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Punchline

The longstanding conjecture that quantum channel capacity is
additive was finally disproved in 2008 by Matt Hastings using
random matrix methods.

The goal of this talk is to introduce the problem, explain some
aspects of Hastings’ paper related to random matrix
techniques, and show how his ideas lead to a general result on
‘worst-case’ entanglement of random subspaces. Some open
problems will also be discussed.



The general setting concerns finite-dimensional quantum
channels. A quantum channel can be defined in terms of an
isometric embedding of a subspace in a product space, and we
start with this viewpoint. We review some ideas about
entanglement of bipartite states, and then use this approach to
define the notion of a channel.



Entanglement of a bipartite state

Consider a product of Hilbert spaces A⊗ B. The entanglement
of a state |ψ〉 ∈ A⊗ B is defined to be

E(|ψ〉) = S
(

Tr A|ψ〉〈ψ|
)

= S
(

Tr B|ψ〉〈ψ|
)

where S(·) is the von Neumann entropy:

S(ρ) = −Tr ρ log ρ

and Tr B|ψ〉〈ψ| is the reduced density matrix of the orthogonal
projector onto |ψ〉. It satisfies the bounds

0 ≤ E(|ψ〉) ≤ log min{dim(A), dim(B)}

E(|ψ〉) = 0 if and only if |ψ〉 is a product state.

E(|ψ〉) = log min{dim(A), dim(B)} if and only if |ψ〉 is a
maximally entangled state.



Entanglement of a subspace

Now consider a subspace C of A⊗ B. The entanglement of
C ⊂ A⊗ B is defined to be

E(C) = inf
|ψ〉

E(|ψ〉) (1)

where the infimum runs over normalized states |ψ〉 in C. Note
that E(C) ≥ 0 with equality if and only if C contains a product
state.

Note that again

0 ≤ E(C) ≤ log min{dim(A), dim(B)}



It is easy to find subspaces with small entanglement, for
example E(C) = 0 if C is a product of subspaces in A and B.

We will be interested in finding subspaces whose entanglement
is large. In such a subspace all states are close to a maximally
entangled state. It is not obvious that there are
high-dimensional subspaces with large entanglement.

The approach to this question uses a randomizing argument.
Subspaces with large entanglement are proved to exist without
explicitly constructing them.

First we make the link to quantum channels.



Channels

Let d = Dim A, n = Dim B and s = Dim C. Then the subspace
C ⊂ A⊗ B is defined by an isometric embedding
W : Cs → Cd ⊗ Cn satisfying W ∗W = I, where C is the image
of W .

Use W to define the map

ΦW : Cs×s → Cn×n

ΦW (ρ) = Tr Cd×d WρW ∗

The map ΦW is a quantum channel: it is trace-preserving and
completely positive, meaning that ΦW ⊗ Ik is
positivity-preserving for any k . Every quantum channel arises
in this way from an isometric embedding (the representation is
not unique).



There is another channel defined by W , namely the
‘complementary’ channel

ΦC
W : Cs×s → Cd×d

ΦW (ρ) = Tr Cn×nWρW ∗

There is a one-to-one correspondence between isometric
embeddings W and pairs of complementary channels
(ΦW ,Φ

C
W ).

Every channel ΦW has a Kraus representation with d operators:

ΦW (ρ) =
d∑

k=1

Ak ρA∗k

where Ak : Cs → Cn and
∑

k A∗kAk = I.



Minimum output entropy

The minimum output entropy of a channel ΦW is defined by

Smin(ΦW ) = inf
|φ〉

{
S (ΦW (|φ〉〈φ|))

}
= inf

|φ〉

{
S (Tr Cd×d W |φ〉〈φ|W ∗)

}
= inf

|ψ〉∈C

{
S (Tr Cd×d |ψ〉〈ψ|)

}
= E(C)

where C = Image(W ). It follows that

E(C) = Smin(ΦW ) = Smin(ΦW ) (2)

Thus a subspace with large entanglement defines a channel
with large minimum output entropy, that is a noisy channel.



Conjecture

Conjecture 1 For any quantum channels Φ and Ω,

Smin(Φ⊗ Ω) = Smin(Φ) + Smin(Ω)

The right side can be achieved by restricting the infimum on the
left side to product states, hence it is always true that
Smin(Φ⊗ Ω) ≤ Smin(Φ) + Smin(Ω).

So the question is whether entangled input states can yield a
smaller output entropy.



Conjecture 2

Define the Holevo quantity for a channel:

χ(Φ) = sup
pi ,|ψi 〉

{
S

(∑
i

piΦ(|ψi〉〈ψi |)

)
−
∑

i

pi S(Φ(|ψi〉〈ψi |))

}
We will see later how this is related to the channel capacity of
Φ.
Conjecture 2 For any quantum channels Φ and Ω,

χ(Φ⊗ Ω) = χ(Φ) + χ(Ω)

Conjectures 1,2 are equivalent, and were recently shown to be
false. However the proof is non-constructive, and to date there
are no known explicit examples of channels which violate either
conjecture.



