Math U575 Spring 08 Quiz 4c Prof. A. Iarrobino Name:
Please show your work for full credit. Best 5. Score 10 pts each problem 1-7,9. 25=100%
1. Determine the left cosets of the following subgroups H of the respective G. Also
determine the order of each group H.

a. H=5Z in the group G=2,+.

b. The subgroup H generated by (4) in Z, ,+.

c. The cyclic subgroup H=<g> generated by g=(2,2) in Z, ® Z, .

d. The subgroup H=<(1,2,3)>in the symmetric group S,, (permutations of {1,2,3}).
Also, determine if H is a normal subgroup.

e. The subgroup W=<(1,2)> in the symmetric group ;. Also, determine if W is a
normal subgroup.

2. Consider G=2,,®Z,,®Z,, .

a. What is the order of (3,4,8) in G? Explain.

b. Does G have a cyclic subgroup of order 120? If so, determine a generator.

c. Does G have a cyclic subgroup of order 80? If so, determine a generator; if not, show
why not.

d. Decompose G=Z, ®Z,, ® Z,, as a direct sum of p-groups, p prime. (A p-group is

one of order a power of p).

3. Consider the 7-group W=Z,,®Z,,.

a. How many elements does W have of order 49?

b. Consider the subgroup H=<(1,1)>, and its subgroup T = <(7,7)>. How many cyclic
subgroups of order 49 intersect H in exactly T?

c*. Determine the number of cyclic subgroups of order 49 in W.
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4. Prove that a subgroup H of index 2 in a finite group G is normal. Also, show that the
analogue is false for subgroups of index 3.

5. Consider the group G of rotations of a regular tetrahedron with vertices (A,B,C,D). as
a subgroup o(G) in S, of the permutations of the set S={A,B,C,D}.

Let G act on the set S of 4 faces F={ABC, ABD, ACD, BCD)} of the tetrahedron.
We’ll label the faces ABC, ....,BCD by F,F,,F, F,.,
1. Show that the stabilizer H=Stab,(F;)in G of the face F, =ABC is the subgroup

H with image o(H)={(ABC), (ACB), e} in §,..

ii. What is the orbit  Orb,(F,)?

iii. What is the order of G? (use i,1i).
iv. show that the left coset (ACD) Stab,(F;) consists of the 3 elements taking the face
F, to F,. Identify the image of this left coset in §,.

v. Show that G is the alternating group A,. Also show that (AB)(CD)isin G.

vi. Show that Stab,,(F,)=(ACD) Stab,(F,) (ACD)™"

=(ACD) Stab(F,) (ADC).

6. Let G from #5 act on the set E={AB,AC,AD,BC,BD, CD} of 6 edges of the
tetrahedron. We label the edges AB=E,, ....., CD=E,.

a. What is Stab;(E,)? Orb;(E,)? Whatis Stab,(E,) in terms of Sth;(E,)?

b.. Let G act on the set K={({E,,E(},{E,,E;},{E;,E,}} of pairs of complementary
edges, we label the pairs {E,E } =K. {E,,E;} =K,,{E,,E,} = K,.

i. Show that S, (K,) =(AB)(CD), (AC)(BD),(AD)(BC),e). Whatis Orb.(K,)?
ii. Show that Stab,(K,) = Stab.(K,) . Conclude that Stab.(K,) is normal in A,.

7. Recall that U(p") = Zp"—p”” for podd,U2")=Z2,®Z,,,,n>2. U4)=7Z,.
Consider the group G= U(280) =of integers between 1 and 279 relatively prime to 280.
i. Write U(280) as a product U(a) x U(b) x U(c), with a,b,c each a prime power.
(Determine the integers, a,b,c).

ii. Identify each U(a) as a cyclic group. Determine the order of U(280).

iii. Determine the number of elements in U(280) of order 6.

8*. Make up and solve a suitable problem for a quiz 4 in Math U575.



Math U575 Spring 08 Quiz 4 Prof. larrobino Name

p.3.
9. Let H be a subgroup of a group G, and let aH, and bH be left cosets of H.

Prove that aH (\bH # O (empty set) = aH = bH.

Please begin by assuming that there is an element c in aH | bH. The requested proof

underlies the result that “the left cosets of H form a partition of G” (so, in particular,
you may not assume the result about partitioning G).



