Math U575 Spring 08 Quiz 4c Prof. A. larobino  Solutions
Please show your work for full credit. Best 5.
Scoring: 10 pts each problem #1-7 #9. Bonus 1 pt for 10pt problem. Scale 25=100%

1. Determinetheleft cosets of thefollowing subgoupsH of therespective G. Also
determinethe order of each groupH.Z,,

a H=5Z inthegroupG=2,+.
AnNs. Order H infinite, cosets are H, 1+H, 2+H, 3+H, 4+H/

b. Thesubgoup H generated by (4) in Z,, ,+.
ANs. Order His 7, cosets are H, 1+H.

c. Thecyclic subgroupH=<g> generated by g=(2,2) in Z, ® Z,.
Ans. Order H=|< g>|= lcm(2,3)=6, so two cosets: H, (1,1)+H.

d. Thesubgoup H =<(1,2,3)>in thesymmetric group S,, (permutationsof {1,2,3}).
Also, deermineif Hisanomal subgroup.

Ans. Order H=3, H={(1,2,3), (1,3,2), e}=A,;; the two cosets are H, (1,2)H.

H is normal since it has index 2 in S,. (see problem #4).

e. Thesubgroup W=<(1,2)> inthesymmetric group S,. Also, determineif W isa
nomal subgroup.

Ans. W=<(1,2),e>, of order 2. Cosets W, (1,3)W={(1,2,3),(1,3), (2,3)W={(1,3,2),(2,3)}
Since W(1,3)={(1,3,2),(1,3) #(1,3)W, W is not a normal subgroup.

2.Condde G=2,,! z,,! Z,,.

a Wha istheorde of g=(3,4,8)in G? Explain.

Ans.  Order g= lcm (order of 3 in Z,,, order of 4in Z,,, order of 8 in Z,,
= lcm(4,15,5)=60.

b. Does G have acyclic subgoup <g& of order 1207 If so, determine agenerator.
Ans. Yes, many: just need divisors a of 12, b of 30, ¢ of 40, with lcm (a,b,c)=120.
Then (12/a,30/b,40/c) has order 120. Example: a-12,b=5,c=4 so g’=(1,6,10).

Or a=12,b =30,c=40, g’=(1,1,1).

c. Does G haveacyclic subgmoupof order 807 If so, determinea generator; if not, show
why not

AnNs. No, since 80 does not divide Icm (12,30,40)=120, so 80 cannot occur as an order
of an element in the product G.

d. Decompoe G=27,! Z,,! Z,, asadirect sumof p-groups p prime. (A p-groupisa
oneof order a power of p).

Ans. G=(Z,! Z,! Z,)! (Z,! Z,)! (Z,! Z;)

(sum of 3 p-groups, of orders 64,9,25, respectively).
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3. Condde the7-group W=Z2,,® Z,,.
a. How many elements does W have of order 49?
Sol. An element has order 49 if either component does. The seven elements
(0,7,14, ....,42) in Z,yhave order 1 or 7. So the number of elements not having order 49
in Wis 7x7=49. Ans. So there are 49(49)-49=2352 elements of order 49 in W.

b. Condder thesubgoup H=<(1,1)>, and itssubgroupT = <(7,7)>. How many cyclic
subgroupsof order 49intersect H in exactly T?

Sol. Since T! Z,, T is generated by each non-0 element. Each subgroup H’ of order 49
has either a unique element (1,a) (Case 1), or else has projection on the first component
0or 72,5, and an element (b,1) (Case 2). In the first case, (7,7)! H' iff 7a=7 mod 49,
soa=1,8,15,22,29,36,43. By a similar argument, in the second case (7,7)! H’, so

HI H'=I1 .

ANs. Thus there are 6 order 49 subgroup H’ intersecting H in T (a=8§,15,...,43),

the seventh having T as a subgroup being H.

c*. Determinethenumbe of cyclic subgroupsof order 49in W.

Sol A: A4 cyclic subgroup of order 49 is uniquely determined by each element in it of
order 49. Thus these subgroups partition the elements of order 49. Each order 49 cyclic
subgroup has 49-7=42 elements of order 49. Thus there are 49(48)/42=56 cyclic
subgroups of G having order 49.

Sol B. Show that for each subgroup T’ of G isomorphic to Z, there are 7 cyclic
subgroups H’ of order 49 whose order 7 or less elements is T'. Each such subgroup T’
has a unique element (7,7a), a=0,1,2, ...6,,0r T is <(0,7)>, so there are 8 subgroups of
order 7, Thus there are 7-8=56 cyclic subgroups of order 49 in G.

4. Provetha asubgmoupH of index 2 in afinite group G is nomal. Also, show tha the
andogueis false for subgroupsof index 3.

Sol. Let H, aH be the left cosets of H in G, where a is any element of G not in H. Then
H Ha are the right cosets. Since the left cosets partition G, we have aH=G-H (as sets).
Likewise, we have Ha=G-H. Thus aH=Ha for each element a in G, so H is normal in G.

Also: That the analogue is false for index 3 is shown by #le.

5. Condde thegroup G of rotationsof aregular tetrahedron with vertices (A,B,C,D). as
asubgmoup / (G)in!S, of the permutationsof theset S={A ,B,C,D}.
Let G act ontheset Sof 4faces F={ABC, ABD, ACD, BCD)} of thetetrahedron.
Wedl labd thefaces ABC, E. ,BCD by F,F,,F,F,.,

i. Showtha thestabilizer H=Stah, (F,)in G of theface F, =ABC isthesubgroup
H withimage ! (H)={(ABC), (ACB), €} in S,.
Ans. Note that these elements just permute the vertices of F, =ABC. The only other
permutations of the vertices leaving F, fixed are (AB), (AC), (BC), but none of these
arises from a geometric rotation (a motion of the tetrahedron preserving distances).

ii. What istheorbit Orb,(F)? Ans. F,F,,F,F,.
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iii. Wha istheorder of G? (usei,ii). Ans. |Stah,(F)|#O0rb,(F)=3&=12.

iv. showthat theleft coset (ACD) Stab,(F,) condsts of the 3 elements taking theface
F, to F,. Identify theimage of thisleft cosetin S,.

