Math U141 Exam 1, FO6 Prof. A. Iarrobino SOLUTIONS
Scale: Possible 125. 110=100%, 100=A, 90=A-, 78=B-, 65=C--, 50=D--.
I. Three basic problems (total 95 points)
(35 pts) 1. Consider the graph y = f(x) where f(x) = 12x°! 45x* +40x°+ 7

A. Find the slope function f (x). (short way). Ans. f Qx).=60x* —180x’ +120x> _

B. i. Determine algebraically the points x at which the slope f (k) is zero (critical points of f).
Verify that one of these points is (2,-9).
Solution:  Set f @x).=0: 60x* —180x* +120x* =60x*(x*! 3x+2)=60x*(x! 2)(x! )=0, x=0,1,2
Ans. Critical Points: (0,7), (1,14), (2,-9)
ii. Decide which of these points are local maxima, and which are local minima for the graph of
y = f(x), using the second derivative test (SDT). Show your work clearly enough so that you
explain the SDT. If SDT test does not tell you enough information to decide this, please use a
first derivative or other test to tell if f has a local max or min.
Sol:  f"(x)=240¢°! 540x* + 24Qx = 60x(4x* ! 9x + 4).
SDT: f"(0)=0, no information. f"(1) =!60<0, f Concave Down, (1,14)alocal max.
f"(2)= 240> 0,! f'Concave!Up,!(2,! 9)!allocal'min.
C. i. Determine the x-coordinates of all inflection points (you need not give the y-coordinates).
9+8l-4aa, _ 9-\17 9+17
2a K g8 " 8
x=0,0.6906,1.6404 are candidate inflection points, and they are inflection points since
the concavity changes at these points, by observation of f"(X).
: Ans. x=0, 0.6906, 1,6404.
D. Draw a graph of the original function y = {(x), labelling clearly the local mininum and local
maximum points, and the inflection points.
(Ans.in class:  But note that P(0,7) is a horizontal infection point.

Sol.! Set f"(x)=0,160x(4x — 9x+4)=0,llx = 0,lx =

1E. Determine the global max/min of the same y=f(x) on the interval —0.5 < x<2.5, making use
of a suitable table of values.
Solution:  Make a table of values f{x) including local max/min and endpoints.

X 0.5 1 |2 2.5
f(x) | -1.19 | 14 | -9 global min | 46.06 global max

(30 pts) 2. Find the derivatives of the following functions.

6
I .
2A. f(x) f/x_z Ans A. 1253 + 455% 41 2,05
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2C. f(x)= (x6+3x2) xzé(16x3! Xz) I &> "dn(2x) + 5(x5+3x2)3
Ans C.
18/5

2x(67 1 x2) + 7 (6x° 1 3¢) (1850 1 2x)1 3.5 "sin(2x) ! 2€ "cos(2x) ! 3(x* +3x) (6 +6x)

(30 points) 3. Do A,B,C for full credit.
(10 pts)3A. Answer i-ii using the language of calculus. iii asks for a graph. Each part i-iii
is independent of the others.

Example : A function f(X) is increasing when the derivative f'(x) is _positive .

i. The second derivative f"(a) is positive when the first derivative f'(X) is increasing

at x=a, and the function f(x) is concave up at x=a.

ii. Assume that the derivative function f'(x) has a minimum at x=a. Then the second
derivative f"(a) satisfies _f"(a)=0 . Also for x just smaller than a, f(x)is
concave down__(since f’(x),x<a is negative) and for x just larger than a f(x) is concave up .

iii. Give below the graph of a function y= f(x) for -1<x <4, whose first derivative f'(x) satisfies,
f'(x) has a minimum at x=1, and f'(!1) =2, f'(1)="!1f'(3) =0.You may assume f(0)=4. Pay
especial attention to the concavity and inflections of y= f(x). Label where f is concave up (CU)

or concave down (CD).
Answer in class: But note that there is an inflection when x=1, and a min when x=3.

|
x=0

(10 pts) 3B. A bacteria colony weighs 4 milligrams initially, and is growing at a rate
proportional to amount (exponential growth). After 5 hours it weights 6 milligrams.

a. Determine its size A = A(¢) as a function of time in hours.

First answer a. ratio in one hour is (6/4)"° =1.08472!1s0! A = 4(1.08472".

Second answer a:  k=In(1.08)=0.091093, A=4¢"®"*

b. When will it weigh 13.5 milligrams?
Ans: 15 hours, as 13.5= 44(.5)°, so its takes 3(5) hours.

6
InGOAOY) | H1ghrs
In(1.08473

(10 pts) 3C. Assume that for some positive constant C, a patient’s temperature change T, in
degrees Fahrenheit, due to a dose D of a medicine in units of 10 mg. is given by

200 kilograms? Sol. 200 kg=20040° mg.! Set!120040° = 4(1.08473" !t =

" C DO/
T=¢—| =D
§7 8 &
(a) What dosage D maximizes the temperature change (your answer is in terms of C)?
2CD , 3D? "2C , 3D9 16C 16C
Set T'=——1 =0, Dﬁ_! —'/0= 0,D=0or D=——,T"is negative when D =——, a loc max.
8 7 8%& 21 21
1
Ans. D= E

21 —
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(b). The sensitivity of the body to the medicine is defined as j—IT) What dosage maximizes

sensitivity? Sol. Set T"=0.!HerelT" = E! eb =0!'D = g Ans. _D= g
7 8 21 21

c. What are the units of sensitivity? Ans: °F/10mg..

