ON TANGENT SPACES TO SCHUBERT VARIETIES

V. LAKSHMIBAT!

ABSTRACT. We prove the results on the tangent spaces to Schu-
bert varieties announced in [?] for G classical. We give two de-
scriptions of the tangent space to a Schubert variety at id. The
first description is in terms of the root system, and the second
one in terms of multiplicities of certain weights in the fundamental
representations of G.

INTRODUCTION

Let G be a semi simple, simply connected algebraic group over an
algebraically closed field K of characteristic 0. Let 7" be a maximal
torus in GG, and W the Weyl group. Let R be the system of roots of
G relative to T'. Let B be a Borel subgroup of GG, where B D T'. Let
S (resp.R™) be the set of simple (resp. positive) roots of R relative
to B. For a € R, let s, be the reflection , and X, the element of
the Chevalley basis for g (= LieG), corresponding to a. For w € W,
let us denote the point in G/B corresponding to the coset wB by e,,.
Then the set of T-fixed points in G/B for the action given by left
multiplication is presisely {e, | w € W}. For w € W, let X (w) denote
the associated Schubert variety (the Zariski closure of Be,, in G/B).
Let U(g) denote the universal enveloping algebra of g, and U™ (g) the
subalgebra of U(g) generated by {X,,a € S}.

For 7 € W, let T'(wy, e;) denote the tangent space to G/B at e, (wy
being the element of largest length in ). We have

T(wo,€r) == @ per(r+) B-p-
For 7 < w, let T'(w, T) be the Zariski tangent space to X (w) at e,. Let
N(w,m)={Ber(R") | X_5 € T(w,7)}.

Since T'(w, ;) is a T-stable subspace of T'(wy, e, ), we have that T'(w, e;)
is spanned by {X_g, f € N(w,7)}.

For a dominant weight A, let V() be the irreducible G-module with
highest weight A. Let us fix a highest weight vector u(\) in V()). For
w € W, fix a representative n, for w in Np(G) (the normalizer of
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T in G), and set uy,(A) = ny - u(N), V(X)) = Ut (g)uw(A) (note that
Vo (A) =V(A) ).

For w € W, we define M,, a subset of R* as follows, G being
classical: (We index the roots as in [?].)

(1) Let G be of type A,. Then M, = {5 € R" | w > sg}.
(2) Let G be of type Ch,.
(a) Let 3 =¢; — ¢, or 2¢;. Then € M,, <= w > s3.
b) Let 8 =¢ +¢€;, i <j <n. Then g € M, << w >
j
Seite; O Soc;.
(3) Let G be of type By,.
(a) Let f =€, —¢€j, €, or ¢ +¢€,. Then € M,, <= w > s;.
(b) Let S =¢;,i <n. Then f € M, <= w > S, OF S, 4c,-
c) Let 6 = ¢ +¢€;,1 < j <mn. Then g € M, < w >
j
Seite; OF S¢;S¢;ten-
(4) Let G be of type D,,.
(a) Let S =€, —¢, or €,+€j, j =n—1,n. Then f € M,, <=
w > Sg.
(b) Let f=¢€+¢€j, i<j<n-—1
Then € My <= W 2> S¢;te; OF S¢;—cy SeitenSe;+ten_1-

We prove for G classical the following result: (c¢f. Theorems 3.4,4.6,5.7,6.8)
Theorem 1 . Let w € W. Let e denote the identity element in W.
Then N(w,e) = M,,.

In particular, we obtain a criterion for smoothness:

Theorem 2 . Letw € W. Then X (w) is smooth if and only if #M,, =
l(w).
We further prove (cf. Theorems 3.5,5.9,6.10)

Theorem 3 . Let G be of type Ay, Bn, or Dy. Let w € W, and
B € R*. Then 5 € N(w,e) if and only if my(wqg — ) = m(wg —
B), for all 1 < d < n, where wy,1 < d < n are the fundamental weights
of G and m(wq— ) (resp. my,(wys—B)) denotes the multiplicity of wq—f
in V(wg) (resp.Viy(wa) ).
Remark 0.1. It turns out that the above result is not true for Type
C.,, (see §4 for details).
Let w € W, 8 € R'. Consider the following three conditions:
(1) w > sp.
(2) my(wg — B) = m(wg — ), for all 1 < d < n, n being the rank
of G.
(3) B € N(w,e).
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We show (cf. Theorem ?7) that for G of Type A,, the above three
conditions are equivalent for all w € W, 3 € R*. For the types By,
C,, Dy, we give precise relationships among the above three conditions
(see sections 4,5,6 for details).

The above results are proved using the basis By (cf. [?]) for V(wg),
1 < d < I, I being the rank of G, and a Theorem of Polo (cf. [?],
Theorem 3.2). All of the results of this paper hold over arbitrary char-
acteristics, since one knows (see [?], Corollary 4.1 for example) that
N(w, ) is independent of the base field; in Theorem 3 over an alge-
braically closed field K of arbitrary characteristic, one should replace
V(wa) (resp.Vy,(wq)) by the corresponding Weyl (resp. Demazure) mod-
ule.

The sections are organized as follows. In §1, we recall the above
mentioned result of Polo. In §2, we recall the basis B;. In sections
63,4,5,6 we prove Theorems 1&3 for G of type A,, C,, B,, and D,
respectively.

The author is thankful to the referee for some useful comments.

1. THE TANGENT SPACE T(w, 7).

Let GG be a semisimple and simply connected algebraic group defined
over K. Let T, B,W, S, R, R", e,,, X (w) etc be as in the Introduction.
We have the well-known Bruhat decomposition

G/B = U{weW} Bew, X(G) = U{wEW | w<6} Bew, 0 e VV,

where < denotes the Chevalley-Bruhat order. Let P; be the maximal
parabolic subgroup corresponding to the simple root a4, and Wy be the
Weyl group of P;. We shall denote the set of minimal reperesentatives
of W/Wp, in W by W9, namely

W= {weW|l(ww) =l(w)+I(w), for all w’ € Wy}.

1.1. Sing X (w). Let Sing X (w) denote the singular locus of X (w). If
X (w) is not smooth, then Sing X (w) is a non-empty B-stable closed
subvariety of X (w). Given a point z € X (w), to decide if it is a smooth
point or not, it suffices (in view of Bruhat decomposition) to determine
if the T-fixed point e, of the B-orbit through z is a smooth point or
not.

