SINGULAR LOCI OF VARIETIES OF COMPLEXES

V. LAKSHMIBAI'

INTRODUCTION
Let Vi, ..., Viht1 be vector spaces over an arbitrary field K with respective dimensions
ni,... ,np+1. Let Z be the affine space of all h-tuples of linear maps (fi,...,fx) : Vi Iy

1% Q) fh—? Vi ﬁi Vit1 - If we endow each V; with a basis, we get V; = K" and
Z = M(naxnq)x--- X M(np41xny), where M(Ixm) denotes the affine space of matrices
over K with I rows and m columns. Let V be the variety of complexes, namely, the
subvariety of Z consisting of {(A1, Az, -, Ap) | A;A;—1 =0, 2 <i < h}. It is shown in
[?] (see also [?]) that each irreducible component of V' is isomorphic to the opposite cell
in a Schubert variety in G/Q, where G = SL(n), n =n1 + --- 4+ np4+1, and Q is a certain
parabolic sub group. Let C be an irreducible component of V. In this paper, we determine
the singular locus of C' (cf. Theorem ?7), for the case h = 2. Let X(w) (C G/B) be the
Schubert variety associated to C. We further show (Theorem ?7?) that the conjecture of
[?] holds for X (w). These w’s turn out to be non-vexillary (cf. [?]), i.e., the corresponding
permutations involve the pattern ¢, d,a,b, where a < b < c < d.

1. QUIVER VARIETIES.

Let V;, 1 <4< h+1, Z be as in the Introduction. Let n = (n1,... ,np41). The group
Gn = GL(n1) X --- X GL(np41) acts on Z by

(91,92, s gns1) - (Frs for oo o fn) = (926191 s 93 fag5 -+ L gnar fagn -
Now, let r = (rjj)1<i<j<h+1 be an array of non-negative integers with r;; = n;; and
define r;; = 0 for any indices other than 1 <i < j < h + 1. Define the sets

Z°(r):{(f1,~~~,fh)eZ | Vi<j, rank (f_-H---f;:V;—>Vj):r;j},
Z(r) = Z°(r).
(These sets might be empty for a bad choice of r.)

Proposition 1.1. (see [?] for ezample)
(1) The Gn-orbits of Z are ezactly the sets Z°(r) for r = (rsy) with rij — rijm —
i1 + T, >0, V1<i<j<h+1
(2) Z(I‘) = {(fl, e ,fh) € Z | Vi<j, mnk (f?jfl . f, : Vi — Vj) S I‘ij}.

2. THE SCHUBERT VARIETY Xg(w).
Given n = (n1,---,np), for 1 <i < h+1,leta; =n1+---+mni, ag =0, n =
ni + - -+ + np41 . For positive integers i < j, we shall frequently use the notations
[i,7] ={¢,i+1,...,j5}, [{] ={:}, [0] ={}, the empty set .

Consider GL(n), its subgroup B of upper-triangular matrices, and the parabolic subgroup
Q = {(aij) € GL(n) | aij = 0 whenever j < ap < i for some k} . We have, Q =
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Py, NN P,,, where for 1 < i < n —1, P; denotes the maximal parabolic sub group
associated to the simple root «;, the simple roots being indexed as in [?].

2.1. The partially ordered set I,,,....q, . Let
Loy, o, ={( - s8y) €Elayn X oo X Ty | 3, Ciyyy forall1 <t <h -1},

where for d < n, Iy, = {i = (i1,...,%4) | 1 < i1 < --- < iqg < n}. Then it is easily seen
that W, the set of minimal representatives of W/Wg (W being the symmetric group
Sp) may be identified with I, ... a; -

The partial order on the set of Schubert varieties in G/Q (given by inclusion) induces
a partial order > on I, .. a,, namely, for i = (i;,...,i,), j = (,,---,,) € Tas....an,
i>j < i >j forall1 <t <h.

2.2. The opposite big cell in G/Q. Let Q@ = Nf_, P,, be as above. Let R (resp. Rg)
denote the root system of G (resp. @). Denote by O~ the subgroup of G generated by
{Us | @ € R™\ R} (here, for aroot , Uy denotes the 1-dimensional unipotent subgroup
of G associated to ). Then O~ consists of the elements of G of the form

L 0o 0 --- 0 0
*= Ihb 0 -+ 0 0
* * % In 0
x % % * I

where I; is the identity matrix of size a; — at—1, 1 < t < h, I, is the identity matrix of
size a, where a = n — ap, and if x,,; # 0, with m # [, then m > a4, | < a; for some ¢,
1 <t < h. Further, the restriction of the canonical morphism f: G — G/Q to O~ is an
open immersion, and f(O~) ~ B eiq,o. Thus B eiq,¢ (the opposite big cell in G/Q) gets
identified with O~.

