MTH U341 Surface Integrals, Stokes theorem, the divergence theorem
To be turned in Wed., Dec. 10.

1. Let S, be the sphere of radius a, 22 + 3% + 2% = a°.
a. Use spherical coordinates (with p = a) to parametrize S,.

—

7(¢,0) = <asin ¢ cos @, asin psin b, a cos ¢>.

b. Use the parametrization from (a) to compute the area of S, as [[, dS. Be sure to
substitute for dS!

Recall that dS = |7y x 79|

Ty = <acos ¢ cosl,acos ¢sinf, —asin p>

Ty = <—asin¢sinf, asin ¢ cosb, 0>,

SO
i j k
Ty X T9g = | acospcos® acospsinh —asin @
—asin¢sinf asin ¢ cosf 0
= a2sin2¢cosﬁg+ a? sin%bsin@j—i— a’ cosqﬁsingblg
= a’sin ¢<sin ¢ cos B, sin ¢ sin 0, cos ¢>.
Thus

|75 x 7| = |a® sin p<sin ¢ cos @, sin ¢ sin 6, cos ¢>|

= a?sin ¢|<sin ¢ cos 0, sin ¢ sin 6, cos ¢>|

= a’%sin ¢\/sin2 ¢ cos? 6 + sin? ¢ sin® O + cos? ¢

= a’%sin gb\/sim2 $(cos? § + sin? §) + cos? ¢

= a’sin gb\/sim2 ¢ + cos? ¢

= a’sin ¢.

We can now compute the integral:
2m ™
// dS:/ / a’sin ¢ de db
a o Jo
27
:/ —a? cos @, df
0
27
:/ —a*(cos(m) — cos(0)), df
0
2
= / 2a* df = 4ma®.
0

2. Let S be the surface z =22 4+ 3y%, 0< 2 < 2,0 <y < 3.
a. Parametrize S using the standard parametrization of a graph.

Mz, y) = <z, y, x° + 3y*>

1



that is, z =z, y = y, 2 = 2% + 3y°.

b. Let 7(z,y) be the parametrization from (a). Compute the unit normal

1 —
—F— T X
(ZE y) |’f‘ Ty|r T?J
explicitly. What is 72(0,0)?
7y = <1,0,22>, 7, = <0,1,6y> and
7k
Ty XTy =11 0 2z
0 1 6y
= <—2zx,—06y, 1>.
Thus
|<—2z, =6y, 1>| = /422 + 36y2 + 1
i(z,y) ! <—2zx,—6y, 1>
n\r,y) = —«r, =0y,
VAr? 4 36y + 1
and

1(0,0) = <0,0,1>.

c. Let F be the vector field F(z,y,2) = yi + 22] + (4z + y* — 22)k. Compute [[,F - dS,
where S is oriented using the unit normal from (b).

//sﬁ dg://]%ﬁ(F(I,y))'Fx x 7 dA

where R is the rectangle 0 <z <2, 0 <y < 3. Also
F(i(z,y)) = <y, 2%, 4(2” + 3y%) + y* — 2> = <y, 2%, 32% + 13y°>,

so from (2b) we get

// m(x,y)) - 7o X Ty dA = //<y,x 327 4 13y*> - <—2x, —6y, 1> dx dy
:/ / —2xy — 62%y + 322 + 13y da dy
o Jo
3
:/ [—2?y — 22°%y + 2° + 13y°2] |5 dy
0

3
:/ 26y — 20y + 8 dy
0

= (26/3)y° — 10y* + 8y|;
— 168,

d. Let C be the boundary of S, with orientation induced from the orientation 77 of S given
n (b). Check Stokes’ theorem by computing [, F-d7 and I/ curlF' - dS and seeing that you
get the same number for both. Hint: You can parametrize C' by using the parametrization
of S'in (a). If R is the plane region corresponding to S by this parametrization, then C' is
parametrized by the boundary of R.



First compute the flux integral.

B i k
curl F' = |0/0x 0/dy 0/0z

y 2 Az +y? - 2P

= (0(42 +y* — 2%) /0y — O(2%)/02) 7
— (0(4z + y* — 2°) )0z — D(y)/02)
+ (9(2%)/0x — 8(y) /)

J
k

= <2y,2x,2x — 1>.

Let R be the rectangle 0 <z <2, 0 <y < 3. From (2b) we get

// curlF - dS = // curl F(7(x, y)) - 7o X 1, dA
s R

= // L2y, 2x,2r — 1> <—2x,—6y,1>dA
R

3 2
:/ / —4xy — 1220y + 2z — 1dx dy
o Jo

3
= / —82%y + 2 — 2|2 dy
0

3
:/ —32y + 2dy
0
= —169° + 2y|3 = —138.

Now, we compute the line integral. Since S is parametrized by the rectangle R using the
function 7(z,y), the boundary 0S5 is parametrized by JR, using the restriction of 7(z,y) to
the edges of R. This gives 4 separate pieces to S as we go counter-clockwise around R,

starting at (0,0):

C), parametrized by 7 (z) = 7(x,0) =< z,0,2*>, = goes from 0 to 2
Cy, parametrized by 75 (y) = 7(2,y) =< 2,y,4 + 3y >, y goes from 0 to 3
Cs, parametrized by 73(z) = 7(x,3) = <z, 3,2* + 12>, = goes from 2 to 0
C,, parametrized by 74(y) = 7(0,y) = <0,y, 3y*>, y goes from 3 to 0

We do the integrals one at a time and add the results:
— 2 —
/ Fedr— / F(r()) - ¥ (z)dz
Ch 0

2
— / <0,2%,32%> - <1,0,22> dx
0

2 .
= / 62> dx
0

= (6/4)x"|3 = 24.



