
Math U575  Spring 08 Quiz 3 Prof.  A. Iarrobino             Solutions 
Note these problems were closely related to HW and Worksheet:  #1,2i, most of 3 are 
HW from Chap 6. #4 is essentially WS2 #1, and #5 from WS 2 #2,3.  I would like 
students to learn this material, and do well on them,.  Related Quiz 4 Feb 27 (Chap 6,7,8). 
   
1. Show that the map ! : C, + to C,+  ! (a+ bi) = a " bi  is an isomorphism of additive 
groups. You need to show !  is 1-1, onto, and satisfies a homomorphism property. 
  Ans. !   1-1: ! (a + bi) = ! (c + di)!!" a # bi = c # di!"a = c ,b = d"a + bi = c + di.  
           !   Onto:  Given g = a+ bi!!!! !" (a # bi) = a+ bi.  

         !   Homomorphism:   

! ((a + bi)+ (c + di) = ! ((a + c)+ (b + d)i) =

(a + c) " (b + d)i = (a " bi)+ (c " di) =

! (a + bi)+! (c + di).

 

 
 
2.i.  Show that U(8) is isomorphic to U(12), but is not isomorphic to U(10). 
    Ans.   U(8):   1,3,5,7,  32

= 52
= 72

= 1!mod8.   

               U(12):  1,5,7,11:   52 = 72 = 112 = 1!mod!12.   
         The map ! :U(8) " U(12) : ! (3) = 5,! (5) = 7,! (7) =11.  is 1-1, onto and takes the 
Cayley table of U(8) to that of U(12), so it is an isomorphism. 
              But U(10)=(1,3,7,9) =<3>  (since 32

= 9,33
= 7,34

= 1), so is cyclic. 
 
2 ii. Identify  each of these as either a cyclic group, or a product of cyclic groups.  
   Ans.  U(8) ! Z

2
" Z

2
!U(12);!!!U(10) ! Z

4
.  

 
3.  Let r,n ! !N .  Show that the mapping 
  ! :Zn " Zn   defined by  !(s) = sr  mod n for all s in Z

n
 is an automorphism of Zn  

if and only if r is  relatively prime to the integer n. 
       Ans.  A. Assume  GCD(r,n)=1. Then we claim: 
              i. !  is 1-1.:   let  !(s) = !(s ')   Then  rs=rsÕ mod n               
               ! n |!!(rs " rs ') = r(s " s ') ! !n | (s " s ')   since GCD(r,n)=1 

    !   s=sÕ mod n. 
   ii. !  is onto:  Since !  is 1-1 from a set with n elements to (the same) set with n 
elements, it is onto  (pigeonhole principle).  
OR: Recall that !(n) =|U(n) |= #{!integers!k, 1 " k<n!s.t.!GCD(k,n) = 1}.   

Since r ! (n) = 1!modn,  given  w in  Zn   we have   r (r ! (n)" 1w) = w!modn, (w is hit). 
 
   iii. !  is a homomorphism:          
! (s+ s') = r(s+ s')!mod!n = rs!+!rs'!modn = ! (s)+! (s').  
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4. i. Let  g, h be disjoint 3-cycles in the symmetric group S6 . Show that the subgroup 
H=<g,h> of  S6  generated by g and h is isomorphic to  Z 3 ! Z 3 .  

  Ans;   Define  ! :!Z3 " Z3 # !H:!!!!! (a,b)=!gahb $!H.     

i. First, note !  is well-defined, since if (a,b)=0 in Z3 ! Z3 , then 3|a, 3|b, and  gahb
= e.  

   ii.  Claim !  is 1-1. !(a,b) = !(c,d)" gahb = gchd " g
#agahbh#b

= g
#agchdh#b  

           ! e= gc"ahd"b
! ga"c

= hd"b    But  < g > I < h >= e  (disjoint cycles),  

             so   ga ! c
= e = h

d ! b " !3| (a ! c)!and!3|!(d-b) " !(a,b)=(c,d) in Z3 ! Z3 . 

  iii. Claim !  is onto:   gh=hg, hence any element of H can be written  gahb !=!! (a,b).  
 iv. Claim !  is a homomorphism:          
! ((a,b) + (c,d) = ! (a+ c,b+ d) = ga+chb+d

= (gahb)(gchd ) = ! (a,b)!á! (c,d)  
 
   4. ii. Suppose that g,h are 3-cycles having a single entry in common. What can you say 
about the subgroup W of S5  they generate?   [for example   g=(a,b,c),  h=(c,d,e).] 

Ans.    Note  the group W !!A5  since each element of <g> and <h> are even, so 
all products involving g and h. are even (an even product of transpositions.) 

            Also,    gh=(a,b,c,d,e),  hg=(a,b,d,e,c), and  ghg! 1
= (a,d,e),!!!hgh! 1

= (a,b,d).  

          And   (a,d,e)(a,d,b)=(a,e)(b,d) = ghg! 1
(hgh

! 1
)

! 1
.!!!  This is an involution (square e) 

            This begins to suggest that  W= A5 .  
  Exercise:  Show W=A5. Using LagrangesÕs Theorem 7.1, since |A

5
|=5!/2, it suffices to 

Show that 60 | |W|. You need to show there is another involution, hence an order 4 
subgroup in W. 
 
5i. Show that the homomorphism  
! :!S3 " S6 :!!(g) =!left !multiplication!by!gontheelementsof !S3, is injective. 
      Ans:   Notice that  ! (g) (e)=ge=g. (Here e is the identity element of  S

3
).  

       Hence  ! (g) =! (g')  (as element of S6 ) implies 

             g=!(g) (e) =!(g ') (e)=gÕ. Thus the homomorphism ! ! is 1-1. 
    (Note:  this is a different statement than  ``!(g)  (an element of S6 ) is 1-1Ó, which           
some students showed). 
 
5 ii.  (EC)   Show that  ! (g" 1) =! ! (g)( )" 1 .   
   Ans.    We test equality of elements of S6  by  showing that their actions on each 

element h of S
3
 is the same. Let h ! !S3. Then 

   !(g"1
) (h)= g

! 1
h.!!!So!" (g)!o!" (g! 1)(h) = g(g! 1

h) = h.  

       Thus   
 
!!(g)!o!!(g"1

) = e, (here e is the identity element of S
6
 ), implying   

! (g" 1
) =! ! (g)( )

" 1
,   (by definition of inverse). 

 
 