We shall index the Schubert varieties in G/Q by WQ. For 7 € W9, we shall denote
the associated Schubert variety by Xq(7); we set Yo (1) = Xq(7) N O™, the opposite cell
in X¢o(7) . Note that Yg(7) is a non-empty closed subvariety of O~ .

2.3. The variety Xqg(w). Given r = (rjj)1<i<j<h+1, define w € we by

u)(‘”) = { 1... Ai—1 oeeenn.. (47 S Qi1 veenenn Aj42 o vv e n}
W—/ N~ ~ s\ ~ o~ H/—/
Qi1 Tii =Tii+1 Tii41—Tii42 Ti,i42—Ti,i+3 Ti,h+1
where we use the visual notation - ----- a=[a—b+1,a]
b
2.4. The map f. Let z = (A1, As,--- ,Ap) € Z. Define f: Z — O~ by
I 0 0 0
Ay I, 0 0
fey=| A A2 L0 (0 )

A3A2A1 A3A2 A3 14

Denote a generic element of Z = M(n2 X 1) X -+ X M(np4+1 X np) by (A1,..., Ap), so

that the coordinate ring of Z is the polynomial ring in the entries of all the matrices A;.

Let J(r) C K[Z] be the ideal generated by the determinantal conditions implied by the
definition of Z(r):

i>1 AC[n], pClni

= (det(Aj;_1Aj_2---A; .

j(l‘) <e( j—18j-2 )>\><,u #A:#/L:’r”"‘l

Theorem 2.5. (¢f.[?])
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(1) J(r) is a prime ideal and is the vanishing ideal of Z(r) C Z.
(2) The restriction f| z(x) defines an isomorphism of Z(r) onto Yo (w).

3. VARIETY OF COMPLEXES.

Let V be the variety of complexes, namely, the subvariety of Z consisting of {(A1, Ag, -, Ap) | AiAi—1 =
0, 2 < i< h}. Wehave V = U, Z(r), where r;; = 0, j # 4,1 + 1. Let us denote
ki =71iiy1, k= (k1,k27 cee ,kh), and V(k) = Z(I‘) . Let

An ={k = (k1,k2, - ,kn) | ki < min {nj,niy1}, 1 <i<h, ki-1+ki <n;, 2 <i<h}.

Then V = UkeA, V(k)

3.1. A partial order on {(ki, ks, - ,kn)}. The partial order on the set {V (k), k € A}
of Gn-orbit closures in V' given by inclusion induces a partial order > on Ay, namely, for
k:(klak27"' 7kh)7 K’ :( ’17 /27 7k’h) in An7 ka’ — k¢ Zk:n 1<t Sh
Theorem 3.2. (1) V(k) ~ Yq(w)
(2) {V(k) | k is a mazimal element of An} gives the set of all irreducible components
of V.

Proof. Assertion (1) follows from Theorem ?7?. Assertion (2) follows from the fact that
Z(r')CZ(r) <= r;;<r, 1<i<j<h+1 O

Remark 3.3. The results in Theorem ?? are also proved in [?].
Let Y denote the affine space (considered as a subvariety of O™) given by
I, 0 0 0
A I, 0 0

Yy = 0 Ay Is O
0 0 Az I

For the rest of the paper we shall identify V with the subvariety of Y consisting of
{(A1, Az, JA) | AjAis1 =0, 2 <i<h}.
Lemma 3.4. (cf. [?], [?]) Let k € An.

(1) dimV(k) = Zl§i§h+1 (ni — ki) (ki—1 + ki), where ko = kp41 = 0.

(2) codimyV (k) = E:l=1 ci + E::ll kikit1, where ¢; = (nig1 — ki) (ns — ki).

4. SINGULAR LoCUS OF V (ki k2).

In this section, we take h = 2, and determine the singular locus of V' (k). Given
n = (n1,n2,ng), we fix (ki,k2) such that k; < min {n;,ni+1}, i = 1,2, ki + k2 < no.
For r = (k1, kz2), we shall denote O(k1, k2) = Z°(r), V(k1,kz) = Z(r)(= V(k)).

Lemma 4.1. Let ¢; = (ni+1 — ki) (ns — ki), i =1,2. We have

(1) c1 + kiks — nika = (n1 — k1) (n2 — k1 — k2).
(2) co + kiko — n3k1 = (n3 — kz)(nz — k1 — kQ).

Proof. The assertions follow from the definition of c¢i, ca. O
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4.2. The Jacobian matrix J. Let X; = (gcffl)), ¢ = 1,2 denote the matrix of variables
of size ny x n1 (resp. mnz x n2). Let My = {all |y + oo minors of A}}, ) = oo, €,
frs = (r,8) -th entry in XoX;, 1 <r <mng, 1 <s<ni. Let J be the Jacobian matrix of
V (V considered as a subvariety of Y, Y being as in §3 ). We shall index the rows
of 7 by My, ) = o0,€, {vy, o0 <V < \3, 0 £ [ £ \w, and the columns by
{20, 1 <k <mip, 1<1<m, i=12} Let M € My, ) = oo,€. The entry in
the (M, mi]l)) -th position in J is non-zero if and only if j = i and miil) is an entry in M,
in which case it is equal to £ the k;-minor of M obtained by deleting the row and column
through :csl) Also, for a variable 12_5;), the only relevant functions are fn,;, 1 < m < ns.

