SCHUBERT VARIETIES, TORIC VARIETIES, AND
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ABSTRACT. We contruct certain normal toric varieties (associated
to finite distributive lattices) which are degenerations of the Grass-
mannians. We also determine the singular loci for certain normal
toric varieties, namely the ones which are certain ladder deter-
minantal varieties. As a consequence, we prove the conjecture of
[?] on the components of the singular locus, for certain Schubert
varieties in the flag variety.

INTRODUCTION

The results of this paper are two-folds. On the one hand, we give
a self-contained exposition of the results of [?] on the degenerations
of the Grassmannians to normal toric varieties. On the other hand,
we determine the irreducible components of the singular locus of the
determinantal variety (in an one-sided ladder) defined by the vanish-
ing of all 2 minors. Using the latter result, we prove the conjecture
in [?] on the irreducible components of the singular locus for certain
Schubert varieties in the flag variety SL(n)/B. Let G4, be the Grass-
mannian of d-planes in k", k being the base field, which is assumed to
be algebraically closed of arbitrary charcateristic. For Gy, as well as
its Schubert varieties, we proved in [?] their degenerations to normal
toric varieties. The normality of these toric varieties was concluded
in [?] using the results of [?]. In this paper, among other things, we
give an independent proof of normality of these toric varieties, thus
leading to a self-contained exposition of the results of [?] for G4,. This
is accomplished by showing that these varieties are Cohen-Macaulay,
and are nonsingular in codimension 1 (using the Jacobian Criterion
for smoothness, cf. Sections ?? and ??). We also prove some partial
results (cf. Section ??7) towards the determination of the irreducible
components of the singular loci of these varieties, and state a conjec-
ture on the components of the singular loci. For the case d = 2, these
toric varieties are in fact the determinantal varieties (in some one-sided
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FIGURE 1. An one-sided ladder

ladders) defined by the vanishing of all the 2 minors. We determine
(cf. Section ?7) the irreducible components of the singular locus of a
ladder determinantal variety X (L) defined by the vanishing of all the
2 minors in a general one-sided ladder L; as a consequence, we obtain
an explicit description of the irreducible components of the singular
loci of the toric varieties considered above for the case d = 2 (and
our conjecture is verified to be true in these cases). Further, for a
suitable n, and a suitable parabolic subgroup @ C SL(n), the variety
X (L) x A”, where m = dim SL(n)/Q — #L, gets identified with the
“opposite big cell” in a certain Schubert variety X (w)in SL(n)/Q. The
above mentioned result on the irreducible components of the singular
loci of these varieties enables us to verify the conjecture in [?] for the
associated Schubert varieties (see Section ?? for details).

We now describe how the two-folds of the results of this paper are
carried out. Let £ be a finite distributive lattice, k[L] = ||[§, | T €
L], and I(L) the ideal generated by all binomials of the form z,z, —
TrvpTrag, T, ¢ being two noncomparable elements of £ (see Section 77
for notations). We first prove (cf. Section ??) that I(L£) is a toric ideal
(in the sense of [?]), and hence prime. We then give a short geometric
proof (cf. Section ??) of the result that a binomial prime ideal is a toric
ideal (in the sense of [?]; an algebraic proof is available in [?]). We next
prove (cf. Section ??) the Cohen-Macaulayness of R(L) = ||[£]/Z(L).
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For the case £ = I\, where I, = {i = (i1,...,0a) | 1 <43 <--- <
ig < n}, R(L) is realized in [?] as the special fiber of a certain flat family
whose general fiber is k[G4,], the homogeneous coordinate ring of the
Grassmannian G, for the Pliicker embedding. We prove (cf. Section
?7) that the variety X (£) = SpecR(L) is nonsingular in codimension 1.
(This is accomplished by using the Jacobian criterion for smoothness).

Thus we obtain the normality of X,,. As a consequence, we obtain
(see Theorem ?7):

Theorem A . The Grassmannian Gg, degenerates to the normal toric
variety Xqp.

Regarding the other half of the results of this paper, let L be an
one-sided ladder, and X (L) the determinantal variety defined by the
vanishing of all the 2 minors in L. Let a4, ..., o, be all the upper outer
corners of L, and «q the unique lower outer corner of £ (see Figure 1).
For 1 < i <, let V; be the subvariety of X (L) defined by z, = 0 for
a € [ag A oy, a V] (see Section 77 for notations).

In Section 7?7 we prove the following result (see Theorem ?7):

Theorem B . The irreducible components of the singular locus of X (L)
are presisely V;, 1 <1 <.

This is again proved using the Jacobian Criterion.

As mentioned above, X (L) x A> gets identified with the “opoosite
cell” in X (w), for a certain Schubert variety X (w) in G/Q, G = SL(n),
for a suitable n and a certain parabolic subgroup ). Moreover, the
varieties V; x A”, 1 < i <[, also get identified with certain Schubert
subvarieties X (6;) of X (w) (see Section ?7? for details). Let X (w™*) =
71 (X(w)), where 7 is the canonical projection G/B — G/Q. In
Section 7?7 we prove the following result (see Theorem ?7):

Theorem C . The conjecture in [?] (on the irreducible components of
the singular locus) holds for X (w™).

(see Section 77 for the statement of the conjecture).

The sections are organized as follows. In Sections 7?7 and 77, we
recall some generalities on Grobner bases and distributive lattices. In
Section ??, we prove the primality of the ideal I(L£), £ being any
finite distributive lattice (our proof is very short, and combinatorial
in nature). In Section ??, we carry out a short geometric proof of
the fact that a binomial prime ideal is toric. In Section 77, we prove
some general results on X (£) (in particular, we compute the dimension
of X(£)). In Section ??, we construct a “standard monomial basis”
for R(L). In Section ??, we prove the Cohen-Macaulayness of R(L).
In Section 7?7, we derive some properties of the distributive lattice
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Ijn = {i = (ir,...,iq) | 1 <4y < --- < ig < n}. In Section 77, we
study the variety X;,, where X4, = X (L), for £ = Z;\. In Section
77, we prove the normality of the variety X,,. In Section 77, we
prove some partial results, and state a conjecture, on the irreducible
components of Sing Xg,. In Section 7?7, we recall the generalities on
G/Q. In Section 77, we recall some results on the flag variety SL(n)/B,
and its Schubert varieties. In Section 7?7, we verify the conjecture stated
in Section ?? for d = 2, by determining the irreducible components
of Sing X (L), where X (L) is the determinantal variety defined by the
vanishing of all the 2 minors in a general one-sided ladder L. In Section
77, we relate X (L), as well as the irreducible components of Sing X (L)
to opposite cells in certain Schubert varieties in certain SL(n)/Q. In
Section 7?7, we verify the conjecture in [?] to be true for the pull-backs
in G/B (under G/B — G/Q) of the Schubert varieties obtained in
Section 77.

It should be remarked that in [?] a purely combinatorial description
of Sing X (L) is obtained. In this paper we have taken a geometric
approach to this problem, in the case when £ = Zj, or £ is an one-
sided ladder.

In this paper we have considered only those ladder determinantal
varieties which are also toric varieties. In a subsequent paper [?], we
study a larger class of ladder determinantal varieties (which are not
necessarily toric varieties), and prove results similar to those of Sections
77,77 and ?77.

The authors wish to thank C. S. Seshadri and P. Sankaran for many
useful discussions, especially pertaining Sections 7?7 and 77.

1. GENERALITIES ON GROBNER BASES

Let k be a field, and consider the ring k[z,... ,x,] of polynomials
in n variables x1, ..., z,. We recall below some generalities on Grobner
bases; for more details one may refer to [?], [?].

Definition 1.1. A total order < on the set of monomialsin k[zq, ... , x,]
is called a monomial order if for given monomials m, m,, m,, with
m # 1, my < m, implies m; <m-m; <m-m,.

For the rest of this Section, a fixed monomial order =< is considered.
If f is a nonzero polynomial in k[xy, ..., z,], then the greatest mono-
mial (with respect to <) occuring in f is called the initial monomial
of f, and we denote it by in(f); the coefficient of in(f) is called the
initial coefficient of f. For a family of polynomials F C |[[§c. - -, §\],
the ideal generated by its elements will be denoted by (F), and the
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set of the initial monomials of all polynomials in F will be denoted by
in(F).

Definition 1.2. Let I C k[zy,...,z,] be an ideal. A finite set of
polynomials F C T is called a Grobner basis for I with respect to < if
(in(F)) = (in(2)).

Definition 1.3. A reduced Grébner basis for I with respect to < is a
Grobner basis F for I with respect to < such that the initial coefficients
of the elements in F are all 1, and for all f € F, none of the monomials
present in f lies in (in(F \ {{})).

Proposition 1.4. Any Grébner basis for I generates I as an ideal.

In the case when I is the defining ideal of an algebraic variety X, a
Grobner basis for I will be also called a Grdébner basis for X.

Proposition 1.5. A nonzero ideal I C klxy,...,x,] has a unique re-
duced Grébner basis (with respect to a given monomial order).

1.6. Reverse lexicographic order. Assume that the variables x1,...,x,
are toatally ordered as follows: z; < --- < x,. A monomial m of
degree r in the polynomial ring k[zi,...,x,] will be written in the
form m = x; ...x;,, with 1 < 4 < .. < 4. < n. The reverse
lexicographic order on the set of monomials m € k[zq,...,z,] is de-
noted by <,,, and defined as follows: z;, ... x;, <yes j, ... 7, if and
only if either r < s, or r = s and there exists an [ < r such that
1= J1ye-erly = Jis0p1 < Jiz1- It is easy to check that <., is a
monomial oder.

2. GENERALITIES ON DISTRIBUTIVE LATTICES

Definition 2.1. A lattice is a partially ordered set (£, <) such that,
for every pair of elements x,y € L, there exist elements zVy and x Ay,
called the join, respectively the meet of x and y, defined by:

rVy>x, xVy >y, and if 2 > x and z > gy, then 2z > z V y,
r ANy <z, xAy<y, and if 2 <z and z <y, then z <z Ay.

It is easy to check that the operations V and A are commutative and
associative.

Definition 2.2. An element z € £ is called the zero of £, denoted by

0,if z <z for all z in L. An element z € L is called the one of L,
denoted by 1, if z > z for all z in L.

Definition 2.3. Given a lattice £, a subset £ C L is called a sublattice
of Lifx,y € L impliesz Aye L, xVyeLl.
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Definition 2.4. Two lattices L, and L¢ are isomorphic if there exists
a bijection ¢ : Lo, — L¢ such that, for all x,y € L,

(xVy)=p(@)Ve(y) and oz Ay) = o(@) A @(y).

Definition 2.5. A lattice is called distributive if the following identities
hold:

cA(yVz)=(xAy)V(zAz) (1)
zV(yAz)=(xVy A(zVz2). (2)
2.6. An example. Given an integer n > 1, C(\) will denote the
chain {1 < --- < n}, and for ny,...,ng > 1, C(\oo,---, \r) Will de-
note the chain product lattice C(\) x -+ x C(\r) consisting of all
d-tuples (i1, ...,iq), with 1 < iy < nq,...,1 <y < ng. For (iy,...,1iq),

(jla'-'ajd) in C(\Ooa’\[)a we define
(i1, sta) < (J1y---nda) = 1< J1,---,%a < Ja -
We have

(2.1: .. .,id) V (jh PP :jd) = (max{il,jl}, .. .,max{id,jd})
(ila e '77:d) A (jla cee ajd) = (min{ilajl}’ .. 'amin{idajd})'

C(\oos - -+, \[) is a finite distributive lattice, and its zero and one are
(1,...,1), (n1,...,nq) respectively.

Note that there is a total order < on C(\,...,\[) extending <,
namely the lexicographic order, defined by (i,...,iq) < (j1,...,ja) if
and only if there exists [ < d such that i1 = j1,...,%9 = J;, 101 < Ji41-
Also note that two elements (i1, .. .,%4)<(j1, - - -, jq) are non-comparable
with respect to < if and only if there exists 1 < h < d such that i;, > jj.

Sometimes we denote the elements of C(\oo, \c,---,\[) by Zi..iys
with 1 Sll Snl,...,l §id§nd.

2.7. The lattice of all subsets of the set {1,2,...,n} is denoted by
B(\), and called the Boolean algebra of rank n. Note that B(\) is
isomorphic to [C(€)] .

One has the following (see [?]):
Theorem 2.8. Any finite distributive lattice is isomorphic to a sublat-

tice of a Boolean algebra of finite rank, and hence, in particular, to a
sublattice of a finite chain product.
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3. THE IDEAL ASSOCIATED TO A DISTRIBUTIVE LATTICE

3.1. Let T = (k*)™ be the m-dimensional torus. Let M be the char-
acter group (=Hom,ig g, (1, G5 )) of T. Then M can be identified with
Z>. Let A= {ay,...,a,} be a subset of Z>. Consider the homomor-
phism
7:2" - 7>, u=(uy,...,u,) — U8y + - -+ unan.
Let x = (X1,...,Xn), t = (t1,...,tm), and
kx| = k[x1,. .., Xa), k[T =kt ... tm,tyh .t
The map 7 induces a homomorphism of semigroup algebras
7 k[x] = K[tFY],  x; e t7

Definition 3.2. The kernel of 7 is denoted by I 4 and called the toric
ideal associated to A.

