
Math U141 Exam 1a, F08 Prof. A. Iarrobino    Name:_Solutions  _ 
  Scoring as stated, max possible 105, Scale 100=100%, 90=A-, 80=B-, 68=C-, 55 = D-.   9:15 AM section. 
I.  Each of #1,2 counts 35 points. 
(35 pts) 1 . Consider the graph y = f(x) where  f(x) = 20x3 ! 3x5 +100  
  A. Find the slope function f Õ(x). (short way).   Ans. f Õ(x). =  60x2 !15x4  
 
  B. i. Determine algebraically the three points x at which the slope f Õ(x) is zero (critical points 
of f). Verify that one of these points is (2,164). 
   Solution: Set  f '(x) = 0 :!!60x2 !15x4 = 15x2 4 ! x2( ) = 15x2 (2 ! x)(2 + x) = 0.  
   Ans.  Critical Points   P(-2,36), Q(0,100), R(2,164). 
  
ii. Decide which of these points are local maxima, and which are local minima for the graph of 
y = f(x), using the second derivative test (SDT).  Show your work clearly enough so that you 
explain the SDT.  If SDT test does not tell you enough information to decide this, please use a 
first derivative or other test to tell if f has a local max or min at the point,  
  Solution . f "(x) = 120x ! 60x3.   
    At  x=-2, f "(! 2) = 240 > 0,! f !CU,!! f !local !MIN at!P.  
    At  x= 2, f "(2) = ! 240 < 0,! f !CD,!! f !has!local !MAX at R.  
    At  x=0, f "(0) = 0  no information from SDT at just x=0. Use nearby points to decide: 
 
    SD:  f "(!0.1) < 0! f !CD,!! f "(0.1) >!0! f !CU :!!!so!Q!is!an! inflection point (concavity changes at x=0). 
   OR, use FDT:  f '(! 0.1) > 0,!and !! f '(0.1) > 0 , so f  is increasing for x on each side of x=0. 
  Each of these shows f has a horizontal inflection point at x=0. 
 
  C. i. Determine the x-coordinates of all inflection points (you need not give the y-coordinates). 
   Sol.  Set  f "(x) = 0,!!!120x ! 60x3 = 60x(2 ! x2),!x = 0,!or!x = ± 2 . Note that f " changes sign at each 
of the three zeroes, so these three x-values are true inflections of f. 
D. Draw a graph of the original function y = f(x),  labeling clearly the local minimum and local 
maximum points, and the inflection points.   Ans. In class. 
 
1E. Determine the global max/min of  the same y=f(x) on the interval !1" x " 3, making use 
of a suitable table of values.   
  Sol.  Include in table the x,y coordinates of critical points in the interval and the two endpoints. 
Choose biggest, smallest y values.  Note that x=-2 is not in the interval and is not listed. 
       
-1 0 2 3 
83 100 164 -89 
  MAX MIN 
            Ans. Global MAX (2,164);     Global MIN (3,-89).  
 
(35 pts) 2 . Find the derivatives of the following functions.  

A. f(x)=  2x4
!

7

x34
+ x76

! x3e
         Ans. 12x3

+
21

4
x
!7/4

+
7

6
x

1/6
! 3ex3e!1 

 

B.  f(x)= e2x
! 3ln(cosx) ! sin(x2)     Ans.    2e2x +

3sinx
cosx

! 2xácos(x2)  

 

C.  f(x)= x3· 5x3 ! x( )6 ! e3.5x
" sin(2x)   Ans. 

3x2á5x3
! x( )6

+ 6x3 5x3
! x( )5

15x2
!1( ) ! 3.5e3.5x

"sin(2x) + e3xá2cos(2x)( )  
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II. The best two of #3,4,5 will count 15 points each.  You may do a third for up to 5 points 
extra credit. Max: 30 points + 5 EC on Section II. 
 
(15 pts) 3 . Answer i-ii using the language of calculus. iii asks for a graph. Each part i-iii 
is independent of the others. 
 Example : A function f (x)  is increasing when  the derivative f '(x)    is   positive . 
 
i. The second derivative f "(a)  is negative when the first derivative  f '(x)  is decreasing_ at 

x=a , and the function f (x)  is  concave down_  at x=a . 
 
 
ii. Assume that the first derivative function f '(x)  has horizontal slope at x=a . Then the second 
derivative f "(a)  satisfies _Ans.     f "(a) = 0 .  
   Now suppose that the first derivative f '(x)   also has a maximum at x=a.  
Then f (x) is concave  up- for x just to the left of x=a  and f (x) is  concave _down _for x just 
larger than a .    Give reasons below for your answers concerning concavity of f (x). 
  Reasons:  A. Since  the derivative is increasing for x<a  f (x)  is concave up for x<a, and 
    Since the derivative is decreasing for x>a  (since f’ has a maximum at a), f (x)  increasing 
   OR  B.  The derivative f "(x)  of f '(x)  is  positive for x<a, and negative for x>a, and is the 
Second derivative of  f (x)  so  f is concave up for x<a, and CD for x>a. 
 
iii. Give the graph of the derivative function f '(x)  for the function y = f (x)  whose graph 
is drawn on the blackboard.  Mark on f '(x)  the points A’,B’,…,F’ corresponding to A,B,…, F on 
f (x).    Ans. in class. 
 
