Math U141 Fall 08 Exam 2 Prof. A. Iarrobino Solutions

Please show all work, in order to obtain full credit. A graphing calculator may
be used. Do not use the algebraic integration on a TI-89 or comparable
calculator. Good luck!

1. (25 pts) Antiderivative: Find the antiderivatives F of the given functions
3

f(x). Example: f = x2 has antiderivative F = %+C.

1A. (10 pts) Find the antiderivative F of 4x®! 9x* passing through (2,5)
Ans. x'-3x*+13

. . . . 3/7 2 . 5x 2
1B, (15 pts) Find the antiderivative F of f(x) = 10x +—\/—5 +2sin(3x)! e +;+e
X

4 2 1
Ans. 7x°7 —=x7"? - Zcos(3x)— —€* + 2In|X + ex+ C
3 3 5

2. (20 pts) Five rectangular pens are built in a row. Fencing costs $3/foot for
exterior and $1 foot for interior fencing. Determine the depth y of each pen,
and the total width x of the row, that maximizes the total area enclosed
consistent with a budget of $300 for fencing.

(See diagram below: determine x and y).

y y

! X

Solution: Maximize area A=xy Side condition: C=6x+10y=300.

— |
300 6x. Sub into A: A= %0-6)6): 30x! 0.6x°.! Interval 0<x<50.

Set A’=0, A'=30-0.6(2x)=0, x=25y=15.: A=25(15)=375 sq. ft.

Solve side: y=

Check that P (25, 375) is a max: a. Since A”=-1.2<0 for all x, P is a MAX of A.

OR b. Use table of x, A: include critical point P and the endpoints of range.
X 0 25 50
A 0 375 MAX 0
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3. (25 pts) On a small moon of a planet, the gravitational acceleration is -6
m/minZ2. Rachel the seal throws a ball with a vertical component of 15
meters/min upward from a hill of height 42 meters above sea level, past a
friend Cawly the crow circling at 60 meters above sea level. The ball eventually
falls into the sea and a small dog named Willa immediately retrieves it.

A. What is the velocity of the ball at time t minutes after the throw

Ans. v(t)=_-6t+15 m/min.
B. What is the position of the ball at time t minutes after the throw?

Ans. s(t)= 3> +15:+42. .
C. At what time is the ball highest? How high does it go?
Sol. Set v=0, -6t+15=0, tx=2.5 min
Ans. t= 2.5min_, s=_60.75m._

D. Verify that the ball passes Cawly the crow at 2 minutes on the way up.
When does the ball pass Calwly on the way down? (Explain why).

Sol Check s(2)=60. Solve s(t)=60,
—-3t?+15t+42=60, -3t*+15t-18=0,t* -5t +6=0, (t—2)(t—3)=0

Ans. t=3

Because: The curve s(t) giving height as a function of time is a parabola
symmetric about the vertical axis x=2.5 minutes. Since the ball passes Cawly at
2 minutes, then takes a half minute to get to the maximum at 60.75 m, it passes
Cawly again in another half minute, so at t=3 minutes. (Key point: “symmetry”

E. What is the velocity of the ball just before it falls into the sea?
Sol. First solve s(t)=13t>+15t+42=0,0r t*! 5t1 14=0, (t+2)t! 7)=0 .
Take t=7 min. as relevant, find v(7)=-6(7)+15=-27 m/min.
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4 (30 pts) Best two of three parts; third may count 5 pts.)

4A.(15 pts) Using the fundamental theorem of calculus, find the area
between the curve y=21x'*and the x-axis, between x=1 and x=7. (Show calculus

work, a calculator-only answer gets O credit, you may use the calclulator to
check your answer).

Sol. Area - jfzw:zlxl} = 217 = (22107 ) =21-3=18.
1

4B. (15 pts) The table below gives r(t), the net rate of flow of water entering a
pond, in 100 cubic meters per minute, t minutes after the start of a rainfall.

t min 0 3 6 9 12 15 18
r 100 m® / min 5 7 10 15 10 -2 -10

4Ba. Write an integral for the total amount A of water that enters the pond in
that period of 18 minutes. Include units.

Ans.A=__ 100!:8r(t)dt m*.___

4Bb. Write out the right R(6) (n=6), and trapezoid Trap(3) (n=3) estimates for
the total amount of water that flows over the dam in the first 18 minutes. In
each case, write out the sums, as well as the total. Please include units.

b. Ans. R(6)= (3)(7+10+15+10+(-2)+(-10)) =90 -100m*
Total: R(6) = 9000 m®

Sol. Trapezoid sum, n=3, Ax = ? =6, so look at r(t), t=0,6,12,18.
Ans T(3)= 6(0.55)+1(10) +1(10) + 0.5~10)) = 105!units'100im*
Total: T(3)=10500 m’.

4Bc. If the flow rate were sampled instead at every 1/100 th minute (n=1800),
determine the difference between the right and left sums for the amount.

Sol. R(n)-L(n))= Ax{f(b)- f(a))= %((—10)—5): —0.15, units 100m’.
Ans R(1800)-L(1800) = ! 15m°.
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4C (15 pts) Consider the function f(x) comprised of a line from (-8,-4) to (0,0) (
then a half circle of radius 4 with center (4,0) above the x-axis, with diameter
on the x-axis, for 0<x<8.(See graph on blackboard. The half circle has equation

y=44>—(x-4)"). (You may indicate your answers using = ).

Use properties of the integral and the geometric meaning of the integral
to find each answer below. Show your steps and which properties you use.

a. i fg f dx Sol. fg f dx is signed area of a a right triangle of width 8,
height 4 below the x-axis so is -0.5(8)(4). !! !:f!dx is the area of a half circle of
radius 4 above the x-axis. Ans. -16+8m

b. Sol. !!!"I(;Zf!zz"l(;flz 2(116). Ans. -32

c. Sol [ @-3fdx={ 2av-3[ f=2(16)-3(-16+8m).= Ans. 80! 24"

0 8

d. Sol [ f(x)dx==] f(x)idx=—(8r). Ans. -8m
Formulas:

. . . . n _ XnH : _ ny'l — x — i
Antiderivatives: J.X dx= e +C ifn = -1, "x'dx=In(x)+C, _[b dx = ) +C.

. -1 | - e

J.Sm(ax) -dx =—cogax). J.cos(ax) -dx=—sin(ax), | e“dx =
a a a
I b++/b*! 4ac

Quadratic formula: ax’+bx+c=0 has solution x= oA

Area triangle: A=bh/2. Area trapezoid: A=b(h +h,)/2. Area circle /r°.
Riemann sum formulas for _[: f(x)dx, using n equal subdivisions: Ax=(b-a)/n
L(n) = (" x)(hy+ b+ hy + hy+..+ h,.,) (left); R(n)= (Ax)(h, +h,+h,+...+h,_,+h) (right)
T(n) = (Ax)(0.5h, +h +h, +h,+...+h _, +0.5h) = trapezoid

Note: T(n)=(L(n)+R(n))/2, the average of left and right sums.