One of the main ingredients in the proof is the demonstration
that there are channels Φ which are sufficiently noisy, in the
sense that they have large minimum output entropy Smin(Φ). As
noted before, this is equivalent to the assertion that there are
s-dimensional subspaces of Cn ⊗ Cd with large entanglement.
The precise statement follows.

For fixed dimensions s,n,d , define the maximum entanglement
of a s-dimensional subspace of Cn ⊗ Cd :

Emax(s,d ,n) = sup{E(W ) |W : Cs → Cd ⊗ Cn}

We will assume that d ≤ n so that Emax(s,d ,n) ≤ log d .



Theorem

Let d ≥ 2, and 0 < r1 ≤ r2. For h sufficiently large, there is
n0 <∞ such that for n ≥ n0, and all s satisfying r1 ≤ s/n ≤ r2,

Emax(s,d ,n) > log d − h
( s

nd

)
(3)

As mentioned, the proof of this Theorem uses a randomizing
argument. In fact the result will imply that the probability that a
randomly selected subspace satisfies this bound will converge
to 1 as n, s →∞. Before explaining the ideas of the proof, we
show how it implies the existence of channels which violate
additivity.



Violations of additivity

Hastings (2008) considered the case s = n, so input and output
spaces have the same dimension, and d is the dimension of
the environment. He proved the existence of unital channels Φ
for which

Smin(Φ⊗ Φ) < Smin(Φ) + Smin(Φ)

Here Φ is the complex conjugate channel, defined by

Φ(ρ) = Φ(ρ)

The proof uses two main ideas: first, the channel Φ⊗ Φ is
shown to always have a relatively ‘pure’ output state and hence
a relatively small Smin.



This observation is due to A. Winter, and exploits a property of
the maximally entangled state in Cn ⊗ Cn

|ψm〉 =
1√
n

n∑
i=1

|i〉 ⊗ |i〉

namely that for any matrix A

(A⊗ I)|ψm〉 = (I ⊗ AT )|ψm〉



Hastings’ channel has the form

Φ(ρ) =
d∑

i=1

qi Ui ρU∗i , Φ(ρ) =
d∑

i=1

qi Ui ρU∗i

where
∑

qi = 1 and where Ui are n × n unitary matrices.
Hence when Φ⊗ Φ acts on the maximally entangled state
|ψm〉〈ψm|, the ‘diagonal’ terms leave the state invariant:

(Ui ⊗ Ui)|ψm〉〈ψm|(U∗i ⊗ Ui
∗
) = (I ⊗ UiUT

i )|ψm〉〈ψm|(I ⊗ Ui
∗
Ui)

= |ψm〉〈ψm|

This means that Φ⊗ Φ(|ψm〉〈ψm|) has a large component in the
pure state |ψm〉〈ψm|, and therefore has a small entropy.



In fact the argument is more general and implies a universal
bound for the output entropy of any product channel Φ⊗ Φ,
namely (again assuming s = n)

Smin(Φ⊗ Φ) ≤ 2 log d − 1
d

(log d − 1)



Now we use the subspace entanglement bound of Theorem 1,
taking s = n. This guarantees the existence of channels Φ for
which

Smin(Φ) = Smin(Φ) > log d − h
d

for sufficiently large n. Thus

∆S(Φ) = 2Smin(Φ)− Smin(Φ⊗ Φ)

≥ 2 log d − 2h
d
− 2 log d +

1
d

(log d − 1)

=
1
d

[
log d − 2h − 1

]
By taking d > exp(2h + 1) we get ∆S(Φ) > 0 and thus a
channel which exhibits non-additivity of minimal output entropy.



Minimal dimensions

Note that the size of the violation provided by the bound goes to
zero as d →∞. It would be interesting to find the smallest
dimensions which allow violations, as well as the size of the
largest possible violation. Following this line of reasoning we
define

dmin = inf
{

d : ∃n, ∃ s, ∃Φ s.t.∆S(Φ) > 0
}

nmin = inf
{

n : ∃d , ∃ s, ∃Φ s.t.∆S(Φ) > 0
}

∆Smax = sup
s,n,d

sup
Φ

∆S(Φ)



Minimal dimensions

The next result gives some bounds on these quantities.

Proposition

dmin < 3.9× 104 ∼ 215

nmin < 7.8× 1032 ∼ 2110

∆Smax > 9.5× 10−6

These bounds are surely not optimal, however they may
indicate the delicacy of the non-additivity effect.



