Math U141 Exam 1, FO7 Prof. A. larrobino Solutions
Scale; 125 points, 115=100%, 105=A, 95=A-,80=B-,65=C-,50=D-.
I. Three basic problems (total 95 points)

(35 pts) 1. Consider the graph y = f(x) where f(x) = —3x* +8x° + 48x% + 300
A. Find the slope functionf  @x). (shortway).  Ans. f @x) =!12x®+ 24x” + 96x .
B. i. Determine algebraically the points x at which the slope f @) is zero (critical points of f).

Verify that one of these pointsis (  -2,38 0).
Sol. Set. f@x)=-12x>+24x"+96x=0, Factor !12x(x*! 2x! 8)=!12x(x! 4)(x+2)=0.
Ans.  (x,¥)=(0,300), (4,812), ( -2,380) are the critical points.

ii. Decide which of these points are local maxima, and which are local minima for the graph of
y =f(X), using the second derivative test (SDT).

Sol. TheSDis f"(x)=-36x*+48Xx+96=—-12(3x* —4x—8).
Test critical points:  f"(0)=96>0, f CU, (0,300) local min.
f"(12)=11212+8! 8)=196<0, fCD, local'max.
f'(4)=112(24)<0,! f CD,!local'max.
C. i. Determine alg ebraically the x -coordinates of all inflection points (Verify that one
inflection point is approximately ( -1.097,342.868)).
Sol. Set f"(x)=-12(3x* —4x—8)=0,!0!3x* —4x—-8 =0;

! b+Vb?! d4ac  4+.,16! 4"3(18) 4+112 4+4J7 2427 o
a 2a B 2"3 - 2"3 23 3 '

x=2.43059"or!x =-1.09717 ] ) )
Ans. y=593.72410r Mty = 342.86¢ are inflection points of f.

D. Draw a graph of the original function y = f(x), labeling clearly the local minimum and local
maximum points, and the inflection points. Ans. in class. ( This is a distorted M shape).

1E. Determi ne the global max/min of the same y=f(x) on the interval 13" x" 5.5, making use
of a suitable table of values. Table: includes end poin ts and cr itical points within the interval
-3 -2 0 4 5.5

273 | 380 |300 |812 |337.8125

Ans: global min (-3, 273), global max (4,812).

(30 pts) 2. Find the derivatives of the following functions.

3 +Z/F—7re

6
2A. f(x)= °X — I

Ans. f'(x)= 30x° + 5x'8/3 + gxl 417
2B . f(x)= 2¢* +2x* —2In(6x°) + >
f'(x)=8e™+8ex** " - S, 2 cog(X)&*3"™
X

Ans:
4X 1 7

C. f(x)= x3~(4x3! 2X)6! e cos(3x)+—2
Y(x*+3x)
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Ans:

£10) = 3%ax®t 2x)° +x°(6) (42! 2¢)° (12071 2)1 4e* "cog3x) + ¢ "38n(3x) ! 2(x* +3x2) " §dx® + b))

(30 points) 3. Do A,B,C for full credit.

(5 pts) 3Ai . Use the tangent line, or local linear approximati on to estimate f(0.97) when

f=5, f'@=-7and f"(QY=2. Sol. ly=7F'QaxMy=("7)("0.03=0.21. Ans. _ 521

Is your estimate too big or too small? Ans. Too smalLL .
because f isCUatx=1 as f"(1)>0.

(5pts)  3Aii. Give below the graph of a function y= f(x) for 1<x <4, whose first derivative

f(x) satisfies, f!(X) has a minimum at x=2, and f'@W=-3f'(2)=-4,1'(3 =0.You may assume

f(2)=5. Give special attention to the concavity and inflections of y= f(x). Label where fis

concave up (CU) or concave down (CD). Yo umaywishtograph f(X) and f"(X) on a separate

paper first.

Sol. fO is negative for x<2, and pos itive for x grea ter than 2. So fis CD for x<2, CU for f>2, has
an inflection  point at x=2, but is decreas ing for all xlessth an 3 (as fO(x) is negative for x<3).
Also, fhasa mini mum atx=3 since fO(3)=0. Ans graph in class.

I
X=2

(10 pts) 3B. A bacteria colony w eighs 16 milligrams initially, and is growing at a rate
proportional to amount (exponential growth). After 2 days it weights 25 milligrams.
a. Determine its size A= A(t) as a function of time in hours..

i. Write A(t) = A", determining A, and k.
In(25/16) _ 0.4462871
48 48

In(25/16
“(T/) =0.22314355. A(r) =16e°73143%%

Sol. For tinhours: Find k: 25 =16€"*, In(25/16) = 48k, k = =0.00929765,

Ans. (tinhours), A(t) =16e"°%"%"  Ans. (tindays), k=

ii. Also write A(t)=Apb".

Sol. Here b=¢", or ratio of growth pe unit time
1/48

For tin hours b :#%’gﬁ =1.009341!A =16(1.00934) . For tind ays, b= ‘/%’ =1.25 A=16(1.25)'.
iii. The daily ratio of size is 1.25 . The percent growth per day is 25%
b. When willitweigh 31 milligrams?

Sol. (fort in hours), 31.25= 1660'00929765’,!!!In(31—'625) =0.0092976%, t = 72hours.

. ‘ 31.25
(for t in d ays), 31% =16(1.25) ’!!IH(TJ = tIn(1.25),!!t = 3ldays.