Note that a toric ideal is prime.

Recall the following (see [?]).
Proposition 3.3. The toric ideal 14 is spanned as a a k-vector space
by the set of binomials

{x"—x"|u,veZ™ withnr(u) =7(v)}. (3)
3.4. An important example. Let us fix the integers ny,...,ng > 1,
and let n = I n;, m = S0 n;. Let e!,... el be the unit vectors

in Z*<, for 1 <1 <d. For1 <& <mnq,...,1 <& < ny, define
g, £, :e;1®"'®egd CL*D...0 L~
and
A ={ag.e, |1 <86 <ng,. 1< &g <ngl.
The corresponding map
o TRy e

is defined as follows: for 1 < [ < d and 1 < 7 < mny; fixed, the
(n1+---+ny_1+1;)-th coordinate of 7(u) is given by > e, ¢, 641605
the sum being taken over the elements (&,...,& 1,&,&41,...,&) of
C(\oos - - -» \1) with & = 4;. We call this subset the I-th slice of C(\ o, - .., \1)
defined by 4;, and denote it by {& = i;}. The components (or entries)
of an element u € Z"* are indexed by the elements (iy,...,i4) of
C(\oos--->\1)- If (j1,...,Ja) € {& = i}, sometimes we also say that
u;,..;, itself belongs to the slice {§ = i4;}.
The map 7 induces the map

T k[xll...la s 7x§1§2...§d: ey xnl’ng...nd] — k[tlla ey t1n1: s 7td1: ey tdnd]
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given by
Tey. g4 t1§1 .. .tdgd, for 1 < 51 <ny..., 1< §d < ng.

Definition 3.5. Given a finite lattice £, the ideal associated to L,
denoted by I(L), is the ideal of the polynomial ring k[L] generated by
the set of binomials

Ge={8T—EAT)EVT) ]S T € L non-comparable}.

By Theorem ?7?, a finite distributive lattice £ may be identified with
a sublattice of a finite chain product lattice . Hence it inherits a total
order extending the given partial order. In turn, this total order induces
the reverse lexicographic order on the monomials in k[L], as in ?7?.
The following theorem shows that the ideal associated to a chain
product lattice is toric.
Theorem 3.6. 1) We have I(C(\co,---,\1)) =Za_ .-

..... '
2) The set of binomials

G={§t—EBATEVT)|8T€C\s---.,\[) non-comparable}

is a Grobner basis for I(C(\cc, - .., \[)) with respect to the reverse lex-
icographic order.

Proof. Let C = C(\eo,...,\1) and A = A\ .. Let f € I by
Proposition ??, there exist u;, v; € Z,* with 7(u;) = 7(v;), and ¢; €
k*, 1 <1 < s such that

f:imﬂ—ﬂ) (4)

for some s > 1, with the property that s is the smallest integer > 1
such that f can be expressed as a linear combination of s binomials in
the set (??). Now we rewrite f as

S S
f=>ax"+> bix"i, ajb;ek
1=1 i=1

Then none of the coefficients aq, ..., a,, b1,...,bs is zero. Indeed, sup-
pose that a; = 0 for some 1 < ¢ < s. This implies that there exists
Jj€{1,...,s}, j # isuch that either ¢; = ¢; and v; = w;, or ¢; = —¢;
and u; = u;. In the first case we have

ci(x" — xVi) + ¢i(x" — x¥) = ¢i(xW —xV), 7(wy) = 7(vi)-

(5)
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In the second case we have

G (x™ —xV) + ¢i(x™ —xV) = ¢;(x —x"), 7w(v;) = 7m(vy).
(6)

But (??), (??) and (??) imply that f can be written as a linear com-
bination of s — 1 binomials in the set (?7?), contradicting the choice of
s. Thus a; # 0, 1 < i < s, and similarly b; # 0, 1 < i < s. This shows
that in(f) = in(x" — x¥i) for some 1 <7 < s. Let us write

xW—x¥ =x"(x" - xY),

where u,v,w € Z,*, with 7(u) = 7(v) and supp(u) N supp(v) = 0.
Let us suppose that x" >yex XV, i.e. in(x" — xV) = x" and in(f) =
in(x" — xVi) = x". Let z;, ;, be the smallest variable appearing in
x" i.e. (i1,...,1q) is the smallest element of supp(u) with respect to <.
Then xV contains a variable g, _,, with (ki,...,kq)<(?1,...,74). Since
m(u) = 7(v), the sum of the entries in every slice is the same for both u
and v. In particular, since all the entries of u in the slices {&; = i}, with
1 <i < iy, are 0 (by the choice of (i1,...,174)), all the entries of v in
these slices must also be 0. This implies that (ki,...,ks) € {&{& = i1}
Let 1 < h < ny such that k& = 41,...,ky 1 = t5_1,k, < 1. Then
the sum of the elements of v in the slice {§, = kj,} is nonzero, which
implies that {&, = k;} Nsupp(u) # 0. Let (ji,...,jqa) be an element in
this intersection. We have (i, ...iq) < (j1,...,J4) (by the definition of
(i1,...1q)), and since i, > ky = j,, we conclude that (iq,1s,...,74) and
(J1,---,ja) are non-comparable. Thus we obtain that x" is divisible
by i, ..i,%j . j,- Hence x" is also divisible by x;, ;,x;,. ;,- Therefore
in(f) is divisible by the initial term of an element of the set

G={8t—(BAT)EVT)]|S§ T € C non-comparable}

of generators of the ideal I(C). Since G C Z4, it follows that G is a
Grobner basis for 4. In particular it is a set of generators for this
ideal. Thus G generates both I(C) and I 4, which implies the equality
of the two ideals. O

Theorem 3.7. Let L be a finite distributive lattice . Then
1) The ideal I1(L) is toric (and hence prime).
2) The set of binomials

Ge={8T—(BAT)EVT) ]S T €L non-comparable}

is a Grobner basis for I(L) with respect to the reverse lexicographic
order.
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Proof. By Theorem ?7, we may assume that £ is a sublattice of C(\, . . -

for some ny,...,ng > 1. Let us denote C = C(\eo, -+, \[)s A= A\, .\
and G = G¢. Note that G, is the subset of G consisting of all binomials
in G involving only the variables from L. Let us denote

gﬁz{{ooa"'a{V}v g\gﬁz{}om"'?}f}

Let g; = a2y — (x Ay)(z V y), with z,y € C non-comparable, 1 < i < s;
then at least one of x and y does not belong to £ (£ being a sublattice
of C, x,y € L would imply z Ay,x Vy € L, so g; would involve only
variables from ).

Let Az C A be given by the elements in A indexed by the elements
of £, and let f be an element of

I4, = ker <7Ar‘k[£]> = (ker ) N Ek[L] = T4 N ||[L].

In the course of the proof of Theorem 7?7, we saw that in(f) is divisible
by the initial term of a binomial in G, and since f € k[L], this binomial
must be one of the f;’s, i.e. an element of G;. Since G C Z4,, it
follows that G, is a Grobner basis for 14,, hence G, generates I4,.
Therefore I(L) = Z4,, and the stated assertions follow now. O

4. VARIETIES DEFINED BY BINOMIALS

Let k£ be an algebraically closed field of arbitrary characteristic. Con-
sider an integer m > 1, and the m-dimensional torus 7,, = (k*)™

Definition 4.1. (cf. [?]) An equivariant affine embedding of T,, is an
affine variety X containing 7}, as an open subset, equipped with an
action of T;, on X

T, xX —X
extending the action T, x T,, — T}, given by the translations in T},.

Definition 4.2. (cf. [?], [?]) An equivariant affine embedding X of a
torus is called an affine toric variety if it is normal.

4.3. Let N > 1, and let X be an affine variety in AN, not contained
in any of the coordinate hyperplanes {z; = 0}. Further, let X be
irreducible, and let its defining prime ideal I(X) be generated by I
binomials

a4ty = by 1<i<l . (%)
Consider the natural action of the torus Ty = (k*)Y on AY,

(ti, ..., tn) - (a1,...,an) = (tiar, ..., tyan).

:\[)7
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Let X(Tx) = Hom(Ty,Gs) be the character group of Ty, and let
g; € X(Ty) be the character

5i(t17"':tN):ti ’ 1§Z§N
For 1 <</, let

Set T = nt_, ker ¢;, and X° = {(z1,...,o5) € X | 7; Z0 forall 1 <
i < N}.
Proposition 4.4. Let notations be as above.

(1) There is a canonical action of T on X.

(2) X° is T-stable. Further, the action of T on X° is simple and
transitive.

(3) T is a subtorus of Ty, and X is an equivariant affine embedding
of T.

Proof. (1) We consider the (obvious) action of Ton AN, Let (xq,...,2x) €

X, t=(t1,...,tnx) € T,and (y1,...,yn) = t-(X1,...,XN) = (t1X1,..., tINXN).

Using the fact that (z1,...,zy) satisfies (x), we obtain

YLy = v gty = b v i = b gl

forall 1 <i <l ie. (y1,...,yy) € X. Hence t- (a;,...,an) € X for
all t € X.

(2) Let © = (x1,...,xny) € X°, and t = (t1,...,tn) € T. Then,
clearly t - (x1,...,xn) € X°. Considering z as a point in AY, the
isotropy subgroup in Ty at z is {id}. Hence the isotropy subgroup in
T at x is also {id}. Thus the action of T on X° is simple.

Let (zq,...,zN), (2},...,2y) € X°. Set t = (tq,...,tn), where
ti = x;/x}. Then, clearly t € T. Thus (zi,...,zy) =t (x],...,XN)-
Hence the action of 7" on X° is simple and transitive.

(3) Now, fixing a point z € X°, we obtain from (2) that the orbit
map t — t - x is in fact an isomorphism of 7" onto X°. Also, since
X is not contained in any of the coordinate hyperplanes, the open set
X; ={(z1,...,2n) € X | z; # 0} is nonempty for all 1 <i < N. The
irreducibility of X implies that the sets X;, 1 <¢ < N, are open dense
in X, and hence their intersection

N
X =N Xi={(z1,...,2x) € X | z; # 0 for any i}
i=1

is an open dense set in X, and thus X° is irreducible. This implies that
T is irreducible (and hence connected). Thus T is a subtorus of Tly.
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The assertion that X is an equivariant affine embedding of T follows
from (1) and (2). O
Remark 4.5. One can see that the ideal 1(X) is a toric ideal in the
sense of Definition ?7?; more precisely, I[(X) = I4, with m = dim T,
n=N, A= {p,00 <) <N}, where p; = ¢; ;- (here k[T is identified
with k[ti", ..., ¢!, and the character group X (T) with Z>).

5. SOME GENERAL RESULTS ON THE VARIETY ASSOCIATED TO A
FINITE DISTRIBUTIVE LATTICE

We first recall some basic definitions on finite partially ordered sets.
A partially ordered set is also called a poset.

Definition 5.1. A finite poset P is called bounded if it has a unique
maximal, and a unique minimal element, denoted 1 and 0 respectively.

Definition 5.2. A totally ordered subset C' of a finite poset P is called
a chain, and the number #C' — 1 is called the length of the chain.

Definition 5.3. A bounded poset P is said to be graded if all maximal
chains have the same length (note that 1 and 0 belong to any maximal
chain).

Definition 5.4. Let P be a graded poset. The length of a maximal
chain in P is called the rank of P.

Definition 5.5. Let P be a graded poset. For A\, u € P with A > p,
the graded poset {r € P | p < 7 < A} is called the interval from pu
to A, and denoted by [u, A]. The rank of [p, A] is denoted by [,,(\); if
1 =0, then we denote 1,,(\) by just I()\).

Definition 5.6. Let P be a graded poset, and A\, u € P, with A\ > p.
The ordered pair (A, p) is called a cover (and we also say that \ covers
w) if 1,(\) = 1.

Definition 5.7. An element z of a lattice £ is called join-irreducible
(respectively meet-irreducible) if z = x V y (respectively z = = A y)
implies z = z or z = y. The set of join-irreducible (respectively meet-
irreducible) elements of £ is denoted by .J. (respectively M), or just
by J (respectively M) if no confusion is possible.

Definition 5.8. The set .JJ,N M/ of join and meet-irreducible elements
is denoted by JM, or just JM if no confusion is possible.
Definition 5.9. A subset I of a poset P is called an ideal of P if for
all z, y € P,

r €l and y <zximplyy € I.
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Theorem 5.10. (Birkhoff) Let L be a distributive lattice with 0, and P
the poset of its nonzero join-irreducible elements. Then L is isomorphic
to the lattice of finite ideals of P, by means of the lattice isomorphism

a—I,={reP|71<al, ac L.

Definition 5.11. A quadruple of the form (7, ¢, TV, TAP), with 7, ¢ €
L non-comparable is called a diamond, and is denoted by D(r, ¢,V
b, 7T NGP).
Lemma 5.12. With the notations as above, we have
(a) J ={7 € L | there exists at most one cover of the form (1,\)}.
(b) M = {7 € L | there exists at most one cover of the form (A, 7)}.

