
Don| (s rs)=r(s" s)! n|(s" s") snce GCD(r,n)=1
& s=sOmodn.
ii. I isonto: Since « is1-1fromaset with n elementsto (thesame) set with n
elements, it isonto (pigeonhok prindple).
OR: Recall tha ¢(n) =IU(n) I= #{!integers'k, 1 < k<nls.t.'\GCD(k,n) =1}.
Since r’™ =1!lmodn, given win Z, wehave r(r'™ *w)=w!modn, (w is hit).

iii. I isahomomorphism:
I (s+s)y=r(s+Ss)Ymod!n=rsl+!rs''modn="! (s)+! (s").
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4.1. Let g, hbedigoint 3-cyclesin thesymmetric group S,. Showtha the subgroup
H=<g,h>of S, generated by gandhisisomorphicto Z,! Z,.

Ans, Define ! :1Z," Z,# \H:IIV (a,b)=1g°h° $IH.
i. Firgt, nate 6 iswell-defined, sinceiif (a,b)=0in Z,x Z,, then 3|3 3|h and g*h’=e

ii. Clam! is1-1. 6(a,b)=0(c,d) = g*h’ = g'h’ & g “g*h’h™" = g *g*h’h™"

oe=¢"h""eg*°=h"" But<g>N<h>=e¢ (digointcycles),
0 g"“=e=h""" 3|(a! c¢)and3|(db)" (ab)=(cd)inZ,xZ,.

iii. Claim @ isonto: gh=hg, hence any element of H can bewritten g“h” = I (a,b).
iv. Claim !/ isahomomorphism:
! ((a,b)+(c,d)=! (a+c,b+d)=g*°h*** = (g°h°)(g°h") =/ (a,b)!4 (c,d)

4.1i. Suppo® tha g,h are 3-cycles having asingle entry in common. Wha can you say
aboutthesubgroupW of S, they generate? [for example g=(ab,c), h=(c,d,e).]
Ans. Note thegroupW c!A; since each element of <g>and <h> are even, 0
al produdsinvolvingg and h. are even (an even produd of trangpostions)
Also, gh=ab,c,d.e), hg<ab,dec),and ghg'=(a,d,e),!!lhgh'=(a,b,d).
And (ad.e)(adb)=(ae)(b,d)= ghg''(hgh'')''. Thisisaninvolution (squae €)
This beginsto suggest tha W=A, .
Exercise: ShowW=A,. Using Lagranges@ Theorem 7.1, since | A, |=5!/2, it suffices to
Showthat 60| |W|. You need to show thereis another involution, hence an order 4
subgmoupin W.

5i. Showtha thehomomorphism
0:S,— S :0(g) = left multiplication by gontheelementsof S,, isinjective.
Ans. Noticetha !(g) (e)=ge=g. (Here eistheidentity element of S,).
Hence /(g)='/(9") (aselementof S,) implies
g=6(9) (e) =0(g") (€)=gOThusthehomomorphism 60 is1-1.
(Note: thisisadifferent statement than “~6(g) (an eement of S) is 1-1Q which
some students showed).

5ii. (EC) Showthat /(g™)=!(!(g))".
Ans. Wetest equdity of elementsof S, by showingtha ther actionson each
elementhof S, isthesame. Let 2! S,. Then
(g™ (=g 'h.!1So!" (g)!0t" (g ") (h) = (g "h) = h.
Thus '6(g)lo!6(g™") = g, (here eistheidentity element of S, ), implying
1(@")=(!(g) "', (bydeinitionof inverse).



