ADDITIVE HIGHER CHOW GROUPS OF SCHEMES

AMALENDU KRISHNA, MARC LEVINE

ABSTRACT. We show how to make the additive Chow groups of
Bloch-Esnault, Riilling and Park into a graded module for Bloch’s
higher Chow groups, in the case of a smooth projective variety over
a field. This yields a a projective bundle formula as well as a blow-
up formula for the additive Chow groups of a smooth projective
variety.

In case the base-field admits resolution of singularieties, these
properties allow us to apply the technique of Guillén and Navarro
Aznar to define the additive Chow groups “with log poles at in-
finity” for an arbitrary finite-type k-scheme X. This theory has
all the usual properties of a Borel-Moore theory on finite type k-
schemes: it is covariantly functorial for projective morphisms, con-
travariantly functorial for morphisms of smooth schemes, and has
a projective bundle formula, homotopy property, Mayer-Vietoris
and localization sequences.

Finally, we show that the regulator map defined by Park from
the additive Chow groups of 1-cycles to the modules of absolute
Kahler differentials of an algebraically closed field of characteristic
zero is surjective, giving an evidence of conjectured isomorphism
between these two groups.
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INTRODUCTION

Since Bloch’s introduction of his higher Chow groups over last twenty
years ago, Voevodsky’s construction of a good triangulated category of
motives, with the higher Chow groups as the corresponding motivic
cohomology has given what was at first a provisional definition a solid
foundation. However, when compared with algebraic K-theory, this
theory of motivic cohomology still has at least one serious deficiency:
it fails to see the difference between a non-reduced scheme X and its
associated reduced closed subscheme X,eq.

One important case of a non-reduced scheme is of course that of the
infinitesimal thickening of a reduced scheme. S. Bloch and H. Esnault
have introduced in [7] the first attempt at a cycle-theoretic description
of this motivic cohomology ‘with modulus”, defining groups which are
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supposed to describe the part given by zero-cycles for k[t]/t>. They
showed that these groups coincide with the absolute differential forms
Q. In [8] they defined a cubical version of these additive Chow groups,
extending the definition to zero-cycles for k[t|/t™!, and showed that
for modulus m = 1 these groups agreed with the ones defined earlier.

K. Riilling [29] generalized these computations to arbitrary modulus
m, showing that the zero-cycles with modulus m leads to a cycle theo-
retic explanation the generalized deRham-Witt complex of Hasselholt-
Madsen. Park [27] extended the definition of zero-cycles with modulus
m to a full cycle complex, and made some computations for 1-cycles.

Our aim in this paper is to understand the structural properties of
Park’s additive cycle complexes for arbitrary modulus. For a general
smooth quasi-projective variety, these complexes do not have the nice
behavior of Bloch’s cycle complexes. The homotopy property quite
obviously fails, but more seriously, these complexes do not have any
reasonable localization property with respect the closed subschemes
(even smooth ones). However, for smooth projective varieties, they
seem to have interesting properties. Our first main technical result is
the construction of a module structure for the additive Chow groups
(with arbitrary modulus) of X over Chow ring of X leading immedi-
ately to an action of correspondences (for smooth projective schemes
over a a smooth k-scheme S) on the additive Chow groups. This gives
us by standard constructions a projective bundle formula for arbitrary
smooth X and a blow-up formula for the additive Chow groups of a
smooth projective X.

If we now assume that our base field £ admits resolution of singular-
ities, we may apply the method of Guillén and Navarro Aznar to define
the additive Chow groups “with log poles at infinity” for an arbitrary
finite-type k-scheme X. This construction requires a detour through
an integral version of Hanamura’s triangulated category of motives.
The resulting theory is a Borel-Moore theory, in that it is covariantly
functorial for projective morphisms in Schy. We add to the general
theory of Guillén and Navarro Aznar and its application by Hanamura
in that we construct in addition pull-back (Gysin) maps for morphisms
of smooth quasi-projective varieties. This theory of additive Chow
groups (for arbitrary modulus) with log poles has all nice structural
properties one could hope for: projective bundle formula, homotopy
property, Mayer-Vietoris and localization sequences.

As an application of this action of "higher correspondences’, we show
that the regulator maps [27] from the additive Chow groups of 1-cycles
to the modules of absolute Kahler differentials of an algebraically closed
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field of characteristic zero is surjective, giving an evidence of conjec-
tured isomorphism between these two groups.

Our hope is that the Atiyah-Hirzebruch spectral sequence for the
algebraic K-theory of a smooth k-scheme X:

By = CH (X, —p—q) = K, ((X)
(see [9, 12, 23]) has an analog with modulus and log poles:
EY? = TCH (X, —p — g;m) = KX (X;m);

log —p—q
here TCH[); (X, —p—q; m) is the logarithmic additive Chow group with
modulus m (see § 6.2 for details). For X smooth and projective over

k, K'°8(X:m) is defined as the (-1 connected) homotopy fiber of the
restriction map

K(X x Speckl[t]) — K(X x Speck[t]/(t™);

in general, the logarithmic K-groups are at present not even defined,
so the “correct” definition is part of the conjecture. At the very least,
the groups K°6(X;m) should be the homotopy groups of a spectrum
K™8(X;m), the assignment X +— K™&(X;m) should extend to a func-
tor on at least smooth quasi-projective k-schemes, covariant for pro-
jective maps and contravariant for arbitrary maps (where we consider
K™8(X;m) as an object in the stable homotopy category of spectra).
In addition, the spectra K'°8(X;m) should satisfy an A! homotopy in-
variance property, Nisnevich excision, a projective bundle formula and
a blow-up formula.

Our paper is orgainzed as follows. We begin with a general discus-
sion of cubical objects in an addtive or abelian category, then recall
the definition and basic properties of the cubical version of Bloch’s cy-
cle complex. In section 1.4 we recall the “Chow’s moving lemma” for
Bloch’s cycle complex, as the techniques used to prove this result will
form the core of the technical results here. Next, in section 1.5 we
show how to refine the moving lemma to take into account behavior
on the closure of the algebraic n-cubes, as is needed for applications
to the additive cycle complexes. We recall the classical category of
Chow motives and Hanamura’s construction of a triangulated cate-
gory of motives in section 2; we also adapt Hanamura’s construction
to our purposes in this section. We also show at this point how the
constructions of Guillén and Navarro Aznar allow one to define the
(Borel-Moore) motive of an arbitrary finite-type k-scheme, assuming
one has resolution of singularities, and we finish the section by con-
struction of the pull-back maps for morphisms in the category Sm/k
of smooth quasi-projective varieties over k.
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In section 3, we introduce our main object of study, the additive cy-
cle complexes for arbitrary modulus, together with their elementrary
properties. We construct the action of higher Chow groups in section 4,
and extend this in section 5 to define the additive higher Chow groups
of a Chow S-motive. This leads to the projective bundle formula and
the blow-up formula. In section 6, we use the method of Guillén and
Navarro Aznar to define the logarithmic additive higher Chow groups
of a scheme of finite type over k, assuming k admits resolution of singu-
larities; the theory is covariant for projective maps and contravariant
for arbitrary maps of smooth varieties, satisfies a projective bundle for-
mula, homotopy property, localization and Mayer-Vietoris and a blow-
up formula. Finally, in section 7 we study the regulator maps from the
additive Chow group of 1-dimensional cycles to the modules of abso-
lute Kahler differentials of a characteristic zero field, as constructed by
Park [27]. We establish some properties of the regulator maps and then
use the results of section 4 to show the surjectivity of these regulator
maps.

1. CYCLE COMPLEXES

1.1. Cubical objects. We introduce the “cubical category” Cube.
This is the subcategory of Sets with objects n = {0,00}", n =
0,1,2,..., and morphisms generated by

1. Inclusions: 7,;c:n—1—mn,e=0,00,i=1,...,n

nn,i,e:(yla s 7yn71) = (3/1, e Yi—1,6 Y, - aynfl)

2. Projections: p; :n—n—1,1=1,...,n.
3. Permutations of factors: (e1,...,€,) = (€5(1)s - - €(n)) for o € S,.
4. Involutions: 7, ; exchanging 0 and oo in the ¢th factor of n.

Clearly all the Hom-sets in Cube are finite. For a category A, we
call a functor F': Cube® — A a cubical object of A.

Example 1.1. Let k be a field and set P! := Projk[Yy,Y1], and let
y := Y1/Yy be the standard coordinate function on P'. We set (" :=
(PP {1}

Letting p; : (P')" — (P')"~! be the projection , we use the (rational)
coordinate system (yp, -+ ,y,_1) on 0", with y; := y o p;.

A face of (0" is a subscheme F' defined by equations of the form

Yiy = €15, Yiy, = €s; Ej € {0,00}
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Let 1, : 0" — O" be the inclusion

nn,i,€<y17 v 7yn—1) = (yh e Yim1,6 Yy - - 7yn—1)

Thus n — O" is a functor 0 : Cube — Sm/k. O

Let A be an abelian category, A : Cube — A be a cubical object.
Let m,; : A(n) — A(n) be the endomorphism pj on; ; ., and set

Tp = (id = mppn)o...0(id —mp).
Let
A(n)o := Niy ker ;oo C A(n)

and

degn = sz TL — 1 C A(ﬂ)
Finally let (A,,d) be the complex with A, := A(n) and with

n

dp = Z(—l)i(nli,m - 77;,1‘,0)-
i=1
The following result is the basis of all “cubical” constructions; the
proof is elementary and is left to the reader.

Lemma 1.2. Let A : Cube — A be a cubical object in an abelian
category A. Then

1. For each n, m, maps A(n) to A(n)o and defines a splitting
A(n) = A(n)aegn ® A(n)o-
2. dp(A(0)degn) = 0, dn(A(n)o) C A(n=1)o
Definition 1.3. Let A : Cube — A be a cubical object in an abelian

category A. Define the complex (A, d) to be the quotient complex
n = (A)/A(R)acgn, dn) of A, d).

The lemma shows that (A, d) is well-defined and is isomorphic to
the subcomplex n — (A(n)o, d,) of A,.

1.2. Bloch’s cycle complex. We recall the cubical version of Bloch’s
cycle complexes.

Definition 1.4 (cf. [6]). Let X be k-scheme of finite type. For r € Z,
n > 0, we let z,.(X,n) be the free abelian group on integral closed
subschemes Z of X x [J" of dimension r + n over k such that:

(Good position) For each face F' of ", Z intersects X x F' properly:
dim,ZNX x F <r+dim,F
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it follows directly from the definition of z,(X,n) that for e = 0, oo,
Opi 7= Mh.ic gives a well-defined map
Otz (Xon) = z.(X,n—1),
so we have a cubical abelian group n +— z,.(X,n).
Definition 1.5. Let
2 (X, m) = 2,(X, 1) /2, (X, B)acgn
The complex (z,.(X, %), d) associated to the cubical abelian group
n i z,(X,n)
is the cubical cycle complex of dimension r cycles on X. Set
CH,.(X,n) := Hu(z.(X, *)).
If X is equi-dimensional of dimension d over k, set
(X, %) =z (X, %)
and ‘ .
CH'(X,n) := H, (2 (X, *)).
Recall from [6] the original simplicial version of this construction,
Bloch’s cycle complex Z,.(X, %) and the higher Chow groups
CH,.(X,n) := H,(Z,.(X, *)).
Theorem 1.6 ([24]). There is a natural isomorphism in D~ (Ab)
2 (X, %) &2 Z.(X, %),
hence a natural isomorphism
CH,(X,n) @ H,(Z,(X,*)).

Remark 1.7. Both cycle complexes Z,.(X,*) and z,.(X, *) are covari-
antly functorial for proper morphisms, and contravariantly functorial
for flat morphisms (with a shift in r). The naturality in the above
comparison theorem is with respect to these two functorialities. O

1.3. Products. The main advantage the cubical complexes have over
the simplicial version is the existence of an associative external product
on the level of complexes.

For X,Y € Schy, let

T X xO"xY xO"—-=XxY xO"xQO™

be the exchange-of-factors isomorphism. For integral cycles Z on X x
0" W on Y x ", define

ZRW =712 x W)
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where Z x W the cycle associated to the subscheme Z x; W. Extending
by linearity gives us

X, 2, (X,n) @ 2,(Y,m) — 2, (X X, Y,n+m).
Lemma 1.8 (cf. [24]). The maps K, ,, define a map of complezes
Rxy @ 2-(X, %) @ 25(Y, %) = 245(X X1 Y %)

called external product. The external product is associative. Up to a
natural homotpy, the external product is commutative.

Proof. 1t is clear that

®n,m (gr (X7 n)degn ® gs (Y7 m) + §T<X7 n)degn ® gs (}/7 m))
C gr—l—s(X Xk Y, n + m)degn.

The fact that X is a map of complexes follows directly from the def-
inition of the boundary maps. the associativity is obvious from the
definition.

The homotopy commutativity is proved in [24]. O

1.4. Moving lemmas. We recall the application of the classical mov-
ing lemma of Chow to Bloch’s cycle complex. For X € Schy, let X,
be the largest open subscheme of X which is smooth over k.

Definition 1.9. For X € Sch; equi-dimensional over k, let C be a
finite set of locally closed irreducible subsets of X, and let e : C — Z
be a function. We define 2"(X,n)c. C 2"(X,n) to be the subgroup
generated by integral closed subschemes Z C X x 0" such that, for
each C' € C and each face F' of (1",

codimexpZ N (C x F) >1r —e(C).

The 2"(X,n)c. form a subcomplex 2" (X, *)c. of 2"(X,n). In addi-
tion, for zq,..., 2, € 2"(X,n — 1),

Z(iprZ-)*(zi) €2Z'(X,n)ce ez €2 (X,n—1)¢e foralli=1,... n.

)

Thus, with the evident definition of 2"(X, *)ccdegn C 2" (X, %)c,e, the
map
27X, %)ce . 27 (X, %)
27X, %)cedegn 27 (X, *)degn
is injective, and we have the subcomplex 2" (X, *)¢ . of 2"(X, *).
The second moving lemma is

= 2"(X, *)
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Theorem 1.10. Let X be a quasi-projective k-scheme, equi-dimen-
sional over k, C a finite set of locally closed subsets of X, and e :
C — Zy a function. Then the inclusion 2" (X, *)c. — 2" (X, %) is a
quasi-isomorphism.