Proof. In order to prove part (a), let us denote
7 = {\ € L | there exists at most one cover of the form (), p)}

Clearly, J C Z. Let A € Z, and assume A ¢ J. Assumption implies
that there exists a diamond D(7, ¢, A, ). In particular, this implies
T <\ ¢ <\ Now L being graded, there exist «,  such that 7 < «,
¢ < B, and (A, a), (X, 3) are covers. Now, 7 < «, ¢ < S, and A = a V3
imply a # . But this would imply that A covers two distinct elements,
contradicting the hypothesis that A € Z. Hence the assumption that
A & J is wrong, which shows (a).

The proof of (b) is similar. O

5.13. Let X (L) be the affine variety of the zeroes in k¥ of I(L£) (note
that X (L) is irreducible, in view of Theorem ??). Then X (L) is a
variety defined by binomials, and we follow the notations in Section
??7. We have N = #L, I(X(L)) =Z(L). Let Z ={(1,06,7V ¢, 7 A @) |
(7,¢) € Q}, where

Q ={(r,9) | 7,¢ € L non-comparable}.

In view of Proposition ??, dim X (£) = dim 7, and we now compute
the dimension of T'.

Let m: X(Ty) — X(T) be the canonical map, given by restriction,
and for y € X(Ty), denote m(x) by Y. Let us fix a Z-basis {x, |
T € L} for X(Ty). For a diamond D = (1,¢0,7V ¢, 7 A ¢) € I, let
XD = Xrvé¢ + Xtag — Xt — Xo-

Lemma 5.14. We have

(1) X(T) ~ X(Ty)/ ker .

(2) ker w is generated by {xp | D € T}.

Proof. The canonical map 7 is, in fact, surjective, since 1" is a subtorus

of Tyy. Now (1) follows from this. The assertion (2) follows from the
definition of 7. O
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5.15. For aw € L, let I, be the ideal corresponding to o under the
isomporhism in Theorem ?7. Let

’%: Z X6-

0cl,

Lemma 5.16. The set {1, | a € L} generates X(T) as a Z-module.

Proof. Consider the homomorphism
0: X(Ty) = X(T) , Xatr> 1,

(note that {x, | @ € L} is a Z-basis for X(Ty)). For a diamond
D = (1,¢,u,\) € Z, we have

Uy + 0y =V, + 1, ()
and hence xp € ker. Conversely, it is clear that any relation among
1,’s is of the form (). Hence ker § = ker m, and X (T') ~ X (T)/ ker 0,

(cf. Lemma ?7?). In particular, this implies that # is onto, and the
result follows, since {x, | @ € L} generates X (T) as a Z-module. O

Proposition 5.17. The set {x, | 7 € J} is a Z-basis for X(T).

Proof. By Lemma ??, {¢, | a € L} generates the Z-module X (7).
Now

ba=2 X=X X (1)

= {0z .0<a)}
(cf. ?7). Hence {X, | 7 € J} generates the Z-module X (7). Also it
is clear that no proper subset of {X, | 7 € J} generates X(T'). The
result now follows. O

Now, since dim X (£) = dim 7T, we obtain
Theorem 5.18. The dimension of X (L) is equal to #J.

Definition 5.19. Let £ be a finite distributive lattice. We call the
cardinality of J, the dimension of £, and we denote it by dim £. If
L' is a sublattice of £, then the codimension of L' in L is defined as
dim £ — dim £'.

Lemma 5.20. Let P = (Pp)ger € X (L) be such that P, # 0 for any
T € J. Then Py # 0 for any 0 € L.

Proof. (by induction) Let 6 € L. If § € J., there is nothing to check.
Let then 6 € L\ J..

Let 6 be a minimal element of £\ J. This implies that every 7 € L
such that 7 < 6 belongs to J;. The fact that § € £\ J; implies that
there are at least two elements 6, 6, of £ which are covered by #. Note
that 6;, 65 are not comparable. We have 0, V 0, = 0. Let pp = 6, A 0s.
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We have PyP, = Py Py,. Now P # 0, Py, # 0, since 0,0, € J.
Hence we obtain that Py # 0.

Let now ¢ be any element of £\ J;. Assume, by induction, that
P, # 0 for any 7 < ¢. Since ¢ ¢ J., there are at least two elements
o1, ¢2 of L which are covered by ¢. We have ¢1Voo = ¢, PpPs = Py, Py,,
where 0 = ¢1 A ¢o. Also Py, # 0, Py, # 0 (since ¢y, ¢o are both < ¢).
Hence we obtain Py # 0. O

Definition 5.21. (cf. [?]) A sublattice £’ of L is called an embedded
sublattice of L if

,oeLl, Vo, TApeL = T,0€eLl.

Given a sublattice £’ of L, let us consider the variety X (L£'), and
consider the canonical embedding X(L£') — A(L') — A(L) (here
A(L') = A#E' ) A(L) = A#E).

Proposition 5.22. X (L') is a subvariety of X (L) if and only if L' is
an embedded sublattice of L.

Proof. Under the embedding X (L') — A(L), X(L’) can be identified
with

{(@:)rec € AIL) | §, =1if T & L, §.85 = §,v48:04 for 7,¢ € L noncomparable }.

Let n" be the generic point of X (L£'). We have X (L") C X (L) if and
only if € X(L).

Assume that n’ € X(L£). Let 7, ¢ be two noncomparable elements of
L such that 7V ¢, 7V ¢ are both in £'. We have to show that 7, ¢ € L.
If possible, let 7 ¢ £'. This implies 7, = 0. Hence either 7, , = 0, or
Mrne = 0, since i € X(L). But this is not possible (note that 7V ¢,
7 A ¢ are in L', and hence 17,4, and 7,4 are both nonzero).

Assume now that £’ is an embedded sublattice. We have to show
that n' € X(L). Let 7, ¢ be two noncomparable elements of £. The fact
that £’ is a sublattice implies that if 17, or 1} ., is zero, then either 7,
or 1 is zero. Also, the fact that £’ is an embedded sublattice implies
that if n; or n; is zero, then either 7., , or 1, ., is zero. Further, when
T, 0, TVO, TNPE L,

77,777;5 = 7717v¢7717/\¢-
Thus 7’ satisfies the defining equations of X (L), and hence ' € X (L).
[

6. A STANDARD MONOMIAL BASIS FOR R(L)

6.1. Let R(L) = ||[£]/Z(L), k[L] being as in Section ??. Note that
R(L) is a domain (cf. Theorem ?7?). Let X (L) = SpecR(L). For
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0 € L, let us consider the sublattice £y = {\ € £ | A < 0} and the ring
Ry = Re/{(za | A€ LN £ 0) =2 R(Ly) and denote SpecRy by X (Ly),
or just Xy. Note that Ly is an embedded sublattice (cf. Definition
?7). In the sequel, for 7 € £, we shall denote z, (in R(L)) by just z.;

similarly, the restriction x,|  will be also denoted by just x..

Xo

6.2. We take a total order > on L extending the partial order >,
and a monomial of degree r in R(L) will be written as x,, ...xz,,, with
T2 2 Ty

Definition 6.3. A monomial z,, ...z, of degree r is said to be stan-
dard on X (L), if 77 > --+- > 7,. Such a monomial is said to be standard
onXgif@>m >--->1,.

Proposition 6.4. Standard monomials on Xy are linearly independent
mn Rg.

Proof. Ry being graded, it suffices to prove the linear independence of
standard monomials of a given degree, say r. We shall prove this by
induction on [(#) (cf. Definition ??), and r. If I(#) = 0, or r = 1, the
result is clear. Let then [(#) > 1, r > 1, and let

> a;Fi =0, a; € k* (*)
i€l
be a linear relation, where F; = 71 ... 7y, Tin > -+ - > T If 751 < 0 for
some i, then restricting (%) to X, , we obtain (by induction hypothesis)

that a; = 0 for all j with 7;; < 71 (note that F is either identically

Til
zero, or it remains standard on X, ). Thus we may suppose that 7;,, = 6
for all i € I. Now x4 can be cancelled out (since Ry is a domain), and

the result follows by induction on 7. 0]

Proposition 6.5. Any monomial in Ry is standard.

Proof. Let F' = x,, ...x, . If there is an ¢ such that 7; 2 7,41, this
implies 7;, 7,41 are non-comparable. Then, denoting 7; V 7,11, 73 A Ti41
by A, p respectively, we have F' = x, ...x)\7,...2,, and the new
expression of F'is lexicographically greater than the previous one, since
A > 7;. Continuing this process, after a finite number of steps we arrive
at a standard monomial expression of F' (since L is finite). O

Combining Propositions 7?7 and 7?7, we obtain

Theorem 6.6. Standard monomials on Xy form a basis of Ry.
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7. COHEN-MACAULAYNESS OF R(L)

In this section we prove the Cohen-Macaulayness of R(L) using
deformation techniques. Let S(L) denote the Stanley-Reisner of L,

namely k[L]/(8a8s | (o, ) € Q) (recall that Q@ = {(a, 8) | o, f €

L noncomparable }).
Recall the following (cf. [?]):
Theorem 7.1. The ring S(L) is Cohen-Macaulay.
We now construct a flat family over &[] whose general fiber is R(L)

and special fiber is S(£). This construction is done in the same spirit
as in [7].

7.2.  We first assign positive integers n,, 7 € L, in such a way that if
7 > 7', then n, > n, (for example we may take n, = [(7)). We choose
an integer N, and set N, = N' (7). Then, since £ is finite, we can choose
N sufficiently large so that for any diamond D(7, ¢, 7V ¢, 7 A ¢),

N’r\/qﬁ —+ NT/\¢ > N, + N¢
Theorem 7.3. There exists a flat family over k[t] whose special fiber
is S(L) and general fiber is R(L).
Proof. For 7,¢ € Q , let f,, be the element in k[L] given by

Jrip = Trly = TrvgTrng.
Then I(L) = ({74 | (1,0) € Q). Let us denote R(L), S(L), k[L],
by R, S, P respectively. Let A = k[t], and Py = A[z,,a € L]. For
(1,¢) € Q, we define the element f, ,; in P4 as

_ N. +N. —N-—N,
fT,¢,t =T;Typ — :L.T\/(;lﬁzT/\(]ﬁt TV AT T TR

(note that f, 4, is well defined, in view of the choice of N,’s).

Let Z be the ideal in P4 generated by {f;s: | (,6) € Q}, and
R =P4/T.
Claim . (a) R is k[t]-free.

(b) R @y |1, U] ~ R[U, L]

(¢) R @y L]/ (L) ~S.
Proof. We have

R @) [I[U]/ (L) =Pa/(ZT+ () =S

This proves (¢). Let B = k[t,t"'], and Pp = Blza,a € L]. Let
I(resp. ) be the ideal in Pp generated by {f,, | (1,¢) € Q}(resp.
{fros | (1,0) € Q}. We have

Pg/I ~ R[t, t7}] (7)
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Pp/T = R @y ||, U™] (8)
The automorphism
Pp ~ Pg, Ty > Vo,
induces an isomorphism
Pg/I ~ Pg/T (9)

From (77?), (??), (??) we obtain (b). Finally, it remains to show (a).
Let Xy = Zo (in R = P4/I), fo =tV X, and

M={{o.  Aoo |0 >->ay, VEZ,}.

We shall now show that M is a k[t]-basis for R. We first observe
that M is a k[t]-basis for R. We first observe that any monomial
F = f. ... f; is in fact standard. In order to see this, let 7 be such
that 7; 2 7;41. Then using the relation

X, X

tN"'iVTi+1 +Nrynri = Neg =Nry g

Tit1 — XT_L'\/TZ‘+1XTZ‘/\TZ‘+1 9

we obtain F' = f. ... fr_| frvro frang, - - - fr,. Continuing thus, we
find (as in the proof of Proposition ??) that at each step the expres-
sion for F'is lexicographically greater than the expression at the pre-
vious step (here we suppose 71 = --- > 7,.), and thus we arrive at an
expression for F' as a standard monomial (since £ is finite).

It remains to prove the linear independence of M. Since standard
monomials form a basis for R (cf. Theorem ?7?), we obtain (by base
change), that M is a k[t,t !]-basis for R[t,# !]. Denoting the iso-
morphism Pp/Z ~ R[t,t"'] by ¢, we have {¢ " (fa, ... fa,) | 01 >

- > ap,r € Z,} is a k[t,t']-basis for R[U™>°]. For a monomial
m =z, ..., (in R[t,t7']), we have o~ '(m) = t V=X, ... X, , where
Ny =37 | N;,. Hence we obtain {fo, ... fo, |1 > - > a,,r € Ly}
is a k[t,t !]-basis for R[LU™>] (since t = is a unit in k[t,¢ ']). In par-
ticular, we obtain that {fa, ... fa, | @1 > -+ > a,,r € Z,} is linearly
independent over k[t,t!], and hence over kl[t]. O

O

Combining Theorems 7?7 and ??, we obtain
Theorem 7.4. The ring R(L) is Cohen-Macaulay.

8. THE DISTRIBUTIVE LATTICE I, AND THE VARIETY X,

Let
Ly =A{7 = (i1,---,0q) | 1 <y < -+ <lig < n}.
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We consider the partial order > on I, given by

(ila"'aid)z(jla---ajd) — ilzjla"'aidz.jd-

For 7 € I;,,, we denote the j-th entry in 7 by 7(j), 1 < j < d.
The following result is well-known (see [?] for example):

Proposition 8.1. (I4,,>) is a distributive lattice.