1.2. The space T(w, 7). For 7 < w, let T'(w, 7) be the Zariski tangent
space to X (w) at e,. Let

N(w,7)={Ber(R") | X € T(w,7)}.
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Then as remarked in the Introduction, T'(w, 7) is spanned by {X_3, 8 €
N(w,T)}.

Recall the following:

Theorem 1.3. ([?], Theorem 3.2) Let w,7 € W, w > 7. Let €
T(RT). Then € N(w, ) if and only if X_su,(wq) € Viy(wa), for all 1
d <1, 1 being the rank of G.

2. BASES B AND Bx FOR Vj(wq) AND HY(G/B, L,,).

Let G be classical. For 1 < d < [ (I being the rank of G), let
P;, Wy, W% be as in §1. For w € W we shall denote the associ-
ated Schubert variety in G/P; by Xp,(w) (= BwP(modP,)). Let
wg, 1 < d <1 be the fundamental weights of G. Note that (wg, 5*) <
2, forall 5 € R".

We recall below the basic results from [?].

2.1. Chevalley multiplicity. Let 7,¢ € W be such that Xp,(¢)
is a Schubert divisor in Xp, (7). Let ¢ = s37, where f € RT. Let

m(t, ¢) = (Pp(wy), B*) (note that (¢(wy), 5*) > 0). We refer to m(r, ¢)
as the Chevalley multiplicity of Xp,(¢) in Xp,(7) .

2.2. Admissible pairs. A pair of elements 7, ¢ € W%, 7 > ¢ is called
an admissible pair, if either 7 = ¢ (in which case we call (7,7) as a
trivial admissible pair), or there exists a chain 7 = 79 > 71 > -+ >
7, = ¢ such that Xp, (7,41) is a divisor in Xp, (7;), and m(7;, 7i41) =
2, 0<i<r—1.

Proposition 2.3. Let 7,¢ € W% be a non-trivial admissible pair, and
T=1>1 > >7 = ¢ any chain (so that Xp,(7i+1) is a divisor
in Xp,(1;)). Let 7,41 = sgmi, Bi € RT, 0 < i < r — 1. Define
vE V(wg) asv =X _pX g - X 5. up(wa), uy(wq) being as in the
introduction with N\ = wy. Then v is independent of the chain chosen
and depends only on T and ¢. Further, v is a weight vector of weight

3(T(wa) + ¢(wa)).

2.4. The sets B and B,. Let 7,¢ € W% be such that (7,¢) is an
admissible pair. If 7 = ¢, then set ¢, , (or just ¢,) equal to u,(wg). If
T > ¢, then set ¢, , as the vector v as given by Proposition 77. Set
B = {¢r4, (7, ¢) an admissible pair}. For w € W4, set B, = {gr €
B|w>rt}.

Theorem 2.5. With notations as above, the set B is a basis for V(w,).
Further, for w € W4, the set By, is a basis for Vy(wyg).

IN



TANGENT SPACES TO SCHUBERT VARIETIES 5

2.6. The sets B* and B;,. Define B* to be the basis of H*(G /Py, L,,;) (=
Vi (wq)*) dual to B (here, L, denotes the ample generator of Pic(G/Py) (~
Z)). Let us denote the elements of B* by {p,¢, (7, ¢) an admissible pair}.

For w € W, set By, = {prplxp,w): Prg € B* | Prolxp, ) # 0}
Theorem 2.7. For w € W4, the set Bz, is a basis of H*(Xp,(w), Ly,).

3. THE LINEAR GROUP SL(n)

Let G = SL(n), the special linear group of rank n — 1. Let T be the
maximal torus consisting of all the diagonal matrices in GG, and B the
Borel subgroup consisting of all the upper triangular matrices in G. It
is well-known that W can be identified with S,,, the symmetric group
on n letters. Any w € S, is usually written as (w(1),w(2),---w(n)).

Following [?], we denote the simple roots by ¢, —€;41, 1 <i<n—1
(note that €; — €;41 is the character sending diag(tq,...,t,) to tit;rll).
Then R = {e; —¢; | 1 <4,5 <n, i# j}, and the reflection s,_., may
be identified with the transposition (i, j) in .S,,.

3.1. The partially ordered set I,;,. Fixd, 1 <d <n—1. We have,

* *

P,={AcG|A= Wag=38 xS .
d { S ‘ <0(nd)><d *>}, d [ X O\

and W% may be identified with
[d,n = {1: (il,...,id) | 1< < <2d§n}

Given i, j € Iy, let X;, X; be the associated Schubert varieties in
G/P;. We have

Xi2Xj = i2>2] < u2>j, forall 1 <t <d.

(see [?] for details)). In the sequel, we shall denote an element (a . ..a,) €
Wby just (a;...aq).

3.2. The Chevalley-Bruhat order on S,. For (a;...a,), (by...b,) €
Sn,
(a1...ap) > (b1...by) <= (a1...aq) 1> (by...bg) T, foralll <d<n—1

(here, for a d-tuple (t;...tq) of distinct integers, (¢;...t4) T denotes
the ordered d-tuple obtained from {¢;, ..., ¢4} by arranging its elements
in ascending order).



6 V. LAKSHMIBAI

3.3. The bases B, and Bj. Let G = SL(n), and V = K". We
denote the standard basis for K" by {ej,---,e,}. Given a positive
root S = ¢ —¢,1 < j <k < n, the element X_g of the Chevalley
basis of g is given by X_g = Ej;, where Ej; is the elementary matrix
with 1 at the (k, j)-th place, and 0’s elsewhere. For 1 < d <l(=n-—1),
we have, V(wg) = A%V, and qi(= u(wq)) = €1 A+ - - Aeg (more generally,
given w = (a, - --a,) € W, denoting by w(¥ the element in W¢ which
represents the coset wWy, we have, g, w (= ty(wa)) = €qy A+ A €q,
(up to +1)). We have,

xpe={0 2
ex, ifi=17.
From this it follows that X ¢, # 0 if and only if j € {1,---d}, and
k¢ {l,---,d},ie., if and only if j < d < k; further, for j < d < k, we
have,
X_5Gia = xer N+~ Nej_1 ANejpi A+ ANeg N e Hence we obtain

X_5Giq = iqsgn :

This implies that § € N(w,e) if and only if w@ > s, j < d <k, i.e.,
if and only if w > sp (note that for d < j, or d > k, s(ﬂd) =(1---d)),
where e denotes the identity element in S,,. Hence we obtain (cf.[?])
Theorem 3.4. Let G = SL(n), and w € S,,. Then T'(w,e) is spanned
by {X_5,8€ R" | w> sz}

Theorem 3.5. Let w € S, and § € Rt. Then 8 € N(w,e) if and
only if my(wg — B) = m(wg — B), foralll < d < Il(=n—1), where
m(wqg — B) (resp. my,(wg — B)) denotes the multiplicity of wq — [ in
Vi(wa) (resp.Vi(wa)).