 (15 pts) 4.   A bacteria colony weighs 4 milligrams initially, and is growing at  a rate 
proportional to amount (exponential growth). After 3 days it weights  20 milligrams. 
  
 a. Determine its weight  as a function of time x in days (corrected from “hours”), using the 
form A = A0e

kx. 
 

Sol.    Find k:   20 = 4ek3,!!5 = ek3,!!ln!5 = 3k,!k =
ln5

3
= 0.53648  

Ans. A = 4e0.53648x ,  x in days.     

 ( If  x is in hours, then  k =
ln5

72!
= 0.022353,!!!and !A = 4e

0.022353x
.  

 
b.  What is the percent growth of the colony in a day? 

  Sol.  The ratio of amounts in a day is   r =
A(1)
A(0)

=
4e0.53648

4
= 1.71. 

  The decimal fraction for growth is   1.71-1 = 0.71. 
  Ans.  This is  71% growth in one day. 
c. Write the weight  A in the form   A = A0r

x   (find r). 

  Sol.  We have  r=ek = e0.53648 = 1.71.  
   OR, we have   20= 4r3,!!5 = r

3,!!!r = 51/3 .   
Ans.   A = 4(5

1/3
)

x ! 4(1.71)x   
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  d.  When will it weigh  500 milligrams? Explain how to find this answer in two ways. 
   Sol.  i.  500= 4e0.53648x,!125= e0.53648x,!!ln(125) = 0.53648x,!!x = 9. 

        ii.  500 = 4(1.71)x ,!125 = 1.71x ,!ln(125) = x ln(1.71),!x =
ln(125)

ln(1.71)
! 9. 

      iii.  In 3 days, the ratio is 5, so in 6 days it is 52 =25, and in 9 days, it is 53
= 125. 

  But  500 = 125(4), 4 = A0  so 500 mg.  is achieved in 9 days from the start. 
 
 (15 pts) 5. . (Definition of derivative.) Consider the function f(x) = 3x2 ! 4x + 6 which gives the 
mass of olive oil in a tank, in units of kg, x hours after 10 AM, for 0≤x≤4. 
  A. Find the average rate of change of mass with respect to time, between x = 1 and x = 1+h. 
Give units. 
  B. Find the limit of the above average rate of change of f between x = 1 and x = 1+h minutes, 
as h approaches zero, thus finding f Õ(1)  using the definition of the derivative. Compare your 
answer with the slope f Õ(1) from the  power rule formula (the two answers should agree). 
  C. Give a diagram of y=f(x) near  the point P(1,5), illustrating your work.  
Write  a sentence interpreting f Õ(1) in terms of what is happening to the olive oil in the tank at  
a particular time of day. 
  D. Find the average rate at which the mass of olive oil in the tank is increasing between 10 
AM and 10:15 AM. 
   A.   Solution:  letting   P=(1,5) and Q(1+h, f(1+h)) be the two points, we have for average slope, 

        mPQ =
f (1+ h) ! f (1)

h
=

3(1+ h)2
! 4(1+ h) + 6! 5

h
=

3+ 6h+ 3h2
! 4h! 4 + 6! 5
h

=
2h+ 3h2

h
= 2+ 3h.  

  B. Ans.   mP = lim
h!0

!(2+ 3h) = 2.  This agrees with  f '(1) = 6x ! 4
x=1

= 2. 

  C.  (in class). Diagram: I expected a diagram showing at least the point P(1,5), with a tangent 
line of slope 2 through it.  Or the two points P and Q, with a secant line through PQ, and a tangent 
line at P. 
       (Write a sentence). “The mass of olive oil was in the tank was increasing at the rate of 
2kg/hour at time 11 AM (when x=1)”. 

  D.  Average slope is  
f (0.25) ! f (0)

0.25
=

3(0.25)2
! 4(0.25) + 6! 6

0.25
= 3(0.25) ! 4 = !3.25!kg / hr.  

 
 
      ____________________________________________________ 
   Table of formulas:   
Product rule: (fg)’ = fÕg+fg’,      Quotient rule: (f/g)’ = (fÕg-fg’)/g2  
 Chain rule  f(u)’ = fÕ(u)·u’    
 Power rules:     (xn)’ = nxn-1,        (un)’ = nun-1·u’   

Exponentials:   (ex)’ = ex,   (eu)’ = eu u’,   ( bx)’ = bx·ln(b),  ( bu)’ = bu·ln(b)·u’, 
Logarithm:      (ln   x)’ = 1/x      (ln u)’ = u’/u      
Trig functions:    (sin  x)’ = cos  x,        sin(u)’ = cos(u)· u’    (cos  x)’ = -sin  x 

Quadratic formula  ax2 + bx+ c = 0  has solution x =
!b ± b2

! 4ac
2a

 

Exponential growth:     A = A0e
kt .   Definition of derivative:   f '(a) = lim

h! 0
!
f (a + h) " f (a)

h
. 