3
:/ <y,4,12 + 13y*> - <0, 1, 6y> dy
0

3
:/ 4+ 72y + T8y dy
0

= 4y + 36y* + (39/2)y*|3 = 1915.5.

0
:/ <3,2%, 3% + 117> - <1,0, 22> dx
2

0
/ 3 + 622 + 234z dx
2

=3z + (6/4)2x* + 117279
= —498.

—

/c,~4ﬁ' dr = /BOF(M(y))‘ ry(y) dy

0
= / <y,0,13y*> - <0, 1, 6y> dy
3

0
= / 78y> dy
3

= (39/2)y*|3 = —1579.5.
Thus
/ F- di = 24 4+1915.5 — 498 — 1579.5 = —138.
a8

3. Let F be the vector field

F(#) = —

—_ W;
a. Compute divF.

Explicitly, # = <z, y, 2>, |Z| = (22 +y? + 22)'/2. Thus,

x Y 2
) >,
($2+y2+22)3/2’ ($2+y2+22)3/2 (x2+y2+22)3/2

F(@) =<

and

divF = — * + 2 y + 2 i
T Oz (2 + 2 + 22 Ay | (22 + y? + 22)3/2 0z | (22 + y? + 22)3/2



We calculate the partial derivatives using the quotient rule:

or (xZ + y2 + 22)3/2 a (xz + yz + 22)3
B (xQ + 2+ 22)3/2 _ 3(302 +2 + 22)1/%2
N (2% +y?> 4 22)3
(@ PP+ )2 (2P 4y 4 22) — 3a?)
N (22 +y? + 22)3
I e
o ($2+y2 +Z2)5/2'

2 x (22 + 12 + 22321 — (3/2) (2> + > + 22222 -z

Switching x with y and x with z gives

a y ot =24 2R
By |2+ o2+ 22032 — (a2 142 + 22)5R2
0 2 o at 4yt 227
Oz (22 +y2 +22)3/2] (22 + y2 + 22)%/2
and thus
Qv — 22 — 2% + 22 2 — 2% + 22 2?2 +y? — 222

(22 + 2 + 22)5/2 + (22 4 2 + 22)5/2 + (22 + 12 + 22)5/2

22— 22 4+ 2?2y 2 a4y - 222
(x2 +y2 + Z2>5/2

b. Compute [ F - dS, where S, is as in (1) the sphere of radius a, center (0,0,0), and
with orientation the outward normal vector.

Since the radial vector ¥ is perpendicular to the sphere, we have

3
|
EnE



Since |Z] = a for ¥ in S,, we have

c. (You might want to wait until after class on Monday for this one, but try it before if you
are a thrill-seeker) Let S be the ellipsoid 5z% + 11y* 4+ 172% = 123, oriented with the outward

normal. Use the divergence theorem and (b) to compute [, F . dS. Hint: Take a small
enough so that S, is inside of S and let D be the solid region between S and S,.

Use the divergence theorem: The boundary of D is
oD =S5-25,

where —S, means the sphere of radius a with the inward pointing normal. We have

[ F-as- //F as - /ASF as
_//aDF as

= / / / div F- dV  (the divergence theorem)
D

—0 (since div F = 0).

//FdS:// FodS — 4
S Sll

4.(You might want to wait until after class on Monday for this one, but try it before if you
are a thrill-seeker) Let S; be the paraboloid z = 100 — 2? — y?, z > 0, oriented with the
“upward” normal. Let Sy be the paraboloid z = 200 — 22?2 — 292, z > 0, also oriented with
the “upward” normal.

a. Let I be a vector field on R3. Use Stokes’ theorem to show that

// curlF - dS = // curlF - dS.
Sl 52

Thus



Hint: Note that S, and S; both have the same boundary curve, z? + y* = 100, z = 0.

Let C' be the common boundary curve of S; and S,. By Two applications of Stokes’ theorem

// curlﬁ-dgz/ﬁ-dfz// curlF - dS.
S c S5

b. Let F be a vector field on R3. Use the divergence theorem to show that

// curlF - dS = // curlF - dS.
51 52

Hint: div(curlﬁ ) = 0. Note that Sy lies above S;, meeting along their boundary curve, and
consider the solid region D between S; and Ss.

Let —S; be the surface S; oriented with the downward pointing normal. Since S5 is the
“top” part of D and S; is the “bottom”, we have

8D:SQ—5'1,

because the normal vector on 0D pointing away from D is the upward normal on S5, but
the downward one on S;. Following the hint, we use the divergence theorem, using also that
div(curlF') = 0:

// curlﬁ'dg—// curlﬁ-dgz// curlF - dS
Sa Sy oD
= / / / div (curlF) dV = 0
D

// curlF - dS = // curlF - dS.
Sl SQ

and thus