Proof. Given d,1 < d <, and f =¢; — ¢;,1 < j < k < n, from our
discussions above, we see easily that

0, ifd<jord>k
m(wd—ﬁ):{ ; N

1, ifj<d<k.

Hence we obtain that m,(ws — ) = m(wg — B), forall1 < d < [ if
and only if for all d, j < d < k, w > S(Bd), i.e., if and only if w > sg.
This together with Theorem ?? implies the required result. 0]
3.6. Let we W, g€ R". Consider the following three conditions:

(1) w > sp.

(2) my(wg—B) = m(wyg— ), for all 1 < d <, [ being the rank of

G.
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(3) B € N(w,e).
Theorem 3.7. Let G be of Type Ay. Let w € W, B € RT. Then the
three conditions in §77 are equivalent.

Proof. The result follows from Theorems 77 and ?7.

4. THE SYMPLECTIC GROUP Sp(2n).

Let V = K?" together with a nondegenerate, skew-symmetric bilin-
ear form (,). Let H = SL(V) and G = Sp(V) = {A € SL(V) | A
leaves the form (,) invariant }. Taking the matrix of the form (with
respect to the standard basis {ey, ..., es,} of V') to be

7= (%)

where J is the anti diagonal (1,---,1) of size n X n, we may realize
Sp(V') as the fixed point set of a certain involution o on SL(V'), namely
G = H°, where 0 : H — H is given by o(A) = F(4)~'E~'. We note
that the following hold (cf. [?]):

(I) Denoting by W the Weyl group of G, we have

WG == {(al...agn) € Sgn | a; = 2n+1— Aop+1—45 1 S 1 S Qn}

Thus w = (ay...a2,) € W is known once (ay...a,) is known.
In the sequel, we shall denote an element (aj...as,) in Wg by just
(ay...a).

(IT). We shall index the simple roots in G as in [?]. Let us denote
the simple reflections in We by {s;, 1 <i <n}. We have (cf. [?]),

5 = {7”1‘7”2n—i, a;=¢;— €41, 1<i1<n—1
Tn, o; = 2¢e,
where r; denotes the transposition (4,7 4+ 1) in Ss,, 1 <i < 2n — 1.
(T11). For 1 < d < n, W¢ can be identified with
{lar---aq) (1) 1 <ay <ag<---<ag<2n(2) for 1 <i<2n, if i € {ay,...,aq}then 2n +
In the sequel, we shall denote an element (a;---ag,) in WZ by just
(al RN ad)-

(IV). For wy = (ay---ayp), wy = (by---by), wy,wy € Wg, we have
wy > wy < the d-tuple {by, ..., b; arranged in ascending order } > the
d-tuple {ay, ..., aq arranged in ascending order}, 1 < d < n (cf. [?]).
In particular, the partial order on Wy is induced by the partial order
on Wy (cf. [?]).
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4.1. Chevalley Basis. For 1 < i < 2n, set i/ = 2n + 1 — i. The invo-
lution o : SL(2n) — SL(2n), A — E(*A)~'E~!, induces an involution
o sl(2n) — sl(2n),A — —E(*A)E~'(= E(*A)E, since E~! = —F).
In particular, we have, for 1 <1i,7 < 2n
(Ei) —FEjy, if 4,7 are both <n or both >n
O\ Lij) = . Coq -
! Eji, if one of {7, 5} is < n and the other > n.
where E;; is the elementary matrix with 1 at the (i, j)th place and 0
elsewhere. Further
Lie G ={A€sl(2n) | E(CA)E = A}.

The Chevalley basis { H,—¢;,,, 1 <@ <n, Ho,, Xaoe,, 1 <m < n, Xamep), Xb(ejtep) 1 <
j < k < n} for Lie G may be given as follows:

Heiqurl = By — Ei+1,1'+1 + E(i+1)’,(i+1)’ - Ez"z"a HQen = FEnp — E’n’n’;
Xejfek = E]k - Ek’j’: Xej+ek = Ejk’ + Ekj’: X2em - Emm’7
X—(ej—ek) = Ekj - Ej’k’: X—(ej—l—ek) = Ek’j + Ej’k7 Xf2em = Emm-

Definition 4.2. Let ¢ = (a;---ay) € W9 and let i, 1 < i < n be such
that i, (i + 1) € {a1,+-+ ,aq}. Let 7= (b; ---by) be the element of W4
obtained from (a; - --aq) by replacing i by i + 1, and (i + 1) by 7. In
this situation, we say that 7 is obtained from ¢ by a Type I operation.
Proposition 4.3. (c¢f. [?]) Let 7,¢ € Wi 7 > ¢. Then (1,¢) is an
admissible pair if and only if either T = ¢, or 7 is obtained from ¢ by
a sequence of Type I operations.

4.4. The G-module V(wy). For 1 < d < n, we have wy = €1+ - -+ €4,
where {€1, -, €9, } is the canonical basis of Hom (Dsy,, G) (D2, being
the maximal torus in GL (2n) consisting of all the diagonal matrices).
If d = 1, then V(wg) = V(= K?"). Let us then suppose that d > 2.
Consider the 2-form f € A2V given by

f=eiNey,+eaNegy 1+ -+ e Nepiq
(here {ey,- - ,e9,} is the standard basis in V). We have
V(wq) = { the primitive vectors in A%V}

={ve NV |v A =0l

The extremal weight vectors {q,, 7 € W4}, say 7 = (a; - - - aq) are given
by
queal/\"'/\ead

Proposition 4.5. (cf. [?]) Let § € R*.
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(1) Let f=€j — e, 1 < j <k <n. Then

% 0, ifd<jord>k
—p%id = tq@, ifj<d<k.
5

(2) Let f=2¢;,1 <j<mn. Then

v 0, ifd<j
ST 4 0, ifj<d<n
B

(3) Let f=¢€j+ €, 1 < j<k<n. Then
0, ifd <y
X_pGia = iqs(ﬁd), ifj <d<k
tqrp, Yk <d<n
where 7 = (12---j —1j+1---dj') and ¢ = (12---k — 1k +
1---di).
Theorem 4.6. Let w € W, and 5 € R™.
(1) Let = €j — e, 1 < j < k <m, or2,1 <j<mn. Then
f € N(w,e) if and only if w > sg.
(2) Let f=€j+e,1 <j<k<mn. Then B € N(w,e) if and only
if w> either sg or so;.
Proof. It 8 =¢; — €, 1 < j <k <n,or 2,1 < j<n, then the result

is immediate from (1) and (2) of Proposition ?? (in view of Theorem
?7).