As we will be using these techniques later on, we recall the idea of
the proof, which goes in three steps:

Step 1: X = P". In this case, one use the action of G := SL, 1,
on P". Let K = k(G), a pure transcendental extension of k. Since
K is a field, we can express the generic matrix n € SL,,.1 over k as a
product of elementary matrices with K-coefficients.
Thus, there is a map
¢: Ay — G
with ¢(0) = id, ¢(1) = 7. Via the action of G on P", we have the map
ey P" X A — P
Identifying (A',0,1) with (O, 0, 00), pull-back by the maps
ey X id : P x Ot — P x O"
define a degree 1 map of complexes
Hy: 2"(P", %) — 2"(Pk, *)
that gives a homotopy between the base-extension 7 : 2"(P",*) —
2" (P, ) and Ty, where T, : P" — P} is translation by 7.
Both Hy and T map 2" (P", *)c.. to 2" (P, *)c.. Since 7 is generic
over k, T maps 2" (P", x) to 2" (IP%, *)c.. As in the proof of the local-
ization theorem, this implies that base-extension

L Z(Ee) 2 (PRx)
‘ ZT(]P)n7 *)C,E ZT(IP)?(? *>C,€

is both injective and 0 on homology,whence the result in this case.

Step 2. X C PV projective. This uses the method of the projecting
cone. Suppose X has dimension n and let L C PV be a dimension
N —n — 1 linear subspace with L N X = (). Projection from L defines
a finite morphism
7w X — P".
For Z a cycle on X, define
L(Z) =7 (m0.(2)) — Z.

Since 7, is finite and P" is smooth, L is well-defined. In addition,
L(Z)>0if Z > 0.
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For a closed subset W C Xj,,, define codimy_ W to be the minimum
of codimy, 7 as Z runs over the irreducible components of W.

Definition 1.11. For A, B closed subsets of X of pure codimension
a, b, respectively, define the excess
e(A,B) :=a+b—codimy,, (ANBN X,)
if AN BN X, =0, define the excess to be 0. If Z and W are cycles
on X, define
e(Z, W) := e(supp(Z), supp(W)).
Let Gr(N —n — 1, N) be the Grassmannian of PN=""Vs in PV and

let Gr(N —n — 1, N)x be the open subscheme of L with LN X = ()
The classical moving lemma of Chow is

Lemma 1.12. Let Z and W be cycles on X. Then there is a non-
empty open subscheme Uzyw C Gr(N —n — 1, N)x such that, for each
field K D k and each K-point L of Uz,
e(L(Z),W)) < max(e(Z, W) —1,0).
For each L € Gr(N —n — 1, N)x, we have the maps
mp xid : X x O" — P* x O™
Define

Ly 2"(X, %) — 2"(X, %)
by
Lo(Z) =7, x id*(n, x id,(Z)) — Z
The maps L, define the map of complexes

L. :2"(X, %) — 2" (X, ).

With a little bit of work (see e.g. [5] or [22] for details) Chow’s
moving lemma implies

Lemma 1.13. Fiz a finite set C of locally closed subsets of X, and a
function e : C — Z,. Definee—1:C — Z, by

(e — 1)(C) := max(e(C) — 1,0).

Let K = k(Gr(N —n—1,N)) and let Ly, € Gr(N —n — 1, N)(K) be
the generic point of Gr(N —n — 1, N). Then

Lyens : 2"(X, %) = 2" ( Xk, *).

maps 2" (X, *)ce to 2" (X, *)ce—1-
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Sketch of proof. Let |Z] € X x O" be the support of a cycle Z in
2"(X,n). For each face F of (0", let

Z(F,d) ={z € X |dimyz x FN|Z| > d}

where the inequality is satisfied if there is an irreducible component of
x X F'N Z of dimension > d over k. Z(F,d) is a constructible set, and
Z is in 2"(X,n)c,. if and only if

(1.1)  codimcC'N[Z(F,d)\ Z(F,d—1)] >r—e(C) — dimgF + d
for each C, F and d. We have a similar condition for membership in
ZT(X, n)c7e_1.

One has the operation A — L(A) on constructible subsets A of X
by setting

L(A) = (7 (mr(A)) \ A)

where the closure is in 7' (77, (A)). One shows that
L(Z)(F,d) c L(Z(F,d)).

Using the moving lemma 1.12, one shows that the inequality (1.1)
for the subsets Z(F,d) implies the inequality (1.1) for the subsets

Lyen(Z(F,d)) with e replaced by e — 1, which proves the result. O

To use this lemma, we proceed as follows: For each C' € C, we have
the constructible subset 7, (C). Write

T (C) =CLU...UC]
with each C! locally closed in P}. Let d; = codimp. (C}) — codimxC'
and define
e(C)) = e(C) + d;.
Let ' ={C’} | C € C}.
Then 77, .« 1 2"(X, %) — 2" (P, *) maps 2" (X, *)c. to 2" (P, *)cr e
and 77 2N(P, %) — 2"( Xk, %) maps 2" (P, %)er o t0 2" (XK, *)ce.
Lemma 1.13 implies that
= 21X, *)ce 2" ( Xk, *)ce
L,=mn, omp _.—T: e ’
Lgen = "L (X, *%)ce—1 2T (XK, *)ce1
is zero, where 7 is the base-extension map. Thus 77 oy, is the

same as base-extension on this quotient complex. However, we can
*
factor w7 o mr,... as

ZT<X7 *)C,e TLgen* ZT(PTIL{? *)C,e Fzgen ZT(XK7 *)C,e
2" (X, *)ce—1 2" (P, *)c e 2T ( Xk, *)e e
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By Step 1, the complex in the middle is acyclic, so 7 induces zero on
homology. Since K is a pure transcendental extension of k, the quo-
tient complex 2" (X, *)c /2" (X, *)c._1 is acyclic. Since 2" (X, *)ce_ =
2"(X, ), the result follows by induction.

Step 3: X quasi-projective. This uses Bloch’s moving lemma [4]
involving blowing up faces of [J*. We omit the details.

1.5. A new moving lemma. To allow for an action of “higher cor-
respondences” on the additive cycle complexes with modulus, we will
need an extension of Chow’s moving lemma that takes into account the
closures of the cycles.

We have the open immersion (0" C (P')"; write 0" for (P')". For
an integral subscheme or closed subset Z of X x (", we let Z denote
the closure in X x O". Extending linearly, we have the operation

m : Z*(X X Dn) — Z*(X X ﬁn)

Definition 1.14. For a set C of locally closed subsets of X and a
function e : C — Zy, let 2"(X,n)z, C 2"(X,n)c. be the subgroup
generated by integral Z € 2" (X, n) such that, for each face F' of (J",

codimg, 7z ZNX x F|NC x F >r—e(C).

The z"(X, n)ae form a cubical abelian group, hence we have the
subcomplex 2"(X, *)z ., of 2" (X, n)c.

Lemma 1.15. Let X be a quasi-projective k-scheme, C a finite set of
locally closed subsets of Xg, e : C — Zy a function.

(1) If X is projective, the inclusion z.(X, *)z
1somorphism.

. — z(X, %) is a quasi-

(2) In general, the inclusion z.(X,*)z, — z(X,*) induces an iso-

morphism on H,.

e

Proof. The proof is essentially the same as theorem 1.10. We indicate
the modifications.

Step 1. X = P” In modifying our earlier Step 1, since we need to keep
track of closures, we use a finite sequence of “generic translations”
rather than writing the generic matrix as a product of elementary ma-
trices.

In detail: Let H C P™ be the generic hyperplane, defined over a pure
transcendental extension K; of k. Let Xy,..., X, be homogeneous
coordinates on P%  such that H is defined by Xq = 0. Let z :=
(#1,...,%,) be the generic point of the affine space A% = P"\ H,
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let K = Ki(x1,...,2,) and let ¢(t) be the K[t]-valued point of GL, 44
defined linear transformation

(X07X17 e 7Xn) — (X[),Xl + thlXo, Ca 7Xn + ti[}nXo)

This gives us the action ¢ : A x P% — P

For Z a cycle on P" x 0" we have the cycle ¢*(Z) on A' x P x O".
Let ¢*(Z) be the closure of ¢*(Z) on P' x P% x O". One can easily
compute the intersection ¢*(Z) Noo x P x 0. This cycle is the join
of (x1:...:x,) x O € HxO" with the the intersection ZNH xO".

Since H is generic over k, it is easy to check that sending Z € z,.(X, n)
to ¢*(Z) € 2" (Xk,n+1) defines a homotopy H, of ¢(1)* with the base-
change map on the complex z,(X, %), and in addition H, restricts to
give a degree one map

Hy:z,(X,n)e

- gr(Xv n + 1)5,6

e

* on the subcom-

giving a homotopy between the base-change on ¢(1)
plex z.(X, )z ..

Since the generic projective linear transformation is a composition
of n+ 1 such translations, the argument we used for Step 1 above goes
through to show prove the theorem for X = P".

Step 2. X projective. We use exactly the same argument, replacing

lemma 1.13 with

Lemma 1.16. Fiz a finite set C of locally closed subsets of X, and a
function e : C — Zy. Definee—1:C — Z, by

(e —1)(C) := max(e(C) — 1,0).

Let K = k(Gr(N —n —1,N)) and let L., € Gr(N —n — 1, N)(K) be
the generic point of Gr(N —n —1,N). Then

Lyen, : 20 (X, %) = 2. (Xk, %).
maps z.(X, %)z, 10 2.( Xk, %)z . -
The proof is exactly the same, where we replace the sets Z(F, d) with
Z(F,d) ={r € X |dimz x FN|Z|NX x F >d}

Step 3. X quasi-projective. Here the “moving by blow-ups” technique
does not pass well to the closures 0.

However, if j : X — X is a projective closure of X, then let
2'(Xx, %)z, C 2'(X, *)ae be the image of j* : 2"(X, $)ge — 2 (X, *)5,6'
If Zisin 2"(X, n)g ., then the closure 7 isin 2"(X, )z forn=0,1,
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Thus, letting i : W — X be the complement of X, we have a com-
mutative diagram with exact rows

CH, (W, 0) —— Ho(z:(X, #)g..) —— Ho(2(X, ¥)z.) — 0

o Jﬁ

CHginx— (W, 0) = CH, (X, 0) ——— CH,(X,0) ——0
The map « is an isomorphism by Step 2, hence ( is an isomorphism. []

2. CATEGORIES OF MOTIVES

2.1. Chow motives over S. Let S be in Sm/k. We recall the con-
struction of a category of (homological) Chow motives over S.
We first assume that S is irreducible. Let SmProj/S denote the full

subcategory of Sm/S consisting of the (smooth) projective S schemes.
For irreducible X,Y € SmProj/S set

COI’g(X, Y) = CHdim5X+n (X Xg Y)

Extend the definition to arbitrary X,Y by taking the direct sum over
the pairs of irreducible components of X and Y; proceed similarly if S
is not irreducible.
Define the category Corg with objects (X,n), X € SmProj/k, n €
Z, morphisms
Homeory (X, 1), (Y, m)) := Cord " (X,Y)
and composition law

Boa=pxyl(pyy " (B) Upxy ™ (@).

for « € Cor(X,Y), 3 € Corg(Y,Z) and where, for instance, px5,Z :
X XsgY XgZ — X Xg Z is the projection.
The product over S makes Corg a tensor category, with

(X,n) @ (Y,m) := (X xgY,n +m)
and, for a: (X,n) — (Y,m), o : (X',n') — (Y',m/),

a®a =pxy Y () pxn ().

The unit is 1 := (5, 0). Note that
Homce, (1, (X, n)) = CH,(X),
so sending (X, n) to CH,(X) defines a functor
CH : Corg — Ab.
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For each r € Z, we have the functor
Mmcor(r) : SmProj/S — Corg

sending X to (X,r) and f : X — Y to the class of the graph I'y C
X x5 Y. We write mco, for mae(0).

The category of Chow motives over S, Mot(.S), is the pseudo-abelian
hull of Corg, i.e., objects are (X,n,a) with a € Endge(X) idempo-
tent: o? = a, and with

Homyot(s) (X, 1, @), (Y, m, 3)) := fHomcorg ((X, 1), (Y, m))a

Mot (S) is a tensor category with (X,n,a) ® (Y,m,3) = (X Xg
Y,n+m,a® (). Mot(S) is a rigid tensor category with (X, n,«a)" :=
(X,dimgX — n,’«); the unit 0 : 1 — (X,n,a) ® (X,n,«)" and the
co-unit € : (X, n,a)® (X,n,a)” — 1 are both the image of the class of
the diagonal [A] € CHY™¥(X x¢ X).

Sending (X, n) to (X, n,id) defines a full tensor embedding Corg —
Mot (.S); we let

m(r) : SmProj/S — Mot (S5)
be the composition of mce, () with this embedding. We write m(X)(n)
for the object (X, n,id).

2.2. Highly distinguished complexes. Central to Hanamura'’s con-
struction of motives is the use of “distinguished subcomplexes” of var-
ious cycle complexes. These are defined by properness conditions on
various intersections with faces on [J". We refine these conditions to
pass to the closed n-cube 0", leading to the “highly distinguished”
subcomplexes.

Definition 2.1. Fix X € SmProj/k and let W be a finite set of
irreducible closed subsets W,, ¢ X x T,,, n = 1,..., N for schemes
T, € Sm/k. For FF C O0" a face, let

Prn: X X FxT, — X xT,

be the projection. Let 2" (X, *)y; C 2"(X, %) be the subcomplex gener-
ated by irreducible Z C X x " such that

(1) Zisin 2" (X, n)

(2) For each face F of (0", p;}n(Wn) and (Z N X x F)xT, intersect

properly on X x F x T,.

A subcomplex 2" (X, %) C 2"(X, ) that is the image of a subcomplex
of the form 2"(X, %)y is called highly distinguished.