For the rest of this section, the lattice /;, will be denoted by simply
L, and we use the notations introduced in Section ?77.

In the discussion below, by a segment we shall mean a set consisting
of consecutive integers.

Lemma 8.2. We have

(a) The element T = (iy,...,1q) is join-irreducible if and only if
either T is a segment, or T consists of two disjoint segments (u,v),
with p starting with 1.

(b) The element T = (iy,...,1q) is meet-irreducible if and only if
either T is a segment, or T consists of two disjoint segments (u,v),
with v ending with n.

(¢) The element T = (i, ...,14) s join-irreducible and meet-irreducible
if and only if either T is a segment, or T consists of two disjoint seg-
ments (u,v), with p starting with 1 and v ending with n.

Proof. We first observe that (i, ...,44) is join-irreducible if and only
if (n+1—144,...,n+1—14) is meet-irreducible. Thus it suffice to
prove part (a). It is easily seen that 7 = (iy,...,44) is a cover for
(J1s-+-y7a) € L if and only if {ji,...,ja} is obtained from (iy,...,14)
by replacing i; by i; — 1 for precisely one ¢, and this proves (a). Part
(¢) follows from (a) and (b). O

8.3. For a join-irreducible or meet-irreducible element 7 € £ we say
that 7 is of Type I (resp. Type II) if 7 consists of just one segment
(resp. two disjoint segments), as in the description given by Lemma

??7. We denote by Jg), JMEI) (resp. ng), JMEH)) respectively the set
of elements of J., JM, of Type I (resp. Type II). Note that
JMID ={(i+1,...i+d)|0<i<n—d},

and

JMED ={(1,.. jn+j+1—d,....n)|1<j<d—1}.
Forr; = (i+1,....i+d) € JMP and ¢; = (1,....jn+j+1—
d,...,n) € IMID et Ay =75V ¢, pij = 7 A ¢;. Note that 7 = 0
and 7,_q = 1. Clearly,

Nij = (41, .. it n+l4+i—d, ... ,n), =1, 40441, i+d).
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In the sequel, Xy, will denote the variety X (L), for £ = Tj,.

9. THE IRREDUCIBLE COMPONENTS OF Xg, \ Xg,

We preserve the notations of Section ??. As in Section ?7, let Xg, =
{(z1,...,2N) € Xgn | 2 # 0 for all ¢}.
Lemma 9.1. Let 0 € J.\ JM,, say 0 = (1,...,j5,t+1,....t+d—j),
where j <t <n+j—d. Then 0 = ;j, wherei=1t— j.

The result follows from the definition of /1;; (note that 0 < i < n—d).

Let

LY =L\ {reL|7(V)=)+V}

where 0 <i:<n—d,and 1 <r <d.
Proposition 9.2. With notations as above, £§V) s an embedded sub-
lattice of L.

Proof. Let v, 0 € £§V). Then clearly yVé, yAd € Lgv). Similarly, if ~,
0 in L are such yVJ, yAd € Egv), again it is clear that v, 0 € Egv). O

Proposition 9.3. Let notations be as above. For 0 <i<n —d, let
Y;' = de N {:L'Ti = 0}

Then
(1) Yy and Y, _4 are irreducible
(2) the irreducible components of Y;, 1 <i <mn—d—1, are precisely

X(L), 1<r <d.

Proof. In order to prove (1), it is enough to observe that Yy = X (£ \

), YVoqa = X(L\ {33}). Now we prove (2). We have, in view of
Propositions ??7 and ??, that X(Egv)), 1 < r < d is an irreducible

subvariety of X (L£). Also X(ﬁgv)) C ) (since 7; & Egv)).

Let now Z C Y}, Z irreducible. Let n be the generic point of Z. Let
T € L, T # 7; such that n, = 0 (note that, since n,, = 0, for at least
one T € L, T# 1,1 =0).

Claim . 7 € Egv), for somer, 1 <r <d.

Proof. Assume that 7 ¢ £§V), for all 1 < r < d. This implies 7(r) =
1+ r for all 1 < r < d. But this implies that 7 = 7;, contradicting the
choice of 7. Hence our assumption is wrong, and the Claim follows. [
Now the Claim implies that n € X(Egv)), for some r, 1 < r < d, and
hence Z C X(ﬁgv)). O
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Corollary 9.4. The subvariety X(Egv)), 1<i<n—-d-1,1<r<d,

of Xgn, has codimension 1.

9.5. We next determine the irreducible components of X,,N{z, = 0},
for ¢ € JM, of Type II. Let

p=¢;=(1,....5n+1+j—d,....n),
where 1 < j7<d—1. Fixr,withj+1<r<n+j—d, and let

NV =@ —jr—j+1l,...r—Ln+j+l—dn+j+2—d,...,n)

P = (1, g L2, d - ),
where )\y) () = r — 1. Note that

0 € [uy),)\y)] <~ 0(j+1)>r+1, and 0(j) <r—1

)
(and hence 6 ¢ [uy), )\y)] < 0(+1)<r ord(j) >r). Let

v V) \(V
£ = £\ AL
where 1 <j7<d—-1,7+1<r<n+j—d.
(V)

Proposition 9.6. With notations as abowve, £| 15 an embedded sub-
lattice of L.

Proof. Let ~, § € £|(V). Then either v(j) > r, or v(j + 1) < r, and
d(j) =r,ord(j+1)<r.

Claim . YV, YA € E‘(V).

Proof. We distinguish four cases.

Case 1: ~(j) >r,0(j) >r

This implies that (yVd)(j) > r, (YAd)(j) > 7, and hence yV i, YA €
.
Case 2: ~(j) > 7, 0(j+1) <
This implies that (yV4d)(j) > r,
L.
Case 3: ~y(j+1) <r,d6(j)=r

This is similar to the previous case.

Case 4: ~v(7j+1)<r,0(j+1)<r

In this case, (yVd)(j+1) < r, (yAd)(j+1) < r, and hence yVd, yAd €

£, O

Claim . Let v, § be two noncomparable elements of L such that vV 6,
YA E Efv). Then v, 0 € ﬁ‘(v).

r
(yAd)(j+1) < r, and hence yVd, YAd €
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Proof. Here, we distinguish three cases.
Case 1: (yAO)(j) >
This implies y(j) > r, 6(j) > r. Hence v, § € E‘(V).
Case 2: (yVo)(j+1)<r
This implies 7(j + 1) < 7, 6(j + 1) < r. Hence v, § € L.
Case 3: (yVO)(j) =7, (yASG+1)<r

Now (v V d)(j) > r implies that at least one of {v(j), d(j)} is > 7.
Assume that v(j) > r. This implies v(j + 1) > r + 1, and hence
d(j+1) <r (since (yAd)(j+1) <r). Thus, y(j) > r,and §(j+1) < r.
Hence v, 0 € ﬁ‘(v). O

>
>

The above two claims show that ﬁ‘(v) is an embedded sublattice. [

Proposition 9.7. Let notations be as above. For1 < j<d—1, let
Y}' = Xd,n N {.’L‘¢j = 0}

Then the irreducible components of Y; are precisely X(ﬁ‘(v)), J+1<
r<n4+j—d.

Proof. We have, in view of Propositions 7?7 and 7?7, that X(ﬁ‘(v)) is an

irreducible subvariety of X (L£). Also X(ﬁ‘(v)) C Y (since ¢; & Efv)).
Let now Z C Y;, Z irreducible. Let 1 be the generic point of Z.
Consider an element 7 € £, 7 # ¢, such that 7, = 0 (note that, since
ng; = 0, for at least one 7 € L, 7 # ¢;, n, = 0).

Claim.TEE‘(V),forsomej—i-l§r§n+j—d.

Proof. Assume that 7 ¢ Efv), forall j+1 <r <r+j—d. Then for
r = j+1, we have 7(j) < j+1. Hence we obtain 7(j) = j. Similarly, for
r=n-+j—d, we have 7(j+1) > n+j—d. Hence 7(j+1) =n+1+j—d
(note that 7(j+1) < n+1+j—d for any 7 € £). Thus we obtain that
r=(1,...,j,n+14+j5—d,...,n), i.e. T = ¢;, which is not true, by our
choice of 7. Hence our assumption is wrong, and the Claim follows [

Now, Claim implies that n € X(ﬁ‘(v)), for some r, with j+1 <r <n+
j—d, and hence Z C X(ﬁ‘(v)), for some r, with j+1 <r <n+j—d. O

Corollary 9.8. The subvariety X(ﬁ‘(v)), 1<j<d-1,j41<r<

n+j—d, of Xqpn, has codimension 1.
Proposition 9.9. The irreducible components of Xy, \ X3, are pre-

cisely the subvarieties X(Lgv)), 1<i<n—d-1,1<r<d, X(L‘(v)),

1<j<d—1,j+1<r<n+j—d, and X(L\ {1}), X(£\ {53}).
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Proof. Let Z C Xg, \ Xg,,, Z irreducible, and let 1 be the generic
point of Z. In view of Propositions 7?7 and ?7, it is enough to show
that there exists a 7 € JM, such that n, = 0.

Assume that n, # 0, for any 7 € JM,. Let 6 € J.\ JM;. Then 6
is a Type I join-irreducible element of L. Let

0= (1,....,5,t+1,....t+d—j).

We have § = p;;, where i =t — j (cf. Lemma ??). Thus 6 = 7; A ¢,
and hence our assumption implies that 7y # 0. This, together with
our assumption, implies that ns # 0, for any § € J.. This implies
n € Xg, (cf. Lemma ?7?), which is not true. Hence our assumption is
wrong. 0

Lemma 9.10. We have

(a) for1 <i <n-—-d-1, JM:\ {n} C £§V); where 7, = (i +
L...,i+d),

(b) for1 <j<d-1, JML\{d)j}C,CfV), where ¢; = (1,...,j,n+
j+1—d,...;i+d).

Proof. (a) Let @ € JM;. First, let 6 be of Type I, say 0 = (j +
1,...,7 +d), where j # i. Then, clearly, § € ﬁgv). Now let 6 be of
Type II, say 0 = (1,...,5,n+1+j—d,...,n). Then O(r) =rifr < j,
and 0(r) =n —d+rif r > j. In either case, it is clear that 0 € £§V)

(b) Let 6 € JM_. First, let 6 be of Type I, say 0 = (i+1,i+2,...,i+
d). We have 0(j) =i+ 74, 0(j +1) =i+ j+ 1. Hence 0(j) > r, if
i+j>r and 0(j+1) <7 ifi+j+1<r Thus6e L)

Now let 8 be of Type I, say 6 = (1,...,s,n+1+s—d,...,n). If
j < s then 0(j+1) = j+1 < r, and hence § € £[*). If j > s,
then 6(j) = n—d+j, and §(j +1) = n—d+ j+ 1. Hence either
n—d—i—j+1§r,0rn—d+j2r.Thusﬁeﬁfv). O

Proposition 9.11. Let Y be an irreducible component of Xqn \ Xg,,.
Let P be the generic point of Y. Then P. = 0, for precisely one element
T € JM[/

Proof. If Y is equal to X (L£\ {7}) or X(£\ {55}) (cf. Proposition ??),
the assertion is obvious. For the other components the result follows
from Proposition ??, and Lemma ?7?. 0

10. NORMALITY OF Xg,

In this section we prove that the variety X, is normal. We already
know that X, is Cohen-Macaulay (cf. Section ??), and in view of Serre
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Criterion, it suffices to show that X,, is nonsingular in codimension
1. In view of Proposition ??, it is enough to prove that generic points

of X(L\{7}), X(L\{&}), X(£V), 1<i<n—-d-1,1<r<d,

X(,C‘(V)), 1<j<d—-1,741<r<n+j—dare smooth points. We
prove this using the Jacobian Criterion.

Let J be the Jacobian matrix of X,,, where the rows of J are
indexed by

{frs = T+T4 — TrypTrng | T, ¢ € L noncomparable },

and the columns are indexed by {zy | # € L}. For simplicity, sometimes
we consider the rows being indexed by the diamonds in £, and the
columns being indexed by just the elements of L.

Recall that for any P € Xg,, if Jp is the Jacobian matrix evaluated
at P, then rank Jp < codim y() X}, with equality if and only if P is
a smooth point.

Proposition 10.1. Let P € X, be such that P. # 0 for all T €
JMEI) \ {70, 7n_a}. Then P is a smooth point.

Proof. Let Jp be the Jacobian matrix evaluated at P. We shall now
exhibit a submatrix of J» of maximal rank, equal to

n

COdimA(ﬁ)Xd’n = <d> — d(n — d) —1.

