
Math U142 Spring 2009 Exam 1  Prof. A. Iarrobino  Solutions 
Scoring:  100=100%,  94=A, 90=A-, 80=B-, 70=C-,55=D-! 
 
1.  (24 pts)  Find the following integrals using substitution and standard formulas, or tables.  

   A. x
5 ! 15x

2( )! 3

(" x
4 ! 6x)dx,   let u = x

5 ! 15x
2                   

   

Sol. du= 5x4 ! 30x( )dx,!!
u! 3

5" du=
u! 2

5(! 2)
+ C =

x5 ! 15x2( )
! 10

+ C  

 B. cos(3x)
0

! /6

" 2 + sin(3x( )#1
dx      let u = 2 + sin(3x).  Also convert the limits of integration to u limits, 

then evaluate the integral as a u,du integral. 

Sol,   du = 3cos(3x)!dx,!!!! u!1 du
3u=2

u=3

" =
lnu
3

#

$%2

3

=
1
3

ln3! ln2( )  

C.  cos3(4x)
0

! /8

" #dx  (initial substitution u=4x, then use reduction formula) 

  Sol.  

u = 4x,!!du = 4dx,!!dx =
du

4
.!!!

1
4

cos3

u=0

u=! /2

" uá!du =
1
4

1
3

cos2
u!ásinu +

2
3

cosu!du"#
$%

&
'(

=
1
4

1
3

cos2
u!ásinu +

2
3

sinu#
$%

&
'(
)

*
+

0

! /2

=
1
4

0 +
2
3
, (0 + 0)#

$%
&
'(

=
1
6

.

 

 
2. (24 pts) Areas and volumes. 
 
2A. Find the area of the bounded region in the first quadrant between the graphs of 

y= x
3
+ 7x  and y=16x.   

 Sol.  Find intersection points: x3 + 7x =16x,!!x3 ! 9x = 0,!!x = 0,3,or !!3.  

   16x ! x3 + 7x( )( )
0

3

" dx = 9x ! x3( )
0

3

" dx = 4.5x2 !
x4

4

#

$%
&

'(
)

*
+
0

3

= 80.25.  

 

2B. The region bounded by y= x3
+ 7x  the x-axis, x=1, and x=2, is rotated about the x-axis. Set 

up integral(s) for the volume swept out. then find the volume. 

  Sol.  Vol= ! x3 + 7x( )
2

1

2

" dx= ! x6 +14x4 + 49x2( )
1

2

" dx= !
x7

7
+
14x5

5
+
49x3

3

#
$%

&
'(
)

*
+
1`

2

, 219.6! = 688.81  

 

2C. The region in the first quadrant bounded by the curve y= x2 + 8  and the line y=6x, x=2, 
x=4 is rotated about the axis  y= 10  (this axis does not intersect the region).  Set up 
integral(s) for the volume swept out.  Bring the integrals to a point ready to evaluate 
numerically. 

  Sol.  

! x2 + 8 " 10( )
2

" 6x " 10( )
2( )

2

4

# dx= ! x4 " 4x2 + 4 " 36x2 " 120x +100( )( )
2

4

# =

!
x5

5
"
40x3

3
+ 60x2 " 96x

$

%&
'

()
*

+
,
2

4  

 
3. (20 pts) Integral and meaning of integral. 
3A. (12 pts) The following table gives the concentration of medicine in the blood, in units of 
mcg/ml  t hours after being administered.  
 

  t   0  3    6  9    12  15  18 

concent  0  2    5  6   6  1   0 
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Bioavailability is the area under the concentration curve. Estimate the bioavailability of the 
medicine in the first 18 hours as indicated using a Simpson rule sum with n=6. 
Ans.  Write out terms of the Simpson rule sum:     

          ! x = 3.!!!!S=
3
3

1á0+ 4(2) + 2(5) + 4(6) + 2(6) + 4(1) +1(0)( )!!
mcg
ml

hrs. 

               Bioavailability !  58!
mcg!·hrs

ml
 

   3B. (8 pts) Rainwater is collecting in a barrel at a rate of  r(t)=100- 2t 2  fluid ounces per 
hour, where t is the number of hours since the rain began. Determine the total amount of 
water in the barrel after 5 hours, if the barrel initially contains 120 ounces of water. 

  Sol.  Change!in!Amount =! 100! 2t 2( )
0

5

" dt = 100t !
2t 3

3

#

$
%

0

5

= 500!
250
3

= 416.67oz. 

    Ans. 120+416.67=536.67 oz. 
3C. Determine the average rate of flow of water into the rain barrel in the first 5 hours. 

Ans.  Average rate= Average!rate=!
100! 2t2( )

0

5

" dt

5 ! 0
=

416.67!oz
5!hr

= 83.3!oz/ hr. 

 
4. (20 pts)  Implicit differentiation, related rates, approximation. 

4A. Suppose   y –f(x) and x satisfy   x2
y

2 ! 3x3
+ y

3
= 9 . 

i. Find  
dy

dx
  (as a function of x,y).   

Sol. 

d

dx
(x2

y
2 ! 3x3

+ y
3) =

d

dx
(9),!!!!2xy2

+ 2x2
y
dy

dx
! 9x2

+ 3y2 dy

dx
= 0.