Proposition 2.2. The inclusion of a highly distinguished subcomplex
2"(X, %) C 2"(X,*) is a quasi-isomorphism.
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Proof. For each W,, C X x T,,, form the contructible subsets
Cha={r € X |xxT,NW, contains a component of dimension > d}

Write each Cha \ Cr.a—1 as a union of irreducible locally closed subsets
C’fh g et
e(C? ) == —dimW, — d — dimC? ,
Note that e(C’id) > 0. Let C := {CZL’d}. It is an easy exercise to show
that
(X #)g,. = 2" (X )

The proposition thus follows from lemma 1.15. U

Ezample 2.3. Let X,Y be in SmProj/k. Suppose we are given irre-
ducible closed subsets W; C X x Y x O%, ¢ = 1,..., N, which inter-
sect all faces properly, i.e., each W; is the support of some cycle in
25X x Y, ;). Let W be the set of all irreducible components of all
intersections W; N X x Y x FF C X xY x F, as the F' run over all
faces of [J%. This gives us the distinguished subcomplex 2" (X, *)5y.
Letting W = {W3,..., Wy}, Hanamura has defined the distinguished
subcomplex 2}y, (X, %) C 2"(X, *) (see [17], p. 6); it follows directly from
the definitions that
2"( X, *)yp C 2 (X, *).

From our proposition 2.2 and [17], Proposition 1.3, this inclusion is a
quasi-isomorphism. O]

In short:

Lemma 2.4. Let X be in SmProj/k. Then each distinguished sub-
complex of 2" (X, %), in the sense of [17], contains a highly distinguished
subcomplez.

2.3. The construction of DM” (k). Hanamura considers three par-
tially defined operations:

(1) Take X € SmProj/k. The partially defined cup product
Ux @ 2" (X, %) @ 2°(X, %) --» 2"75(X %)

is Ux := 0% o X, where 0y : X — X x X is the diagonal.
(2) Take X,Y € SmProj/k and f € 2°(X x Y,¢). The partially
defined push-forward by a correspondence f is

o1 27(X,n) —=» 2"(Y,n + ()
Z = py«(f Uxxy px(Z2))
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(3) Take X,Y,Z € SmProj/k. The partially defined composition
of correspondences is

0: 2 (X XY, %) @2°(Y X Z,%) ——» 2" T5(X x Z, %)
UR UV VO U;

vou = pxz«(py (V) Uxyz Py (u))

where the maps pxz, etc., are the projections, pxz : X x Y X
Z — X X Z, etc.

In [17], propositions 1.4, 1.5, Hanamura shows that, given a distin-
guished subcomplex z(—)" for the target of one of these operations,
there is a distinguished subcomplex of the domain for which the op-
eration is well-defined and the image lands in the given distinguished
subcomplex z(—)". Exactly the same argument, with the help of the
dictionary given in example 2.3, proves the analog for the highly dis-

tinguished subcomplexes:

Proposition 2.5 (analog of [17], propositions 1.4, 1.5). Take X, Y, Z
and W in SmProj/k.

(1a) Take f € z°(X x Y, {). There is a highly distinguished subcomplex
2"(X, %) such that f. is defined on z" (X, *)’.

(1b) Given further an element g € 2 (Y X Z,m) such that gof is defined,
there are highly distinguished subcomplexes z"(X, )" and z"5(Y, )’
such that f. and (g o f). are defined on 2"(X,x*), g. is defined on
(Y ), fu(ZT(X %)) € 2T(Y %) and gio fu = (gof ). on 2"(X, %)

(2) Take w € 2°(X,0). There is a highly distinguished subcomplex
2"(X, %) such that wUx (—) is defined on 2" (X, *)'.

(8a) Take v € 25(Y x Z ). There is a highly distinguished subcomplex
2"(X x Y, %) such that vo (=) is defined on 2" (X XY, %)

(3b) Given further an element w € z'(Z x W,m) such that w o v is
defined, there is a highly distinguished subcomplexes z"(X x Y, %)" and
2"(X x Z, %) such that v o (=) and (w ov) o (=) are defined on
2N(X XY, ), wo (=) is defined on 2" (X X Z,*)', voz" (X xY, %) C
28X x Z, %) and wo (vo(—))=(wow)o (=) on 2" (X x Y, *).

(4) These results generalize in the evident manner to any finite number
of compositions of the operations f., wUx (—) and vo (—).
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We follow Hanamura’s construction of Dyinie(k) with three modifi-
cations:

(1) We construct a homological category of motives rather than a
cohomological one, in that DM¥ (k) comes with a functor

m : SmProj/k — DM (k)

rather than a functor from SmProj/k°P.

(2) We replace “distinguished subcomplex” with “highly distin-
guished subcomplex”

(3) We replace Hanamura’s use of complexes of Q-vector spaces
2*(—,*)g with the integral complexes z*(—,*). Structurally,
the only price we pay is that the external product is now only
commutative up to natural homotopy, rather than being strictly
commutative. This means we need to be a bit more careful in
making sure that we use a consistent order in our products.
This also prevents us from giving the integral construction a
tensor structure.

With these changes, one has the triangulated category DM (k). We
briefly recall the construction from [17] and show how to adapt it to
our situation.

For integral X,Y € SmProj/k and integers r, s, we set

Cn<<X7 T)? (Y7 S)) = Zr_s+dimY(X X Y? _n> = ZS—H-dimX(X X }/7 _n)'

Clearly the differential in z"~sT4mY (X x Y, x) makes C*((X,7), (Y, s)) a
cohomological complex; we write the differential in C*((X,r), (Y, s)) as
0. We extend to finite formal sums of symbols (X, ), (Y, s) by making
C* additive in each variable.
The objects of DM (k) are built from finite diagrams: A finite dia-
gram (K™, f™™) consists of
(1) finite formal symbols K™ := " (X, 7im), where each X, is
in SmProj/k, integral, and each 7, is an integer. The sum is
finite, and K™ = 0 except for finitely many m.
(2) correspondences f™™ =3 .. fi"™ with m < n and with

finjm € Cl+m_n((Xim7 fzm)> (Xjn7 rjn))
In addition, we assume that all compositions
fmn’mnfl o...0 fm27m1
are defined.

(3) The identity
afn,m + Z fn,f o ff,m — O

m<l<n
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is satisfied for all m < n.

Given two objects (K, f), (L,g), one defines a filtered system of
quasi-isomorphic function complexes Hom(K, L)' as follows: Choose
highly distinguished subcomplexes

C*(K™, L") c C*(K™,L")
such that, for each n, m, n’, m’ the maps
(=)o 1" s CHE™, L™ Y[ — '] — C* (K", L™V [1 + 0 — ]
g o (=) C(K", L") [n —n] — C* (K™, L™)[L +n —m]
are defined. Let C(K, M), == @ _m=pC* (K™, L") and let
ht?: C(K, M),[—p] — C(K, M),[~q]

be the degree +1 map me’m/’n, g o (=) —e- (=)o fr, where
the factor e is (—1)" on (C(K, M), [—p])N. We have the total complex

Tot(C(K, M)') with
Tot(C(K, MY) = @,C(K, M), [~p)
and differential Ep} ‘ Oc(k, My, [—p] T hIP. We set
Hom (K, L) := Tot(C(K, M)").

This construction follows the formula for the category C®(A) of com-
plexes over a d.g. category A, defined by Kapranov [20].

The complex Hom(K, L)' depends on the choice of the highly dis-
tinguished subcomplexes C*(K™, L™)', but if we make another choice
C*(K™,L™)" c C*(K™, L™, the induced inclusion map

Hom(K,L)" — Hom (K, L)

is a quasi-isomorphism. Since the intersection of two highly distin-
guised subcomplexes is again highly distinguished, this gives us a well-
defined filtered system of quasi-isomorphic complexes Hom/(K, L)'. In
particular, the cohomology H(Hom(K, L)') is canonically defined. We
set

Hom(K, L) := H*(Hom(K, L)").

The composition law Hom(K, L) ® Hom(L, M) — Hom(K, M) is
defined as follows: First fix an element h; € Hom(K,L). Choose
a collection of highly distinguished subcomplexes C*(K™, L"™)" and a
representative (hy"™) in Z°(Hom(K, L)") for h;. By proposition 2.5,
there is a collection of highly distinguished subcomplexes C*(L™" M™ )’
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and C*(K™ M™)" for which Hom(L, M)' and Hom(K, M)" are defined
and for which the operation

(=)o (™) : Hom(L, M)" — Hom(K, M)’
is defined. This gives us the operation
(=)o hy : Hom(L, M) — Hom(K, M),

which is independent of the choice of highly distinguished subcomplexes
C*(L™ M™) and C*(K™M™ ).

If we now change the representative (h"") to (h{"™)’, there is an
element (H{"™) € C~'(Hom(K, L)) with

d(H"™) = (hy™) = (h™)

By replacing our choices C*(L™ M™)" and C*(K™M™ )’ with smaller
highly distinguished subcomplexes if necessary, we may assume that

(=) o % : Hom(L, M) — Hom(K, M)

is defined on the subcomplex of Hom (K, L)’ generated by all irreducible
components of all the representatives (hy"™), (h]"™)" and (H{"™). Thus
the maps (—) o (h]"™) and (—) o (hy"™)" are homotopic, hence the com-
position (—) o hy is independent of the choice of representative for hy
in Z°(Hom(K, L)").

The proof that (—) o h; is independent of the choice of highly distin-
guished subcomplexes C*(K™, L™)" is similar as is the argument that
tllg/composition law is associative. This gives us the additive category
DM# (k).

Using the construction of [20] as extended by [17] one defines the cone
of a morphism A : K — L in DM (k), or more precisely, the cone of a
choice of representative of h in some Z°(Hom(K, L)"). The collection of

cone sequences gives DM¥ (k) the structure of a triangulated category;
the argument of Hanamura copied word for word proves this result.

Finally, we let DM* (k) denote the pseudo-abelian hull of DM* (k).
The main theorem of [2] says that DM" (k) inherits a canonical struc-

—_~—

ture of a triangulated category from DM ().
Fix an integer r. We have the functor

m(r) : SmProj/k — DM (k)

sending X to the complex K° = (X,r), K™ = 0 for m # 0, and sending
f:Y — X to the graph I'; in 24™Y (X x Y).
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Lemma 2.6. The functor m(r) extends to a full embedding
i : Mot(k) — DM (k).
Proof. Since Hom((X,7),(Y,s)) = Zdimx+s—r(X X Y, %) we have
Hompyp ) (X, 7), (Y. 5)) = CHaimx 45— (X X Y)
= Homyor(s) (X, 7), (V) ),

giving the full embedding i : Cor(k) — DM" (k). The extension to
Mot (k) follows since DM* (k) is pseudo-abelian. O

2.4. The homological motive. Let ZSmProj/k be the additive cat-
egory generated by SmProj/k: for X,Y integral define

Homzsmproj/i(X,Y) 1= Z[Homgmproj/i(X, Y)]

and extend to arbitrary X and Y by taking direct sums over the irre-
ducible components. The composition law in ZSmProj/k is induced
from SmProj/k.

Form the category of bounded complexes C*°(ZSmProj/k) and the
homotopy category K*(ZSmProj/k). We denote the complex concen-
trated in degree 0 associated to an X € SmProj/k by [X]. Sending
X to [X] defines the functor

[~] : SmProj/k — C®(ZSmProj/k)

Let ¢ : Z — X be a closed immersion in SmProj/k, p: Xz — X
the blow-up of X along Z and ig : E — Xz the exceptional divisor
with structure morphism ¢ : £ — Z. Let C(u) be the complex

E] 22 (X4 & [2) 25 [X]
with [X] in degree 0.
Definition 2.7. The category Dpom (k) is the localization of the trian-

gulated category K®(ZSmProj/k) with respect to the thick subcate-

gory generated by the complexes C'(u).
Let

Mhom : SMProj/k — Dy (k)
be the composition
SmProj/k = Ct(SmProj/k) — K*(SmProj/k) — Dyom(k).

Lemma 2.8. Dy, (k) with functor mpem : SmProj/k — Dpom(k) is
a category of homological descent, in the sense of Guillén and Navarro
Aznar [16].
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Proof. We use the notations of [16]. We first need to extend myom to a
functor from the category of cubical objects of SmProj/k to Dyom (k).
In fact, we can use the evident total complex functor to extend [—|
to a functor from cubical objects of SmProj/k to C*(ZSmProj/k).
The remaining conditions are direct consequences of the definition of
Drom (k). O

We let Sch), denote the subcategory of proper morphisms in Schy,.

Theorem 2.9. Suppose that k admits resolution of singularities. Then
the functor mp,, extends to a functor

Mpom = Schy, — Dyom(k)
such that
1. Let Y — X be a proper morphism in Schy, i : Z — X a closed

immersion. Suppose that u: = (X \ Z) — X \ Z is an isomorphism.
There is a canonical extension of the commutative square

Mpom (= (Z)) —— Mpom(Y')

| J

Mhom(Z) — Mhom(X)
to a map of distinguished triangles in Dpom(k)
Myom(p=H(Z)) —— Mpom(Y) —— Ct —— Mo (2))[1]

| L) J

Mhom<Z) — Mhom(X) CQ Mhom<Z)[1]

such that o is an isomorphism.

2. Let j : U — X be an open immersion in Schy with closed com-
plement i : Z — X. Then there 1s a canonical distinguished triangle

Miom(Z) 2> Myom(X) = Mpom(U) = Myom(Z)[1],
natural with respect to proper morphisms of pairs f : (X, U) — (X', U’").

Proof. 1t follows from lemma 2.8 that the category Dyom(k)°P with
functor

mpe . SmProj/k® — Dyom (k)P
is a category of cohomological descent, in the sense of [16]. By [16],

théorem 2.2.2. m;® extends to a functor (“cohomology with compact
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supports”)

M o o Schy? — Dy (k)P
satisfying (1) and (2) with all arrows reversed. We take Moy, =
(Mﬁom)op‘ |:|

Fix an integer r. We have the functor
m(r) : SmProj/k — DM (k)

Since the composition (as correspondences) of the graphs of compos-
able morphisms is always defined, m extends canonically to the exact
functor

K°(m(r)) : K®(ZSmProj/k) — DM" (k)
Lemma 2.10. K°(m) extends canonically to an exact functor
Dhom(m(r)) : Dhom(k) — DM (k)
Proof. We have already seen that the functors m(r) extends to a functor
i : Motcy (k) — DM (k).

