Math U575 Group Theory - On Proofs Spring 2009 Prof. A. Iarrobino

One of the goals of the course is:
B. Students will be able to reason mathematically, to write simple proofs, and are able
to judge when an attempted proof in group theory is correct/complete or is not.

The prerequisite course, Math U165 Introduction to Mathematical Reasoning is good
preparation for this goal. Here we are reasoning in a new context that you are learning.
Some of the proofs here are more complicated, so we will take a slightly more formal
step-by-step approach to writing down a proof. The steps need to be clear to a reader.

Note: Most of the proofs in the text are careful, but many nevertheless will require
study before you will follow them well, and some are opaque. Most of the solutions at the
back of the text are the barest of outline of a main idea (see (a) just below).

I. What is a proof?
: Writing a proof involves two tasks:

a. Understanding for oneself some main idea(s) behind an assertion, so constructing a
line (or web) of proof.

b. Communicating these in a somewhat formal manner clearly enough so that you and
also a trained reader can see that the steps to the conclusion are correct.

One can communicate the main idea(s) without writing a proof, and in fact, this is how
we usually learn math from each other. But as I work with a colleague to understand, say
“commuting nilpotent matrices” we have in mind the following goals/questions:

i. Can we understand more deeply (or at all) what is going on in a phenomenon? We
often try many examples to help us understand. Often we use analogy, mental pictures, an
arrangement of data on the paper, other tools we already know. We often look at very
special extreme cases (for example n=0, or 1 or 2), or several connected straight lines in
place of a curve, to help us understand. What is the pattern? Do we have a belief, or
conjecture as to the solution?

ii. Is the viewpoint we have strong enough to give a proof? How can we refine our
work to a proof?

iii. Does the viewpoint we have generalize to a larger context? This would add
interest. And a broader context can allow a more conceptual proof.

There are many levels of proof, both in rigor and style. There often are several
different proof methods for an assertion. You may prefer one proof method over another,
we may feel that one proof is more illuminating than another, or easier to follow. Note
Deligne’s comment, quoted in the “Making Mathematics” website:

“I would be grateful if anyone who has understood this demonstration would explain it
to me”

- Fields Medal winner Pierre Deligne regarding a theorem that he proved using methods
that did not provide insight into the question.
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2. Criteria for a proof: “ASTERS”

A. The assertion to be proved should be stated at the beginning.

S. The status of each sentence or line of the proof should be clear.

Status questions: Is the sentence/line an assumption? Or is it something to be shown?
Or is this line a step, already shown?

Also, for an intermediate step or “Claim” you should make clear to the reader when
you are working on the proof of the claim, and when you have finished it.

TE. The terms used should be clearly defined, either in the text, or by common
knowledge, or by you. As I’ve refereed papers, I’ve seen this issue contribute to
unclear or false proofs. For example, authors sometimes have not defined “general.”
What does “general point of a variety X, or “general element of a set S” mean?

R. The reason for each line’s truth should be clear, and preferably written on the right.
These reasons may be group axioms, past results, results in the text (prior to or in the
section on which we are working), or results obtained in class.

S. The summary at the end of the proof of the assertion or of a claim reads “Therefore
[assertion]” or “Therefore the claim is shown”. The writer clarifies to the reader that
he/she feels the proof is complete.

Before writing a formal proof, you may wish also to state briefly the main idea(s).

3. Example. (Problem #19 Chapter 0 ip. 23 of text. (Hint: proof by contradiction).
Definition: a prime integer p is an integer greater than 1, having divisors only 1 and p.
Symbol: N : non-negative integers; . = “because” or “reason for this is”

Claim: There are infinitely many prime integers
Proof. 1. Suppose by way of contradiction that there are only a finite number of primes:
la. Label them p,, p,,...,p, forsomeneN - meaning of "finite number of primes’’

2. Consider the integer s= (p,p,---p,)+1(the product of the primes plus 1 is an integer)
3.Then none of the primes p,, p,,...,p, is a divisor of s - each leaves remainder 1

4. But s must have a prime divisor p " Theorem 0.1 (Fund Thm. Arithmetic)
5. Therefore there is a prime p different from each of p,, p,,...,p - lines (3), (4)
6. This contradicts line (1a). Hence the assumption that there are a finite number of
primes is false.

7. Therefore there are an infinite number of prime integers. QED.

n

Question: Does line (5) directly contradict the assumption (1)? Hasn’t one only shown
by line (5) that there are still a finite number of primes?

One never lists in this proof an infinite set of primes. A proof that there are an infinite
number of even integers could be much simpler (why?).

4. Exercises A. Show that there are an infinite number of even integers, using a list.
B Give proofs for Chapter 0, p. 23 of text, #20,

C. Text p. 24 #35 (show that for every integer n, n’ —n= 0 mod 6.)
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