Let then = ¢;+¢,,1 < j < k < n. We have (from (3) of Proposition
?9),
Xoptia = £, j < d <F. (%)

For k£ < d < n, we have X_gq;y = %¢;4, T, ¢ being as in Proposition
??,(3). We have sy, = (12---j —14'j+1---n), and hence we obtain

X_5Gia = £q (@ & kE<d<n (**)
25j’

Hence from (*) and (**) we obtain (in view of Theorem ??7) that 5 €
N(w, e) if and only if w(® > s(ﬁd),j <d < k and w'® > sgg, kE<d<n.
Claim. w(® > s(ﬁd),j <d<kand w® > 55‘2, k <d < n if and only if
w > either sg or 59¢; -

If w > either sg or sy, then clearly w@ > s(ﬂd),j < d < k and

w® > sk < d < n (note that 5§ > s k < d < n, and s >
s j<d<k).
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Let now w be such that w(® > s(ﬁd),j <d< kand w® > 55‘2, k<
d < n. Further, let w ? sz. We shall now show that w > S9¢;- Let
w = (a;---a,). The facts that w(® > s(ﬁd),j <d < k,and w # s
imply that

w® ¥ 5. (1)

On the other hand, we have w*) > 55’2 (since w(@ > sgg, E<d<n).
This implies that there is an entry, say z, in {ay,- - - , a5} such that x >
J'. In fact, this entry = belongs to {ay,--- ,a;}; for,if x & {ai,- -, q;},
then this would imply that there is an entry say y, in {ay, -+ ,a;}
such that y > k' (since w®) > s(ﬂj)), which in turn would imply that
w®) > s(ﬁk) (since z,y € {a1, -+ ,a;}, and x > j',y > k') and this is
not true (cf. (f)). It follows that w > sy,. This completes the proof
of the Claim and also of Theorem ?7?. O

Proposition 4.7. Let 3 € RT.
(1) Let S =€j — ey, 1 < j <k <n. Then

0, fd<y, ord>k
m(wg — fB) = o
1, ifj<d<ek.
(2) Let f=2¢;,1 <j<mn. Then
0, ifd<j
muwa— )= TS
1, ifj<d<n.
(3) Let f=¢€j+€,1 <j<k<n. Then
0, ifd<j
m(wg — B) = <1, ifj<d<k

n+1—d, ifk<d<n.

Proof. Fix d,1 < d <n.
(1) Let f =¢j —€,1 < j <k <mn. Ifd<jord>k, then clearly
m(wq — ) = 0. Let then j < d < k. Then q,@ is the only vector in By

B
of weight wy — 5.
(2) Let = 2¢;,1 < j <n. Ifd < j, then clearly m(wq — ) = 0. Let
then j < d <n. Then q @ 18 the only vector in By of weight wy; — (.

8

(3) Let B =€j+€,1 < j <k <n.Ifd<j, then clearly m(ws— ) = 0.
Let then 5 < d < n. If d < k, then clearly q @ is the only vector in By

)

of weight wy— . If £ < d < n, then using the description of admissible
pairs (cf. Proposition ??) and the fact that gy is a weight vector of
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weight 1(0(wg) + 6(wa)), it is easily checked that there are precisely
n 4+ 1 — d vectors in B, of weight wy; — [, namely
Grés 90,5, 0 <1 <n—d—1where
T=(1j—1j4+1djf),p= (1 k—1k+1--dk"),
Op=(1-j—1j+1-k—1k+1---dd+1F),
60:(1 j—=1j4+1---d(d+1)"),
— (12— 1j 41k —1k+1-(d+i+1)(d+i)
= (12 j—1j+1 - k—1k+1--- (d+i)(d+i+1)), 1 < i < n—d—1.
]
Corollary 4.8. Let w € W and B € R*.
(1) Let f=€j — €, <k <n, 26, 1 <m <n. Then my,(wq —
B) = m(wa — B), for all1 < d < n if and only if w > sp.
(2) Let B =€j+ €, 1 < j<k<n. Then my,(ws— ) = m(wqg —
B), forall1 < d < n if and only if w > sz 0T S3¢;5¢,—¢, (=
(125 — 1§+ 1k — Ink + 1k +2---n — 1k)).

Proof. (1) If B =¢€; — €4, j <k <n, 26,, 1 <m <n, then the result
follows from (1), (2) in the proof of Proposition 4.7.

(2) Let B = €j + €,1 < j < k < n. We have that if d < j, then
m(wq — ) =0, and if j < d < k, then m(wg — ) =1 (g4 being the
only weight vector in V' (wy) of weight wy — ). For k < d < n, we have
from the proof of (3) in Proposition ?? that the weight space in V(wg)
of weight wy — 3 has a basis consisting of the vectors ¢; 4, ¢s,5,, 0 <
i <n—d—1 (notations being as in the proof of (3) in Proposition ?7).
Hence we obtain that mw(wd - B) = m(wg — 5) forall1 < d < nif
and only if w® > {1,2,---,j — 1,k'} and w'® > 7 and 6;, 0 < i <
n—d—1, k <d <n. Itisnow easﬂy checked w(® > Qrid> Q9,6 0 <1<
n—d—1, k< d < n,ifand only if w® > {1,2---j—15'j+1---k—1n}.
The required result now follows from this. 0]

Remark 4.9. Let w € W, and § € R™.

The condition that m,,(ws — 8) = m(wg — B), for all 1 < d < n need
not be equivalent to the condition that 5 € N(w,e). For example, take
w = sy, for some j <n—1, f=¢;+¢ forsome k, j <k <n—1. We
have (cf. Theorem ??) 5 € N(w,e), but my(wyg— 5) # m(wg— B), k <
d < n (note that my,(wg — B) = 1, k < d < n, while m(wg — 5) =
n+1—d, k<d<n).