Let
E— X,
(Il J(ﬂ
Z——X

be a blow-up square in SmProj/k. It is well-known that

m(E)(r) 20 (X)) (r) @ m(Z)(r) L m(X) ()

is a split exact sequence in Motgg (k). Thus K°(m(r))(C(p)) = 0 in
DM¥ (k), giving the desired extension to Dpom (k). O

Definition 2.11. Let bm(r) : Schj, — DM (k) be the composition

Sch, Meom, py (k) 20O o (g,

We write bmn(X)(r) for bm(r)(X), and call bm(X)(r) the twisted Borel-
Moore motive of X.
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2.5. The category of extended motives.

Definition 2.12. For r € Z, we have the full subcategory C(r) C
DM (k) with objects of the form Dy (m(r))(X), with X € D(k) and
r € Z. Clearly the pseudo-abelian hull of C(r) defines a full additve
subcategory Mot(k), of DM (k). Let Mot(k) be the full additive sub-
category of DM (k) generated by the Mot(k),, r € Z, and let Mot(k)*
denote the smallest full subcategory of DM (k) containing Mot (k) and

closed under translation. We call MAot(k)* the category of extended mo-
tives over k.

Clearly the full embedding i : Mot(k) — DM (k) factors through
Mot(k), and the functor bm(r) : Schj — DM" (k) factors through the
inclusion Mot(k), — DM (k).

2.6. Contravariant functoriality. For X € Sm/k equi-dimensional
over k, set h(X) := bm(X)(dimX). Extend to arbitrary X € Sm/k
by taking the direct sum over the components of X.

We have the functor

hsmproj : SMmProj/k? — Mot (k)

with h(X) defined as above and with A(f : Y — X) = ['T'y]...
Let f: X — Y be a morphsim in Sm/k. We proceed to define a
morphism
fFh(Y) — h(X).

By resolution of singularities, we may find projective completions
j: X —= X j Y =Y such that

1. the complements D := X \ X, E := Y \ Y are strict normal crossing
divisors.

Let Ty € X x Y be the closure of the graph of f. Write £ =
ZTzl E; with each E; irreducible, and let E; = N;crE; for each subset
I C{1,...,m}. By [4], applied to the projection T'; — Y, we assume
that

2. T ¢ intersects X x E; properly for each 1.

We say that a pair of projective completions j : X — X, 7/ :Y — Y
satisfying (1) and (2) are good for f.

Write D = Y~ | D; with each D; smooth , and let D; := N D;
for each subset I C {1,...,n}. Then myem(X) is represented by the
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complex D,:

dn—l dn—Q dl do T
n — O=n—1Dr — ... — &;D; — X

with X in degree 0, and where the differential is the signed sum of the
inclusion maps D; — Dy, with sign (—=1)7"'if I = 4; < ...i5 and
¢ = ;. We have a similar description of a complex E, representing
Mhom(Y). We write D, (dx) for the finite diagram

(®y11=5(Dr, dx), f7117),

where 717 is the signed sum of the graphs of the corresponding inclu-
sion maps. We define the finite diagram FE,(dy ) similarly. By definition
of h(X) and h(Y'), we have canonical isomorphisms in DM (k)

D.(dx) = h(X), E.dy) = h(Y).
We have the highly distinguished subcomplexes
C*((Ey,dy), (Dr,dx))" € C*((Ey,dy), (Dr, dx))
defined by
C*((Ej,dy),(Dy,dx)) = z44—1s)(E; X Dy, —%)

Csr’

where C; is the set of closed subsets E; x Dy, J C J'; we include the
cases J =0 or [ =), Ey =Y, Dy = X. The C*((E,,dy), (D;,dx))’
form a triple complex: the first differential is given by the differential in
C*((Ey,dy), (Dr,dx))’, the second is the alternating sum of the push-
forward maps

C*((Ey.dy), (D, dx)) 2 O (B, dy ), (Dngay, dx))

and the third is the alternating sum of the restriction maps

C*((Eg.dy), (Dr,dx)) =220 C*((Byogy dy), (Dr, dx))’

The total complex of this triple complex is the internal Hom complex
Hom(FE«(dy), D.(dx))" with respect to our choices of highly distin-
guished subcomplexes.

For each j = 1,...,m, the cycle T';- (X x E;) is supported in D x E},
SO we may write

Ly (X x E;) = 3Tyl

with ['4 (4, j) supported in D; x Ej;. This decomposition is not in general
unique, as some components of I'y - X x E; may lie in Dy x Ej.
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It follows from our definitions that
Ty is in C°((Ey, dy), (Dy, dx),
T(,5) is in CO((E;,dy), (Dy, dx)),
T, + thf(i,j) is in Z°(Hom(E,(dy), D.(dx))").
irj

We let f% o denote the class

tff + Zth(z,j)] € H0<H0m(E*(dy), D*(dx))/>
1,J
Having fixed _)_( and Y, the only choice we have made is the decompo-
sition of the I'y - (X x Ej) into pieces I'f(4, j); as the difference of two
such choices comes from the image of the differential
ZdX—1<Ej X Dii’7 —*)

— zax-1(Ej X Di, —=x)g, @ zax-1(E; X Di, —*)¢_,

Cjqii'y

the cohomology class f)*—(y depends only on the choice of compactifica-
tions X,Y.

By resolution of singularities, the collection of projective completions
of X and Y that are good for f form a filtered system. Suppose we have
morphisms a : X' — X, b: Y’ — Y of completions. Let f"f Cc X' xY!
denote the closure of I'y. Then

(@ x id)*(f’f) = (id x b)*(Ty)
as cycles on X x Y7; this implies that, via the canonical isomorphisms
D (dx) = h(X) = Di(dx), E.(dy) = h(Y) = E(dy),

the morphisms f;‘—(y and f;‘—(,y, induce the same morphism A(Y) —
h(X).

Thus we have for each morphism f: X — Y in Sm/k a well-defined

morphism

f7hY) — h(X)
in DM? (k). Clearly f* is the morphism defined by ‘[I';] in case X and
Y are in SmProj/k.

Thus, it remains to prove the functoriality (fg)* = ¢*f*. This does
not follows by a direct computation, because the composition of the
representatives we have used to define f* and ¢* may not be defined.
We therefore proceed in stages. We require first a result from resolution
of singularities:
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Lemma 2.13. Let D be a reduced strict normal crossing divisor on
some X € Sm/k and let i : W — X be a closed immersion. Suppose
that W is irreducible, not contained in D and that W \ D is smooth.
Then there is a sequence of blow-ups with irreducible smooth centers
lying over W N D,

Xy— ... X1 —=Xy=X,

such that

(1) the reduced pull-back D; of D to X; is a strict normal crossing
divisor for each i.

(2) Let Z; C X; be the smooth irreducible closed subscheme blown
up to form X;i1, and let F C D; be the minimal face of D;
containing Z;. Then for each face F' of D;, Z; intersects F'NE’
properly and transversely on F.

(3) letting Wy C Xn be the proper transform of W and Dy C Xy
the reduced inverse image of D, Wy intersects each face of Dy
properly and transversely.

We can now handle the case of the composition of closed immersions.

Lemma 2.14. Let iy : X — Y, iy : Y — Z be closed immersions.

Proof. We use the previous lemma to find projective completions j’
Y — Y, j": Z — Z with strict normal crossing complements D’ C Y
D" C Z such that

(1) iy extends to a closed immersion iy : Y — Z
(2) Y intersects each face DY properly and transversely

Now let X’ C Y be the closure of X. Then X = X'\ D', and we
may apply the previous lemma to the closed subscheme X' of Y. Let
T, C Y; be the center of the ith blow-up KH — Y; used to achieve
the conclusion of the lemma. We blow-up Z, starting with the blow-up
along Ty. Since each face of D” intersects Y transversely, it follows
that Ty C D" satisfies the same transversality in lemma 2.13(2) that
Ty satisfies with respect to D’. Thus D” pulls back to a strict normal
crossing divisor Df on 7y = Zr,, intersecting the proper transform
Y, C Zy transversely Thus we may continue the process, eventually
replacing the closed immersion Y — Z with the closed immersion Y,, —
.

Replacing Z and Y with Z,, and Yn, we may thus assume that we have
a projective completion j : X — X such that i; extends toi; : X — Y,
with X transverse to each face of D'. Let D = X \ X.
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We have the graphs I, C XxY, Ty, CY x Z and I';,.;,. By
our conditions on %; and 22, it follows that I, N X x D', is a dlSJomt
union of components D; with |I| = |.J|, and smnlarly for I;, CYxZ
and I'; ;. . This easily implies that the composition of correspondences

12011
Zl)_(,Y 2Y 5 s defined and

ixy Olay z = (i20i1)% 7
As we are free to choose our projective completions to define the maps
iy, 5 and (ig 0 41)*, this gives iy = (igi1)*. O

Lemma 2.15. Let g : U — X be an open immersion with complement
X\ U a strict normal crossing divisor, f : X — Y, h :V — U
morphisms in Sm/k. Then (fg)* = f*g* and (gh)* = h*g*.

Proof. Let j : X — X be a completion such that X\ U is a strict
normal crossing divisor, and let j' : Y — Y be a completion such that
[y 1s defined. Taking U=X, (fg9)%y is defined and 95 x 18 defined.

As F is the diagonal in X, the comp081t10n gU of% v is defined and

go.x°fxy =9z v
Similarly, let V' — V_and U— U be projective completions that are
good for h. Set X = U. Then I'; is the diagonal in X and (V, X) is
good for gh, so h"{/U, (gh)’{/X and gj; ¢ are all defined. Since g = idy,
the composition gU 5 0© h g 18 defined and

gUX © hT/U (gh)vx
]

Lemma 2.16. Given a morphism f : X — Y in Sm/k, factor f as
P2 o i, with po : X XY — Y the projection and v : X — X XY the
closed immersion (idx, f). Then f* =1* o pj.

Proof. First choose completions X — X,Y — Y such that f extends
to a morphism f: X — Y. Let X' := f *1(Y) Then the restriction of
fto f': X' =Y is a proper morphism, and we have the commutative
diagram
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Suppose we have proven the result for ' : X’ — Y. Using lemma 2.15
we have
i*opy=1i"o(jxid)* opj

=(j xidoi)* o p}

= (i )" op;

= j i op;

:j* o f/*

— f*
Thus we may assume that f is proper

Choose completions j : X — X, j Y =Y for which the morphism
[%y is defined. Let i : X — XxY be the composition (j x id) o4 and

let P2 : X XY — Y be the projection. Since f is proper, i is a closed
immersion. Using lemma 2.15 again, it suffices to show
f* — E* O —

The fact that fXY is defined 1mpl1es that 7* XY

Since X is smooth and projective, p2’XXy’Y is also defined, and the

is also defined.

graph closure I';, C X X Y x YV is X x Ay. The intersection
ixYNXxDp CXXX XY XY
5 57><§7(1:‘

*,
X,

) (after rearranging the factors), hence the composition

f
o © ﬁ;,f( vy is defined and

— o

.
>

* — f£* _
Xxxv O Do xxvy = Ixy

A slight variation:

Lemma 2.17. Let i : X — Y X T be a closed immersion, with X, Y
and T in Sm/k. Suppose that psoi: X — Y is a closed immersion.
Then (pg 04)* = i*p}.

Proof. Using lemma 2.15, we may replace T" with a projective com-
pletion, i.e., we may assume 7 is smooth and projective. If we take
projective complet1ons X, Y good for pyoi, then X, Y x T is good for
iand Y x T, Y is good for p2. Also, the composition %
is defined and

X7 Loy ury

ZX ¥xr © pz YxT.Y = = (p2oi)k A

Next, we consider the case of a projection.
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Lemma 2.18. For X, Y € Sm/k, let py : X XY — Y be the projection.
Let f -V — Z be a morphism in Sm/k. Then (fpy)* = p5f*.

Proof. Let 7 : X — )_(_ be a projective completion with strict normal
crossing complement X \ X. This gives us the commutative diagram

X xY

Fxid
p2

XXYTY?Z

Using lemma 2.15, it suffices to show that (fp2)* = p5f*, so we may
assume that X is smooth and projective.

Take projective completions Y — Y and Z — Z good for f. Since p,
is smooth and projective, X xY — X xY, Y — Y is good for p,, and
XxY - XxY,Z — Zis good for fp,. Similarly, the composition
p;XXY,Y o f;z is defined and

Poxxv.y © vz = (fP2)xuy 2
O

Given an X € Sm/k and a morphism ¢ : Y — Z in Sm/k, we have
the closed immersions

ilZ:idxx(idy,g):XXY—)XXYXZ

and
ig 1= (ldy,g) Y =Y xZ

giving the commutive diagram

XxY 25 XxYxZ

pl pa | \

Lemma 2.19. p; o5 = 1] o p3s and p5 = p35 0 ps.

Proof. We first show that pjoii =ijopss. Let h: X xY — Y X Z be
the composition po3 0 i1. By lemma 2.16 we have

k% *
h* =i o p3,,

so we need only show that h* = pj o ¢5. This follows from lemma 2.18.
The identity p3 = p3s o p5 also follows from lemma 2.18. O



ADDITIVE HIGHER CHOW GROUPS OF SCHEMES 31

Theorem 2.20. The assignment sending X to h(X) and f: X — Y
to f*: h(Y) — h(X) defines a functor

h: Sm/k — DM (k)
with h‘Smproj = hsmProj-

Proof. We need to show that (¢gf)* = ¢g* f* for morphisms f: X — Y,
g:Y — Zin Sm/k. We have the commutative diagram
3\

idxs

4)2X

)

1

X—X X

~
X
~
X
N

S
N
e

p2

7

f

,L'/

Y —

h<
N

/

N

Z

with i1 = (idy, f), i2 = (idy, g), i3 := idx X i3 04;. Using lemmas 2.14,
2.16, 2.18 and 2.19, we have

fr9" =iz 0 p;
Factoring ps3 as
XxYxzZ2 Xxz22 7
and using lemma 2.18 gives p; = pj5 o p5. Thus
frg" =130p1z0p;.
We have the commutative diagram

X xY xZ

with iy := (idx, gf). By lemma 2.17 i} = i§p};, so by lemma 2.16 again

frg" =i = (9f)".
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3. AppITIVE CHOW GROUPS

3.1. Normal schemes. We prove some elementary results on normal
varieties over a field.

Lemma 3.1. Let k be a perfect field. and let X and Y be reduced
normal finite type k-schemes. Then X X, Y is normal.

