
Math U141 Exam 1, Spr08 Prof. A. Iarrobino    Name:__Solutions_  
Please show  all w ork  to ensure that you get full credit .   
Scale:  125=100%, 110=A (94%),  104 = A- (90%), 90=B- (80%), 75=C- (70%), 60=D-(60%). 
Median score 99.5 quart iles: 106, 84. 
 
I.  Thre e basic problems (total 95 points)  
 
(35 pts) 1. Consider the graph y = f(x) where  f(x) = 3x5 ! 3.75x4 ! 10x3 ! 600. 
 
  A. Find the slope function f  Õ(x). (short way).   Ans. f Õ(x). = 15x4 ! 15x3 ! 30x2  
 
  B. i. Determine algebraically the three points x at which the slope f Õ(x) is zero (critical points 
of f). Verify that one of these points is (2, -644).  
   Sol . f '(x) = 0,!!15x2(x2 ! x ! 2) = 0,!!!!15x2(x ! 2)(x +1) = 0,!!x = 0.! 1,2. 
         

Ans.   Critical points:  ( -1, -597.5), (0, -600) , (2, -644)  
 
ii. Decide which of these points are local maxima, and which are local minima for the graph of 
y = f(x), using the second derivative test (SDT) for at least one critical point, and a first 
derivative test (involving signs of the first derivativ e)  for a point where the SDT is not 
conclusive. Show your work clearly enough so that you explain the SDT.  
 

Ans.  SDT:   

f ''(x) = 60x3 ! 45x2 ! 60x =

f "(! 1) = ! 45< 0,! f !concave!down!at x = ! 1,!is!local!MAX.

f "(2) = positive,! f !concave!up,!!x = 2!is!local!MIN

f "(0) = 0!no!concavity,!SDT !gives!No!Information!at!x = 0.

 

          FDT for max -min  at 0::  
f '(0.01) ! " 0.3, f '(" 0.01) ! " 0.3!( f decreasingoneither !side!of !x = 0),

sox = 0 is!neither !a!maxnorminof f (x).
 

 
  C. i. Determine algebraically the x -coordinates of all inflection points (Verify that one  
inflection point is approximately ( -0.693. -598.06).  

  Sol.  Set  

f "(x) = 0,!!60x3 ! 45x2 ! 60x = 0,!!!15x(4x2 ! 3x ! 4) = 0,

x = 0,!!x =
3± 32 ! 4á4á(! 4)

2(4)
=

3± 73
8

!!gives!!x = ! 0.693,! x = 1.443.
 

`      Ans.   x-0, -0.693,1.443.  
  D. Draw a graph of the original function y = f(x),  labeling clearly the local minimum and local 
maximum points, and the inflection points.    
    (Solut ion in cl ass. If you are plo tting this on GC, be sure your range includes the cr itical po ints, 
for  example   -2<x<2,   -680<y< -590.)  
 
 
1E. Determine the global max/min of  the same y=f(x) on the interval ! 1.5" x " 0.5, making use  
of a suitable table of values.  Sol.  Make table of values for cri tical po ints and endpoi nts. No te 
that the cri tical po ints (0,-600) m ay be o mitted if you h ave de termined it is no t a local max/m in.  
    

  x  f(x)  
 -1.5  -608.0156  Global Min  
  -1  -596.75  Global Max  
 0.5  -601.3906   
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  (30 pts) 2. Find the derivatives of the following functions.  

  A. f(x)=  5x7 !
2

x54
+ x29 ! ee

     Sol: rewri te:  f(x)= 
5x7 ! 2x! 5/4 + x2/9 ! ee  

  

Ans.    f '(x) = 35x6 ! 2.5x! 9/4 +
2

9
x! 7/9. 

  B.  f(x)= 2e3x + 3x2e ! ln(4x2) + e3cos(x)        

 Ans.  
6e3x + 6ex2e ! 1!

8x
4x2 ! 3sin(x)áe3cos(x)

 
 

  C.  f(x)= x4á4x2 ! 2x( )6
! e3x "sin(5x) +

9

4x2 ! 2x( )4
9

   Sol .  las t term is 9á4x2 ! 2x( )! 4/9
 

Ans. 
4x3á4x2 ! 2x( )6

+ x4á6 4x2 ! 2x( )5
(8x ! 2) ! 3e3x "sin(5x) ! 5e3x cos(5x) ! 4á4x2 ! 2x( )! 13/9

8x ! 2( )
 

 
 (30 points) 3. Do A,B,C for full credit.  
 