Also, the condition that w > sz need not be equivalent to the condition
that my,(wqg — 8) = m(wg — B), for all 1 < d < n. For example, take
B = € + €, for some j < k < n, and w = sy;5¢, ,- We have,
My (wg — ) = m(wg — B), for all 1 < d < n (cf. Corollary ??), but
w # Sp.
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Of course, for B = €; — €4, J < k < n, 2¢,, 1 < m < n, and any
w € W, all the three conditions of §7? are equivalent.

5. THE ORTHOGONAL GROUP SO(2n+1)

Let V = K?"*! together with a non degenerate symmetric bilinear
form (,). Taking the matrix of the form (,) (with respect to the standard
basis {e1, - ,ea,y1} of V) to be E, the 2n + 1 x 2n + 1 anti-diagonal
matrix with 1 all along the anti-diagonal except at the n+1 x n+ 1-th
place where the entry is 2 (note that the associated quadratic form @) on
V is given by Q(X7" mie;) = 22, + X1, ZiTani2-i), We may realize
G = SO(V) as the fixed point set SL(V)?, where o : SL(V) — SL(V)
is given by o(A) = E7'(*A)™'E. Set H = SL(V).

We note that the following hold (cf. [?]):

(I). Denoting by W the Weyl group of G, we have
Wa = {(al...a2n+1) € SQTL+1 | a; =2n+2 —agpio i, 1 <1< 2n+ 1}

Thus w = (ay...a2,+1) € W is known once (a;...a,) is known (note
that a,41 =n+ 1, for all w € Wg).
In the sequel, we shall denote an element (a;...as,.1) in Wg by just
(al...an).

(IT). We shall index the simple roots in G as in [?]. Let us denote
the simple reflections in Wg by {s;, 1 <1i < n}. We have (cf. [?]),

o = [Tt =& —eppl<isn—l,
.=
TnTn41Tn, Q4 = Ep

where r; denotes the transposition (7,7 4+ 1) in So, 41, 1 <7 < 2n.
(IIT). For 1 < d < n, W& can be identified with
{(ar-+-ag) (1) 1<a1<ag<---<ag<2n+1, a; #n+1,1<i<d(2) for 1 <i<2n+

In the sequel, we shall denote an element (a; - - - ag, ) in W& by just
(al . ad)-

(IV). For wy = (ay---ay,), wy = (by---b,), wy,ws € Wg, we have
wy > wy < the d-tuple {by, ..., by arranged in ascending order } > the
d-tuple {ay, ..., aq arranged in ascending order}, 1 < d < n (cf. [?]).
In particular, the partial order on Wg is induced by the partial order
on WH

5.1. Chevalley Basis. For 1 < k <2n+1, set k' =2n+ 2 — k. The
involution o : SL(2n+1) = SL(2n+1), A~ E-'(*A)"'E, induces an
involution o : sl(2n+1) — sl(2n+1), A — —E '(*A)E. In particular,
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we have, 0(E;;) = —FEjy, 1 <1i,j < 2n+1, where E;; is the elementary
matrix with 1 at the (4, j)th place and 0 elsewhere. Further

Lie G={Aesl2n+1) | E'("A)E = —A}.

The Chevalley basis { H,—;,,, 1 <i <n,H, Xie,, 1 <m <n, Xa—e)s Xe(ej4¢), 1 <
j < k <n} for Lie G may be given as follows:

Heiqurl = Ez - Ez'+1,z'+1 + E(i—l—l)’,(i—i—l)’ - Ei’z": Hen - 2(l?'nn - En’n’)7
XEJ‘—Ek = Ejk - Ek’j’a X€j+€k = Ejk’ - Ekj’a Xem = 2Elmn—l—l - En—l—lm’a

Xf(ejfek) = Ekj_Ej’k’7 Xf(ejJrek) = Ek’j_Ej’ka X—em = 2Eln—l—lm_ m/n+1-

Definition 5.2. Let ¢ = (a;---ay) € Wi 1 <d<mn-—1, and let
n € {a, -+ ,aq}. Let 7 = (by---by) be the element of W4 obtained
from (a; - - - aq) by replacing n by n'. In this situation, we say that 7 is
obtained from ¢ by a Type II operation.

Remark 5.3. Type [ operation is defined exactly as in Definition 77

Proposition 5.4. (¢f. [?]) Let 1, e W9, 1 <d<n—1,7 > ¢. Then
(1,) is an admissible pair if and only if either T = ¢, or T is obtained
from ¢ by a sequence of operations of Type I or II.

5.5. The G-module V(wy). For d = n, V(wy) is the spin represen-
tation, and the extremal weight vectors, ¢,,7 € W form a basis for
V(wg). For 1 < d < n, we have V(wy) = AV (here, V = K?"*1). The
extremal weight vectors {¢,.7 € W4}, say 7 = (a; - - - a4) are given by

QT:eal/\"'Aead

Proposition 5.6. (c¢f. [?]) Let B € R*.
(1) Let f=€j —ex, 1 < j <k <n. Then

% 0, ifd<jord>k
T kg0, ifj<d <k
B

(2) Let f=¢j,1<j<n.
(a) If j =n, then

% 0, ifd<n
~p%id = j:qs(d), if d =n.
B
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(b) If j <mn, then

0, ifd <y
X_pGia = iqs(ﬁ‘”’ fd=n
:f:qs(d) L@ if § < d <n.

5j+5n’ €j—¢€n

(3) Let B=¢€j+€,1 < j<k<n.
(a) If k =n, then

N 0, ifd < j
T 4 0, ifj<d
5

(b) If k < n, then

0, ifd < j
X_3Gia = ﬂ:qsgi), ifj<d<kord=n

i(Z?;od Ciqo; 5, + 0Grp), ifk<d<mn

where ¢; = 42, 1 <n—d, ¢,_qg=+1=a,
F=(lej— 1t ledi)yd= (1o k= 1k +1---dk),
Bo=(1-j—T1j+1-k—1hk+1---dd+1k),
do=(1--j—15+1---d(d+1)),
;=(12---j—1j4+1--k—1k+1---(d+i+1)(d+1)),
i= (12 =141 k—1k+1-- (dri)(d+i+1)), 1 <i<n—d
Opa=(12j—1j+1-k—1hk+1---n'(n—1)),
Sng=(12j—1j+1--k—1k+1---n—1n).
Theorem 5.7. Let w € W, and $ € R*.
(1) Let f=€j — e, 1 < j<k<mn, €, ore+ey,,1<i<n. Then
f € N(w,e) if and only if w > sg.
(2) Let f=¢€j,j <n. Then p € N(w,e) if and only if w > either
58 OT Se;tey -
(3) Let f=€j+e,,1 <j<k<mn. Then B € N(w,e) if and only
if w> either sg 0T S¢;5¢,ve, -

Proof. It B = €¢; —€;,1 < j <k < n, €, or ¢ + €,,1 < i < n, then
the result follows from 1, 2(a), and 3(a) of Proposition ?? (in view of
Theorem ?7).