The (fmj,ﬁ_g‘;))-th entry in J is 1‘532 Similarly, for a variable :cg), the only relevant
functions are fim, 1 < m < ni. The (fim, mgf-))-th entry in J is :cj(li From this it follows
that given j, 1 < j < n1, the block in J with row indices given by frs, 1 < r < ng (for
a fixed s) and column indices given by the variables in the j-th column of X is the zero
block if s # j, and for s = j, it is simply X5. Similarly, given j, 1 < j < ng, the block in
J with row indices given by fsr, 1 <7 < n1 (for a fixed s) and column indices given by
the variables in the j-th row of X is the zero block if s # j, and for s = j, it is simply
tX;. Given z € V, let J; denote J evaluated at z.

Lemma 4.3. Let ¢ € O(t1,t2). Let J, be the submatriz of Js consisting of the rows
indexed by {frs, 1 <r <mng, 1 <s<mni}. Then rankJo = nita + nst1 — t1t2.

Proof. Let © = (R1,R2). We may take x to be the point of O(t1,t2) given as follows:
the right hand bottom block of size ¢, in R; is Id; and the rest of the entries in R; are
zero while the left hand top block of size 2 in Ry is Ids, and the rest of the entries in R»
are zero. Note that rankR; = t1, rankRy = t2, RoR1 = 0 (since na > t1 + t2). We shall
denote by M; (resp. M) right hand bottom block of size ¢1 in R1 (resp. the left hand
top block of size t2 in R»).

Let B) = {]), o0 < | <Uc}, 00 <) < \oo, and ¢ = )], 00 < | < \ow}, Ue +00 <) <
\5. We shall index the rows of J; as Bec,Be, - , B\, Cuc+oosClcte, - ,C\5. Let J
(resp. J2) be the submatrix of J, consisting of the rows of 7, indexed by Boc, Be, - - - 73\00
(resp. CUe+OO7C|—|e+€7 T :C\a)'

We have (cf. §7?), given j, 1 < j < ni, the block in Ji with row indices given by Bj
and column indices given by the variables in the j-th column of R; is the zero block if
k # j, and for k = j, it is simply the submatrix of R, with row indices given by 1,2, .- | t2,
and column indices given by 1,2,--- ,n2 (and this block has rank ¢»); similarly the block
in Jy with row indices {frx, t2 +1 < r < na} (for a fixed k) and column indices given
by the variables in the j-th column of Ry, 1 < ¢ < n; is the zero block if k # j, and for
k = j, it is simply the submatrix of R consisting of the last (ns — t2) rows of Ry and
hence is the zero block by our choice of R>. Hence we obtain

rank”, = rank . + rankJc.

From the discussion above, it follows easily that rankJ; = nits. and rank.J> equals the rank
of the submatrix of J> consisting of the columns indexed by xg), 1<i<mns3 1<j<ng,
and rank.Js = (n3 — t2)t1. Hence rankJy = nits + (77,3 — tz)tl =nito +ngt1 — ti1to. O

Proposition 4.4. Let x = (A1, A2) € V(k1, k2).

(1) Let rank A1 = k1, rank As < ka. Then x is a smooth point of V(ki,k2) <=
either ng = ko or n2 = k1 + ko.

(2) Let rank As = ko, Tank A1 < k1. Then x is a smooth point of V(k1,k2) <=
either n1 = k1 or na = k1 + ka.

(8) Let rank A1 = k1 — 1, rank A2 = ko — 1. Then x is a singular point of V (k1, k2).

Proof. Let z = (A1, Az), and as above, let J5 denote J evaluated at z.
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(1) Let rankAs = t2. Then x € O(k1,t2). We may take = to be the point of O(k1,t2)
given as follows: the right hand bottom block of size ki in A; is Idg, and the rest of the
entries in A; are zero, while the left hand top block of size t2 in As is Ids, and the rest
of the entries in A, are zero. Note that rankA; = ki, rankA, = ¢, A2A; = 0 (since
na — k1 > ka > t2). We shall denote by M; (resp. M») right hand bottom block of size ki
in Ay (resp. the left hand top block of size t2 in As). Let Boo denote the set of all variables
in A; not appearing in any of the last ki rows and last k1 columns of A;. Let 7 € Bo,
and let M- be the (k1 + 1)-minor of A; obtained from M; by adding the row and column
of Ay through 7. Then the (M,, 7)-th entry in J5 is equal to 1 ; also for 0 € B, 0 # T,
the (M, o)-th entry in J5 is 0. Further, for 7 € By, the (M, 7)-th entry in Js is zero,
for all M € Mo (by our choice of A;). Also, for any variable ¢ in X», the (M, ¢)-th
entry in Jj is zero, for all M € M¢ (since rankAs < k). Let J; be the submatrix of Jj
consisting of the columns of J5 indexed by the variables which are the entries of the first
(n1 — k1) columns of X; and J> the submatrix of Js consisting of the remaining columns
of J;. Then clearly rankJs = rankJ;+ rankJy (by our choice of Ay).