(5 pts) 3Ai . Use the tangent line, or local linear approximation to estimate  f (1.94)  when 
f (2) = 7 , f '(2) = ! 5  an d f ''(2) = ! 4.     

  Sol.   ! f " ! fTL = f '(2)á! x = #5(#0.06) = 0.3.      Ans.  _ f (1.94) = f (2) + ! f " 7 + 0.3= 7.3.__________ 
 Is your estimate too big or too small?      Ans. Too _big .  
          because  f is concave do wn at 2.  
 
(5pts)    3Aii.   Give below the g raph of a function y= f (x)  for 1 ! x ! 4 , whose first derivative 
f '(x)  satisfies, f '(x)  has a maximum at x=2, and f '(1) = ! 3, f '(2) = ! 1, f '(3) = ! 2 .You may assume 

f(2)=5. Give special attention to the concavity and inflections of y= f (x) . Label where f is 
concave up (CU) or concave down (CD). You may wish to graph f '(x)  and f "(x)  on a separat e 
paper f irst . 
  Graph of f(x):  (In cl ass.  f is  every where  decreas ing bu t  CU to the lef t of (2,5) and CD to the 

righ t). á4x2 ! 2x( )! 4/9
Full credi t if f is correc t and I saw a graph also of fÕ(x), and/or fÓ(x).  

 
___________________________ | _______________________________ 

          x=2  
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(10 pts) 3B.   A bacteria colony weighs 12 milligrams initially, and is growing at  a rate 
proportional to amount (exponential growth). After 2 days it weights 27 milligrams.  
  a . Determine its size  A = A(t)  as a function of time in hours ( or days).  

    i.  Write A(t) = A0e
kt , determining A0  and k.  

     Sol:  find k: 27= 12ek48,!ln
27
12

!
"#

$
%&

= 48k,k = 0.01689438..   Ans.  A(t) = 12e0.01689438t ,!t !in!hours.  

   (Ans   A(t) = 12e0.405465t ,!t !in!days. ) 

    ii. Also write A(t) = A0b
t .    Ans: A(t) = 12(1.01704)t !t !in!hours,!or!A(t) = 12(1.5)t !t !indays.   

   iii. The daily ratio of size is Ans  
27
12

!
"#

$
%&

1
2

= 1.5._.     The percent growth per day is  Ans.  50%_. 

 
  b.  When will it weigh  40.5 milligrams?   

   Sol i.   Set  40.5= 12e0.405465t ,!t =
ln(40.5/12)
0.405465

= 3!!(t !in!days) .    

   Sol ii.  Notice that  40.5/27=1.5, the ratio for one day, so t= 2 d ays to get to 27 mg +1day more 
                          

  Ans . 3 days   (72  hours).  
 
 
 
(10 pts) 3C.  Assume that for some positive constant C, a patient Õs temperature change T, in 
degrees Fahrenheit, due to a dose D of a medicine in units of 10 mg. is given by   

            T =
C
6

!
D
7

"
#$

%
&'
áD2.  

(a) What dosage D maximizes the temperature change (your answer is in terms of C)?  
 

Sol.  Set TÕ=0, SinceT =
CD2

6
!

D3

7
,!!!set !T ' =

2CD
3

!
3D2

7
= D

2C
3

!
3D
7

"
#$

%
&'

= 0. 

  So   D = 0!!or!
2C
3

!
3D
7

= 0!" !!D =
7
3

á
2C
3

=
14
9

C.   

Since  T " =
2C
3

!
6D
7

!! is  posi tive at D=0, D=0 is local Min.  

Since TÓ is negative at D =
14
9

C , th is is a local M ax.                     Ans. ___ D =
14
9

C  

(b). The sensitivity of the body to the medicine is defined as 
dT
dD

. What dosage maximizes  

sensitivity?   Sol.  Sensi tivity is jus t TÕ, so is m aximized when (TÕ)Õ=T " =
2C
3

!
6D
7

!! =0.  

                  Ans. __D =
7
9

C __. 

 
c. What are the units of the derivative of sensitivity with respect to time?  

Ans. 
deg!Fahrenheit

(mg)2á(units!of !time)
___ 
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II. The best two of the three probl ems #4 -6 will count 15 points each.  
 
(15 pts) 4. Find the derivatives of the following functions.  
 (the best two from A,B,C count 7.5 pts each).  