Proof. Since k is perfect, the regular locus of X or Y is smooth over k,
hence the singular locus of X x; Y is

(X Xk Y)sing - Xsing Xk YUX Xk }/sing'

In particular, X x; Y is smooth in codimension one.

Take a point z € (X X; Y)gng, and let © = py(2), y = p2(2). Then
either x has codimension at least two on X or y has codimension at
least two on Y'; we may suppose the former.

We recall that a local domain O is normal if and only if Spec O is
regular in codimension one and O has depth at least two (cf. [25]).

Since X is normal, the local ring Ox , has depth at least two. Let
51, 82 be a regular sequence in the maximal ideal of Ox,. Since ¥ —
Speck is flat, pi(s1),pi(s2) form a regular sequence in the maximal
ideal of Oxx,v., hence Oxy,y,. has depth at least two. Thus X x; Y
is normal. U

Lemma 3.2. Let k be a field, f :Y — X a projective, surjective map
of normal k-schemes of finite type. Let D be a Cartier divisor on X
such that f*D >0 on X. Then D >0 onY.

Proof. Localizing at the set of generic points of supp(D), we may as-
sume that X = SpecO with O a DVR. Thus Y — X factors as a
closed embedding Y — P} followed by the projection PY — X.

By repeatedly intersecting Y with a hypersurface H C PY of large
degree and normalizing, we may assume that f :Y — X is generically
finite.

Let Y — Y’ — X be the Stein factorization of f. As Y’ is normal
and Y’ — X is finite and surjective, we must have Y’ = Spec (0’, with
O a semi-local PID. But Y — Y” is projective and birational, hence
an isomorphism: Y = Spec O'.

Let t € O be a generator of the maximal ideal m of O, let m’ C O’
be a maximal ideal and let s be a generator of m’. Since O — O’
is finite, mO" C m/, hence t = us™ for some unit v in O, , and some
integer n > 0.

But D is defined by t* for some a € Z, hence the restriction of f*D
to Spec O, is defined by s**. Since f*D is effective, an > 0 hence
a > 0 and thus D > 0. ]
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Let X be a normal variety over k. Recall that a Weil divisor on D on
X is an element of the free abelian group Div(X) on the set PDiv(X)
of prime divisors on X. Thus D is uniquely written as a finite sum
> ay[Y], where Y’s are the prime divisors on X. Then the assignment
D +— ay gives a homomorphism ordy : Div(X) — Z, called the order
function of Y. A Weil divisor is called ef fective if ordy > 0 for all
prime diviosrs Y and one writes D > 0. The support of D is the set
of all prime divisors Y such that ordy (D) # 0. This is clearly a finite
set.

Let Yy,--- .Y, be a set of Weil divisors on X. The supremum of
these divisors, denoted by sup,,-,Y; is the Weil divisor defined to be

(3.1) SUP <i<nYi 1= Z (max)<i<, ordy (Y;)) [Y].

YePDiv(X)

3.2. The additive cycle complex. We recall the definition of the

additive cycle complexes with modulus from Park [27]. We fix a field
k.

Set A := Speckl[t|, G,, := Speckl[t,t™!], P! := Projk[Yp, V1], and
let y := Y;/Y, be the standard coordinate function on P!. We set
= (P (1) -

Forn > 1, let B, = A' x(O"! B, = Al x (P')»! > B, and
B, =P!'x(P))"! 5 B,. We use the coordinate system (, y1, - - - Un—1)
on B,, with y; := y o p;.

Let Fé,m i =1,...,n — 1 be the Cartier divisor on B,, defined by
y; =1land F, o C B,, the Cartier divisor defined by ¢ = 0.
A face of B, is a subscheme F' defined by equations of the form

Y = €1,.--,¥i, = €; € €{0,00}.
For e =0,00,7=1,---,n—1let
bnie : Bno1— By
be the inclusion
b (b Y15+ Un2) = (U1, - Uit € Yis -+ Un2),

Definition 3.3 (Park[27]). Let X be a finite type k-scheme, r, m non-
negative integers m > 1.

(0) Tz, (X, 1;m) is the free abelian group on integral closed subschemes
Z of X x A! of dimension r such that Z N (X x {0}) = 0.

For n > 1, Tz,(X,n;m) is the free abelian group on integral closed
subschemes Z of X x B,, of dimension r +n — 1 such that:
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(1) (Good position) For each face F' of B,,, Z intersects X x I properly:
dimyy, r(Z N (X % F)) < r+ dimg(F),
(2) (Modulus condition) Let Z be the closure of Z in X x B,,, p : 7"
Z the normalization, and p : 7 X x B,, the evident map.Then
(m+1)-p"(X X Fhp) < Supi:l,...nflp*(X X F’iz)
(3) (Induction) For each i =1,...,n—1, e = 0,00, (idx X t,)*(Z) is
in Tz, (X,n —1;m).

Note that the good position condition on Z implies that the cycle
(idx X tn4e)*(Z) is well-defined and each component satisfies the good
position condition. If X is equi-dimensional of dimension d over k, set

ﬂr (X7 n; m) = Ed-‘rl—’l‘(X? n; m)

We thus have the cubical abelian group n +— Tz (X, n;m), and if X
is equi-dimensional over k, the cubical abelian group n — Tz" (X, n;m).

Remark 3.4. We have changed Park’s notation a bit; our m corresponds
to his m + 1. This fits with the convention in [29]. O

Definition 3.5. Tz.(X,*;m) is the additive cycle complex of X in
dimension r and with modulus m which in degree n:

Tz, (X, n;m)
Tz, (X, nsm) 1= ————
‘ ( " m) ET<X7n;m)degn

TCH,(X,n;m) := H,(Tz.(X,%;m)); n>1
is the additive higher Chow group of X with modulus m.

3.3. Projective push-forward. For a morphism f: X — Y, we have
the induced morphism

foi=fxidp, : X X B, =Y X B,.
We write f, for the extension f X idg .

Lemma 3.6. Let f : X — Y be a projective morphism of finite type
k-schemes. Then

Z €Tz, (X,n;m) = fu(Z) € Tz, (Y,n;m).

Proof. We may assume that Z is an integral cycle and that Z — f,,(Z)
is generically finite. Since f,, is proper, we have

(2)NY x F=f,(ZNX X F)
(as closed subsets) for each face F. Thus f,.(Z) is in good position.
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We now show that f,.(Z) satisfies the modulus condition. Let Z be

the closure of Z in X ﬁEn and let p : ZN — Z < X x B, be the
normalization map for Z. Put V = f,,(W). Let V be the closure of V

inY x B, and let ¢ : A TR T B,, be the normalization map.
We have a commutative diagram

7N 2 X x B,
hl lfxid
vV —pY xB,
Thus
h*q*(Y X Fn,O) = p*(X X Fn,O)
h*q* (Y x Féz) =p (X x Féz)
Therefore the modulus condition for Z and Lemma 3.2 imply the mod-
ulus condition for V. B o
Suppose n = 0. Since f is proper, we have f(X x 0N Z) = fo(Z) N
(Y x 0). Thus the condition (0) for Z implies the same for fi.(Z).
For n > 0, we have
O (fns(2)) = [unl05(2)).
Thus the inductive condition for Z (and induction) implies the same

for f..(2) O

Coming back to the construction of push-forward map, Lemma 3.6
shows that the maps f,. gives a well defined map f,. : Tz.(X,n;m) —
Tz.(Y,n;m). These maps clearly commute with the boundary maps,
as in the case of higher Chow cycles. Thus we get a map of complexes

fe i Tz (X, %;m) — Tz, (Y, %;m)

and hence maps f, : TCH,.(X,n;m) — TCH,(Y,n;m).
The functoriality

(f9)« = fug-

follows from the functoriality on the level of cycles.

3.4. Flat pull-back. Let g : T' — S be a flat morphism of schemes.
Recall that f*: 2*(S) — 2*(T) is defined on generators by

fr(1-2) =2,

where f~Y(Z) := T xg Z, considered as a closed subscheme of T and
for a closed subscheme W C T of pure codimension ¢, [W] € 2(T) is



36 AMALENDU KRISHNA, MARC LEVINE

the associated cycle:

Wl= ) tor.(Owu)w].

’wEWgen

Let f : X — Y be a flat morphism of finite type k-schemes, of
relative dimension d. The maps f, : X x B, — Y x B, are therefore
flat as well, hence we have a well-defined pull-back map

frz.(Y x By) = zppa(X X By).
Lemma 3.7. For V € Tz (Y,n;m), fx(V) is in Tz, (X, n;m).

n

Proof. The good position condition follows immediately from the flat-
ness of f,.

To check the modulus condition, let V' € Tz, (Y, n;m) be an integral
cycle, V the closure in Y x B,,, and let Z = f,1(V);e.q. We may assume
that Z is non-empty.

Since f,, is flat, we have (as closed subsets)

Z=f(V).
In particular, the morphism Z — V induced by f, is equi-dimensional
and dominant. Thus the map on the normalizations 7" 7V s also
equi-dimensional and for each irreducible component 727, the restric-
tion ¢y : 7aN — V" is dominant.

We thus have the commutative diagram, where all the vertical maps
are equi-dimensional and dominant.

7V 5 X < B,
T
vy 7Y X B,
This gives the identities
p*Za(X X Fn,O) = q:;(p*{/(y X Fn,O))
Pz, (X X Fr&) = qy(py (Y x Fiz))
which show that the modulus condition for V' implies the same for Z.
If n = 0, the identity Z = f, '(V') shows that the condition (0) for

V' implies the condition (0) for Z.
The flatness of f,, implies

3Zz(f;V) = f;—l(afl,i(v))
which yields the inductive condition. 0
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The maps f,;; thus gives us the map of complexes
T2 (Y, %;m) — TZ2' (X, x;m).
The functoriality of flat pull-bach for cycles yields the functoriality
(f9) =g"f"
as maps of complexes, for composible flat morphisms f and g.

The compatibility of projective push-forward and flat pull-back of
cycles in cartesian squares yields:

Lemma 3.8. Let
X/ L X

I, L

YIL)Y

be a cartesian square of maps of finite type k-schemes, where f is flat
and g s projective. Then

fg:(a) = g.f"(a)

as maps of complexes Tz (Y' x;m) — TZ' (X, x;m).

4. HIGHER CHOW GROUPS AND ADDITIVE CHOW GROUPS

Our aim in this section is to show that the higher Chow groups of
smooth quasi-projective varieties act on the degenerate Chow groups
in a natural way. We suppose in this section that k is a perfect field.

4.1. External product. We begin with the construction of an exter-
nal product.

Definition 4.1. Let X and Y be finite type k-schemes. Define
NRap @ 2,(X,a) @ Tz, (Y, b;m) — 2p45(X X Y X Bayp)
by
ZRW =712 x W),
where
T X xO"xY xA'x P - X xY x Al x O x

is the exchange of factors.

Lemma 4.2. For Z € z,.(X,a) and W € Tz, (Y,b;m), ZK W is in
ET’—‘-S(X XkY7a+b; m)
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Proof. We may assume that Z and W are integral closed subschemes
of X x [0 and Y x By, respectively.
Since

ZXxWNXXFXYXxF =(ZnNnXxF)x(WnY x F'),

for faces F' of [(J* and F’ of By, the good position condition is clear.
The condition (0) in case a = b = 0 is checked the same way.
For the modulus condition, let Z C X x P!, W C Y x B, be the
respective closures of Z and W, and let

Pz : 7N — X x P
Pw WY x B,
be the normalizations of Z and W. By lemma 3.1
P i 2 xp W = X x P xY x B,

is the normalization of Z x W = Z x W,
Suppose that j is an index with

m - Py (X X Fyo) < piy (X x Fy,).
Then
—N % —N *
(m+1)-(Z" xpi(X x Fp)) <Z° X pip(X x Fy);
since
* * N *
Pz (T (X XY X Furpp)) =2 X piyp(X X Fyp)
* * N *
P (TH(X XY % F(11+b,j) =7 Xpy(Xx Fbl,j)7

the modulus condition for Z X W is satisfied.

We finish by checking the inductive condition. If b = 0, then Z X WN
X X F,o =0, so the inductive condition is trivially satisfied.

Suppose that a +b > 0. For 1 <1 < a, we have

aZer,i(Z X W) = ag,i(Z) X W
and for a +1 <17 <a+ b, we have
82“,71-(2 XW)=2Ko,

b,ifa(W)'

In the second case, the inductive condition for W, plus induction on b,
shows that ZXd;; (W) isin Tz, (X XY, a+b—1;m). In particular,
if a =0, then ZXW is in Tz, (X X, Y,a+b;m). By induction on a,
05 (Z)XW is in Tz, (X x;Y,a+b—1;m) as well, which completes

the proof. O
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Theorem 4.3. Let X and Y be finite type k-schemes. Then the maps
Moy @ 2,.(X,a) @ Tz (Y, b;m) — Tz, (X Xi Y, *;m)
define a map of complexes
X : 2. (X, %) @ Tzg(Y, x;m) — Tz, (X X1 Y, %;m)

Proof. A formal computation shows that the product maps X,; are
compatible with boundaries, and that

&a,b (zr (X7 a)degn ® ﬁs(Yu b; m) + gr(X7 (l) & ﬁs (Y7 b; m)degn)
- ﬂr—&-s(X Xk Y, *; m)degn.
U

Remark 4.4. Tt is easy to check that X is compatible with flat pull-back:
for f: X' — X, ¢g:Y' — Y flat, we have

f(2)Bg (W) = (f xg)"(ZBW)

and projective push-forward: if f : X' — X and g : Y/ — Y are
projective then

f(Z) R g. (W) = (f x g).(ZBW).
Furthermore we have the associativity
ZR(WHRV)=(ZKRW)XV

Passing to homology, we thus have the external product
X : CH,(X,a) ® TCHy(Y,b) — TCH, (X X4 Y,a+b)
4.2. Cap product. We refine the external product to a “cap product”
Ny @ 2"(X, %) @ Tz* (X, *;m) — Tz*T" (X, %;m)
for X € Sm/k. Let dx : X — X xx X be the diagonal, and set
Oxp =0x xid: X x B, = X x; X X B,,.
Definition 4.5. For X € Sm/k, let
Tz" (X xp X,nym)a C T2 (X X X,n;m)

be the subgroup generated by integral closed subschemes Z C X x X x
B,, such that

1. Zisin T2"(X x; X,n;m)
2. codimxy p ((5;(71n(Z) NX x F) > r for all faces F of B,,.
3. 0x.n(2) is in Tz (X, n;m).
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The subgroups Tz" (X X X,n;m)a form a cubical subgroup
Tz"(X xp X, —;m)a C T2" (X X X, —;m)
and the maps 0%, give a well-defined map of complexes
0% 1 T2" (X xp X, x;m)a — Tz" (X, x;m).
Let W be a finite set of closed subsets W,, C X x B,,,n=1,...,N.
W generates a “cubical closed subset” W¢ by
We(n) = Ulggz%nz%gfl(wm) c .