Computation of rank.J;. We shall index the columns of .J; by starting with the variables
in the first column of X, followed by the variables in the second column, ..., followed by
the variables in the (n1 — k1)-th column of X;. Let Ji; be the submatrix of J; consisting
the columns of J; indexed by the variables in the i-th column of X, 1 < i < ni — k.

Then by our choice of Ai, Ay, the non-zero entries in Ji; occur at the (M, 7)-th place,

(1) (1) (1)
T E€{Tyy Ty, 1l —kyi

to 1; note that the (fji,mﬁ))-th is mﬁ)) But now the fact that t2 < n» — k1 implies that
the first (n2 — k1) columns of Jy; are the only non-zero columns of Ji; and these are clearly
linearly independant. Hence we obtain rankJi; = no — k1, 1 < ¢ < m1 — k1, and hence
rankJ1 = Zi;kl ranth- = (n1 — k1)(n2 — kl) =C1.

Computation of rank.J,. By our choice of A;, we have, rank.Js equals the rank of the
submatrix J3 of J» consisting of the rows indexed by {frs, 1 <r <m3, n1—ki+1<s<
n1}. Taking R; of Lemma ?? as the submatrix of A; consisting of the last k1 columns of
A and R as AQ, we have, rankJs = kits + nzk1 — kits = nsk: (note that in Lemma ??,
n1 = ki since R; has size na X k1, and ¢; = ki, since rankR; = k1).

Hence we obtain

1, (fji,$§}b-))—th place, 1 < j < t» (and these entries are equal

rank J5 = Joo + \3|loo-

If ng = ko or no = k1 + ko, then nski = c2 + kik2 (cf. Lemma 77, (2)). Hence
rank J5 = Joo + Je + |lolle = codimyV(||eo,|le), and hence z is a smooth point of
V (K1, k2).

Let ng > ko and na > k1 + ko. We have, rank j§ = Joo +\9||oo = Joo +J€ =+ ”oo”G —

(\> = lle)(\e — ll« = lle) (cf. Lemma ??, (2)). This together with the hypothesis that
n3 > ko, ny > ki + kz implies that rank J5 < Joc + e + |loo]le (= codimyV (||, [|€))-
Hence z is a singular point of V(k1, k2).
(2) The proof of (2) is similar. Let rankA; = ¢;. Then z € O(¢1,k2). We may take z to
be the point of O(t1, k2) given as follows: the right hand bottom block of size k2 in A is
Idg, and the rest of the entries in As are zero while the left hand top block of size ¢ in
Ay is Id¢, and the rest of the entries in A; are zero. Note that rankA, = ¢1, rankAs = ko,
AsA; = 0 (since no — ka2 > k1 > t1). We shall denote by M; (resp. Ma) left hand top
block of size ¢; in A; (resp. the right hand bottom block of size ko in A5). Let B¢ denote
the set of all variables in A» not appearing in any of the last k2 rows and last k» columns
of Ay. Let 7 € Be, and let M, be the (k2 + 1)-minor of A obtained from M> by adding
the row and column of A, through 7. Then the (M., 7)-th entry in J5 is equal to 1 ;
also for o € B¢, o # 7, the (M-,0)-th entry in J5 is 0. Let J; be the submatrix of Js
consisting of the columns of J; indexed by the variables which are the entries of the first
(ns — k2) rows of X, and J» the submatrix of J3 consisting of the remaining columns of
Js. Then clearly rankJ; = rank.Ji+ rank.J> (by our choice of As).
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Computation of rank.J;. We shall index the columns of .J; by starting with the variables
in the first row of X, followed by the variables in the second row, ..., followed by
the variables in the (ns — k2)-th row of X>. Let Ji; be the submatrix of Ji consisting
the columns of J; indexed by the variables in the i-th row of X2, 1 < i < ng — ks.
Then by our choice of Ai, As, the non-zero entries in Ji; occur at the (M, 7)-th place,

(2) (2) (2)

TE {$i1 s Lig’s e :$in3—k2

to 1; note that the (fs;, xg))—th entry is xj(;)) But now the fact that 1 < na — ko implies
that the first (n2 — k2) columns of Jy; are the only non-zero columns of Ji; and these are
clearly linearly independant. Hence we obtain rankJi; = na — k2, 1 <7 < n3 — ko, and
hence rank.J; = Zz;kz rankJy; = (n2 — k2)(ns — k2) = ca.