Let 8 =¢€;,7 <n. If w > either sg or s, ,, then clearly, X_3q;q €
Viw(wg), for all 1 < d < mn,and hence € N(w,e) (in view of Theorem
?7). Let then w be such that X_zq;q € Viy(wa), foralll < d < mn,
Further, let w 7 sg. We shall now show that w > s¢,4¢,. Let w =

(a1 -+ -ay). Now the fact that w % sg implies that w/) % s(ﬁj). On the
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other hand, we have w(@) > sg)Jrfn. Hence we obtain that there exists
an entry, say x in {a; - - - a;} such that n’ <z < j'. Also, the fact that
w™ > s(ﬁn) implies that there exists an entry, say vy in {a; - - - a,} such

that y > j'. Denoting 1 = s, ,, we obtain
w > (12---j—1j+17n) (= 77(]'))’

w® > (12 j—1j+1---n—10"j") (= ™).
From this it follows that w > s, 1,
Let B =¢j+ e, 1 <j<k<n Ifw2> either s or s, e,, then
clearly X_ggia € Viy(wg), for all d, and hence § € N(w,e). Let now

p € N(w,e), and let w ¥ sg. We shall now show that w > s, 5¢,4e, -
We have, w(® > s(ﬁd),j < d < k. This implies in particular that
wt) > s(ﬁj). Hence there exists an entry p in {a;---a;} such that

p > k'. Also, the facts that w % s5, w\) > s(ﬁj) imply that

w® 2 5. (1)
On the other hand, since § € N(w,e), we have, X _ggiq € Viy(wq), 1 <
d < n (cf. Theorem ??), and hence we obtain, w*) > (12---j — 15 +
1---7") (= 7) (cf. Proposition ??, 3(b)). Hence there exists an entry ¢
in {a; - - - a;} such that ¢ > j'. We have in fact ¢ € {a;---q;}, and ¢ =
p (otherwise, we would obtain w®) > s(ﬁk) contradicting (1)).Further,
we have, there exists an entry 7 in {a; - - - ax } such that » > n’ (in view
of Proposition ??, 3(b)), and r < k' (since w®) % s(ﬁk)). Also, the fact
that w(™ > s(ﬁ") implies that there exists an entry s in {a; - - - a, } such
that s > £’. Thus we obtain, denoting £ = s, 5¢, 1,

w > (12---5—15+15) (:g(j))’
wh > (12 j—1j4+1---kn'j") (= W),
w™ > (12 —1j4+1-k—=1k+1---n—10"kj) (=M.
From this it follows that w > s¢;5¢; e, O

Proposition 5.8. Let § € R*. Let f =¢€; +€;,1 < j <k <n, and
k<d<n. Then m(wqg— ) =n—d+ 2. In all other cases, we have,
m(wg — ) =0 or1

Proof. Fix d,1 < d <n.

(1)Let =€ — €, 1 < j <k <mn. Ifd<jord >k, then clearly

m(wq — ) = 0. Let then j < d < k. Then q @ is the only vector in By
8

of weight wy — .
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(2) Let 8 =¢€;,1 < j <n. Ifd < j, then clearly m(wq — ) = 0. Let
then 5 < d < n. If d =n, then q @ is the only vector in B, of weight
8

wqg — B. If j < d < n, then using the description of admissible pairs
(cf. Proposition ?7) and the fact that gy is a weight vector of weight

5(0(wq) + 6(wa)), it is easily seen that g, @ @ is the only vector in

2 ejtenSej—en

B, of weight wy — f.

(3) Let 8 =€j+€,1 < j <k <n.Ifd<j, then clearly m(ws— ) = 0.
Let then j < d<n. Ifd=mn,ork=mn,orj <d<k, thQDQ(d) is the

only vector in B, of weight wy — 3. Let then k < d < n. Then it is
easily checked as in (2) (by weight considerations) that gy, s, 0 < i <
n—d, and ¢4 (as in Proposition ??, 3(b)) are the only vectors in By
of weight w,; — .

The required result follows from (1), (2) and (3). O

Theorem 5.9. Let w € W, and € R*. Then 8 € N(w,e) if and
only if my(wg — B) = m(wg — B), for all1 < d <n.

Proof. The required result follows from Proposition 5.6, Theorem ?7?,
and (1), (2) and (3) in the proof of Proposition ?7. O

Remark 5.10. Let S € RT, w e W.

fp=¢—¢€, J<k<mn, e, ore,+e, 1 <m<n-—1,then the
three conditions in §77 are equivalent.

For all 5 € R, w € W, the condition that 8 € N(w, e) is equivalent to
the condition my,(wg— ) = m(wy— B), for all 1 < d < n (cf. Theorem
77).

The condition that w > sg need not be equivalent to the condition that
p € N(w,e). For example, take 3 = ¢; for some j < n and w = s, 4e,;
we have (cf. Theorem ?7, (2)), f € N(w,e), but w 2 sg.

6. THE ORTHOGONAL GROUP SO(2n)

Let V = K?" together with a non-degenerate symmetric bilinear
form (,). Taking the matrix of the form (,) (with respect to the standard
basis {e1, -+ ,ea,} of V) to be E, the anti-diagonal (1,---,1) of size
2n X 2n, we may realize G = SO(V) as the fixed point set SL(V),
where o : SL(V) — SL(V) is given by 0(A) = E(*A)"'E. Set H =
SL(V).

We note that the following hold (cf. [?]):

(I). Denoting by Wg the Weyl group of G, we have
Wea ={(a1--ag,) € Son|(1) a; =2n+1— agpi1-i, 1 < i <2n(2) #{i,1 <i<n}iseven}.