Definition 4.6. Let YV be a finite set of closed subsets W, € X x
B, such that each W, is the support of a cycle in Tz (X, n;m). Let
T2V (X,n;m) C Tz,(X,n;m) be the subgroup of cycles Z with

supp(Z) C W*(n).

Similarly, z3,,(X,n) C 2"(X,n) is the subgroup of cycles Z such that
supp(Z) C W(n).

From the construction of W, it is immediate that the Tz¥ (X, n;m)
form a cubical subgroup Tz (X, —;m) of Tz (X, —;m), giving us the
subcomplex

Tz, (X, n;m)
T2V (X, %;m) = e
“ ( ’*7m) E;V(Xan;m)degn

C Tzg(X, *;m).

Similarly, we have the subcomplex 2}, (X, *) of 2" (X, *).
The construction of the cap product is based on the following result:

Lemma 4.7. Fix an integer s. Let VW be a finite set of closed subsets
W, C XxB,,n=1,..., N, such that each W,, is the support of a cycle
in Tzg(X,n;m). Let f : X — Y be a smooth morphism. Then there
is a finite set of locally closed subsets C such that (A, B) — f*(A)X B

restricts to a well-defined map of complezes

FH ()R 2" (Y, %)z @ T2V (X, %5m) — TZgim, x5 (X Xp X, %;m)A.
for all r.
Proof. Tt is obvious that Tz)Y(X,n;m) = T2/ (X, 1; M) degn for all n >
N, hence T2V (X,n;m) = 0 for n > N.

If F'is a closed subset of some T € Schy, we write dimpF > d if

there is an irreducible component F,, of F' with dimgF, > d.
For each n = 0,..., N, define the constructible subsets C,, 4 of Y by

Cha={y €Y |dim,f ' (y) x B, N W*(n) > d}
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Define the constructible subsets C ; of Y by
Coa ={y €Y [dimif ™ (y) x Foo N We(n) > d}
and C, ; ; by
Ch.a={y €Y |dimpf~(y) x F;nW(n) > d}

Write Cyq \ Cna—1 and CY a \ C’ _, as finite unions of locally closed
subsets of X:

Cn,d\on,d—l - UiCn,d,i

Cha\ Od 1 = UGy 4,

]d\ n,j,d—1 — =U; Cljdz
Let
C {Cnd“ nd’L7Cl]d’L| :1,...,N,d:O,...,n+$,

j=1,...,ni=12,...}.
For subschemes Z C Y x 0% W C X x Al x [, define f*(Z) Ny W
as the image of f(Z) x x W under the exchange of factors isomorphism
(X x 0% xx (X x Al x 0*) 5 X x Bos,.

Note that f*(Z) is well-defined since f is smooth. Define f*(Z)NxW C
X X Bgyp similarly. Showing that f*(Z) X W is in T Zdim x+s—r (X Xp
X, *;m)a is equivalent to showing that f*(Z)NxW isin Tzs_,.(X, *;m),
which we proceed to show for Z € 2"(Y, *)C, W e Tz2Y(X,*;m).

For Z, W integral cycles in 2" (Y, ¥)¢, T2V (X, b; m) respectively, one
easily computes:

dimp £, Y (Z2)Nx WNX x F <5 —r+dimF

for each face F' of B,yp. If moreover Z is in 2"(Y,a)z C 2" (Y, a)c, we
have

dimp £, Y (Z)Nx WNX x Fpp)<s—r+a+b—1
dimy f~1(Z )ﬂX(WﬂXbu]) s—r+a+b—1; j=1,...,b.

The first condition shows that each component of f~'(Z) Nx W has
the correct dimension and is in good position; in particular, the cycle
f*(Z)Nx W is defined. The second shows that f*(Z) x B, intersects
/(0" x (WNX x Fy)) and and the 7/(0° x (WN X x Fy;)) properly
on X x B,.p. This in turn shows that the modulus condition for W
implies the modulus condition for f*(Z) Nx W.
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The condition (0) in case b = 0 trivially implies the induction cond-
tion for f*(Z) Nx W; in general, the inductive condition follows by
induction on b. O

The same proof, ignoring the modulus and inductive conditions,
yields

Lemma 4.8. Fix an integer r > 0. Let W be a finite set of closed
subsets W,, C X x B,, n=1,..., N, such that each W,, is the support
of a cycle in z5(X,n). Let f: X — Y be a smooth morphism. Then
there is a finite set of locally closed subsets C such that the partially
defined map (A, B) — f*(A) Ux B restricts to a well-defined map of
complezes

F1 (=) Ux (=) 27(Y %) @ 23p(X %) — 277 (X ).

Lemma 4.9. Let s, W and f : X — Y be as in lemma 4.7, and let C
be a finite set of locally closed subsets of X given by lemma 4.7. Let C;
be a finite set of locally closed subsets of X containing C.

Fixz an integer v > 0, and let T be a finite set of closed subsets of
Y x B, of the form supp (T},), where T, is in 2" (Y,n)g. Letg:Y — Z
be a smooth morphism in Sm/k. Then there is a ﬁmte set Cy of locally
closed subsets of Z such that for each W € T2V (X, %;m), Z € 25-(Y, %)
and V € 29(Z, )z,

(1) The cyeles g(V) Uy Z, (9 (V) o (F(Z)0x W) and £*(g(V) Uy
Z)Nx W are defined.

(2) (V) Uy Z is in 2977 (Y, %)

(3) (9f) (V) nx (f*(Z) Nx W) and f*(g°(V) Uy Z) Nx W are in
Tz (X, *;m) and

(gf)" (V) nx (f*(Z2) nx W) = f*(g"(V) Uy Z) Nx W.

Proof. Since the groups Tz (X, *;m) and 25 (Y, ) is finitely generated,
it suffices to exhibit a finite set C, satisfying (1)-(3) for each integral
W e T2Y(X, *;m) and integral Z € 25 (Y, *).

leen W € T2V(X,*;m) and integral Z € 25(Y,*), the cycle
f*(Z2) Nx W is in TZS,T(X,*,m). Letting U be the set of intersec-
tions of supp(f*(Z)Nx W) with faces X x F'; we may apply lemma 4.7
to TZ4 (X, *;m) and morphism gf : X — Z, to yield the set Ca(fg),
which is “good” for the intersection (gf)*(V)Nx (f*(Z) Nx W). Simi-
larly, we may apply lemma 4.9 to the set of intersections U’ of supp(Z)
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with faces Y x F' to yield the set C2(g), which is “good” for the inter-
section g*(V) Uy Z.

Let Co = C3(g) U Ca(fg). We claim that all V' € 29(Z, *)g, satisfy
(1)-(3). For this, it suffices to show that for integral V' € 29(Z, *)g,, the
cycle f*(g*(V)Uy Z)Nx W is well-defined (only as a cycle on X x B,, for
appropriate n) and that this cycle is equal to (¢f)*(V)Nx (f*(Z)NxW).
But since f is smooth and the cycle g*(V') Uy Z is defined, so is the
cycle

(V) Uy Z) = (gf)"(V) Ux f(2).
Since the cycle (¢f)*(V)Nx (f*(Z)Nx W) is also defined and all cycles
involved are effective, this implies that ((¢f)*(V)Ux f*(Z)) N f*(2) is
defined. The associativity of cycle intersection implies that

(/)" (V) nx (f(Z2) nx W) = ((0.f)" (V) Ux [7(2)) N [*(2),
completing the proof. O

Theorem 4.10. Let X be a smooth quasi-projective variety over k.

(1) If X is projective, there is a product
Ny : CH"(X,p) ® TCH4(X, ¢;m) — TCH,_.(X,p+ ¢;m),

natural with respect to flat pull-back, and satisfying the projection for-
mula

fo(f"(a) Nx b) = a Ny fi(b)
for f: X —Y a morphism of smooth projective varieties over k. If f
15 a flat morphism, we have in addition the projection formula

felaDx f7(b)) = fula) Ny b
(2) In general, there is a product
Nx : CH"(X) ® TCH4(X, ¢;m) — TCHy_.(X, ¢;m),

natural with respect to flat pull-back, and satisfying the projection for-
mula

fo(f*(a) Nx b) = a Ny fi(b)
for f: X —'Y a projective morphism of smooth quasi-projective vari-
eties over k, and the projection formula

filanx f7(b)) = fula) Ny b
of fis flat.

In addition, all products are associative.
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Proof. The existence of the product in (1) follows from lemma 4.7: the
map
Co&\i}m T2V (X, %;m) — Tzy(X, *;m)

is an isomorphism and by lemma 1.15(1), the inclusion 2"(X, *); —
2"(X, *) is a quasi-isomorphism.

To prove the first projection formula, let I' C X x; Y be the graph
of f. Let Wx be a finite set of closed subsets W, € X x B, as
in the statement of lemma 4.7 and let VW be the finite set of subsets
(idx, f) xidp, (W,,) of X XY x B,,. We apply lemma 4.7 to the smooth
morphism ps : X X Y — Y the set W and the integer s. This gives
us the finite set of locally closed subsets C of Y and a well-defined map
of complexes

() Nx,y P5(—) = 27(Y, %) @T2Y (X X, Y, %;m) — Tz, (X x4 Y, %;m)
Applying lemma 4.8 with s = dimY and W = {I'}, we may add
elements to C so that we have a well-defined map of complexes
P5(=) Nxoy (=) 27(Y, %)e @ 20 (X x4 Y, %) — 2°77(X x4 Y, %)
For Z € 2"(Y, *)g, the cycle f*(Z) is just pr.(I'Np3(Z2)), it follows that
f* gives a well-defined map of complexes
[r 2" (Y, %)z — 27 (X, %).
Similarly, for W € Tz (X, *;m),
FH(Z2) Nx W= pru(pa(Z) Nxx,y (id, f)«(W)),

so we have a well-defined map of complexes
f*(_) Nx <_) : Zr(Yv *)5 ® EZVX (Xa *3 m) - ﬁsfr(Xv *3 m)

The proof of the second projection formula for flat f is similar, and is
left to the reader.

Finally, if Z is an integral cycle such that f*(Z) is defined and W is
an integral cycle such that f*(Z)Nx W is defined, then Z Ny f.(W) is
defined and

L 2)Nx W) = Z 0y fo(W).
Thus sending (Z, W) to Z Ny f.(W) gives a well-defined map of com-
plexes

(=) Ny fu(=) £ 2" (Y 0)g ® T2 (X, %m) — Tz, (Y, %;m).

and f, o (f*(=)Nx (=)) = (=) Ny fu(—). The projection formula thus
follows from lemma 1.15(1).
The proof of the associativity (z; Ux 2z2) Nx w = 23 Ny (22 Nx w)

is proven similarly: Applying lemma 4.9 to the projections X3 2%
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X? 2, X and then using lemma 1.15(1), we see that given classes
21 € CH'(X,a), z € CHY(X,b) and w € TCH,(X,¢;m), we can find
representatives 7, Zy, W such that all intersections Z1Ux Zo, ZoNx W,
7y Nx (Zo Nx W) and (Z; Ux Zs) Nx W are defined, are all in the
appropriate complexes and satisfying

(Zl UX ZQ) ﬂX W — Zl ﬂX (Zg ﬂX W)

as cycles.
The proof of (2) is the same, we just use lemma 1.15(2) instead of
lemma 1.15(1). O

5. THE ADDITIVE CHOW GROUPS OF AN S-MOTIVE

5.1. The action of correspondences. Theorem 4.10 gives us an ac-
tion of correspondences on the groups Tz, (X, x;m).

Definition 5.1. Take XY € Sm/S with Y projective and take o €
Cor"(X xgY) = CH,tgimgx (X X Y). Define

a, : Tzg( X, %;m) — Tzgy (X, %;m)
to be the composition

Tz,(X, *;m) , T2t dimy (X X5 Y, %;m)

A Trgir (X Xg Y, %:m) 25 Tag (X, *;m)

Proposition 5.2. Let S be in Sm/k. For X,Y,Z € Sm/S with Y
and Z projective, and for a € Cor’"(X,Y), B € Cor” (Y, Z), we have

(ﬁoa)*:ﬁ*oa*

as maps from Tzs(Z,%;m) to Tzgy i (X, %;m).

Proof. Relying on our previous results, especially theorem 4.10, the
proof is standard, using repeated application of the functoriality of flat
pull-back, projective pushforward, associativity, compatiblity of pro-
jective push-forward and flat pull-back in transverse cartesian squares
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and the projection formula for a smooth projective morphism:
(Ba)(w) = px? (pxz: (pvz 7" (8) Uxyz pxy” () Nxz px ™ (w))
=pzs (pxze [pv27"(B) Nxvz (pxv™* (@) Nxyz px " (w))])
=z 7 (03277 (8) Nxvz (pxyv " (@) Nxyz px 7 (w)))
= vz (pvzd vz (B) Nxvz (pxy™ (@) Nxyz px” # (w))])
=yt (B0vz [pyzl (3™ (aNxy px" 7 (w)))])
=pxs (B0vz [pv™ (pvs (o Nxy px""(w)))])
= B(au(w)).