Computation of rank.J,. By our choice of Az, we have, rank.Js equals the rank of the
submatrix J3 of Jo consisting of the rows indexed by {frs, ns — ks +1<r < ng, 1<
s < ni}. Taking Ry of Lemma ?? as the submatrix of A, consisting of the last k2 rows of
A, and Ry as Al, we have, rankJs = niko + kot1 — t1ks = ni1ko (note that in Lemma ??,
ng = ks since Ry has size k» X na, and t2 = ko, since rankRy = k).

Hence we obtain

1, (fij,xg))—th place, 1 < j < t1 (and these entries are equal

rank J5 = Je + \olle-

If n1 = k1 or no = k1 + ko, then nikas = c1 + kik2 (cf. Lemma 77, (1)). Hence
rank J5 = | + Je + ||olle = codimyV (||, |le) , and z is a smooth point of V(k1, k2).

If ny > ki and nz > ki + ko, then rank J3 < codimyV(||s, |le) (in view of Lemma
?7?,(1)). Hence z is a singular point of V (k1, k2).
(3) Let rank A; = ki — 1, rank Ay = ko — 1. Let us denote t1 = k1 — 1, to = ko — 1.
Then = € O(t1,t2). We have, the block in J3 corresponding to the rows indexed by
M and columns indexed by the set of all variables of A; is the zero block (since rank
A1 < k1), and the block in Js corresponding to the rows indexed by Me and columns
indexed by the set of all variables of A, is the zero block (since rankA, < ko). Hence
we obtain that rankJ; equals the rank of the submatrix 7, in J (consisting of the rows
indexed by {frs, 1 <r <m3, 1 <s<ni}). Now Lemma ?? (with R; = A;, Rs = A»)
implies that rank J5 = \eolle + \5Uoo — Usolle. This implies codimy V (k1, k2) — tkJ5 =
Joo +Je Flloolle = (\oolde + \3Uoo — Uoslle)
=ci1+catkike—[c1+kika —(n1—k1)(na — k1 —k2) +co+kiks — (ns —k2)(n2 — k1 —k2) ]+
niy —ns+ (kl — 1)(k2 — 1) (Cf. Lemma ‘77) = (n1 +n3 — k1 —kQ)(nz — k1 —ko+ 1) +1>0
(note that n1 +ns — ki — ko = (n1 — k1) + (n3 — k2) > 0. From this it follows that z is a
singular point of V'(k1, k2). Od

Theorem 4.5. Let SingV (ki,k2) denote the singular locus of V(k1,k2). We have
V(kl — 1,k2 — 1), Zf either ki +ko=mno or ki = ni, ko = ns
V(k1 — 1, k2), k1 4+ ko < mna, k1 <ni, ka =ns
V(k1,k2 — 1), ki + ka2 <no, ka <mns, k1 =n1
V(k1 — 1,]6‘2) U V(kl,kQ — 1), k1 + ko < no, ki1 < ni, ko < ns.

SingV(kl 5 kz) =

Proof. Let x = (A1, A2) € V(k1,k2). If tk A; = ki, i = 1,2, then z € Z°(k1,k2) (= the
Gn-orbit through z), and hence x is a smooth point of V(k1, k2) (note that V(ki,k2) =
Z%(k1,k2) ). Thus we obtain (using Proposition ?7?, (3))

V(kl — 1, k’z — 1) g Sil’lg V(kl,kQ) g V(k1 — 1,k2) U V(k1,k2 — 1).
The result follows from this (in view of Proposition ?7). O

Lemma 4.6. V(ki,k2) being an irreducible component of V', we have, either k1 + ko =
n2 or k1 = ni, k2 = ns.

Proof. Note that (k1,k2) is a maximal element of A, (for the partial order on A, defined
in §77). We divide the proof into the following two cases.
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Case 1. n2 > n1 + ns.

In this case, there is a unique maximal choice for ki, k2, namely k1 = n1, ko = ns.

Case 2. ns < ni + ns.

If no > mi, then (k1,k2) = (n1 — 4,m2 —n1 +14), ¢ = 0,1,--- ,m1 are all the possible
maximal choices for (k1, k2), and for all such choices, we have, ki + k2 = na.

Similarly, if ne > ng, then (ki,k2) = (n2 — ns +i,n3 — i), i = 0,1,--- ,n3 are all the
possible maximal choices for (k1, k=), and for all such choices, we have, k1 + k2 = no.

If np < ni, na < na, then (ki,k2) = (i,n2 — i), i = 0,1,--- ,n2 are all the possible
maximal choices for (k1,k2), and for all such choices, we have, ki1 + k2 = na. O

Remark 4.7. From the proof of Lemma 7?7, we have, if no > ni +ns, then k1 = ny, ke =
ns; if na < my1 + ng, then ki + k2 = no.