Foreach 7, 2 <1 <n—d, let
Zi=10€L]6()=)+\{n, 1< | <o},
where for 0 < j <d -1,
=i+, i+ —1i+j+1,i+j+2,...,i+d)

(note that 7,1 < Tyg_1 < - < Ty0 = Ti, where 7,_; = (Z,’L +1,...,1+
d—1)and 7, = (i+1,i+2,...,i+d), as defined in Section ?7).
Now, 735, 0 < j < d—1 are precisely the elements with the properties
7;;(d) = i+ d, and 7;; > 7,_;. Hence 7,_1 is not comparable with any
0 in Z;. Now, for each 0 € Z;, we associate the row indexed by f, , .
We consider the submatrix J' of Jp with columns indexed by {0 € Z; |
2 <i < n—d}, and rows indexed by {f 0|0 € Z;, 2<i<n-—d}.
Then J' is a square matrix, of size equal to Zf:}d #Z7; (note that the
Z;’s are disjoint). Now the set {# € £|6(]) = )+[} is in bijection with
Iy qu,..ivd—1} (here, for r < s, I, {n,....n,y denotes the set of all r-tuples
it = (i1,... 0 ), where i3 < -+ < i,, and {iy,...,45,} C {ng,...,ns}).
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Hence
1+d-—1
and
”’dZ_"’d i+d—1 Jl = n d L d Jo1
#!2—2 i-1 ) Y= a) \aoq) LA mdm )

- <Z>—d(n—d)—1

(note that 7"+ (/) = (7;'}))
Now, a typical row in J' is indexed by

fTi,1,9 - xTi,1x9 - xTi,1V9x7i71A97

where 6 € Z;. The only variable appearing in f,, | y, which is an index
for a column of 7', is xy. Further, the entry in J' in the row indexed
by fr._,.6 and column indexed by x4 is nonzero (by hypothesis). Thus,
J' is a diagonal matrix, with nonzero diagonal entries. Henc J’ has
rank equal to its size, which is

<Z) —d(n—d) — 1 = codim 4 Xy.

Thus we obtain that P is a smooth point of X,,. O

Proposition 10.2. Let P € X4, be such that P, # 0, for all T €
JMém. Then P is a smooth point of Xg,,.

Proof. Let Jp be the Jacobian matrix evaluated at P. We shall now
exhibit a submatrix of Jp of maximal rank. Fixrand i, 1 <r < d-—1,
r+1<i<n—d+r—1. Set

ZO ={0 e L|0(V)=), and (1) = L, for U < V}\ {6},
where 6, = (1,...,r—L,i,n+r—d+1,...,n). Let
n—d+r—1
Z, = |J ZzW.
=r+1

Then

U Z, = {7 € L | 7 and ¢y are noncomparable },

s<r
where ¢, = (1,...,r,n+r—d+1,...,n), 1 <r <d-1, as defined
in Section ??7. Let J' be the submatrix of Jp with columns indexed
by {# € Z, | 1 <r <d-—1}, and rows indexed by {fs. 0|0 € Z,,1 <
r < d-—1}. Then J' is a square matrix of size equal to Zf;% H#7,
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(note that the Z,’s are disjoint). Now, {# € L | (V) =), and 0(L)) =
U, for U < V} is in bijection with Iy_, 41, ). Hence

720 = ("1 2y
#Z, <d—r ;
and

#ZrzndflKZ:Z) —1] = (dﬁ;iJ - (n—d—1)

i=r+1

B <dﬁ;i1> ~ln—d)= (nﬁ;;) =)

Hence the size of J' is equal to

r=1

_ <Z>_(n_d)—1—(d—1)(n—d): <Z>—d(n—d)—1.

As in the proof of Proposition ??, we find that 7’ is a diagonal matrix,
with nonzero diagonal entries. Hence the rank of J' is equal to its size,
which is

(Z) —d(n—d) — 1 = codim 4 Xy.

Thus P is a smooth point of X,,. O
Proposition 10.3. The variety Xg, is nonsingular in codimension 1.
Proof. Let Y be an irreducible component of Xy, \ Xg,,. Let P be the
generic point of Y. Then, by Proposition ??, P, = 0 for precisely one
element 7 € JM,. Hence the result follows from Propositions ?? and
77 O
Proposition ?? and Theorem ?? yield the following

Theorem 10.4. The variety X, is a normal toric variety.

10.5. Let Ay, denote the homogeneous coordinate ring of G4, (the
Grassmannian of d-planes in k™) for the Pliicker embedding. We recall

(cf. [?]):
Theorem 10.6. There exists a flat family whose general fiber is Aq,,
and whose special fiber is R(Iyy,).

Remark 10.7. The above result is also proved in [?] using SAGBI
theory.

Combining Theorems ?? and ??, we obtain

] R R R R BB
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Theorem 10.8. The Grassmannian Gg, degenerates to the normal
toric variety Xqn,.

11. A CONJECTURE ON THE SINGULAR LOCUS OF Xy,

In this section we prove a partial result towards the determination
of the singular locus of X,,,. We also state a conjecture regarding the
description of the singular locus of X,,.

We assume that n > 4 (note that for n < 3, X, is smooth). Let
notations be as in Section ?7. Let Ly = L\ [y, \y]. 0 < i < n —d,
1<j<d-1.

Lemma 11.1. Let i =0, and 1 < j < d —1. Then L, is an embedded
sublattice. Further, JMD \ {1y} C L,.

Proof. We have 7o = (1,...,d), ¢; = (1,...,5,n+1+j—d,...,n),
and hence py; = 79, and \;; = ¢;. Hence 0 € [19, ¢,] if and only if
0(t) = t, for 1 <t < j. Therefore § € £, if and only if 0(t) # t,
for some ¢, 1 < ¢t < j. Let 7, 6 be two noncomparable elements in
L. Let t;, to < j be such that y(t;) # t1, 6(t2) # ta. Then, letting
t = max(ty,t2), we have yVo(t) # t, yAI(t) # t. Thus yVé, yAd € L.

Let now v, 6 be two noncomparable elements of £ such that vV
§, Yy ANS§ € Ly. Let t < j be such that v A §(t) # t. This implies
vV 6(t) # t. Then, clearly y(t) # t, 6(t) # t. Thus v, § € L,. Thus
we obtain that £, is an embedded sublattice. Let 7 € JM" \ {7},
say 7 = (i +1,...,7+d), where i > 1. Then clearly 7 € £, (note for
example that 7(1) # 1). O

Corollary 11.2. Let P be the generic point of X(Ly). Then P is a
smooth point of L.

Proof. We have P, # 0, for 7 € JM" \ {r;}. Hence the result follows
from Proposition 10.1. 0

Lemma 11.3. Let 1t = n—d, and 1 < j < d—1. Then L\_[| is an
embedded sublattice. Further, JMW\ {7, 4} C L\ 7).

Corollary 11.4. Let P be the generic point of X(L\_r|). Then P is a
smooth point of L.

The proofs of Lemma, 11.3, and Corollary 11.4 are similar to those
of Lemma 11.1, and Corollary 11.2 respectively.

Lemma 11.5. Let 1 <i<n—-d—-1,1<75<d—1. Then Ly is an
embedded sublattice, and

COdimA(g)l )X(ﬁ)\) < COdimA(L) X(,C)
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Proof. For 6 € L we have
0 € [pij, Nj) = 0(j) <i+j, and0(j+1)>i+j+1

(here, by 6(j), we mean the j-th entry in the d-tuple #). Let ~, ¢
two noncomparable elements in £y. We have either v(j) > i+ j + 1,
or v(j +1) < i+ j. Similarly, we have either §(j) > i+ j + 1, or
S(j+1) <i+j.

Claim . yV 4, yAd € Ly.

The proof is the same as in the proof of the first Claim in Proposition
729

Claim . Let v, § be two noncomparable elements of L such that vV 6,
YN6 € Ly. Theny, 6 € Ly.

The proof is the same as in the proof of the second Claim in Propo-
sition 77.

The above two claims show that £y is an embedded sublattice. It
remains to prove the inequality

codim ALy, )X(£>|) < codim AL) X(ﬁ)

fo=(k+1,....,k+d) € Jg), k # 1, is a join-irreducible element
of Type I distinct from 7;, then 0(j) = k+j > i+j+ 1, if k >
i+1l,and 0(j+1) =k+j+1<i+yj, if &k <i— 1. Further, the
unique element 6" of £ such that (6, §') is a cover in L is given by
0 = (k,k+2,...,k+d). It is easily seen that if either £ # i+ 1, or
j # 1 then ¢ € Ly, and is the unique element of £y such that (6, ¢')
is a cover in Ly. Let then k¥ = 4+ 1, and j = 1. In this case, we
observe that if 6 = (4,i +1,i+4,...,i+d+ 1), then § € £y, and § is
the unique element of £y such that (6,d) is a cover in £y (note that
[9, 0] ﬂﬁ)\ = {4, 0}). Thus 0 € Jg)‘.

Letnow = (1,...,s,t+1,...,t+d—s) € ng), where t £ n+j—d,
if s = j, be a join-irreducible element of Type II distinct from ¢;. We
distinguish three cases.

Case 1: s<j

We have 0(j) =t+j—s,0(j+1) =t+j+1—s. Hence,if t—s > i+1,
then 6(j) > i+j+1,and § € Ly. Ift—s <i—1, then §(j +1) <i+7,
and 6 € Ly. Further, the unique element ¢’ of £ such that (6, ¢') is
a cover in L is given by ¢’ = (1,...,s,t,t +2,...,t + d). It is easily
seen that ¢ € £y, and is the unique element of £y such that (,6') is a
cover, except when s+1=j,andt—s=i+1. Thus 0 € Je,, except
when s+ 1 = j, and t — s = ¢+ 1. In this case, we observe that if
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6= (1,...,8i+s,i+s+1,t+3,...,t+d—j), then § € Ly, and is the
unique element of £y such that (¢, 6) is a cover in Ly. Thus 0 € J, .
Case 2: s=7
We have 6(j) = j, 0(j +1) =t + 1. Hence, if 0(j +1) < i+ j, ie.
t <i+4j—1, then § € Ly. Further, the unique element 6" of £ such
that (6, 0') is a cover in £ (namely ¢ = (1,...,j,t,t+2....,t+d—j))
also belongs to £y, and is the unique element of Ly such that (6, ¢') is
a cover in Ly. Hence 0 € Iz,
Case 3: s>
We have s > j+1, and hence §(j+1) = j+1 < i+j. Hence 0 € Ly. As
in
Case 2, if @' is the unique element of £ such that (6,6") is a cover
in £, then #' € £y, and is the unique element of £y such that (6,6') is
a cover in £y. Hence 6 € J., .

From above, we have

#Jg)lz#(fg—(n—d—’i—f—j—f—l).
On the other hand, we have
t+j\[(n—1—J
BT — 4Ty, = Rz, N :( . )( . )
L C)‘ [lu] J] j d—]

It can be seen easily (by assuming d < [n/2], since Iy, is isomorphic
to I,,_qn) that
<“%‘7> ("_Z_,j> Sn—d—i+j+1,
J d—j

#L — #Tc > #Ly — #Tzy,

The result now follows from this. O

1.e.

Proposition 11.6. For1<i<n-—-d—1,1<7<d—1, we have
X(ﬁ)\) C Sing()c'[7\).

Proof. Let P be the generic point of £y. We have P, = 0 for all 7 €

[1ij, Aij]. Let Jp be the Jacobian matrix evaluated at P. Then the sub-
matrix of Jp with rows given by {fr | 7. ¢ € [pij, Aij], 7, ¢ noncomparable },
and columns given by {z, | 7 € [fj, Aij]} is the zero matrix. Let J’

be the matrix obtained from [Jp by deleting these rows and columns.
Then we have

rank J' = rank Jp. (1)
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Further, J' is precisely the Jacobian matrix of the variety X (Ly) C
A, , evaluated at P = (PT)TGLH. Hence

rank jl < COdimA(L)l)X(£>|) < COdimA(L) X[’\ (2)
ct. Lemma 77). e result now follows from (1) and (2).
f. L ??). Th | foll i d ]

We have the following conjecture on the singular locus of X,,.

Conjecture . The irreducible components of SingXa, are precisely
X(£>|), 1<i<n—d-1,1<j<d-1.

12. GENEARLITIES ON G/Q

Let G be a semisimple and simply connected algebraic group, T' C G
a maximal torus, and B D T, a Borel subgroup. Let R be the root
system of G relative to T. Let R™ (resp. S) be the system of positive
(resp. simple) roots of R with respect to B. Let ) be a parabolic
subgroup of GG containing B. Associated to (), there is a subset Sg of S
such that @ is the subgroup of G generated by B and {U_, | a € Ré},
where R, = {a € R* | a = Ypes, asf} (here, for 5 € R, Ug denotes
the 1 dimensional unipotent subgroup of G). Let Wg be the Weyl
group of @) (note that Wy is simply the subgroup of W generated by
{Sa | @ € Sp}.

12.1. In each coset wWy, there exists a unique element of minimal
length (cf. [?]). Let W5 be this set of representatives of W/Wg. The
set, Wéni“ is called the set of minimal reperesentatives of W/Wg. We
have

Wt ={w e W | l(ww') = l(w) + I(w'), for all w' € Q}.
The set Wénin may be also be characterized as
W™ ={w e W | w(a) >0, for all & € Sp}
(here by a root being > 0 we mean 3 € R").

12.2. In each coset wWy there exists a unique element of maximal
length. Let W5 be the set of these representatives of W/Wq. We
have

W™ ={w e W |w(a) <0 forall a € Sg}.