Thus w = (ay...a9,) € Wg is known once (a;...a,) is known.
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In the sequel, we shall denote an element (a;---as,) in W by just
(al . an)-

(IT). We shall index the simple roots in G as in [?]. Let us denote
the simple reflections in Wg by {s;, 1 <1i <n}. We have (cf. [?]),

o ) TiT2nis =& —€Eip, 1 <1 <n—1,
;=
Tnln 1Tnt1Tn, Q4 = Ep—1 + Ep.

where r; denotes the transposition (4,7 4+ 1) in Sy, 1 <i < 2n— 1.
(ITI). For 1 < d < n, d#n — 1, W¢ can be identified with
(*)-

{lar---aq) |1 <a; <ay <---<aqg <2n(2)for 1 <i<2n, if i € {ay,...,aqs}then 2n +1

For d = n — 1, WZ gets identified with a certain proper subset of (*);
in particular, for w; = (ay - - - agy,), wy = (b1 - bay), Wi, wy € Weg, we
can have wgnil) = wén71)7 With{ala T 7an71}T7 {bla o 7bnfl}T being

different. For w € W, say w = (a; - - - as,,), we see easily that

w ={ay, - a4}t 1<d<n, d#n—1

and
w™ Y = the least (under >) in the totally ordered set ¥’
where
ygi),--- ,y,(le being the first (n — 1) entries in wu;, 0 < i < n, i #
n — 1. (Here, the partial order > is the usual partial order, namely,
(ila e 77;71,—1) Z (jla e 7jn—1)7 let 2 jta 1 S t S TL—]_, (ila e a’in—l)a (jla e 7jn—1)

being two increasing sequence of (n — 1)-tuples.)

(IV). For 1 <i < 2n, let #/ =2n+1—1i, and |i| = min {4,7'}. We shall
denote the Bruhat order on W (G) by »=. Given wy = (ay -+ -a,), wy =
(by +-+by), wy,wy € Wg, we have wy > wy if and only if the following
two conditions hold (cf. [?]).

(1) For1 < d < n, wehave {by,---,bs} 1> {ay,--- ,aq} 1, for all d.

(2) Let {c1,---,cq} (resp. {e1,---,eq}) be the set {aj,---,aqs} T
(resp. {b1, -+ ,bg} 1). Suppose for some r, 1 < r < d, and
some 4, 0 <i<d—r, {leipa], - [cine[} = {lein]s - e[} =
{n+1—r---,n} (in some order). Then #{j,i +1 < j <
i+7r|c;>n}, and #{j,i+1 < j <i+r|e; > n} should both
be even or both odd.
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Thus the Bruhat order > on Wy is not induced from the Bruhat order
on Wy. Following the terminology in [?], we shall refer to condition
(2) above as
“if {c1, -+ ,cq) and {eq, -+, e4} have analogous parts, then they are
D-compatible”; we shall refer to {|c; 1], - - |cipr|} and {|esia], - - - leirr|}
as analogous parts.

In the sequel, we shall have occsion to use both of the partial orders
> and >.

Remark 6.1. (a) Let (c1,- -+, ¢q), (€1, ,eq) € WS, where (¢1,-++ ,¢q) =
{e1,---,eq). Suppose (cy1,---,¢q), (€1,---,eq) have analogous parts.
Then it is easily seen that the condition (2) is equivalent to the condi-
tion that #{j,1 < j <d|c¢; > n} and #{j,1 < j < d|e; > n} are
both even or both odd. ‘ .

(b). Given § € W, say 0 = (ay - - as,), denoting by y@, e ,yﬁle the
first (n — 1) entries in Gu;, 0 <i<n, i #n— 1, we have

= e 1S pn

(ala e 7an71)7 1=0
where for 1 <i <n-2, (x1,---,2, 1) is the (n—1)-tuple obtained from
(ay,---,a, 1) by replacing a; by al, and for i = n, (z1,---,2, 1) =
(ar,-+- ,a,_5,al,). Further, we have #~Y is the least (under >) in

(c). Given #,w € W, say 0 = (ay---as,), w = (b ---by,), we have
(with notations as in (b) above)

WD = 9D s by, ) P (g1 gl ) 4 for some 3,0 < i <n, i £ -1

6.2. Chevalley Basis. For 1 < k < 2n, set k' = 2n+ 1 — k. The
involution o : SL(2n) — SL(2n), A — E(*A)"'E, induces an involu-
tion o : sl(2n) — sl(2n), A — —F(*A)E In particular, we have, for
1 <i4,5 <2n, o(E;j) = —Ejy, where Ej; is the elementary matrix
withl at the (i, 7)th place and 0 elsewhere; and for 1 < k < 2n, k' =
2n + 1 — k. Further

Lie G ={A€sl(2n) | E(CA)E = —A}.
The Chevalley basis { He, ¢,,,, 1 <@ <n, He,_, e, Xi(ej—ep)r Xt(ej4er)s L <
j < k < n} for Lie G may be given as follows:

He ;.. = Eii — Eip1i41 + By i1y — B,

Hen,1+en = Lnp—-1,n-1 + En,n - En’,n’ - E(nfl)’,(nfl)’a
X = Ejx — Epjr, Xe;ve, = Ejir — Egjry
X_( = Ekj — Ej’k’; X—(Ej+5k) = Ek’j — Ej’k-

€j—€g

€j—€x)
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Definition 6.3. Let ¢ = (a;---aq) € W% 1 < d < n — 2. Further
let n —1,n € {a1, -+ ,aq}. Let 7 = (by---by) be the element of W4
obtained from (a; - - - a4) by replacing n — 1 by n’, and n by (n—1)". In
this situation, we say that 7 is obtained from ¢ by a Type II operation.
Remark 6.4. Type I operation is defined exactly as in Definition 77.
Proposition 6.5. (cf. [?]) Let ,¢ € W¢, 1 <d<n-2, 7> ¢.
Then (1,¢) is an admissible pair if and only if either T = ¢, or T is
obtained from ¢ by a sequence of operations of Type I or II.