Theorem 4.8. V(k1,k2) being an irreducible component of V, we have, SingV (k1,k2) =
Viki —1,ks — 1).

Proof. We have (cf. Lemma ?7), either k1 + k2 = n2 or k1 = n1, k2 = ns from which the
result follows (in view of Theorem ?7). O

5. ONE APPLICATION.

We preserve the notations of sections §3,4. Let V(k1, k2) be an irreducible component
of V, and let w € W be the element such that V(ki, k2) = Yg(w). In this section, using
Theorem ?? we deduce results on SingX (w™®*), w™* being the maximal representative
in W of the coset wWgq (note that X (w™**) is the pull back of X (w) under the canonical
projection G/B — G/Q).

5.1. A conjecture on the irreducible components of a Schubert variety in
SL(n)/B. Let G = SL(n). We recall (cf. [?]) a conjecture on the irreducible compo-
nents of the singular locus of a Schubert variety.

For 7 € W (= Sy), let P; (resp. Q-) be the maximal element of the set of parabolic
subgroups which leave BrB (C G) stable under multiplication on the left (resp. right).

Definition 5.2. Given parabolic subgroups P, Q, we say that BrB is P-Q stable if
PCP;and Q C Q-.
The set F;,.

Let n = (a1...an) € S\. Let E, be the set of all 71 < 5 such that either 1) or 2) below
holds.

1) There exist i, j,k,m, 1 <i < j < k < m < n, such that

(a) ar < am < a; < a;

(b) if 71 = (b1 ...by), then there exist i, 5/, k',m’, 1 < i < j' <k <m' < n such that
by = ak, by = ai, by = am, by = a;

(c) if T (resp. 61) is the element obtained from n (resp. 1) by replacing a;,a;, ax, am
respectively by ag,ai,am,a; (resp. b, b, by, by, respectively by b, by, by, bys), then
71> 7and 6; <.

2) There exist i,j,k,m, 1 <1< j <k < m < n, such that

(a) am < aj < ar < a;

(b) if 71 = (b1 ...by), then there exist i, 5/, k',m’, 1 <i < j' <k <m' < n such that
b,—/ = aj, bj/ = Qm, bk/ = a;, bm/ = ag

(c) if T (resp. 61) is the element obtained from 7 (resp. 1) by replacing a;,a;j, ak, am
respectively by aj,am,ai,ar (vesp. by, bjr, by, by, respectively by by, by, by, bj0), then
71 > 7 and ;1 <.

Let F, = {r € E, | BB is P,;-Q,, stable}.

Conjecture . Let X(n) = BnB (mod B) (C G/B). The singular locus of X(n) is equal
to UxX(\), where XA runs over the mazimal (under the Bruhat order) elements of F,.
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5.3. Let n = (a1...an) € S\. Let Sing X(n) # 0. Let (a,b,c,d) be four distinct entries
in {1,...,n} such that a < b < ¢ < d. An occurence in 7 of the form d,b,c,a, where
d=a;,b=uaj,c=ar, a=am, i <j<k<m,will be referred to as a Type I bad pattern
in 7. An occurance in 7 of the form (¢, d,a,b), where ¢ = ai, d = aj, a = ar, b = am,
i < j < k < m, will be referred to as a Type II bad pattern in 1. Recall (cf. [?]) that
Sing X (n) # 0 if and only if there is a bad pattern of Type I or II in 7.

5.4. Application to Schubert varieties. Let V(k1, k2) be an irreducible component of
V. Let a1 = n1, a2 = ni+ns2, az = ni+n2+n3 (=n), G = SL(n), and Q = P, NP,,. We
have (cf. Theorem ??) V (ki,k2) ~ Yo(w), V(ki1 — 1,ks — 1) ~ Yo (6), where w,6 € W<
are given by

(a1) _ (a2) _
w =(...a1 ....a2),w =(1l...a1 ....a2 ....a3),

a1 — k1 k1 ai no — ko ko
9((11): ...an Y 5} 9((12): 1...(11 Y 5} ....as).
( ~—— W—)7 (H/—/ ~—— H/—/)
a1 —k1+1 ki1 —1 ai no —ko+1 ko—1

5.5. We have the following two cases (cf. proof of Lemma ?7?):
Casel. ny > ny + ns.
In this case, we have k1 = n1, k2 = n3 (cf. Remark ?7?). Hence

w(al) = ([$;a2]): w(a2) = ([17a1]: [$I:a2]ﬂ [y7a3])’

9(111) = ([77,1], ['T +1, a‘Q])7 9(112) = ([170’1]7 ['Tl -1, a2]7 [y +1, a3])7
wherez = az+1—ki (=n2+1), 2’ =as+1—(na—k2) (=ni+ns+1), y=az+1—ks (=
a2 + 1).
Case 2. ny < ni + na3.
In this case, we have, k1 + k2 = no (cf. Remark ?7?). Hence

w(al) = ([paal]: [Z':a?]): w(a2) = ([1,(11], [$7a2]7 [y:a3]):

e(al) = ([P - 170’1]’ [1‘ + 170’2])’ 9(412) = ([1,(11], [1’,’ - 1,(12], [y + 1,0,3]),
wherep=a1+1—(n1 — k1), z=as+1—ki(=n1+k2+1), y=as+1—ko.
Remark 5.6. Note that 6 is the unique maximal element 7 in W< such that 7 < w and
7@ (g; —k;i +1) < ai, i = 1,2 (here, 7% (¢) denotes the entry at the ¢-th place in 7(*%)).