Further, if we denote by w¢ the element of maximal length in Wy, then
we have
W™ = {wwq | w e W™}
In the sequel, given w € W, the minimal (resp. maximal) represen-
tative of wWgq in W will be denoted by wg™ (resp. wg™).
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12.3. Maximal parabolic subgroups. The set of maximal parabolic
subgroups is in one-to-one correpondence with S, namely given o € .5,
the parabolic subgroup @) where Sg = S\ {a} is a maximal parabolic
subgroup, and conversely. We shall denote ), where Sg = S\ {a}
by P;, and refer to it as the mazimal parabolic subgroup obtained by
omitting o.

12.4. Schubert varieties in G/Q. For w € W, let us denote the
coset w(@) by e, . Then the set of T-fixed points in G/Q for the
action given by left multiplication is presisely {e, o | w € W}. Let
w € W, and let Xg(w) be the Zariski closure of Be, @ (mod @) in
G/Q. Then Xg(w) with the canonical reduced structure is called the
Schubert variety in G/@Q associated to w. We have the well-known
Bruhat decomposition

G/Q = UBew,Q, XQ(Q) = UwsgBew’Q, 0ecW.

min

Let us denote by wg™ (resp. wg™) the minimal (resp. maximal)
representative of wWg. Let 7 : G/B — G /(@ be the canonical projec-
tion. Then it can be easily seen that T‘X ( s Xp(wg™) — Xg(w)

B

,wmax)

is a fibration with fiber ~ /B while T‘-‘XB(w oy Xp(wg™) = Xo(w)

min

is birational. In particular, we have dim Xq(w) = dim Xg(wg™).

12.5. The big cell and the opposite big cell. The B-orbit Be,,, in
G/@Q (wq being the element of maximal length in W) is called the big
cell in G/Q. Tt is a dense open subset of G/@Q), and it gets identified
with R,(Q), the unipotent radical of @), namely the subgroup of B
generated by {U, | @ € R* \ RA} (cf. [?]). Let B~ be the Borel
subgroup of G opposite to B, i.e. the subgroup of GG generated by T" and
{U_, | @ € R*}. The B™-orbit B~ eiqq is called the opposite big cell in
G/@. This is again a dense open subset of G/@Q, and it gets identified
with the unipotent subgroup of B~ generated by {U_o | @ € R~ \ R }.
Observe that both the big cell and the opposite big cell can be identified
with AYe, where Ng = #{R* \ R}}.

For a Schubert variety X(w) C G/Q, B eiq N X(w) is called the
opposite cellin X (w) (by abuse of language). In general, it is not a cell
(except for w = wy). It is a nonempty affine open subvariety of X (w),
and a closed subvariety of the affine space B~ ejq.

12.6. Equations defining a Schubert variety. Let L be an am-
ple line bundle on G/@Q. Consider the projective embedding G/Q —
Proj(H°(G/Q, L)). We recall (cf. [?]) that the homogeneous ideal of

G/@Q for this embedding is generated in degree 2, and any Schubert
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variety X in G/Q) is scheme theoretically (even at the cone level) the
intersection of G/Q with all the hyperplanes in Proj(H°(G/Q, L)) con-
taining X.

For a maximal parabolic subgroup P;, let us denote the ample gen-
erator of Pic (G/P;) (~Z) by L;.

Given a parabolic subgroup @, let us denote S\ Sg by {ai,..., a},
for some ¢. Let

R=@H(G/Q, QL)

i

R = @ H(Xo(w), @ LY),

2

where a = (ay,...,a;) € ZF. Let us denote ®; L;* by just L. We recall
(cf. [?]) that the natural map

PS™H(G/Q. L) @+ @S™(H(G/Q,L1)) = R

is surjective, and its kernel is generated as an ideal by elements of total
degree 2. Further, the restriction map R — R, is surjective, and its
kernel is generated as an ideal by elements of total degree 1.

13. OPPOSITE CELLS IN SCHUBERT VARIETIES IN SL(n)/B

Let G = SL(n), the special lineear group of rank n — 1. Let T be
the maximal torus consisting of all the diagonal matrices in GG, and B
the Borel subgroup consisting of all the upper triangular matrices in
G. It is well-known that W can be identified with S\, the symmetric
group on n letters.

Following [?], we denote the simple roots by &; —&;41, 1 <i<n—1
(note that g; — &, is the character sending diag(ty,...,t,) to tit; ).
Then R = {&; —¢; | 1 <4, < n}, and the reflection s.,_.,., may be
identified with the transposition (i, j) in S\. For w = (a;...a,) € S\,
it is easily seen that w(e; — ;) = &4, — €q;-
13.1. The Chevalley-Bruhat order on S\. For wy, wo, € W, we
have
X(w) C X(wz) <= ma(X(w1)) C mg(X(wy)) forall 1 <d<n-1,

where 74 is the canonical projection G/B — G/Py,. Hence we obtain
that for (a1...ay), (bi...b,) € S\,
(a1...ap) > (by...by) <= (a1...aq) 1> (by...bg) T forall1 <d<n—1

(here, for an ordered d-tuple (¢ ...t4) of distinct integers, (¢1...t4) T
denotes the ordered d-tuple obtained from {¢1,...,t4} by arranging its
elements in ascending order).
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13.2. The partially ordered set I,, _, . Let (Q be a parabolic sub-
group in SL(n). Let 1 < a1 < --- < a; < n, such that Sg =
S\ {ag,,....aq} (we follow [?] for indexing the simple roots). Then
Q:POZI\I ﬂ"'ﬂpgaz, and WQZS*OO X84€_400 Xoewe XS\_4”. Let

Ial,...,ak = {(Zlﬂ e ,ik) € Ial’nX' . 'XIakm | Zt C Zt+1 for all 1 S t S I{f—]_}

Then it is easily seen that Wéni“ may be identified with I,, ., .

The partial order on the set of Schubert varieties in G/Q (given
by inclusion) induces a partial order > on I, . ,,, namely, for i =
(g, ooodi)s J = (oo 0dy) € layme 1 2§ = i > ], for all
1<t<Ek.

13.3. The minimal (maximal) representatives as permutations.

Let w € Wy, and let i = (ij,..., i) be the element in I, ., which

corresponds to wg‘i“. As a permutation, the element wgin is given by 7,

followed by i, \ i; arranged in ascending order, and so on, ending with

{1,...,n}\4 arranged in ascending order. Similarly, as a permutation,
max

the element wg™ is given by i; arranged in descending order, followed
by i, \ #; arranged in descending order, etc..

13.4. The opposite big cell in G/Q. Let Q = ﬁleP@. Let a =
n — ag, and ) be the parabolic subgroup consisting of all the elements
of G of the form

. P S S
0 Ay * --- % %
0O 0 0 --- A, =
o o0 o0 --- 0 A

where A; is a matrix of size a; X a;, 1 <t < k, and A is a matrix of
size a X a, and T, =0, m > ay, [ < ay, 1 <t < k. Denote by O~ the
subgroup of G generated by {U, | a € R~ \ Rg}. Then O~ consists of
the elements of G of the form

I 0 0 0 O
x Iy 0 0 O
¥ x x --- I

* % % --- % ],

where I, (resp. I,) is the a; X a; (resp. a X a) identity matrix, and if
Ty # 0, with m # [, then m > a;, | < a;. Further, the restriction of
the canonical morphism f : G — G/Q to O~ is an open immersion,
and f(O~) ~ B eiq,g- Thus B ejq gets identified with O~.
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13.5. Pliicker coordinates of the Grassmannian. Let G, be the
Grassmannian variety, consisting of d-dimensional subspaces of an n-
dimensional vector space V. Let us identify V with £", and denote
the standard basis of k™ by {e; | 1 < ¢ < n}. Consider the Pliicker
embedding f; : Ga, < P(AV), where AV is the d-th exterior power
of V. For i = (iy,...,14) € Ign, let e, = e; A ... Ae;,. Then the set
{e; | 1 € I4,,} is a basis for AYV. Let us denote the basis of (AV)*
(the linear dual of A?V) dual to {e; | i € Iyn} by {p; | j € I4n}. Then
{p; | j € s} gives a system of coordinates for P(AV). These are the
so-called Pliicker coordinates.

13.6. Schubert varieties in the Grassmannian. Let Q = P, For
simplicity of notation, let us denote Py, by just F;. We have

Gd,n ~ G/Pd

Let i = (41,...,1a) € Igy,. Then the T-fixed point e; p, is simply the
d-dimensional span of {e;,,...,e;,}. Thus Xp (2) is simply the Zariski
closure of Ble;, A...Ae;,] in P(AV).

In view of the Bruhat decomposition for Xp,(7) (cf. §27), we have

pg_“ )#0@121-

Xp, (i
Now using §??, we obtain

Remark 13.7. Given 7 € Iy, 7 = (i1,...,14), let A, denote the
Young diagram (ig—d,...,i; —1). Then, using Lemma ??, we see that
the element 7 € Iy, is join-irreducible if and only if the associated
Young diagram A, is a rectangle, i.e. all rows have the same number of
boxes. We also observe that 7 is join-irreducible if and only if X (7) is
nonsingular (this is a consequence of the fact that X (7) is nonsingular
if and only if A; is a rectangle, cf. [?]).

Proposition 13.8. The restriction map R — R; is surjective, and the
kernel is generated as an ideal by {p; | i # j}

13.9. Evaluation of Pliicker coordinates on the opposite big cell
in G/P,. Consider the morphim ¢, : G — P(AV), where ¢, = f; 004,
64 being the natural projection G — G/P,;. Then p;(¢4(g)) is simply
the minor of g consisting of the first d columns and the rows with
indices jq,...,Jq4. Now, denote by Z; the unipotent subgroup of G
generated by {U, | € R~ \ Rp, }. We have, as in §?7

Ty q Odx (n—a)
Zyg= e
d { (A(nd)xd Itn—ayx(n—a)
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As in §?7, we identify Z; with the opposite big cell in G/P,. Then,
given z € Z,4, the Plicker coordinate p; evaluated at z is simply a
certain minor of A, which may be explicitly described as follows. Let
Jj = (j1,---,J4), and let j, be the largest entry < d. Let {ki,...,ka—r}
be the complement of {ji,...,7,} in {1,...,d}. Then this minor of
A is given by column indices kq,...kq4 ,, and row indices j,i1,--.,Ja
(here the rows of A are indexed as d + 1,...,n). Conversely, given
a minor of A, say, with column indices by,...,b;, and row indices
ld—s+1s - - - %4, it is the evaluation of the Pliicker coordinate p; at z,
where i = (i, ...,iq) may be described as follows: {iy,..., iq_s} is the
complement of {by,...,bs} in {1,...,d}, and iy_gy1,...,iq are simply
the row indices (again, the rows of A are indexed as d+1,...,n).

13.10. Evaluation of the Pliicker coordinates on the opposite
big cell in G/Q. Consider

f:G—=G/Q—G/P,, x---xG/P,, — Pq1x---xPy,

where Py = P(A°~V). Denoting the restriction of f to O~ also by
just f, we obtain an embedding f : O~ — P x --- x Py, O™ having
been identified with the opposite big cell in G/Q. For z € O~, the
multi-Pliicker coordinates of f(z) are simply all the a; x a; minors of
z with column indices {1,...,a;}, 1 <t < k.

13.11. Equations defining multicones over Schubert varieties in
G/Q. Let Xg(w) C G/Q. Denoting R, R,, as in §?7, the kernel of the
restriction map R — R, is generated by the kernel of Ry — (R(w))s;
but now, in view of Proposition ??, this kernel is the span of

{pili€Iyn,d=ay,... apw? #i},
where w@ is the d-tuple corresponding to the Schubert variety which

is the image of X¢(w) under the projection G/Q — G/P,,, 1 <t < k.

13.12. Ideal of the opposite cell in X (w). Let us denote B~ ejq,9 N
Xg(w) by just A,. Then as in §7?, we identify B~ e;q¢ with the
unipotent subgroup O~ generated by {U, | « € R~ \ Ry}, and consider
A, as a closed subvariety of O~. In view of §77, we obtain

Proposition 13.13. The ideal defining A, in O~ is generated by
{pg | le Id,nad: ala"'aakaw(d) 2 l}

(here, for z € O™, pi(2) is as in §77).
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14. SINGULAR LOCI OF CERTAIN LADDER DETERMINANTAL
VARIETIES

In this section we determine the singular loci of certain ladder de-
terminantal varieties. Viewing X, as a ladder determinantal variety,
we prove the conjecture of Section 77, for the case d = 2.

We assume d = 2, and view £ = {(),]) | oo <) < | < \} as being
contained in Y = {(4,7) | 1 <4,j < n}. A Schubert variety X(7) in
Gy, degenerates to X(L;), where L, ={0 e L |0 <7} C L (cf. [?]).
The equations defining the variety X (L;) are precisely the 2 minors of
Y which are contained in £,.. Now we look at a more general type of
varieties.

14.1. Let Y ={(b,a) |1 <b<n,1<a<n} Givenl <b <---<
by<n,1<a <---<a <n, we consider the subset L of Y, defined
by

L ={(b,a) | there exists 1 <i <[ such that b; <b<n,1<a<aq}.

We call L an one-sided ladder in Y, defined by the outer corners a; =
(biya;), 1 < i <1 (see Figure 1). For 1 <i <, let L; be the subset of
Y defined by

Li={(b,a) | b; <b<n,1<a<a}.

Clearly, L = Ul_, L;.

