Math U141 Fall 07 Exam 2 Prof. A. larrobino Name_Solutions_
Standard scale: 90=A-, 80=B-. 70=C-60=D-.out of 100.
I. ANTIDERIVATIVE, INTEGRAL (80 pts).

1. (20 pts) Antiderivative: Find the antiderivatives F of the given functions
3

X
f(x). Example: f = x2 has antiderivative F = §+C.

1A. Find the antiderivative F of 4x®! x* passing through (3,76)
(so F(3)=76).
3

X
Ans. xX*! Z-+4
3

2 3
1B, Find the antiderivative F of f(x) = ¥X¢ +X** + ——+3sn(2x)! € K

Ix
3X
Ans. §x5’3+gx9"‘! 5x'2/5 | 3"%’(2)‘)! %+3Inx+2x+C

2. (20 pts) On a small moon of Jupiter, the gravitational acceleration is -3
m/ min2. Racquel the seal throws a ball with a vertical comp onent of 12
meters/ min upward from a hill of height 20 meters above sea level, past a
friend Callalah the crow circling at 40 meters above sea level. The ball
eventually fallsinto the sea and a small tiger named Tigoro imm ediately
retrieves it.

A. What isthe velocity of the ball at time t mi nutes after the throw

Ans. v(t)= -3t+12
B. What isthe position of the ball at time t minutes after the throw?

Ans. s(t)=! §t2+12t+20

C. At what time isthe ball highest? How high does it go?
Sol: set v=0

Ans. t= 4 . S=__44 meters .

D. Verify that the ball passes Callalah the crow at 2.367 minutes on the way
up. When does the ball pass Callalah on the way down?

Sol. Note that s(2.367)=40. Other is4 +(4-2.367) (symme tric about t=4)

Ans. 5.633.
E.

F. What isthe velocity of the ball just before it fallsinto the sea.

G.

H. Sol. Set s(t)-0, find t=9.416 min, sub into v, -3(9.416)+12
Ans.__-16.248
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3. (20 pts) Find the area of the bounded region in the first quadrant enclosed
by the curves y=4x* and y=20x. (Hint: first find the intersection point. A GC
solution will receive no credit, but you may check your work with the GC).

Sol. 4x*=20x,!14x*! 20x=0,!4x(x! 5)=0,!so!x = 0land!x = 5.

Area ="' (big! small)=""(20x! 4x)dx=10x"! gx3§;:1o(52)! 251 (o) S0%)

Ans. A= 83%

4. (20 pts) The table below givesr(t), the rate of flow of water across a dam, in
10 cubic meters per minute, t minutes after the start of a rainfall.

t min 0 2 4 6 8 10
r(t) 20m*/min 7 15 20 32 10 2

4A. Write an integral for the total amount of water that flows over the dam in
10
that period. Ans. Amt=10] “r(t)dt m?

4B. Write out the Right R(5), and trapezoid Trap(5) estimates for the total
amo unt of water that flows over the dam in the first ten mi nutes. In each case,
write out the sums, as well asthe total. Please include units.

3
a.Ans. R(6)= 2(15+20+32+10+2) 1O%érrhn:1580m3.

Total: R(6) =1580 m’.
b. Ans. T(6)=2(§7+15+20+ 32+10+§2)a0:1630m3
Total: T(6)= 1630 m’.

4C. If the flow rate were samp led at every 3 seconds for the first 6 minutes
(n=120) determine the difference between the right and left sums for the
amount of water that flows over the dam in the first six minutes.
Sol: !t:612—0020.05min. R(n)=L(n)="!1t(r(6)" r(0))=0.0532" 7)110m’=12.5m>.
Ans R(120)-L(120) = 12.5 m’.

4C* What samp ling rate would you need to know that the right sum R(n) would
give the amount that goes over the dam in the first 6 minutes to within

!
0.5 cubic meters? Sol. Solve %(32! 7)40m?® = 0.5m? 1!

Ans. n=3000, sample every 2—3;_)!sec.
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IlI. Choose a problem Choose one problem from the following, which will
count 20 points (do all parts). You may do the second problem for 5 points
extra credit.

5. Four rectangular equal pens of total area 520 square feet are built in a row at
a cost of $5/foot for exterior and $1 foot for interior fencing. Fnd the shape
that minimi zes the cost of the fencing (determine x,y). Also, show that your
answer isa minimum for cost.

Sol. xy=520, y=520/x

Cost C= 5(2x+2y)+1(3y):10x+13y:10x+13§)%):10x+6760(” to mi nimi ze.
Set C'=10! 67602 =10! GZfozo.
, , . 520
10x2 = 676Q!1x% = 6761x = 261 ft.Ily = 220 = 20ft.

26
Check that answer is minimum: CO=0! 676Q! 2x'®)=1352'* positive over x>0, so
Cisconcave up and x=26 isa minimum.
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6. The velocities of two bicycles, A,B, traveling on a straight path are shown
below, over a period of six minutes. The velocity isin feet per second (y-axis),
time tisin minutes. At time 0, bike Bis at the start of the path, but A begins 80
feet along the path.

The velocity graph for A begins as a straight line between (0,0) and (3,18),
then continues as a horizontal line at height 18.

The velocity graph for Bisthe straight line between (0,20) and (6,-4).

20

0 3 6
6a. What are the positions of each bike at six minutes?
Sol. Find signed area between velocity graph and x-axis

s, = %3%8 + 3&8-2%0: 8140 = 4860 ft.!Sds, (at!6min) = 4860+ 80 = 4940 ft.

l'sy= %(6)(20+ (" 4))80=4880= 5280 ft.! Sos;(6) = 5280 ft.

6b. When is bike B furthest ahead of bike A, and by how much?
Sol: When the velocities are equal,
V, = 6X,1(x! 3),llvg; =20" 4x,!lset!6x = 20" 4x,!x=2Imin. v,(2) =12! ft / sec.

S, = 80+%(60) = 800ft,!ls, = %(2)(20+12)£0= 1920ft.1!s;(2) ! s,(2) =1120ft.
6c. What isthe average velocity of A in the six mi nutes?
|
Ans. avivel = 5= 280 _ o1kt /min.
't 6min

6d. What isthe average acceleration of Bin the six minutes?

| " i .
Ans. avaoc=i= 24ft/sec: 24{sommm:"4O!ft/min2.

I't 6min 6min
Formulas: o
Xn+1 X
. . . . nd - . 1 -1 - bxd -

Antiderivatives: |x'dx n+1+C ifn! -1, Jx dx=In(x)+C, Ib%dx In(b)+C'

. "1 1. ax e
7,-':,s|n(ax)!dx=Zcos(ax). "cos(ax)!dx=gsn(ax), le dxzz

Ib++/b?! 4ac

Quadratic formula: ax+bx+c=0 has solution Xx= o

Area triangle: A=bh/2. Area trapezoid: A=Db(h +h))/2.

Riemann sum formu las for !:f(X)dX, using n equal subdivisions: !'x=(b" a)/n
L(n) = (! x)(hy+h+h,+h+.+h.) (left); R(n)= (1x)(h+h, +hy+..+h. +h) (right)
T(n) = (AX)(0.5h,+h +h,+h,+...+h _,+0.5n) = trapezoid

Note: T(n)=(L(n)+R(n))/ 2, the average of left and right sums.