5.7. Let Q be as above. As above, we shall denote an element 7 in W® as 7 =
(r(@1) 7(@2))  Let 7™ denote the maximal representative in W of the coset 7Wg. Note
that X (7)) is the inverse image of X (6)) under the canonical projection G/B — G/Q;
also, 7™ as a permutation is given by writing the entries in 7(*?) in descending order,
followed by the entries in 7(?2) \ 7(¢1) in descending order, followed by the entries in
{1,---,n}\ 7?2 in descending order. In the sequel, we shall refer to these as the I,IT,ITI
blocks respectively of 7™**. Also, in the sequel, for an interval [a,b], [a,b]— shall denete
the entries of [a,b] written in descending order. Thus, in Case 1 of ??, we have (with
notations as in 77),

I block in w™* = [n2 + 1, az]-, I block in 87% = ([n2 + 2, az2]-, [n1]),

IT block in w™* = ([y,as]—, [z',n2]—, [1,a1]-), II block in 6™** = ([y + 1,a3]—, [z’ —
17n2 + 1]—7 [Lal - 1]—)7

III block in w™** = [a1 + 1,2’ — 1]—, I block in §™** = ([a2 + 1], [a1 + 1,2" —2]-).

In Case 2 of ??, we have (with notations as in 77),

I block in w™** = ([z, a2]—,[p,a1]-), I block in 6% = ([x + 1, a2]—,[p — 1,a1]-),

II block in w™ = ([y, as]-, [1,p—1]-), II block in ™ = ([y+1,as]-, [z —1,z]-, [1,p—
),

III block in w™** = ([az +1,y—1]-,[a1 +1,z—1]-), III block in 6™ = ([a2+1,y]—, [a1 +
1,z —2]-).
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For 7 € W, we shall denote the associated Schubert variety by X (7).
Theorem 5.8. Sing X(w™*) = X(0™*)

Proof. The result follows from Theorems ??, 77. O

We now show that the Conjecture 6.2 holds for X := X (w™?").
Proposition 5.9. A bad pattern in w™*® has to be of Type II.

Proof. If possible, assume that there is a Type I bad pattern d,b,c,a in w™* where
a <b< c<d. We have, d belongs to the I or IT block in w™#*.
(1) Let d belong to the I block in w™®*. This implies that b € I or II block.

Let b belong to the I block in which case we have ¢ does not belong to the I block.
In Case 1 of ??, we have, [b,d] C I block in w™®, and this contradicts the facts that
b < ¢ < d and ¢ does not belong to the I block. Hence our assumption is wrong and the
result follows. In Case 2 of 7?7, we have, d > z, p < b < a;. Hence we obtain a < p, and
hence a, ¢ should belong to the II block in w™®. This in turn implies that ¢ € [y, as],
which is not possible since ¢ < d, and d < y. The result follows from this.

Let now b belong to the II block in w™** in which case we have ¢, a should belong to
the III block. In Case 1 of ??, we have, [a,c] is contained in the III block which is not
possible, since a < b < ¢ and b does not belong to the III block. In Case 2 of ??, we have,
be[l,p—1],since b < d < y. But now, a > a; +1(> p — 1) (since a belongs to the III
block), which contradicts the fact that b > a.

(2) Let d belong to the II block in w™®*. This implies that b belongs to the II block,
and ¢, a belong to the III block. In Case 1 of 7?7, we have, [a, c] C III block, which is not
possible, since a < b < ¢ and b does not belong to the III block. In Case 2 of 7?7, we
have, b € [1,p — 1] necessarily (since b < ¢ < y) in which case, we obtain a > b (since
a > a1+ 1>p—1), which is not possible. a

Proposition 5.10. There do exist Type II bad pattern in w™*. Further for any Type II
bad pattern c¢,d,a,b in w™**, where a < b < ¢ < d, we have, ¢ € [z,as2], d € [y,as], a €
[1,u], b € [a1 + 1,v], where x = or > na + 1 according as n1 = or > ki, y = or > as +1
according as ng = or > ko, u = ay (respectively p — 1) in Case 1 (respectively Case 2) of
??, v = (2’ — 1) (respectively x — 1) in Case 1 (respectively Case 2) of ?7.