The proposition immediately implies
Theorem 5.3. Let GrAb denote the category of graded abelian groups.
For each integer p > 1 assignment
(X,n) — TCH, (X, p;m)
extends to an additive functor
TCH.(p;m) : Mot(S) — GrAb
with
TCH.(p;m)(m(X)(n), a) = o, (TCH, (X, p;m)) C TCH, (X, p;m)).
Corollary 5.4. For each f: X — Y in SmProj/S, there is a well-
defined pull-back map
f*: TCH*(Y, x;m) — TCH*(X, x;m)
with (gf)* = f*g*. If [ is flat, then f* is the same as the flat pull-back.
Finally, the projection formula
fulanx f(0)) = fela) Oy b
is satisfied for a € CH"(X), b € TCH(Y, %;m).
Proof. Let I'y C X xg Y be the graph of f, and let 'T'y C Y xg X be
the transpose, giving the element ['T';] € Cor§™s* =Y (Y] X). Define
* = [T'f].. The functoriality follows from the identity
(T4l o [Tg] = [Tyl
in Corg and proposition 5.2.

The fact that the new definition of f* agrees with the old one for
flat f follows from the identity

(idx, f)«(foa(w)) = [Ts] N p3(w).
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The operations a Nx (—), and f.(a) Ny (—) can be also written as
the action of correspondences, namely dx.(a). and dy.(f.(a))., where
O0x : X = X Xg X and dy : Y — Y Xg Y are the diagonals. Similarly,

fe= [Ff ]*
The projection formula follows from proposition 5.2 and the identity
of correspondences

L] 0 0xs(a) o [Ts] = Oyu(fila)).
O
Remark 5.5. Let X — S be a smooth projective morphism in Sm/k
and let i : Z — X be a closed immersion in Sm/k. Then we have the
identity of operators on TCH* (X, x;m):
oi" = [Z]Nx (=),
where [Z] € CH*(X) denotes the class of Z. This follows from the

projection formula:

(1" (w)) = ix(1z Nz " (w))
(

i* 12) ﬂX w
[Z] ﬂX w.

U

5.2. Projective bundle formula. In this section, we compute the
additive higher Chow groups of the projective bundles over smooth
varieties.

Theorem 5.6. Let X be a smooth quasi-projective variety and let E
be a vector bundle on X of rank r + 1. Let p : P(E) — X be the
associated projective bundle over X. Let n € CHY(P(E)) be the class
of the tautological line bundle O(1). Then for any g,n > 1 and m > 2,
the map

6 éTCHqi(X7 n;m) — TCHY(P(E), n;m)
i=0
given by
(Ag, 5 ap) — Zogigrni Nee) P (a;)
s an isomorphism.
Proof. Write P := P(FE). As is well-known, the correspondences
a; := (idp, p).(n") € Corly(P, X)
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give an isomorphism

in Mot(S).
It is easy to see that
TCH*(x;m)(cw)(a) = ' Ne p*(a),
whence the result. 0
5.3. Blow-up formula. Let i : Z7 — X be a closed immersion in
SmProj/S. Denote the blow-up of X along Z by p: Xz — X. Let

E = p~Y(Z) be the exceptional divisor, giving us the commutative
diagram

E—25 X,
Ql JM
Zi)X

E — Z is the projective space bundle p : P(Nz/x) — Z, where Ny x
is the normal bundle. Applying the functor m : SmProj/S — Mot(S5)
to this square gives us the sequence in Mot (.5)
(m(ig),—m(q)) m(p)+m(i)

(5.1) m(E) ————= m(Xz) @ m(Z) ————— m(X)
Lemma 5.7. The maps (*[T',],0) : m(X) — m(Xz) & m(Z) and
(m(ig), —m(q)) : m(E) — m(Xz) & m(Z) gives an isomorphism

¢:m(E)dm(X)— m(Xz)®m(2)
exhibiting the sequence (5.1) as a split exact sequence in Mot(S).

Proof. One computes that m(u)o (*[I',]) = id(x), hence (*[I',], 0) gives
a splitting to m(u) + m(i). Thus, it suffices to check that ¢ is an
isomorphism.

By Manin’s identity principle, it suffices to check that the map

idr ® ¢ : m(T') @ [m(E) & m(X)] — m(T) ® [m(Xz) & m(Z)]
induces an isomophism
(idr®¢)" : CH(T'x Xz)® CH*(T'x Z) — CH*(T x E) & CH*(T x X)

for all smooth projective T — S. This follows easily from the known
blow-up formula for the Chow groups. ([
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Theorem 5.8. Let i : Z — X be a closed immersion in SmProj/S
and let p : Xz — X be the blow-up of X along Z, ip : E — Xz the
exceptional divisor with morphism q : E — Z. Then the sequences

0 — TCH,(E,n;m) &) TCH,(Z, n;m) & TCH,(X 7, n;m)
Dt TCH,(X,n;m) — 0
and

0 — TCH*(X,n;m) "% TCH*(Z,n;m) ® TCH*(X,;m)

¢ —ig

—— TCH*(E,n;m) — 0
are split exact.

Proof. The result for the second sequence follows by applying the func-
tor TCH(n;m) to the sequence (5.1) and using lemma 5.7. For the
first sequence, we take the dual of the sequence (5.1) and use the same
argument. U

5.4. Additive Chow groups of varieties with group actions. Let
k be a perfect field which may not be algebraically closed. As an
application of our extension of the additive chow groups to a functor on
the category of motives Mot(S) (theorem 5.3), we compute the additive
Chow groups of smooth varieties with group actions, in particular, for
projective homogeneous spaces and Grassmann bundles over smooth
projective varieties, generalising theorem 5.6.

Theorem 5.9. Let X be a smooth projective variety of dimension d
over k equipped with an action of the multiplicative group G,,. Let
{Z;,0 < i < r} be the connected components of the fixed point locus.
Then Z;’s are all smooth projective and one has forn > 0,p > 1 and
m > 1 the formula

(5.2) TCH, (X, p;m) = ®]_yTCH,, (Z;, p;m)

where a; is the dimension of the positive eigenspace of the action of G,,
on the tangent space of X at an arbitrary point z € Z;.

Proof. By a theorem of Bialynicki-Birula [3], generalized by Hesselink
[18] to case of non-algebraically closed fields, the fixed point locus X &=
is smooth, closed subscheme of X with the decomposition into con-
nected components as stated. Furthermore, X has a filtration

X:XTDXT_lD"'DXoDX_lzw
and X;\ X;_; admits the structure of an A%-bundle ¢; : X;\ X;_1 — Z;.



50 AMALENDU KRISHNA, MARC LEVINE

By a result of Karpenko and Chernousov-Gille-Merkurjev [11], the-
orem 7.1, the motive of X has the following decomposition in the cat-
egory Mot (k): m(X) = &l_ym(Z;)(a;), hence

(5.3) m(X)(n) = &_ym(Z;)(n + a;)
The theorem now follows by applying theorem 5.3 (with S = Spec (k))
to the above decomposition. O

Remark 5.10. Theorem 5.9 applies to a smooth projective variety X
which has an action of a k-split reductive group G, by restricting the
action to a given G,, in G. Furthermore, if X is a quasi-homogeneous
space of such a reductive group, then Brosnan [10] has shown that the
components Z;’s are also quasi-homogeneous spaces of much smaller
dimensions and hence their additive Chow groups should be easier to
compute.

Corollary 5.11. Let G be a k-split reductive group and let P be a
parabolic subgroup of G. Then one has forn >0,p>1 and m > 1,

TCH,,(G/P,p;m) = ®, TCH,_ () (k, p;m)

where w runs through the set of cells of G/ P in its Bruhat decomposi-
tion and l(w) is the dimension of the corresponding cell.

Proof. Kock has shown in [21] that in this case one can choose a G,,, C
G so that the varieties Z;’s are just rational points. The result thus
follows directly from theorem 5.9. O

Remark 5.12. Corollary 5.11 shows in particular that the additive Chow
groups of a Grassmann variety has a decomposition in terms of the ad-
ditive Chow groups of the ground field. One can write down the similar
formula for the additive Chow groups of any Grassmann bundle over
a smooth projective variety X in terms of the additive Chow groups
of X because one has the corresponding decomposition in Mot (k) (see

21]).
6. LOGARITHMIC ADDITIVE CHOW GROUPS

The additive Chow groups quite clearly do not satisfy the homotopy
invariance property; for this reason it is difficult to apply the exist-
ing technology to prove either a localization property with respect to
a closed immersion, or a Mayer-Vietoris property for a Zariski open
cover. However, since we have a blow-up exact sequence, we can use
the machinery of Guillén and Navarro Aznar to define “additive Chow
groups with log poles”, at least if we assume k£ admits resolution of
singularities.
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6.1. The extension theorem.

Theorem 6.1. The functor
Tz.(—;m) : SmProj/k — C~(Ab)
extends canonically to a functor
Tz.(—,m) : Dpom(k) — D™ (Ab).
Proof. Since Tz,(—;m) is additive, there is a canonical extension to an
additive functor
Tz.(—;m) : ZSmProj/k — C~(Ab)

Taking the total complex and passing to the homotopy categories gives
the exact functor

Tz,(—;m) : K*(ZSmProj/k) — K~ (Ab)
For each blow-up p : Xz — X in SmProj/k, theorem 5.8 shows that
Tz.(C(1);m) is acyclic. This gives us the desired extension
TCH,(—,m) : Dhom(k) — D~ (Ab).
U

Corollary 6.2. The functor Tz,(—;m) : SmProj/k — C~(Ab) ez-
tends to a functor

T7°%(—;m) : Sch, — D~ (Ab)
satisfying:

1. Let p 'Y — X be a proper morphism in Schy, i : Z — X a
closed immersion. Suppose that p: p= (X \ Z) — X\ Z is an isomor-
phism. Set E := p~Y(X\ Z) with mapsip: E—Y,q: E— Z. There
is a canonical extension of the sequence in D~ (Ab)

T (B m) < TV m) @ ToR(Z3m) 25 T%(X5m)
to a distinguished triangle in D~ (ADb).

2. Leti: Z — X be a closed immersion in Schy, j : U — X the
open complement. Then there is a canonical distinguished triangle in

D~(Ab):
TS (Z5m) 5 T m) L TR, m) — TR ],

r

which is natural with respect to proper morphisms of pairs (X,U) —

(X", 0.
Proof. This follows from theorems 2.9 and 6.1. U
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6.2. The logarithmic additive Chow groups of an extented mo-
tive. For the Borel-Moore motive bm(X)(r) of a finite-type k-scheme
X, we have the associated object Tz°(X;m) in D~ (Ab); sending
(X,7) to TZ°(X;m) in D~(Ab) defines a functor

TZ"°5(—;m) : Sch), x Z — D~ (Ab).
We have as well the functor
bm : Sch), x Z — Mot (k) € DM¥ (k)

which is bm(r) on Schj, x r.
For each n € Z, let TCH'8(—, n;m) be the functor H, (Tz"°(—;m)).

Theorem 6.3. For each n € Z, the functor TCH"8(—,n;m) extends
via bm to

TCHY ¢(—, n;m) : Mot(k)* — Ab
such that the restriction of TCH8(— n;m) to Mot(k) C Mot(k)* is
the functor TCH(—,n;m)

Proof. Since Mot(k) is the full pseudo-abelian subcategory of DM (k)
generated by the objects bm(X)(r) with X € Schy, it suffices to define
an action of higher correspondences o € Hom(bm/(X)(r), bm(Y)(s)[al),

a, : TCH8(X, n;m) — TCH5(Y, n 4 a;m)

agreeing with the action already defined for X, Y € SmProj/k, a =0,
and satisfying the functoriality

(Boa), = fxo .

The construction is essentially the same as for Mot(k). Take X € Schy.
Then there is a cubical object X, of SmProj /k such that the image
under C®(m(r)) of the total complex of X, in C*(ZSmProj/k) is a
representative for bm(X)(r) € DM”(k). In other words, the finite
diagram (K™, fmtbm) with

K™ = @ -1-m(X1,7)

and fmtbm . Km — K™ the map induced by the graphs of the
morphisms f7; : X; — Xy with |I| = |J| + 1 represents bm(X)(r).
Note that
f[“]* . TZT(XD *; m) — TZT(XJ, *] m)

is well-defined for every I, J, yielding the double complex Tz( K™, x;m)
with second differential given by the maps f; .. The total complex
Tot(Tz(K*, *;m)) is thus by definition a representative in C~(Ab) for
TZz8 (X, ;m).
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Taking a second scheme Y € Schy, we have a choice of cubical object
Y,, giving us the finite diagram L = (L™, g™+%™) and the identification
of Tz°8(X, x;m) with Tot(Tz(L*, ;m)).

Choose an element [z] € H,(Tot(Tz(K*, *;m))). We may represent
[z] by some = € Z,(Tot(Tz(K*, x;m))), i.e., a collection of cycles z; €
Tz, (X7, n — |I|;m) Letting W} be the set of all irreducible components
of all cycles involved in x;, we have for each I the cubical subset WI
generated by W;. We enlarge this by adding all the images of the W,
for all compositions of maps X; — ... — X; involved in the diagram
K*, giving the finitely generated sub double complex Tz" (K*, *;m) of
Tz(K*, *;m).

Applying lemma 4.9, we may construct highly distinguished subcom-
plexes C*(K™,L™) C C*(K™,L") such that the associated internal
Hom complex Hom(K, L)" is defined, and that the action of correspon-
dences for the individual schemes X; x Y; give rise to a well-defined
action

(=)u(=) : Hom(K, L)' @ Tot(T2"V(K*, +;m)) — Tot(Tz(L*, x;m)).

For a given a € Hom(K, L[n]) = Hom(bm(X)(r),bm(Y)(s)[n]), we
define a,([z]) by

a.([z]) = au(z)

where & € Z*(Hom(K, L)) is a representative for a.

The argument we used to show that the composition law in DM# (k)
is well-defined and associative also shows that . ([z]) is well-defined,
independent of the choices we have made for representing elements and
highly distinguished subcomplexes, and that we have the functoriality

Bulan([a])) = (Ba).([x]),

for 8 € Hom(bm(Y')(s), bm(Z)(t)[b]), once we are given a cubical object
Z, of SmProj/k for Z, yielding the resulting finite diagram (L, h**)
representing bm(Z)(t).