II. The best two of the three problems #4-6 will count 15 points each.

(15 pts) 4. Find the derivatives of the following functions.
(the best two from A,B,C count 7.5 pts each).

A. (5 x* — X) - ghsn@ Ans. %(Jf - x)_MS (4x3 - 1)éee§n(2x) + (x4 - Zx)llséﬁg"(zx)12cos(2x)
-cos(3x) (3x*a05(3x) - 3x*a8n(3x)ain(2x) - (x* cog2x) )2 cog(22)
sn2x)  Ans- (sin@x))

C. e™@®™  Ans. "™ (Inx+1)@*" +¢"™e* " @cosx (product rule)
Note: since f(x)=e"*-e""* =" *"*  we also have f'(x)=¢e"""*"*(Inx+1+ 3cosx),

(15 pts) 5. . (Definition of derivative.) Consider the function f(x) = 5x°! 4x+13 which gives the
mass of olive oil in a tank, in units of 10 kg, x hours after 10 AM, for 0! x! 4.

A. Find the average rate of change of mass with respect to time, between x = 2 and x = 2+h.
Give units.

ly (SQ+h)" 4Q+m)+13)" 25  5@+4h+h*)" 8" 4h+13" 25  16h+5h>
Ans. mp, = 7= - = =
I'x 24+h" 2 h

B. Find the limit of the above average rate of change of f between x = 2 and x = 2+h minutes,
as h approaches zero, thereby finding f @) using the definition of the derivative.

Ans. f'(2)= }1i|r13(16 +5h)=16. ([llustrate with a table of values)

=16+ 5h.

Compare your answer with the slope f 2) from the power rule formula:
f'(x)=5(2x)—-4, f'(2)=20-4=16.

C. Give a diagram of y=f(x) near the point P(2,25), illustrating your work.

Ans. In class: should show a slope 16 Tangent line at P.
Alsoplease write a sentence interpreting f (2) in terms of what is happening to the olive oil in
the tank at a particular time of day.

Ans. The mass of olive oil in the tank is increasing at 160 kg/hour, at 12 noon.

D. Find the average rate at which the mass of olive oil in the tank is increasing between 10
_ly f(0.5" f(0) _12.25"13_, 1.5140kg / hr.

I'x 0.5"0 0.5

AM and 10:30 AM. Ans. my,
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(15 pts) 6. Let A(t) be the amount of algae in a large fish tank t days after the start of February
1, 2006, in kilograms, for 1!t! 15. The amount was recorded at the beginning of the t-th day
after February 1 in the following table (note t=8 is the beginning of the day, Feb 9).
t: 0 4 8 12 15
A(t): 10 12 14 15 13

Interpret  the statements a-c. below in terms of equalities and inequalities involving the main
function A(t), A’(t), and A”(t).
a. The amount of algae increased at a constant rate from February 1 to February 9

Ans. A’(t) was constant (give the most information you can)
for 0!¢!8 (give interval for t).
A”(t) was zero for t corresponding to Febl to Feb 9

b. The amount continued to increase from February 9 until February 13, but it increased less
rapidly than before.

Ans. A’(t) was positive and decreasing for 8<t <12

And A”(t) was __negative for 8! t<12. Note: A(x)is concave down then.

c.At the beginning of February 14 the amount began to decrease, and has continued to
decrease since then at a steadily larger rate.

Ans. A’(13)=_zero _,
And A’(t) was _negative and decreasing for 13! t<15.

And A”(t) was _negative for 13! r<15.

d. Please graph A(t) satisfying conditions a-c above, as well as the table values.
(Answer in class: Note: A(x) is a straight line for 0<t <8and concave down for 8! t.,
and has a maximum at t=13.

Table of formulas:
Product rule: (fg)’ = {(g+fg’, Quotient rule: (f/g)’ = (f&-fg)/g2
Chain rule f(u)’ = {Qu)'v’

Power rules:  (x1)’ = nx0-1, (un)’ = nun-1"w’
Exponentials: (eX)’=eX, (eY) =evu’, (bX)’ =DbXIn(b), (bY) = bWin(b)uw’,
Logarithm: n x=1/x (Inu)=u’/u
Trig functions: (sin x)’ = cos X, sin(u)’ = cos(u)'u’ (cos x)’ = -sin x
I b++/b?!
Quadratic formula ax’+bx+c=0 has solution x= 'b_zb—'4aC
a

fa+h)— f(a)

Exponential growth: A= Ajek‘ . Definition of derivative: f'(a)= Lm(} o