X

Proof. We have a Type II pattern in w™?

(here, z,y,u,v are as in Proposition 77).
Let now ¢,d,a,b be a Type II pattern in w™**. We have ¢ belongs to the I block, d,a

belong to the II block, and b belongs to the III block (necessarily). We distinguish the

following two cases:

Case 1. ny > nj; + ns.

In this case we have n; = ki, and clearly ¢ € [n2 + 1,a2]. This implies d € [y, as], a €

[1,a1], b € [a1 + 1,2" —1].

Case 2. ns < ni + ns.

Again clearly ¢ € [z,a2]. This implies d € [y,as], a € [1,p—1], b€ [a1 + 1,z —1]. O

,namely,c=z, d=vy, a =u, b=v in w™*

m.

Corollary 5.11. With notations as in Proposition 7?7, we have, w™*" is non-vexillary.

Proof. This follows (in view of Proposition ??) from the definition of a vexillary permu-

tation; recall (cf. [?]) that a permutation (a1,--- ,ay) is vexillary if it avoids the pattern
¢,d,a,b, where a < b < c<d. O
Lemma 5.12. (1) Qumer = Pymer = Q.
(2) BB is Q-Q 1is stable , i.e., stable for multiplication on the left and right by
Q.

Proof. The assertions follow from the definition of w™** and §™** O
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Theorem 5.13. The Conjecture 6.2 77 holds for w™*.

Proof. We first observe that ™% € Fymax; for, corresponding to the Type II pattern
c=xz,d=vy, a=wu, b=vin w™* (here, x,y, u, v are as in Proposition ??), we have the
bad pattern a,c,b,d in ™%, Let us denote ™% by ¢. Let wi (resp. 7) be the element
of S, obtained from ¢ (resp. w™**) by replacing a,c,b,d (resp. c,d,a,b) respectively by
c,d,a,b (resp. a,c,b,d). Then clearly 7 < ¢, and w1 < w. Further, B8™2xB is Q-Q stable
(cf. Lemma ?7?). Thus ™ € Fmax.

Let now 71 € Fymax.

We have an occurrance in 71 of the form (a,c, b,d), a < b < ¢ < d, corresponding to the
occurrance (¢, d, a,b) in w™** (cf. Proposition ?7?). The fact that 71 € Fymax in particular
implies that 71 € Wg**, and this in turn implies that a belongs to the I block, ¢, b belong
to the II block, and d belongs to the III block in 71, i.e., a € 7Y, b,c € 7“2, Let w,
be the element of S, obtained from 7; by replacing a, ¢, b, d respectively by ¢, d,a,b. We
have wy < w™* (by definition of Fymax).

Let i (respectively j) be such that w'*" (i) < a1, w'*(i+1) > a1, w'*"(j) = c. Note
that ¢ > a1 — k1 (since w1 < w™ and w'%(a; — k1) < a1), j > i+ 1 (since ¢ > z (=
as +1—k1) > m (= a1)). Now, 7" is obtained from w!**) by replacing ¢ by a, where
note that a < a; (cf. Proposition ??). From this we obtain 7V (i + 1) = w!*V(i) < ay
and hence

Day —ky +1) < ay (1)

(note that ay —k1+1 < i+1). Let k (respectively [) be such that w'*?) (k) < as, w!*® (k+
1) > ao, w§“2)(1) = d. Note that k > as — ko (since w1 < w™* and w'®® (as — k2) < as),

1>k+1 (since d >y > as (cf. Proposition ??)). Now, r*?) is obtained from w{*?) by
(a2)

replacing d by b, where note that b < a2. From this we obtain 7;"*'(k+1) = w§a2)(k) < a2
and hence

m(as — ks +1) < as (2)
(note that az — k2 +1 < k+1). Now (1) and (2) together with Remark ?? imply that
71 < ™%, The required result follows from this. O

Example: Let n = (2,3,2). We have n = 7, Q = P, N Ps. Further, V(1,2), V(2,1)
are the two irreducible components of V. Let wi,w> be the elements of W< such that
V(1,2) = Yo(wi), V(2,1) =2 Yg(ws2). We have,

w? =(2,5), wl® = (1,2567),
w = (4,5), wl® =(1,24,57).
Let 61,62 be the elements of W such that V(0,1) 2 Yo (61), V(1,0) = Yo(62). We have,
6 = (1,2), 6" = (1,24,57),
6 = (2,5), 6 = (1,23,4,5).

Further, we have,
wit™ = (5276143), 67 = (2175463),

wy™™ = (5472163), 5™ = (5243176).

Note that wi (resp. w2) is non-vexillary with 5,6,1,4 (resp. 4,7,2,3) as a Type II
occurance. Note also that the occurance 1,5,4,6 in 6; (resp. 2,4,3,7 in 62) corresponds
to the occurance 5,6,1,4 in w1 (resp. 4,7,2,3 in w1).
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