 A.  x4 ! 3x( ) "e2sin(3x)+1           Ans.  0.5 x4 ! 3x( )! 1./2
4x3 ! 3( ) "e2sin(3x)+1 + x4 ! 3x( )1./2

6cos(3x)( ) "e2sin(3x)+1  

 

B.   
ln(sin(3x))

cos(2x)                       Ans. 

3cos(3x)
sin(3x)

ácos(2x) ! ln(sin(3x)( ) ! 2sin(2x)( )

cos(2x)( )2  

 
 
 C.   

exsin x !e" 2xsin x    Sol.   f = e! xsin x,!! f ' = e! xsin x ! xsinx( )' = e! xsin x ! sin(x) ! xcos(x)( )  

 
 
(15 pts) 5. . (Definition  of derivative.) Consider the function f(x) = 5x2 + 3x + 2  which gives the 
mass of olive oil in a tank in liters, x hours  after 10 AM, for 0! x! 4.  
  A. Find the average rate of change of volume with respect to time, between x = 2 and x = 2+h. 
Give units.  

   Sol.  
! y
! x

=
5(2 + h)2 + 3(2 + h) + 2 " 28

h
=

5(4 + 4h + h2) + 3(2 + h) + 2 " 28
h

=
20+ 20h + 5h2 + 6 + 3h + 2 " 28

h
 

    Ans.      So 
! y
! x

==
23h + 5h2

h
= 23+ 5h!!liters / hr. 

  B. Find the limit of the above average rate of change of f between x = 2 and x = 2+h hours, as 
h approaches zero, thereby finding f Õ(2)  using the definition of the derivative. Compare your 
answer with the slope f Õ(2) from the  pow er rule formula (the two answers should agree).  
  Ans.   f '(2) = lim

h! 0
!23+ 5h = 23! li ters.hr.     This is fÕ(x)=10x+3 at x=2. 

  C. Give a diagram of y=f(x) near  the point P(2,28), illustrating your work. Also  
please write a sentence interpreting f Õ(2) in terms of what is happening to the olive oil in the 
tank at  a particular time of day.   
  Ans.  (in class for di agram). The mass of olive oil is incre asing at 23 li ters/hr at 12  noon.  
  
 D. Find the average rate at which the mass of olive oil in the tank is increasing between 10 

AM and 11:30 AM.    Ans.  
f (1.5) ! f (0)

1.5! 0
= 10.5liters / hr  
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(15 pts) 6.  You are consultant to a farmer who wishes to use 900 linear feet of fence on hand 
to enclose three outdoor pens for fowl, in a row against a straight barn wall, in such a way as 
to maximize the total area of the pens. Use calculus to determine the dimensions  
     x= the total width (parallel to the wall) of the pens, and  
     y  = depth (the dimension of the pens perpendicular to the wall),  
for the overall shape  that maximizes the area. Also determine the maximum area e nclosed.  
 
                wall  
y   
! ---------------- x ------------------- "  
 
Sol.    Side condi tion  L=900=4y+x.   M aximize  F=A=xy.  

   Solve side:   y=
900! x

4
.  Sub in to F:      A= xy =

x(900! x)
4

.  

   Set FÕ=0:    AÕ=
1
4

900x ! x2( )' = 1
4

900! 2x( ) = 0,!!x = 450! ft.     

Note   AÓ= -2/4 so A is Conc ave Down for all x,  
 So x=450 is  loc al and glob al m ax 
Ans.     x=450 ft.  y=112.5  ft,  max. area is  50625 sq ft.  
 
 
 
 
 
 
 
 
 
 
 
 
 
Table of formulas:   
Product rule: (fg)Õ = f Õg+fgÕ,      Quotient rule: (f/g)Õ = (fÕg-fgÕ)/g2  
 Chain rule  f(u)Õ = f Õ(u)"uÕ    
 Power rules:     (x n)Õ = nxn-1,        (un)Õ = nun-1"uÕ   

Exponentials:   (e x)Õ = ex,   (eu)Õ = eu uÕ,   ( bx)Õ = bx"ln(b),  ( b u)Õ = bu"ln(b)"uÕ, 
Logarithm:      (ln    x)Õ = 1/x      (ln u)Õ = uÕ/u      

Trig  functions:    (sin   x)Õ = cos  x,        sin(u)Õ = cos(u)" uÕ    (cos  x)Õ = -sin   x 

Quadratic formula  ax2 + bx+ c = 0 has solution x =
! b ± b2 ! 4ac

2a
 

Exponential growth:     A = A0e
kt .   Definition of derivative:   f '(a) = lim

h! 0
!
f (a + h) " f (a)

h
. 


