Math U575 Spring 09 Exam 1 Prof. A. larrobinSolutions
Scoring: 100=100%, 85=A4-,65=B-,40=C-, 20=D-
1. (15) Consider the subgroup H=<9> @f,
a. Determine the order of H.
24
Ans. H={9,18,3,12,21,6,15,0}.. |H|=8. Or lHéjM 8.
b. List the subgroups of H.
Ans. 0, 2H=<18>=<6>, 4H=<12>.
c. H is isomorphic to what cyclic group?

Ans. Z; under the isomorphisth: H " Z 1V (k) = %

d. Determine the generators of H.
Ans. {9,3,21,15} (multiples of 9 by integers relatively prime to 8).

2.(20) Considers, the permutations of {A,B,C,D,E,F,G}.
a. Write (ABCG)(BDE)(AEF) as a product of disjoint cycles.
Ans. (ACG)(BDEF)

b. Determine therder of g = (AB)(CDEF).
Ans. lcm (2,4)=4.

c. Infact g =h°! for a suitable h. Determine h.
Ans. Since g* =e!welhaw!!(g®)* =g’ =g,lor!(g'")°* =g'® = g,!soth=g¢'" = (AB)(CFED)

d. What is the maximum order of any elementSn?

Sol. Disjoint cycles of total length 7 must have a maximum least common multiple:
Ans. 3-4=12.

e*. Can g be written as g#!
Ans. No, since the disjoint cycle decomposition of W must have a length 8 cycle, for its square
to be length 4.

3. (20)

3A. Show that if the elements x,y, and xy of a group G each have order 2, then xy=yx.
"1 =1

Ans. |g|=2! lgg=e! g=g ' 1Solifl|x =y |7 xy |= 2,'welhave!l(xy) = (xy) ' =y 'x7t = yx.

3B. List the five partitions of 4, and the Abelian groups of order 81 that correspond to them
(give the decomposition of each such group as a direct sum of cyclic groups).

4 Z, =27,
3+1 Z,\ 2,=2, Z,
2+2 z,! Z,

2+1+1 Z,! Z,! Z,

1+1+1+1 Z2.02,02,0Z,
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3C. A certain group G of order 81 has 54 elements of order 9. Which group is it?

Sol. Eliminate Zg, since only the 9 elements oZQ might have order 9; eliminate
Z,,®Z,, since only th®x3 elements of3Z,,! Z, might have order 9. 1Z, ® Z, all 81-9
elements not ir8Z, ® 3Z, have order 9. IiZ,! Z,! Z,, the 6x9 elements not in
3Z,! Z,! Z, have oder 9. No elements of order 9! Z,! Z,! Z,

Ans. Z,! Z,! Z,
4. (20) Consider the subgroup H= <(ABC)>={e, (ABC), (ACB)} of the group G of rotations
of the regular tetrahedron T with vertices {A,B,C,D}. Recalt fBas isomorphic to the
alternating groupA,comprised of the even permutations of the set S={A,B,C,D}.

a. Determine the 4 left cosets of H in G. That is, give four elements

0,9,,0,,0, so that gH,g,H,9,H,g,H are the four cosets of H in G.
(or you may write out the four cosets).
Ans. Each coset of H maps D to a particular vertex, so make sure that g,,8,,85.8, map D to

different vertices. As {eH=H, (ABD)H, (CBD)H, (BCD)H)} is one complete list of cosets.

b. His a 3Sylow sulgroup of G. How many conjugates does H have in G?
Give each conjugate in the formHg™ for a suitable g in G.
Ans. #conjugates n,divides 12, and n, =1 mod 3, so n,=I oe 4. But the subgroups
<(BCD)>, <(ABD)>,<(ACD)>, and H all have order 3, so are a complete list of 4 that are 3-
Sylow. So the list in form gHg ' is H = eHe,\\i< (BCD >= (ABD)H (ABD) *\(leaves!A! fixed),
< (ABD) >= (CBD)H(CBD) ™, and <(ACD)>=(BCD)H(BCD)'',

c. Consider the action of G on the set S= {A,B,C,D} of vertices of the tetrahedron T,
i. Identify H as the stabilizer of a suitable vertex.
Ans. H stabilizes D.

ii. Identify the left cosets of H in terms of the actiorGodn S.
Ans. Each left coset is comprised of elements of G taking D to a particular vertex.
Example vertex A: (ABD)H={(ABD), (ABD)(ABC), (ABD)(ACB)}=
{ABD},(AD)(BC),(ACD)}.

iii. Identify the stabilizer of the vertex B as a conjugate of H. Explai
Ans. Stab,B= <(ACD)>=(BCD)H(BCD)™" (BCD)'* takes B to D, H takes D to D, then

(BCD) takes D to B. this shows (BCD)H(BCD)™' c St®h.B, one finishes by identifying
(BCD)H(BCD)™' = <(BCD) > = StabB).

d. In the ation of G on the set E=4B,AC,AD,BC,BD,CD} of 6 edges of T determine
i. the stabilizerStaly AB
Ans. StabG@: {e, (AB)(CD)}. (two elements since the orbit 8B is all 6 edges, and
IG|=12.)

ii. Determine whether this stabilizer is a normal subgroup of G.
Ans. The stabilizer of each edge ( in the orbit of AB) is a conjugate subgroup to Staly AB.