(10 pts) 3C. Assume that for some positive constant C, a patient @ temperature change T, in
degrees Fahrenheit, due to a dose D of a medicine in units of 10 mg. is given by
T= "C, D /
“$3' 2 in
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(a) What dosage D maximizes the temperature change (your answer is in terms of C)?

n 2 30/ 2 " 0
Sol. Set T'=goP D2_2€D, 3D =D§E! 30%_ saip =252
$3 4& 3 4 3 4& 33
Ans. D= 8
9
(b). The sensitivity of the body to the medicine is defined as Z—;. What dosage maximizes
sensitivity? Sol: Set T"= € _6b =0ND= x4 = E Ans. D= 4c
3 4 36 9 9
c. What are the units of the derivative of sensitivity? Ans. Units of T" are (1(;:19)2 .

II. The best two of the three problems #4 -6 will count 15 points each.

(15 pts) 4. Find the derivatives of the f  ollowing functions.
(the best two from A,B,C count 7.5 pts each).

A ( XZ_X).eSS'n(Zle

Sol. Produc trule and chain.. Ans. %(XZ - X)‘”z(zx_ 1)- e 4 (x2 - x)m-(6cos(2x))-e3““(“)”.

€"-sin(3X)
cos(2X)
Sol. Quotient rule, with produc t rule.
(e*atn(3x) + eBcog(3x)Jang2x) ! (e*ain(3x))(! 2sin(2x))

(cog2x))*

Ans.

C- 3sin X —2sin X
(S -e

Sol: Simpliy firs t, and chain rule: Fx) = ¥inx L g 2sinx  pdsina-2sinx _ sins - ANS f'(x) = (cosx)&™*.

Alternate Sol: ~ Productrule and chain: f:(x)= 3cogx)e®"* 125" 4 g% I(" 2cog(x))e 2™

(15 pts) 5. . (Definition of derivative.) Consider the function f(x) = 3x*! 7x+13 which gives the
mass of olive oil in a tank in liters, x hours after 10 AM, for 0! x! 4.

A. Find the average rate of change of volume with respect to time, between x = 3 and x = 3+h.
Give units.

(3(3+h)2! 7(3+h)+13)! 19 3(9+6h+h?)1 211 7Th+131 19 _18h+3h°1 Th _

=11+3h.
3+h! 3 h h
B. Find the limit of the above average ra te of change of f between x = 3 and x = 3+h hours, as

h approaches zero, thereby finding f (@) using the definition of the derivative. Compare your
answer with the slope f (@) from the pow er rule formula (the two answers should agree).
Ans. lim 11+ 3h=11. f'(x)=(3x" = 7x+13)' =6x-7, '(3)=6(3)-7=11.

C. Give a diagram of y=f(x) near the point P(3,19), illustrating your work.
Ans. (diagram should have a tangent line of slope 11, below the curve (as fis CU).

Also please write a sentence interpreting f @) in terms of what is happe ning to the olive oil in
the tank at a particular time of day.
Ans. The amoun t of olive oil is increasin g at the rate of 11(10) li ters per hour, at1 PM.

AnNSs.
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D. Find the average rate at which the mass of olive oil in the tank is increasing between 10

| | | |
AM and 11:30 AM.  Ans. f(1.51).5 ' _®75t 101'55”3)' B3_1375 _ 155 (10 liters/houn).

(15 pts) 6. Let A(t) be the amount of algae in a large fish tank t days after the start of October
1, 2007, in kilograms, for 1! t! 15. The am ount was recorded at the beginning of the t -th day
after October 1 in the following table (note t=8 is the beginning of the da y, October 9).

t: 0 4 8 12 18

A(t): 16 13 11 10 20

Interpret  the statements a -c. below in terms of equalities and inequalities involving the main
function A(t), A @), and A (t).
a. The amount of algae decreased at a constant rate from October 1 to October 9

Ans. AQ@)was _negative, constant: -5/8 k g/day
for 0! t! 8

A Gt)was__zero for 0! t! 8

b. The amount continued to decrease from October 9 until October 13, but it d ecreased less
rapidly than before.

Ans. AQ) was negative, increasing for 8! r<12
And A Gt) was positive for8! t<12.
c.At the beginning of October 14 the amount began to increase, and has continued to increase

ever more rapidly since then.

Ans. AQL3)=0_,
And A @) was positive, increasing for 13! r<18.
And A Gt) was positive for 13<t<18.

d. Please graph A(t) satisfying conditionsa  -c above, as well as the table values.

Ans. In Class, no te constant slope section, then concave up with a minumu m at t=13.

Table of formulas:
Product rule: (fg)0 = f @+fg0,  Quotient rule: (fig)0 = (f @-fgO)/?
Chain rule f(u)O =f @u)"uO
Power rules:  (x MO =nR-1, umO =mun-1"ud
Exponentials: (e )0 =%, (e\)0=8ud, (b¥0 =K"In(b), (b")O =HB"In(b)"ud,
Logarithm: (n  x)0=1/x  (Inu)® = ud/u

Trig functions: (sin x)O =cos x, sin(u)O = cos(u)' u® (cos x)O =sin x
_bh+hH2 —
Quadratic formula ax’ +bx+c=0 has solution x= w
a
Exponential growth: A=A,e". Definition of derivative: f'(@= Ihirg!w.