2x2
y + 3y2( )

dy

dx
= 9x2 ! 2xy2,!!!!!Ans.!!

dy

dx
=

9x2 ! 2xy2

2x2
y + 3y2 .

 

 
ii.  Determine the equation of the tangent line to the curve y=f(x) at P(1,2).   

Sol. 
dy

dx
=

9(1)2
! 2(1)22

2(1)2á2 + 3(2)2 =
1

16
.!!!Ans.!!!y ! 2 =

1
16

x !1( ). 

 
4B.  The radius r of a sphere is measured to be 
    r= 6ft with an error of ±!0.03    
Estimate the maximum error in calculating the volume V of the sphere: use the differential 
dV. 

Sol.  V =
4

3
!r

3
.!!!dV = 4!r

2
dr = 4! (6

2
)(0.03) = 4.32! = 13.57! ft.

3  

 
5. (20 pts)   Improper integrals, integration by parts, partial derivative 

5A Consider the function   y= 
1

x1.2

 
Set up the integral for 

the area between this function and the x-axis, between x=32 and  x= ! . Determine whether 
the integral converges or diverges. If it converges, also determine its limiting value. 

Sol.  x! 1,2

32

"

# dx= lim
a$ "
!
x! 0.2

! 0.2

%

&
'

32

a

= lim
a$ "

! 5
a0.2 !

! 5
320.2 $ 0+ 2.5!!!converges!to!2.5. 

 

5B.    
1

x + 2! "

! 1

# dx     Sol. 
1

x + 2!"

!1

# dx = lim
a$!"

!!ln | x + 2 |]a

!1 = lim
a$!"

!ln!1! ln!| a + 2} |!!diverges. 

 

5C.  Using integration by parts, determine        9táe!3t

0

2

" dt  

Sol. u=9t, du=9dt;  dv= e!3t ,!!v =
e
!3t

!3
.    9táe! 3t

0

2

" dt =9tá
e!3t

!3
! 9á

e!3t

!3" = !3te!3t ! e!3t #$0

2
= 1! 7e!6 % 0.9826 
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5D.  Let  f= 6x2
y ! 3y2 ! 96x +15. Find 

           a.  fx =
!f

!x
 :     Ans.  fx = 12xy! 96  

       

            b. fy =
! f
! y

      Ans. fy = 6x
2
! 6y. 

    
         c*.  Determine the point (x

0
, y
0
, z
0
)! on the surface z=f(x,y) where  fx = fy = 0. 

   Sol. fy = 6x2
! 6y = 0,!!y = x

2.!substitute!in!!!! fx = 12xy ! 96= 0,!!12x3
! 96= 0,!!so!x = 2,y = 4. 

 
Formulas:   
Volume:  Cross-section or “slice of bread” method: 

  V= A(x)dx!   (here A(x) is the area of a cross section perpendicular to x-axis) 

Disk method: 

 V= ! r 2dx"    (volume of revolution about axis y=a parallel to x-axis; here r=y-a). 

:V= !f (x)2dx
a

b

"  (region between y=f(x) and x-axis, x=a,x=b is rotated about x-axis. 

Washer method: 

 V= ! R
2 " r 2( )

a

b

# dx   (region bounded by  y=f(x), y=g(x) is rotated about axis y=a:    

  here  R= big radius,  r = small radius).   
 Average height of y=f(x):  the height of a rectangle of equal base and area. 

Antiderivatives:  a. x
n
dx =

x
n+1

n +1
! +C  if n !  -1,   b.  x! 1dx = ln(x)" +C,     

c.  bxdx =
bx

ln(b)! +C.     d. sin(ax) ! dx =
"1
a

# cos(ax),   e. cos(ax)!dx =
1
a

" sin(ax) ,        

f.  eaxdx =
eax

a!        g. u2 + a2
! du=

u
2

u2 + a2 +
a2

2
ln u + u2 + a2( ) + C =  

i.  
dx

x
2

+ a
2! =

1

a
arctan

x

a

" 

# 

$ 

% 
+ C                j.  

dx

a
2 ! x

2" = arcsin
x

a

# 
$ 

% 
& +C  

k. sinn
x ! dx =

"1
n

# sinn"1
x !cosx +

n "1
n

sinn" 2
x ! dx    (n $ 0)#     l.    ln x !dx = x ! lnx " x# + C 

m. cos
n
x !dx =

1

n
" cos

n#1
x !sin x +

n #1

n
cos

n#2
x !dx   (n $ 0)"  

 

Integration by parts:  u !dv = uv " v !du##         

Other: 
Area of triangle   A=bh/2,  Area of trapezoid   A=(b(h

1
+ h

2
) / 2 .  

Area of circle:  ! r2 .      Volume of cone:  

1

3
!r

2
h

 

 Fundamental Theorem:  f (t)dt = F(b) ! F(a),  F  any  antiderivative  of  f .
a

b

"  

Simpson's rule:   
  
Sn =  

!x
3

f ( x
0

) + 4 f ( x
1
) + 2 f (x

2
) +É + 4 f ( xn"1 ) + f ( xn )( ) 

Trapezoid rule:     
Tn = !x 1

2 f (x0) + f (x1) + f (x2) +É + f (xn"1) + 1
2 f (xn)( )  

 