Ans. (ACD)-{(ABC),(ACB),e}={(ABD),(AD)(BC),(ACD)}. Each of these takes the set
{4,B,C} to {B,D,C}., so takes F, tO F,,

v. Show tha G isthealternainggroup A,. Also showtha (AB)(CD)isinG.
Sol. Notice that G includes all eight 3-cycles in S,.And also (AB)(CD)=(4ABC))(BCD) is

an involution in G., and by symmetry also (AC)(BD), (AD)(BC), e. These are the 12
elements of A,. Since (AB) is not in G, we have G isomorphic to A,.

vi. Showtha Stab,(F,)=(ACD) Stab,(F,) (ACD)'*
=(ACD) Sth,(F,) (ADC).
Sol. (Calculate) From iv, we have (ACD)-{ABC,ACB,e}={(ABD),(AD)(BC),(ACD))}..
Now {(ABD),(AD)(BC),(ACD)}}-(ADC)={BDC,BCD,e}, which is Stab(F,).
Or (General) notice the right coset Stab(F,) (ADC) are the elements of G taking F, to
F,, SO the composition
(ACD) St (F,) (Sth,(F) (ADC)=
(ACD) Sth,(F) (ADC)
takes F,t0F,. This shows that the composition is a subset of Sl (F,). Reversing the
argument shows that there is equality in (vi).

6. Let G from#5 act ontheset E={A B,AC,AD,BC,BD, CD} of 6 edges of the
tetrahedron. We labd theedgesAB=E,, E .., CD=E,.

a Wha is Sah,(E))? Orb,(E,)? Wha is Stab,(E,) intermsof Stah,(E,)?
Ans. Stab,(E)=((AB)(CD),e); Orb,(E,) =E. Stah,(E,)=(ABC) Stab,(E,)(ACB).

b. Let Gact ontheset K={( {E,,E}.{E,.E;},{E;.E,}} of parsof complementary
edges, we labd thepars {E,E;} =K, {E, E;} =K, {E; E,} =K,.

i. Showtha Stb;(K,) =(AB)(CD), (AC)(BD),(AD)(BC),e). Wha is Orbg(K,)?
Ans. K, =(E,,E;) = (AB,CD). and the pair is left fixed by each listed element for
Stah, (K,) . For example g= (AC)(BD) switches (AB) and (CD), so leaves the pair K,

fixed. All 3-cycles move each pair.
Orb,(K,)= K, as can be seen by acting with 3-cycles, or by

|12=|G|=| sah, (K,) |#0rbs(K,) =43, implying #O0rbg (K,) =3=#K.

ii. Showtha Stab,(K;) = Stab;(K,) . Condudetha Sth;(K,) isnomal in A,.
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Ans. Follows from the symmetry of S8, (K,). The stabilizers of the elements of the
orbit K under G, are the conjugates in G of Stab;(K,), so all conjugates of Sl (K,)
are Stab(K,) , implying Sl (K,) is normal in G (Thm 9.1).

7.Recal tha U(p") = anfp",. for podd UQ2") =Z, ® Z,,,n>2. U(4)=2,.
Consgder thegroup G= U(280 =of integers between 1 and 279relatively prime to 280.
i. Write U(280)asaprodud U(a)! U(b)! U(c), with ab,c each aprime power.
(Determinetheintegers, a,b,c).

Ans. U(280)= U(8)x U(7)x U(5),

ii. Identify each U(a),U(b),E asacyclic group. Determinetheorder of U(280)
Ans. U(8)=2,! Z,,U(7)! Z,,U(5)! Z,. |U(280|=96.

iii. Determine the nunmbe of dementsin U(280) of order 6.
Sol A. Rewriting U(280) additively in p-group decomposition as

(z,! z,! Z,! Z,)! Z,.The 2-group has order 32. We need lcm of orders of the five
components to be 6, so we need to take 1 or 2 from Z,, and an element of order 2 in the

2-group portion. We need to avoid in the two-group 0, and any element with component 1
or 3in Z,(there are 2-8=16 such),so in all we have 2-(32-17)= 30 elements of order 6.

Sol B. Viewing U(280) as in ii, we need the Icm of the orders of the three elements from
U(8),U(7), U(5) to be 6.

Case 1. Take the element 1 or 5 in Z together with any pair from
(Z,® Z,)!\and!0or 2 fromlZ, : so this gives 2(8)=16 choices.

Case 2. Take he element 2 or 4 from Z, together with any order two element from
(Z,®Z,)\®!1Z, the latter must have component 0 or 2 in Z,, and is not 0: so this gives
2(2(4)-1)=14 choices.

Total: , There are 16+14=30 elements of order 6.

8*. Make up and solve a suitable problem for aquiz 4 in Math U575
9. Let H beasubgmoupof agroupG, andlet aH, and bH beleft cosats of H.

Provetha aH| bH! " (empty set)# aH =DbH.
Please begin by assuming that there is an element ¢ in aH | bH. The requested proof

underlies the result that “the left cosets of H form a partition of G” (so, in particular,
you may not assume the result about partitioning G).

Sol. Suppose ¢! aH (\bH. then ! \h,h," H such that ah =bh,. Then
a=bh,(h)'", so a" bH,and aH # bH.

Likewise b = ahl(hz)!l, sob" aH, and bH # aH.
We have shown aH=bH.