We also view Y as the generic n x n matrix (2yq)1<pa<n, and we
say that x,, € L if (b,a) € L. Let k[L] denote the polynomial ring
k[zpe | 20a € L], and let A(L) = A#L be the associated affine space.
Let I(L) be the ideal in k[L] generated by the 2 minors of Y which are
contained in L, and X (L) C A(L) the variety defined by the ideal I(L).
A 2 minor in Y formed with two consecutive rows and two consecutive
columns will be called a solid minor. We have (cf. [?]):

Lemma 14.2. The codimension of X (L) in A(L) is equal to the num-
ber of solid 2 minors in L.

Theorem 14.3. Let L be an one-sided ladder in'Y defined by the outer
corners o; = (b;, a;), with a; > 2 and b; <n —1, 1 <i <. For each
1<i<UlletV;={P = (Pa)acr € X(L) | P, =0 foralla € L;}.
Then the irreducible components of Sing X (L) are precisely V;, 1 < i <
l.

Proof. First, we prove that V; C Sing X(L), for all 1 <i <. Fix 1 <
i <l,andlet P = (P,)acr € Vi. Let J be the Jacobian matrix of X (L).
Then the rows of J are indexed by {M | M is a 2 minor of Y contained
and the columns are indexed by {z, | @ € L}. Let Jp be the Jacobian

in L},
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matrix evaluated at P. Then the (M, z,)-th entry in Jp is equal to
+P,,, where o' is the element in M which is neither in the row, nor in
the column containing «, if z, appears in M, and 0 otherwise. Since
P €V, the row indexed by a minor involving z,, = x(,,q;) is 0. Also,
the column indexed by z,, is 0.

Let J’ be the matrix obtained from Jp by deleting the column in-
dexed by z,,, and the rows indexed by minors involving z,,. Then

rank Jp = rank J’, (1)

since J' is obtained from [Jp by deleting zero rows and columns.

Now consider the one-sided ladder L' obtained from L by deleting
the element ;. Let P’ = (P,)acrs. Then P’ € X(L'), and J' is the
Jacabian matrix of X (L') evaluated at P’. Thus

rank J' < codim »q,) X (L). (2)

By hypothesis, a; > 2 and b; < n — 1, and hence there exist at least
one solid minor in L not contained in L', while every solid minor in L’
is also contained in L. Thus, using Lemma 7?7, we deduce that

codim y1) X (L") < codim pry X (L). (3)
Using (1), (2) and (3), we deduce that
rank Jp < codim yqy X (L),

i.e. P € Sing X(L).

Next we prove that Sing X (L) C Ut_,Vi. Let P € X(L) \ U._,V.
For each 1 <7 <, we fix an element 3; € L; such that Ps, # 0. Let C
be the set obtained from L by deleting the elements appearing either
in the first column, or in the last row of L. Then #C is equal to the
number of solid 2 minors in L, and by Lemma 7?7, we have

#C = codim A(L) X(,C)

We have C = LJ)i:ooC% where Cy = C N (L) \ Lyyoo), for 1 < i <,

Liyy = 0. Let T; be the set of elements in L; not in the row or the

column of 3. Clearly, #7; = #C;. By (decreasing) induction on i,

suppose that, for some i, 1 < i < [, the sets 7),...,7; have been

constructed, such that

(2); the sets 7y,..., Ty are pairwise disjoint,

(3); #T = #C.i<j<l,

(4); 7| contains no elements appearing in the column or in the row
(5); there exists a row in L; not containing any element from 7y U

U'E
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We define the set 7y_., as follows. If 8;_; & L;i_y \ L;, then Ty_ is
obtained from L; 1\ L; by deleting the elements in the column of f3; ;.
If Bio1 € Li—q \ L;, then T,_ is obtained as follows. Choose a row
R; in L;, as given by (5);. We set Ty_oo = (Ly—oo \ £y) UR, \Ag)_m,
where Ag, | is the set of elements of L in the row and column of f3;_;.
Clearly, Ty_o C Ly_o, the sets Ty_o,Ty,..., T4 are pairwise disjoint,
#Ty—oc = #C)—o, and Ty_ does not contain any element in the row
or the column of f5;_;. Also, there exists a row in L;_; which does
not contain any element from 7,_o U 7y U --- U T;. Hence the sets
Ty—00s Ty, - .., Ty satisfy (1);—1 —(5)i—1. Thus we obtain pairwise disjoint
sets 71 C L}, 1 < j <, such that #7, = #C), and 7 does not contain

any element in the row or column of ;. Let T = U>¢:OO7§. Then
#T = #C.

For7 € 7y, 1 < <, let M7 be the 2 minor determined by 7 and j3;.
Clearly, M™ # M™ for 7, 7' € T, 7 # 7'. Let J' be the submatrix of
Jpr given by rows indexed by M7’s and the columns indexed by z,’s,
with 7 € 7. We index the rows and columns of J' by the elements in
T, and we arrange them increasingly, with respect to the lexicographic
order in Y (namely, (b,a) > (V,a’) if b >, orb=1V,a> d).

Let us fix 7 € T, say 7 € 7Ty, 1 <4 < [. Since 7 is the only entry in
M7™ which belongs to 7, we deduce that in the 7-th row of J’ all the
entries are zero, except the one in the 7-th column, which is equal to
+P;s,, and hence it is nonzero. Thus the matrix J' is diagonal, with
nonzero diagonal entries. Therefore its rank is equal to its size, which
is #7T. Since #7T is equal to #C, and hence equal to the codimension
of X(L), we deduce that

rank J' = codim ) X (L). (4)
Since rank J' < rank Jp < codim pqy X' (L), (4) implies that
rank Jp = codim 41y X' (L),
i.e. P ¢ Sing X(L). Therefore we conclude that
Sing X (L) = U._, V;.

Let £, = L\ Ly, 1 <i <. Then £y is a distributive lattice, and V;
is identified with X (£y). Using §77, we deduce that V; is irreducible,
1 <@ < [. The fact that V; ¢ V; for ¢ # j is obvious. This completes
the proof of the theorem. O

The following theorem shows the validity of the Conjecture stated in
Section 77, for the case d = 2.
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Theorem 14.4. Let Ly, C Ic), 1 <i < n— 3, be as in Section 77,
Then the irreducible components of Sing Xy, are precisely X (Lyo),
1<i1<n—-3.

Proof. First observe that ¢; = (1, n) is the only join and meet-irreducible
element of Type II'in I5,, and the join and meet-irreducible elements of
Typelare 7; = (i+1,i+2), 0 < i < n—2 (note that 7o = 0, 7,_o = 1).
We have Xy, = X(L) x A¥, where L = I,,,\ {0,1}. Using Theorem ??
for the ladder L, we obtain that the irreducible components of X (L)
are V; ;1 <i <n—3 (V; being as defined in the statement of the The-
orem). Thus the irreducible components of X5, are precisely V; x A",
1 <i<n—3. Tt is easily seen that X (L)) =W x A", 1 <i<n-—3,
and the result follows from this. O

Remark 14.5. We have
codim x()Vi =biy1 —bi +a;, —a; 1 +1, 1<i<|

(here, ap = 0, byy1 = n). In particular, taking L = I, \ {0,1}, we
deduce that Sing Xy, is of pure codimension three in Xg,,.

15. RELATIONSHIP BETWEEN LADDER DETERMINANTAL VARIETIES
AND SCHUBERT VARIETIES

Let Y = (x44), 1 < b,a < n be a matrix of variables, and L C Y an
one-sided ladder defined by the outer corners (by,a4),..., (b, qa), with
1<bh <---<bh<n 1<a <--<a <n. We also assume that
n is large enough such that L lies below the main diagonal of Y, i.e.
b; > a; for all 1 <1 <.

Let G = SL(n), and consider the parabolic subgroup @ = P, N---N
P,, in G. Let O~ be the opposite big cell in G/Q. Let X (L) C A(L)
be the the variety defined by the vanishing of the 2 minors in L, as in
Section ?7. Let H be the one-sided ladder defined by the outer corners
(a; +1,a;), 1 <i <, and let Z be the variety in A(H) ~ O~ defined
by the vanishing of the 2 minors in L. Note that Z ~ X (L) x A(H\L).

Let Y™ = (Ypa), 1 < b,a < n, where

Tpa, if (bya) € H
Yba — 1, ifb=a
0, otherwise.
Note that, given 7 € W% 1 < i < [, the function p,|o- repre-

sents the determinant of the submatrix 7" of Y~ whose row indices
are {7(1),...,7(a;)}, and column indices are {1,...,a;}.
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We shall now define an element w € W< such that Z gets identified
with the opposite cell in X (w) (see also [?]). We define w € W by
specifying w® € W%, where 7;(X (w)) = X (w®) under the projection
mi:G/Q — G/P,;, 1 <i<lL

Define w(®), 1 < i <[, inductively, as the maximal elements in W%
with the following properties:

(1) w'*)(a; — 1) = b; — 1,

(2) if i > 1, then w @1 C w(@),

Note that w € W@, and it is maximal for the property

w(‘“)(ai — ].) < bi,

forall 1 <7 <|.

Theorem 15.1. The variety Z identifies with the opposite cell in
X(w), i.e. Z=X(w)N O~ (scheme theoretically).

Proof. Let f be a generator of I(7), i.e. f = det M, for some 2 x 2
matrix M contained in L. Let r; < ry (resp. ¢; < ¢3) be the row
(resp. column) indices of M. Let 1 < i < [ smallest such that M
is contained in L;. Thus ry,re > b; > a;, ¢co > a;_1 (here a;_; = 0
ifi =1). Let 7 = {1,...,a;} \ {c1,c2} U {r1,r2}. Then 7 € W%,
and p,|o- = det T, where T is the a; X a; submatrix of Y~ whose row
indices are {7(1),...,7(a;)}, and column indices are {1,...,a;}. Using
Laplace expansion with respect to the last two rows of T', we obtain

detT = Z + det Nc’,c” det MCI’CH, (*)

the sum being taken over all subsets {¢,c"} C {1,...,a;}, ¢ # ',
where No o is the (a; —2) X (a; —2) submatrix of Y~ whose row indices
are {1,...,a;}\{c1, c2} and column indices are {1,...,a;}\{¢, "}, and
Mg o is the 2 x 2 submatrix of Y~ whose row indices are {7y, 2} and
column indices are {c,c"}. Note that M, ., = M, and N, ., is a
lower triangular matrix, with all diagonal entries equal to 1, and hence
det M appears in (x), and its coefficient is £1. Also note that Ny o is
obtained from N, ., by replacing the columns with indices ¢, ¢ by the
columns with indices ¢, ¢s.

By decreasing induction with respect to the index c¢; of the first
column of M, we prove that f = det M can be written in the form f =
> gePslo-, with ¢ € W% {a,+1,....n}n{p(1),...,p(a;)} = {r, 2},
and g, € k[H].

If ¢4 > a;—1, then for {c¢,"} # {c1,c} we have det Ny o = 0,
since at least one of ¢, ¢y is an index for a column in Ny ., and all
entries of this column are 0. Thus, in this case (x) reduces to detT =
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+det M, ie. det M = £p,|o-, with 7 € W% such that {a;+1,...,n}N
{T(l): SRR T(ai)} = {Tla TQ}‘

Let ¢; < a;_; such that the above statement is true for ¢; + 1. First
we observe that if co & {¢/, "}, then det Ny . = 0, since in this case
¢y is an index for a column in Ny o, and all entries of this column
are 0. Let then ¢o € {¢, "}, and let {¢,"} = {c¢,c2}. Then N,
is obtained from NV, ., by replacing the column with index ¢ by the
column with index ¢;. If ¢ < ¢, then N, is still lower triangular,
but the diagonal entry in the column with index ¢; is 0, and hence
det N.., = 0. Therefore we obtain

detT = +det M + Z =+ det NC,CQ det Mc,c;):
ce{c1+1,...,a;}\{c2}
and hence
f=det M = +p,|o- + Z +det N, det M.

cef{ei+1,...,a;}\{e2}

Using induction hypothesis for M, .,, we obtain f = g4ps|o-, with
¢ € W% such that {a; + 1,....,n} N {p(1),...,¢(a;)} = {r1,r2}, and
gy € k[H]. In particular ¢(a; — 1) = r1. Since 11 > b;, we deduce that
#(a; — 1) > b;. We have w'*)(a; — 1) = b; — 1, and hence ¢(a; — 1) >
w ) (a; — 1). This shows that ¢ £ w(4), and hence py|o- € (X (w) N
O7). Therefore f € I(X(w)NO™).