Random subspaces

Theorem 1 is proved by estimating the probability that the
bound holds for a randomly selected subspace, or equivalently
a random embedding. Let W0 : Cs → Cd ⊗ Cn be a fixed
embedding, then every other embedding can be written as
W = U W0 for some unitary nd × nd matrix. Thus we can
obtain random embeddings (and hence also random channels
Φ,ΦC) by using random unitary matrices U (with normalized
Haar measure).

We write R(s,n,d) for the set of all embeddings
W : Cs → Cd ⊗ Cn, with W ∗W = I. This defines a probability
measure Ps,n,d on the set of embeddings R(s,n,d).



Random states

Let |ψ〉 be a random unit vector in Cn ⊗ Cd . The reduced
density matrix

ρ = Tr Cn×n |ψ〉〈ψ|

is a random state in Cd×d . The distribution of its eigenvalues
µd ,n has a Wishart form: for any event A

µd ,n(A) = Z (n,d)−1
∫

A

∏
1≤i<j≤d

(wi − wj)
2

d∏
i=1

wn−d
i δ

( d∑
i=1

wi − 1
)

[dw ] (4)

where Z (n,d) is a normalization factor.



Estimation of Z leads to the following bound.

Lemma

For all d, for n sufficiently large, and for any event A,

µd ,n(A) ≤ 1
(d − 1)!

exp
[
d2 log n + (n − d) d log d

+(n − d) sup
w∈A

d∑
i=1

log wi

]



The entanglement bounds

Recall that we want to show that there are embeddings W for
which the entanglement is large, i.e.

E(W ) > log d − h
(

s
n d

)
It will be convenient to use both the notation of channels and of
embeddings from now on. Recall the relation:

W : Cs → Cd ⊗ Cn, W ∗W = I

Φ(ρ) = Tr Cd×d W ρW ∗ ∈ Cn×n

ΦC(ρ) = Tr Cn×n W ρW ∗ ∈ Cd×d



Hastings’ proof relies on three important properties of random
channels. These properties are ‘generic’ in the sense that they
hold with high probability for a randomly selected channel.
Thus we can find channels for which all three properties hold
simultaneously and this does the job.

For convenience: if S(ρ) > log d − h(s/nd) say that entropy of
ρ is ‘large’, otherwise entropy of ρ is ‘small’.

Our goal: prove existence of W such that the entropy of
ΦC(|φ〉〈φ|) is large for all input states |φ〉.



Property 1 For any fixed input state |φ〉 and a random channel
Φ, the output state ΦC(|φ〉〈φ|) is very likely to be concentrated
near the maximally mixed state:∥∥∥∥ΦC(|φ〉〈φ|)− 1

d
I
∥∥∥∥
∞
≤ 2

√
log n

n

The entropy of such an output state is very close to the
maximum log d , and thus is large.

In fact, with high probability (approaching 1 as n→∞) this
bound will hold for at least one half of all input states (using the
uniform measure on the input states).



The main idea is to consider pairs (W , |φ〉) where W is a
random embedding and |φ〉 is a random input state. The state
W |φ〉 is a random bipartite state in Cn ⊗ Cs, and thus the
eigenvalues of ΦC(|φ〉〈φ|) have the Wishart distribution above.
This allows to prove that for any eigenvalue qi

P

(
|qi − 1/d | > 2

√
log n

n

)
→ 0

as n→∞. This estimate is used to show that there is a large
set of channels for which at least one half of all input states will
satisfy the bound. Thus there is a set of typical channels for
which the bound holds, and as s,n→∞ this set approaches
measure .

So for a randomly selected typical channel Φ, we just have to
worry about the remaining half of input states which might get
mapped outside this ball.



Property 2 To handle the remaining half of the input states,
Hastings made the following key observation: for a randomly
selected embedding, the set of all output states

{ΦC(|φ〉〈φ|) : |φ〉 ∈ Cs}

is sticky. If an output state pulls away from the maximally mixed
state 1

d I, then it must drag along a tail of output states with it.
This stickiness prevents the occurrence of isolated states far
away from the maximally mixed state, which would have
correspondingly small entropy and thus spoil the bound.



To be precise, with every output state ρ we associate a tube
which points halfway toward the maximally mixed state: define
the line segment

L(ρ) =
{

rρ+ (1− r)
1
d

I : 1/2 ≤ r ≤ 1
}

then the tube is

Tube(ρ) =

{
σ ∈ Cd×d : dist(σ, L(ρ)) ≤ 2

√
log n

n
+ 13 d

√
log d

s

}
where

dist(σ, L(ρ)) = inf
τ∈L(ρ)

‖σ − τ‖∞



The next result shows that for any output state ρ in the image of
ΦC , there is a uniform lower bound for the probability that a
randomly chosen state belongs to the tube at ρ.