Since Stab, AC = {e,(AC)(BD)}! Stahk AB, this showsStaly AB is not normal.



Math U575 Spring 2009 Exam  Prof. A. larrobin®olutions 3

5. (25). Let g be the-8ycle (1,2,3), and h theeycle (4,5,6,7) inS,. Let G be the subgroup
<g,h> they generate (G is the smallest subgrou,ofontining g and h).

a. Why do g and h commute?
Ans. They are disjoint cycles.

b. Conclude that any element of G may be written uniquelygdd h®, 1"a"3, 1#b"4.
Ans. Using associativity and commutativity, one can move each g in a word made of g,h, to the
left, and combine them, likewise combining h’s on the right, to give g*'h°. Since g has order
3, h order 4, we may assume a,b are as specified.

c. Define an isomorphism? :MZ," Z, to G. Show it is onto.

Conclude it is also-1. Why is it a homomorphism?
Sol. Let ! :MZ." Z, be defined by ! (a,b)=g*h".

Onto: From (b), win G can be written w =g*!h®, 1"a"3, 1#b"4. Then ! !(a,b) =w, (so w is
OhitO)

1-1: Either argue that |G|=12=|1Z,! Z, |, so onto implies-L.
Or (preferable): Let o\(a,b)=g’h°=g°h® =& (c,d). Then g*°=h"", but since g,h are
disjoint cycles, this equality implies g"°“=e=h"", so a=cmod 3, and b=d mod 4,
Implying (a,b)=(c,d) in Z, X Z,.
'Y Homomorphism:

I ((a,b)+(c,d)=! ((a+c,b+d)=g"h"** (by defn of +inz,! Z,. and def of/ !)
= (g*h")(g°h?) by commutativity of gh
=1 (ab)!! (cd).

d*. Let GO be the subgroup generated by the cycle (2,3,4) and (1,5,6,7).

i. Show that GO is conjugate to GSjnthat is, find w inS, such that G'=wGw'*.
Ans. One needs to map (4,5,6,7) to (1,5,6,7) and (1,2,3) to (2,3,4), so w = (1,4) will do:
GO=(14) (1,2,3)(4,5,6,7) (14)

ii. Determine thewumber of conjugates of G i8,.
Ans. Each conjugate is generated by a pair (g’,h’) of disjoint 3-cycles, so there are

! $ 7
The binomial coefficient y Z §(= % =35 conjugates of G.
0
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6. (25) Consider a group G of ordes3.
a. Using Sylow theorems, show that G, has a normal subgroup K =<k> of order 7. Explain.
Ans. n, ! 1!mod!7 and divide 63/7=9, so, =1.

b. How many subgroups might it have of order 9, according to Sylow?
Ans. n;! 1'mod!3 and divide 63/9=7, so, =1lor!7.

c. Assume that G has a normal cyclic subgroup H =<h> of order 9.
i. Show thatkhk'' = h* for some integer a.

Ans. Since H is normal, kHk''=H, so khk''" H, Since H=<h>, this implies
khk' = h* for some integer a.

ii. Show that «’ =1!mod!9.
Ans. One way: Recall khk'* =1h* implies k'hk'“ =th® . Thus
k” = ell=1h = ehe= k’hk 7 =1h?" =1a’ =!1Imod!9.

iii. Describe the groupAut Z,, and determine its order.
Ans. Aut'Z, =U(9), comprised of (1,2,4,5,7,8} under & mod 9, so has order 6. An
Abelian group of order 6 must kg, ! Z, " !Z so is cyclic: Here (2) is a generator of U(9).

iv. Conclude thata =1 in (ii) above.
Ans. Themap ! NK" 1Aut(H) M (K)! (h°) =K (h°)k™ is a homomorphism,
so |image(r)| divides both |K|=7 and |Aut(H)|=6, so |image(n)|=1, and
image(m)=1 (identity in U(9)).
Thus kh°k'* = h°llkhk'* = h,!lsola =1.

v. Conclude that G is cyclic.
We have, h,k commute, and each of H,K is cyclic, so G is Abeliard GK "!Z,! Z, " 1Z..,

(the last inequality since,J are relatively prime).

d.* Suppose instead that G has a subgroup H of order 9, that is not normal, or not cyclic.
What can you say about H and Glint: there are up to isomorphism 4 groups of order
63.
Note: There is one more Abelian group, Z,'! Z,! Z,. (it has one 3-Sylow subgroup).

Next, when the 3-Sylow is cyclic H=Z,, and G is not Abelian, then the action of H on K
givesamap: H =27, Aut(Z,)" U(7)" (Zg,+).!! The image is either e (G Abelian), or
a subgroup of order 3 (non-Abelian G). When the 3-Sylow is Z,! Z,, then, similarly,
there is a non-Abelian G constructed when the image of H in Aut(K) is of order 3.

Sylow: Let p be a prime dividing |G|, and I& | = p"s, with gcd(s,p)=1.
1. Then G has a subgroup of ordg' (called a OSylow subgroupO).

2. Any two subgroups of G having orde@f are conjugate.
3. The numbem, of p-Sylow subgroups divides s, and satisfigs=!1'mod!p.