Let now g be a generator of the ideal I(X (w)NO™), i.e. g = p:lo-,
with 7 € W% for some 1 < i < [, such that 7 £ w® (cf. §?7).
Since w(®) consists of several blocks of consecutive integers ending with
by — 1 at the (a; — 1)-th place, for some ¢’s in {1,...,7}, and a last
block ending with n at the a;-th place, it follows that there exists
at e {l,...,i} such that 7(a; — 1) > b;. As above, the function
prlo- represents the determinant of the submatrix 7" of Y~ whose row
indices are {7(1),...,7(a;)}, and column indices are {1,...,a;}. Using
Laplace expansion with respect to the first a; columns,we have det T' =
>, det A, det B,, where A, (resp. B,) is an a; x a; (resp. (a; — a;) x
(a; — a;)) matrix. Clearly, all the column indices of A, are < a;, and
since 7(a; — 1) > by, at least 2 row indices of A, are > b;,. Using
Laplace expansion for A, with respect to 2 rows whose indices are
> by, we obtain det A, = -, det C, det D,, where C; (resp. D,) is a 2
(resp. a; — 2) minor, with C, contained in L, C L. This shows that
prlo- € I(Z). This completes the proof. O

Corollary 15.2. The variety X (L) is normal, Cohen-Macaulay, and
has rational singularities.
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This follows from Theorem 77, and the fact that Schubert varieties
are normal, Cohen-Maculay, and have rational singularities (cf. [?], [?],
and [?]).

Let us fix j € {1,...,l}. We shall now define §; € W< such that
Z; =V; x A(H \ L) gets identified with the opposite cell in X (6;).

For i < 7, let 6" = w(@) \ {n} U {b; — 1}.

For i = j, let 0§aj) = wl@) \ {n} U {z;}, where z; is the maximal
element in {1,...,b; — 1} \ w(@).

For ¢ > j, let

9(01') —

{w(‘“) if z; € w(@)
J

w®)\ {y;} U{a;}, if oy & wld),
)

where 7; is the minimal element in w(®) \0§ai_1 :
Lemma 15.3. We have 0; < w. Further, 0; is the mazimal element
T e W9, 7 <w™® such that n & %), and n € 7(%+1),

The assertion is clear from the definition of 6;.

Theorem 15.4. The subvariety Z; C Z gets identified with the oppo-
site cell in X (0;), i.e. Z; = X(0;) N O~ (scheme theoretically).

Proof. Let f be a generator of I(Z;). If f € I(Z), then, in view
of Theorem ?? we have f € I(X(w)NO~) C I(X(#;) N O7) (since
w > 6;), and there is nothing to prove. Assume that f ¢ I(Z); then
f = x,, for some o = (b,a) € L;. Then f can be written as py|o-,
with ¢ € W%, such that {b} = {a; +1,...,n} N {o(1),...,¢(a;)},
and {a} = {1,...,a;} \ {¢(1),...,¢(a;)}. Thus ¢(a;) = b, and since
a € L, we have b > b;. Therefore ¢(a;) > b;. But 0§aj)(aj) =b;—1,
and hence ¢(a;) > 0§aj)(aj). This shows that ¢ £ 9](-'”), and therefore
fel(X(0;)n0).

Let now g be a generator of the ideal I(X(6;) NO7), i.e. g = p-|o-,
with 7 € W) for some 1 < i <[, such that 7 £ Hgai).

First assume that i < j. Then 9](-'”) consists of several blocks of
consecutive integers ending with b, — 1 at the (a; —1)-th place, for some
t’sin {1,...,i—1}, and a last block ending with b, —1 at the a;-th place.

The condition 7 £ 0;'“) implies that either there exists ¢t € {1,...,i1—1}
such that 7(a; — 1) > by, or 7(a;) > b;. In the first case we have
7 £ w@) and hence p,|p- € I(X(w)NO~) =I(Z) C I(Z;). Suppose
now that 7(a;) > b;. The function p,|o- represents the determinant
of the submatrix 7" of Y~ whose row indices are {7(1),...,7(a;)}, and
column indices are {1,...,a;}. Obviously, all column indices are < a;.
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On the other hand, since 7(a;) > b;, the last row of T' is contained in
L;, and expanding T along this row, we deduce p,;|o- € I(Z}).
Assume now that ¢ > j. If Hgai) = w(®), then 7 £ w(®), and hence
prlo- € I(X(w)NO~) =1(Z) C 1(Z;), and there is nothing to prove.
Suppose that 9](-'”) # w(@). Then 0§ai) consists of several blocks of
consecutive integers ending with b, — 1 at the (a; — 1)-th place, for
some t’s in {1,...,i} \ {j}, a block ending with b; — 1 at the a,-th
place, and a last block ending with n at the a;-th place. The condition
T £ 0;'“) implies that either there exists ¢t € {1,...,7} \ {j} such that
7(a; — 1) > by, or 7(a;) > b;. In the first case we have 7 £ w(@)]
and hence p;|p- € I(X(w) N O~) = I(Z) C I1(Z;). In the second
case, the function p,|o- represents the determinant of the submatrix
T of Y~ whose row indices are {7(1),...,7(a;)}, and column indices
are {1,...,a;}. Using Laplace expansion with respect to the first a;
columns, we have det 7" = °, det A, det B),, where A, (resp. B,) is an
aj x a;j (resp. (a; — a;) x (a; — a;)) matrix. Clearly, all the column
indices of A, are < a;, and since 7(a;) > b;, at least one row index of
A, is > b;. Using Laplace expansion for A, with respect to a row with
index > b;, we obtain det A, = >, C;det D,, where C,’s are entries of
a row of A,, contained in L; C L. This shows that p,|o- € I(Z;). O

16. VALIDITY OF THE CONJECTURE IN [17]

Let G = SL(n). In this section we prove the conjecture in [?] on
the irreducible components of the singular locus for a class of Schubert
varieties, namely the pull-backs 7 !(Xg(w)) under 7 : G/B — G/Q,
where w and @ are as in Section ??. We have 77! (X (w)) = Xp(w™),
where w™* as a permutation, is given by w(®) arranged in descending
order, followed by w(®) \ w(®), etc.. We shall refer to the set w(%) \
w1 1 < i < [+1, arranged in descending order, as the i-th block in
w™ (here, w(@) = ), and w®+V is the set {1,...,n} \ w'® arranged
in descending order).

Remark 16.1. All of the entries in the i-th block in w™* are < b; — 1,
2<i<l.

Let n € W. We shall denote Xpg(n) by just X (n). We first recall the
criterion given in [?] for X (n) to be singular.

Theorem 16.2. Let n = (ay...a,) € S\. Then X(n) is singular if
and only if there exist i, j,k,m, 1 <i < j <k <m <n such that

eitherak<am<ai<aj or am < a; < ag < a; .



44 N. GONCIULEA AND V. LAKSHMIBAI

16.3. The set E,. We next recall the conjecture in [?] on the irre-
ducible components of Sing X (7).

Let n = (a1...a,) € S\. Let E; be the set of all 7/ < 7 such that
either 1) or 2) below holds.

1) There exist i,j,k,m, 1 <i < j <k <m < n, such that

(a) ax < am < a; < a;

(b) if 7' = (by ...b,), then there exist ¢/, 5 k' 'm', 1 <i <j <k <
m' < n such that by = ax, by = aj, by = am, by = a;

(c) if 7 (resp. 7') is the element obtained from 7 (resp. 7') by
replacing a;, a;, ay, a,, respectively by ay, a;, am, a; (resp. by, bjr, by, by
respectively by bj:, by, by, by ), then 7/ > 7 and 7' <.

2) There exist 7,7, k,m, 1 <i < j < k < m <mn, such that

(a) ay < a; < a < a;

(b) if 7' = (by ...b,), then there exist ¢/, j k' 'm', 1 <i <j <k <
m' < n such that by = a;, by = ay,, by = a;, by = ay,

(c) if 7 (resp. 7') is the element obtained from 7 (resp. 7') by
replacing a;, a;, ay, a,, respectively by a;, a,, a;, ai, (resp. by, bjr, by, by
respectively by by, bir, by, bjr), then 7/ > 7 and o' <.

Conjecture . The singular locus of X (n) is equal to UyX (), where A
runs over the mazimal (under the Bruhat order) elements of E,,.

164. Let n = (ai...an) € S\. Let SingX(n) # 0. Let (a,b,c,d)
be four distinct entries in {1,...,n} such that a < b < ¢ < d. An
occurence in n of the form d,b,c,a, where d = a;, b = a;, ¢ = ay,
a = G, 1 < j < k < m, will be referred to as a Type I bad occurance
in 7. An occurance in 7 of the form (c, d, a,b), where ¢ = @;, d = aj,
a=ag, b= a,, 1 <j <k < m,will be referred to as a Type II bad
occurance inn. Let (d, b, c,a) (resp. (¢,d',a’,')) be a bad occurance of
Type I (resp. Type II), where a < b < c<d (resp. ¢ <V < <d').
Let 0, ' be both < w. Further, let b,a,d, ¢ (resp. da',c,V,d’) appear
in that order in 6 (resp. ¢'). By abuse of language, we shall refer
to (b,a,d,c) (resp. (da',c,b',d)) as a bad occurance in 6 (resp. )
corresponding to the bad occurance (d, b, ¢, a) (resp. (¢/,d’;a’, V")) in 7.
Lemma 16.5. Let w be as in Section 7?7. Then any bad occurance in
X (w™*) is of Type I.

Proof. Let w™ = (ay...a,). Assume that (c¢,d,a,b) is a bad occu-
rance of Type II in w™®, where a < b < ¢ < d. Clearly, ¢ and d
(resp. a and b) cannot both appear in the same block , in view of
the description of w™?*. Let then c¢,d,a,b appear in the h-th, i-th,
j-th, k-th blocks respectively, where h < 7 < j < k. This implies that
a<b<c<d<b —1(cf Remark ??). But now, a and b are both
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< b; — 1, and they both appear after b; — 1; further, a appears before
b in w™® which is not possible by the construction of w™®* (note that
a < b). The required result follows from this. O

Remark 16.6. Of course, there are several bad occurances in w™** of
Type 1. For example, fix some j, 1 < j <. Then b;;; — 1 belongs to
the (j + 1)-th block of w™, and b;y1 — 1 > b; (here, if j = [, then
bjs1—1=n—1). Let zj1 be the smallest entry > b;, in the (j +1)-th
block of w™**. Observe that

Yivr, if z; & wey)
Zj41 = . (ais1)
b, if z; € w'%+

(here, z;, y;11 are as in Section ??). Note that if z; € w(@+1), then b,
also belongs to w(@+1)). Take d = n, b=b; —1, ¢ = 211, a = x;. Then
d,b,c,a occur in the 1-st, j-th, (j 4+ 1)-th, m-th blocks respectively,
where m > j+ 1. This provides an example of a Type I bad occurance
in wm?x,
Lemma 16.7. Let d, b, c,a be a bad occurance in w™*, where a < b <
c < d. Assume that b belongs to the i-th block, for some i (note that
i <1, sinceb < c). Then

(1) b<b—1

(2) d=n.
Proof. Let d,b,c,a occur in the h-th, i-th, j-th, m-th blocks respec-
tively in w™®*, where h < i < j < m. First observe that b < n, since
b<c<d<mn. Hence ifi =1, then b < b —1. If 1 > 2, again
b <b;—1 (cf. Remark ?7).

Claim . d > b; — 1.

Proof. Assume that d < b; — 1. Then assumption implies ¢ < b; — 1
(since ¢ < d). Now both ¢ and b are < b; — 1, and b belongs to the i-th
block in w™?#*, This implies that ¢ should occur before b, which is not
possible. Hence our assumption is wrong, and the claim follows. O

Note that the Claim in fact implies that d = n (and h = 1). O
Let § € SL(n) such that Sing X (6) # 0.

Proposition 16.8. The mazimal elements in Eyma are precisely 67",
1 <i <1 (here Eyma is as in §277).

Proof. We first observe that 67" € E,max; for, corresponding to the
bad occurance d = n, b = b; — 1, ¢ = zj11, a = z; (cf. Remark
?7), we have the bad occurance (b, a,d,c) (note that b, a,d, ¢ occur in
that order in 6**. Let us denote §7"** by 7'. Let w' (resp. 7) be the
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element of S\ obtained from 7' (resp. w) by replacing b,a,d, ¢ (resp.
d, b, c,a) respectively by d, b, c,a (resp. b,a,d,c). Then clearly 7 < 7/,
and w' < w.

Let now 7/ € E,max. Then we have a bad occurance in 7/, which
has to be of the form (b,a,d,c), a < b < ¢ < d, corresponding to the
occurance (d,b,c,a) in w™* (cf. Lemma ?7). We have d = n (cf.
Lemma ?77).

Claim . d ¢ 7'(®)

Proof. Assume that d € 7/(®). This implies that b,a € 7/(¢), Let w'
be the element obtained from 7’ by replacing b, a, d, ¢ respectively by
d,b,c,a. Now w' < w (cf. §??) implies, in particular, that w'(®) <
w(®). Hence we obtain that b and ¢ are both < b; — 1. Now in w™?,
we have, ¢ € w(®), and ¢ appears after b. But this is not possible (by
the construction of w™®*). The claim now follows. O

Now the claim implies that there exists an r > 1 such that d € 7(%7),
d & 7(@-1), Hence 7' < ™% (cf. Lemma ?7). The required result now

follows from this O
Theorem 16.9. The conjecture 7?7 holds for X (w™*).

Proof. Tn view of Theorems 77, 7?7, and 7?7 Sing X (07'*), 1 < j <1
are precisely the irreducible components of X (w™**). On the other
hand, we have (cf. Proposition ??) that the maximal elements in E, max
are precisely 67", 1 < j < [. Hence the irreducible components of
Sing X (w™**) are precisely {X () | € Eymax}. Thus the conjecture
holds for X (w™a*). O
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