6.6. The G-module V(wy). For d = n — 1,n, V(w,) is the spin rep-
resentation, and the extremal weight vectors, ¢,, 7 € W< form a basis
for V(wg). For 1 <d < n— 2, we have V(wy) = A%V (here, V = K?"),
and the extremal weight vectors {¢,.7 € W%}, say 7 = (ay---aq) are
given by

Qr = €q; N+ N\ eg,

Proposition 6.7. (¢f. [?]) Let f € R™.
(1) Let f=¢€j —ex, 1 < j <k <mn. Then

% 0, ifd<jord>k
T\ . ifj<d <k
B

(2) Let f=¢€j+€,1 <j<k<n.
(a) If k =n—1,n, then

N 0, ifd < j
T 4 0, ifj<d
5

(b) If k <n—1, then

0, ifd<j
X 5Gia = :l:qséd), ifj<d<kord=n—1,n
:I:(Z;lz_od Ciqy;.s; + GQT,(ﬁ)a Zf k S d<n-1
where 7,¢,0;,0;,0 < ¢ < n — d are defined in the same way as in
Proposition 7?7, and ¢; = £2 or +1 according as ¢ < or >n—d — 1,
and a = 1.
Theorem 6.8. Let w € W, and € R*.
(1) Let B=¢€j—e,, 1 <j<k<n,orej+e, k=n—1n, 1<
Jj < k. Then B € N(w,e) if and only if w = sz.
(2) Let f=¢€;+ €, j <k <n—1. Then € N(w,e) if and only
if w = either sg 0T S, ¢, Se;tenSepten_1-
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Proof. B =¢j—¢€,, 1 <j<k<n,ore+e, k=n—1,n,1<j <k,
then the result follows from Proposition 7?7, 1 and 2(a).

Let 8 = €j+e, 1 < j <k <n—2. lfw = either s5 01 S, ¢, S¢; 1 Sy +en_15
then clearly X 3¢ € Vi (wa), foralll < d < n, and hence § €
N(w,e) (cf. Theorem ??). Let now € N(w,e), and let w # sg.
We shall now show that w = S¢,_c, S¢;, e, Septren_s- We have, w@ =
S(Bd),j < d < k. This implies in particular that w) > s(ﬁj). Hence there
exists an entry p in {a;---a;} such that p > £’. Also, the facts that

w i 55, w) = s(ﬁj) imply that

w5 (1)

On the other hand, since € N(w,e), we have X_5qiq € Viy(wa), 1 <
d < n (cf. Theorem ??) and hence we obtain w*) = 7,6, and §, where
r=012--j—154+1---kj), 0=(12---j—1j+1---k—1nk'), § =
(12---5—=1j4+1---k—=1n"(n — 1)) (cf. Proposition ??, 2(b)). In
particular, we obtain (since w®) > 7) that there exists an entry ¢ in
{ay ---ax} such that ¢ > 5. We have in fact ¢ € {a;---q;}, and ¢ =p
(otherwise, we would obtain w®) > s(ﬁk) contradicting (f)). Thus

w = (125 =15+ 1), (1)
Further we obtain (since w®) > 0, §)
wh = (12 j—1j4+1--k—1(n—-1)7) (2)

(note that (12---j—1j+1---k—1(n—1)"5") is the smallest (under
=) element ¢ in W* for the property that ¢ = 7,60, and §; note that
eventhough the k-tuple (12---j —1j+1---k—1n'j") > 7,60, and ¢,
it is % @ (since they have non-compatible analugous parts (cf. (IV)
above))). Also, we have

w® ts(ﬁd), d=n-—1,n. (3)

Now it is easily seen that £ = (12---j—15'j+1---k—1(n—1)k+
1---n—2Fk"n') is the smallest (under »)) element in W for the proper-
ties given in (?7), (??), and (??) (note that eventhough n := (12---j—
17 +1---k—1(n—-1)"k+1---n—2n'k") is the smallest (un-
der >) element in W such that n() > (12---5 — 15 + 15, n*) >
(12---j—1j4+1--k=1(n—=1) 4, n™ D >12---j—1j+1---k—
1k+1---n—1n'kK) (= (s5u;)"Y (cf. Remark ?2)), n™ > s, we
have, n(=1) # s(ﬁn_l) (since n™~Y and (sgu;)™ Y have non-compatible
analugous parts)). From this it follows that w = s, _c,S¢;+e,Septens
(note that s, _c,Se; e, Sep+ens = &)
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O

Proposition 6.9. Let f € R*. Let f =€+ €, 1 < j <k <mn, and
kE<d<n-—2. Then m(wg— ) =n—d+2. In all other cases, we
have, m(wq — ) = 0 or 1.

Proof. Fix d,1 < d <n.

(1) Let f =¢€j —€,1 < j <k <mn. Ifd<jord>k, then clearly

m(wqg — B) = 0. Let then j < d < k. Then q @ is the only vector in By
8

of weight w,; — .

(2) Let 8 =€j+€,,1 < j <k <n. Ifd < j, then clearly m(ws— ) = 0.
Let then j <d<n. fd=n—-1,n,ork=n—1,n,or j <d <k, then
qsgi) is the only vector in B, of weight wy — 5. Let then &k < d <n — 2.

Then it is easily checked (by weight considerations) that gy, 5,, 0 < <
n —d, ¢r4 (as in Proposition ??, 2(b)) are the only vectors in B, of
weight wy — 5.

The required result follows from (1) and (2). O

Theorem 6.10. Let w € W, and 3 € RT. Then € N(w,e) if and
only if my(wyg — ) = m(wg — B), for all1 < d <n.

Proof. The required result follows from Proposition 6.7, Theorem 77
and (1), (2) in the proof of Proposition 77. O

Remark 6.11. Let S € RT, w e W.

fB=¢—e€, j<k<mn, ore-+e, k=n—1,n, then the three
conditions in §?77? are equivalent.

Forall § € R, w € W, the condition that § € N(w,e) is equivalent to
the condition my,(wg— ) = m(wyg— B), for all 1 < d < n (cf. Theorem
77).

The condition that w > sg need not be equivalent to the condition
that § € N(w,e). For example, take 3 =¢€; + €, j <k <n—1, and
W = S¢; e, S5¢;4enSep+en_r; We have (cf. Theorem ??, (2)), B € N(w,e),
but w 2 sgs.

Remark 6.12. The statement (in Theorem 1 in [?]) that 5 € N(w,e)
if and only if m,,(p — ) = m(p — B) is incorrect. Although, there is a
similarity in the statement of Theorem 1 in [?] and those in Theorems
7?7, 77 and ?7, the property that m,(p — 3) = m(p — () seems to be
stronger than the property that 5 € N(w,e). For example, consider
G = Sp(6), w = sy,. Then for g = €; + €, we have, X_3qiq € Vi,
but m,,(p — B) # m(p — B) (we have, m(p — ) = 6, my(p— 5) =5. )
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