Lemma

Let Φ be a typical channel, then for n sufficiently large, and for
all ρ ∈ Im(ΦC),

P
(
|φ〉 : ΦC(|φ〉〈φ|) ∈ Tube(ρ)

)
≥ 2−s−1 (5)

This explains the previous statement about stickiness:
wherever the state ρ happens to be, there is a tail of input
states connecting it to the maximally mixed state.



Main idea: by assumption there is an input state |φ〉 for which
ΦC(|φ〉〈φ|) has small entropy. Take another random input state
|θ〉. Then with high probability |θ〉 will be almost orthogonal to
|φ〉. If x = 〈φ|θ〉 then

P(|x | > t) = (1− t2)s−1

Thus if we write

|θ〉 = x |φ〉+
√

1− |x |2 |z〉

where |z〉 is orthogonal to |φ〉, then |θ〉 will be almost equal to
|z〉. Precisely,

P(|θ〉 : ‖|θ〉 − |z〉‖2 > t) ≤
(

1− t2

2

)s−1



It follows that

|θ〉〈θ| = |x |2 |φ〉〈φ|+ (1− |x |2) |z〉〈z|+
√

1− |x |2 (x |φ〉〈z|+ x |z〉〈φ|)

Write r = |x |2, then

ΦC(|θ〉〈θ|)−
(

rΦC(|φ〉〈φ|) + (1− r)
1
d

I
)

= (1− r)

(
ΦC |z〉〈z|)− 1

d
I
)

+
√

r(1− r)ΦC
(

eiξ |φ〉〈z|+ e−iξ |z〉〈φ|
)



Property 3 The last property uses again the observation that if
we randomly select an embedding W and randomly select an
input state |φ〉, then W |φ〉 = U W0|φ〉 = |ψ〉 is a random state in
Cd ⊗ Cn. So the eigenvalues of the reduced density matrix
have the Wishart distribution. Using the explicit from of the
distribution we can obtain very precise estimates for the
probability that such a density matrix has a small entropy (take
s = n for convenience):

P
(

S(Tr 2|ψ〉〈ψ|) < log d − h/d
)
≤ α(d) exp[d2 log n − n md (h)]

Here md is a large deviation rate function, and satisfies

md (h)→∞ as h→∞



By combining these properties we can finish the proof. Take
s = n for convenience. Consider the event consisting of those
embeddings which do not satisfy the desired bound:

B =

{
W : E(W ) ≤ log d − h/d

}
=

{
‘bad’ embeddings

}
We want to show that P(B) < 1 for h sufficiently large (in fact
we show that P(B)→ 0 as n→∞). Given W ∈ B let ρW be an
output state with low entropy (such a state must exist):

S(ρW ) ≤ log d − h/d ⇒ small



Consider the joint event

Prob
(

(W , |φ〉) : W ∈ B, ΦC(|φ〉〈φ|) ∈ Tube(ρW )
)

Then from Property 2 we get

Prob
(

(W , |φ〉) : W ∈ B, ΦC(|φ〉〈φ|) ∈ Tube(ρW )
)

= ProbW∈B

(
Prob|φ〉(ΦC(|φ〉〈φ|) ∈ Tube(ρW ))

)
≥ ProbW∈B

(
2−n−1

)
= 2−n−1 Prob(B)



Furthermore we get an upper bound for this event using
Property 3:

Prob
(

(W , |φ〉) : W ∈ B, ΦC(|φ〉〈φ|) ∈ Tube(ρW )
)

≤ Prob
(

(W , |φ〉) : S(ΦC(|φ〉〈φ|)) is small
)

= Prob|ψ〉
(

S(Tr Cn×n |ψ〉〈ψ|) is small
)

≤ α(d) exp[d2 log n − n md (h)]

Combining these gives

Prob(B) ≤ α(d) exp[d2 log n − n md (h) + n log 2]

Thus for h sufficiently large we have P(B)→ 0 as n→∞.



This is the proof of violation of additivity of minimal output
entropy. As noted this implies violation of additivity of the
Holevo quantity χ(Φ). This latter result is important because of
its relation to the channel capacity C(Φ). The capacity is
defined operationally as the maximum rate at which classical
information can be sent through the channel Φ, using input
states to encode the information and measurements to decode
at the output. The capacity is known to equal

C(Φ) = lim
n→∞

1
n
χ(Φ⊗n)

Non-additivity of χ means that C(Φ) > χ(Φ), and thus there is
no ‘single-letter’ formula for the capacity.



Open questions:
(1) find useful bounds for the channel capacity C(Φ)
(2) find a new compact ‘single-letter’ formula for C(Φ)
(3) settle the additivity question for C(Φ)