Since different choices of cubical objects X,, Y, representing X and
Y give rise to isomorphic objects in DM* (k), the functoriality we have
already proved shows that the map «, is also independent of these
choices. B

In case X and Y are in SmProj/k, we may take the X, = X,
Y, =Y, sothat K = (X,r), L = (Y, s) and we are back to our original
definition of the action of the correspondence a € Cor®*™"(X,Y). O
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For X € Sch; equi-dimensional over k, set TCHy, (X, n;m) =
TCHE%HX_S(X,n;m) and extend this notation to X locally equi-di-
mensional by taking the direct sum over the connected components of

X.

Corollary 6.4. Sending X € Sm/k to TCHy,,(X,n;m) extends to a
functor

TCHy,(—,n;m) : Sm/k? — Ab.
In addition, if j : U — X is an open immersion in Sm/k, the map

TCHigOg(j’ s m) - TCH, (X> n; m) - TCHfog(U, n; m)

log

agrees with the map 7% from corollary 6.2.

Proof. The existence of the functor TCHy,,(—,n;m) follows from the-
orems 2.20 and 6.3.

For the assertion on the open immersion 5 : U — X, the result
follows essentially from the definitions in case the complement of U in X
is a strict normal crossing divisor. In general, temporarily write [j]* for
the map in the distinguished triangle of corollary 6.2. Let pu: X' — X
be a projective birational morphism which is an isomorphism over U
such that the induced open immersion j' : U — X' case strict normal
crossing complement. p, induces the map of distinguished triangles

AN

(X \ U) s bn(X7) s bn(U) —— bm( X'\ U)[1]

//'*J( P«*J/ H*[l}l

bm(X \ U) Tbm(X) T bm(U) —— bm(X \ U)[1]

ie j* = [j]* o ps. One easily calculates that p.p* = idyy,x) and
J™* = j* o ., hence [j]* = j*. U

6.3. Codimension one. We conclude this section with a computation
of TCHllOg (X, 1;m) for X smooth and quasi-projective over k; we thank
K. Riilling for suggesting that we make this computation. We continue
to assume that k& admits resolution of singularities.

Proposition 6.5. Suppose that p : X — Speck is geometrically irre-
ducible of dimension d over k. Then the pull-back map

p* : TCH!(Spec k, n; m) = TCHo(Spec k, n;m) — TCHY2(X, n; m)

s an isomorphism for all n,m > 1.
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Proof. Let j : X — X be an open immersion to a smooth projective
geometrically irreducible X over k£, with complement ¢ : Z — X. We
have the localization distinguished triangle

T (Zim) = Tog*(Xim) = Tof*(X:m) — Tog*(Zim)[1]
from corollary 6.2. Since X is projective, we have
TZ®(X;m) = Tzg(X;m)
and similarly for Z. Since d > dimyZ, the complex Tzg(Z;m) is the 0
complex and thus the map j* is a quasi-isomorphism. This reduces us
to the case of projective X.

Let W C X x B, be a generator in Tz,(X,n;m). In particular, W
is a codimension one integral closed subscheme of X x Al x ("7, with

WNXx0xO 1=

Since X is projective, the projection W of W to B, is closed and
disjoint from 0 x [0"~!. Also, W is irreducible; since X is geometrically
irreducible over k, X x W is irreducible. By reason of codimension, we
therefore have
W = pg, (W),

and thus

p* : Tzo(Speck, x;m) — Tzy( X, *;m)
is an isomorphism of complexes. Since
Tz2(X, %;m) = Tzg(X, *;m), Tzg®(Speck, *;m) = Tzo(Spec k, *;m)
the proof is complete. U

Remark 6.6. Using localization as above, if X has irreducible compo-
nents Xi,...,X,, such that Xy,..., X, all have maximal dimension d
and X,,11,..., X, have dimension < d, and if k; is the field of constants
in k(X;), then
TCHY#(X,n;m) = @, TCHy(Spec k;, n; m).

Combining this with Riilling’s result [29] that TCH" (Spec k, n;m) =

W,, Q1! gives the isomorphism
TCHY®(X, 1;m) =2 @ W, (k;).
In particular, if X is smooth and geometrically irreducible over k, then
TCHy, (X, 1;m) = W,,(k).

log
Park has made an analog of the Beilinson-Soulé vanishing conjec-
tures for the groups TCH?(Speck,p;m); for ¢ = 1, these say that
TCH'(Speck,p;m) =0 for p # 1. O
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7. ADDITIVE CHOW GROUPS OF 1-CYCLES ON FIELDS

The additive Chow groups of 0-cycles on a field & were studied by
Bloch-Esnault [8] (for modulus m = 1) and Riilling [29] (for general
modulus m). Their main results are the construction of natural regu-
lator maps

(7.1) Ry, : TCH"(k,n;m) — W, Qp .

forn > 1 and m > 1 (the case m = 1 is due to Bloch-Esnault),
which they show are isomorphisms. Here the groups on the right are
the homology of the generalized deRham-Witt complex of Hasselholt-
Madsen and Q7' := QZle are absolute differentials of k.

In particular, for n > 1 and m > 1, there is a natural surjection

(7.2) TCH"(k,n;m) — Q.

These results motivate one to look for existence of such nontrivial reg-
ulator maps on the additive Chow groups of higher dimensional cycles
for a field. If the field k& has characteristic zero, Park [27], main theo-
rem, has constructed regulator maps for n > 1 and m > 1,

(7.3) Tz (k,n;m) — Q2
which induces the natural maps
(7.4) R}, : TCH" ' (k,n;m) — Qp°.

He has shown in [28], theorem 1.12, that this regulator map is nontrivial
for n = 3.

As an application of theorem 4.10, we prove in this section the fol-
lowing strengthening of the result of Park:

Theorem 7.1. Let k be an algebraically closed field of characteristic
zero. Then for n > 1 and m > 1, the regulator map

Lt TCH" (K, nym) — Qp 2

15 surjective. In particular, all the additive Chow groups of 1-cycles on
k are nontrivial for n > 3.

Remark 7.2. In view of the known calculations of relative K-theory
of nilpotent ideals and the expectation that the additive Chow groups
would compute these relative K-groups, it is conjectured that the reg-
ulator maps RY, should be isomorphisms. In that context, the above
result gives some evidence for the conjecture. U

The proof of this theorem will be given after we establish some other
preliminary results. In this section, we will assume our field £ to have
characteristic zero Recall the notation from section 3.2: for n > 1, we
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have B, = A", B, = A'x ()"~ 5 B, and B, = P'x (P')"! 5
B,,.
The group of units k£* acts on B,, by

xT
a * ($7t17"' atn—l) - (a7t17"' atn—l)

This action clearly extends to an action of k* on B, and B\n by the
same formula, where now z could take value co. It is easy to check that
k* acts on the groups Tz, (k, n; m) such that all the boundary maps are
k*-equivariant. In particular, the additive Chow groups are equipped
with k*-action.

For an irreducible curve C' C B, such that [C] € Tz" ' (k,n;m), let

C and C be the closures of C'in B,, and B, respectively. Let
p: En — P!

be the projection map. For a € k*, let o, denote the multiplication by
a on P'. We denote the induced action on B, also by o,. We let k*
act on k by multiplication.

—

Lemma 7.3. For any a € k*, one has 0,(C) = aa(a) andp’l(O)ﬂa =

~

pH0) N, (C).

Proof. Let o, : B\n — Bn be the multiplication map. This map is

~

clearly closed which gives 0,(C) C 0,(C). To show the other inclusion,
let 2z € 04(C) and let y € C such that z = o,(y). Let U be an open
neighborhood of z and put V = ¢, (U). Then V N C # () which gives
0,(C)NV # (). This proves the first part. The second part is immediate

from the description of the action. O

Fix integers n > 1,m > 1 and let C' C B,, be an irreducible curve
such that [C] € Tz" '(k,n;m). Recall that the modulus condition for
additive cycle [C] (see section 3) is equivalent to the following: for each

closed point P € p~!(¢ = 0) on the normalization C, there is an index
1,1 <4 <n —1 such that
(7.5) ordp (p*(F,%Z) — (m+ 1)p*(Fn70)) >0

In such a case, we write (C, P) € M™(t;).
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~

Fix a € k* and let C, denote o,(C). We similarly denote o,(C) by
C,. Consider the diagram

92‘

N
<;Q>

N

ONH@%EH

where o2 . CON — CN is the map induced by o, on the normalizations.
Let

pa:CN = B,
be the composition of the bottom arrows in the above diagram.
Let {Py,---,P.} == p~*(t = 0). Then by lemma 7.3, p,”*(t = 0) =
{Qh T 7@7"}7 where Qz = UéV<PZ)
Lemma 7.4. For eachi=1,--- ,r, and j=1,--- ,n—1, (C,P) €
M™(t;) if and only if (C,, Q;) € M™(1;).

Proof. Let ¢ : F,; — B, be the inclusion. We have the cartesian
diagram

from which it follows that

o0 10 (Fyy) = pa(Fy)

a

is an isomorphism. Similarly,
O_(Jl\/' : p*(Fn,O) - pZ(Fn,O)
is an isomorphism, from which the lemma follows directly. U

We recall from [27] the rational absolute Kéhler differential (n — 1)-
forms wp, €T (Bnﬂ, il (logFo)(+{e = 0}>>

W L—tidt A Gt
R ZE AL AL
1,m mt+l to tn
1—¢dt dt, dt dt;_
. L SN LN =S P )
’ ™t 2 1 i1
n 1 —tn dtl dtn—l
w A A
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We shall denote these forms simply by w; when n and m are fixed. For
the definition of residue of a meromorphic form at a closed point of a
nonsingular curve used here, we refer the reader to [27].

We also recall here the definition of the regulator maps RY,,; we
refer the reader to [27], section 3, for details. For cycle of the form

[C] € Tz"*(k,n;m) where C' C B, is an irreducible curve, we have
(7.6) R (Ch= >, R, (CP)
PeSupp(p*{z=0})

where
(7.7) Ry, (C,P) = (=) resp (p*(wy)) if (C, P) € M™(t))

for 1 < 1 < n — 1; this definition extends to Tz" '(k,n;m) by Z-
linearity.

The following result, which explains how the residues behave with
respect to the action of £* on a smooth curve, will be one of our main
tools to prove theorem 7.1.

Proposition 7.5. Assume n = 3. Then for any i =1,--- ,r, we have
for (C, B) € M™(t;),

1
resp, (p*(wy)) = e g} (pi(wy)) forl=1,2.

Proof. We give the prooof for wy; the other cases are identical. We
can work locally in order to compute the residue at a given point;
take A! := P!\ {oo}, with 0 € A' corresponding to 1 € P'. Let
A = Ek[z,t1,t2) X = A' x (A')? = Spec (A). Then the action of a € k*
translates to the k-algebra automorphism f : A — A given by f(z) =
cflx, f(t1> =1y, f(tg) = 9.

Let P = p(P;) = (0, a1, ). Then 0,(P) = P. Let Ox p be the local
ring of X at P. We obtain a commutative diagram of complete local
rings.

o ha ————

bl
Ox.p —57 Ocv p,
Observe that the vertical maps are isomorphisms. Then

(7.8) resq, (pa"wr) = resq, (ha(wr))
=resp, (¢ o h, (w1)) = resp, (h o f(w1)> :
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Choose a parameter ¢t := tp of the local ring at P, and use the

parameter ig, := ¢*1(t) in O/@BZ There are power series
#(t). (1), 1a(t) € O 5, = k(P)|t]
with h(x) = x(t), etc. Since f(t;) = t; and f(z) = a~ 'z, we have
ho f(z) =atz(t), ho f(ty) = t1(t), ho f(ty) = ta(2).
Thus, using the explicit description of wy, we have

g;gg@)_l—wmwam@»
ety ) ()™ t(t)

pwi) =p° (

Also

ho Flon =ho f (i 32

rmtl t2

1= ho ity 4(he/(®)
(ho fz)y™+ ko f(t)
1= 4(t) d(t0)

T (o)™ (1)

m+1 p* (Wl)

It follows directly from the definition of residue that resp, is k-linear.
Thus

resp.(ho f (wi)) = a™ resp, (p*(wr)).
This together with (7.8) completes the proof. O
Corollary 7.6. Consider the requlator map
R}, : TCH?*(k,3;m) — k
Then for each o € TCH?(k,3;m) and a € K*

L3

R}, (axa)= WRLm(Oé)

Proof. Since the regulator map is Z-linear, it suffices to show that the
above equality holds when « represents the class of an irreducible curve
C' C Bs. But in that case we have from (7.6)

R (ax[C)) = R (axC.Q)=>" R, (CorQ)
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Now for a given 4,1 < i < r, we have by lemma 7.4, (C,-1,Q;) €
M™(t) < (C, P;) € M™(t;). Applying proposition 7.5 in (7.7), we get
R}, (Cor,Qi) = (1) 'resq, (pf-i(wr))
= (a )™ (=1)"resp, (p*(w)))
— R, (C.P)
Summing over ¢ gives the result. O

The following is the case n = 3 of theorem 7.1.

Corollary 7.7. If k is algebraically closed, then RS is surjective.

1,m

Proof. By Park [28], there exists a € TCH?(k, 3;m) such that
Ripn(@) =3 #0
in k. Fix any 0 # y € k. k = k implies there are z, 3’ € k such that
2" = yoand ()™ = 7' Put @ = 2. Then a € k* and by
corollary 7.6,
R}, (@' xa) =a™g = (z8)"""3=ys7' B =y.

3

Since 0 is clearly in the image of Ry,

we see that R} is surjective. [

Let k be as before an arbitrary field of characteristic zero. Recall
that by theorem 4.3 we have the product

X : 2" (k, %) ® Tz*(k, %;m) — Tz *(k, %;m)

induced by the external product. By theorem 4.10, the map X induces
the natural map

(7.9) p: CH™(k,n) @ TCH?(k,n;m) — TCH""(k,n + 3;m)

For any n > 1, a cycle in 2"(k, n) is a Z-linear combination of closed
points b = (by,--- ,b,) € 0", with each b; in O — {0,00}. For a curve
C € Bs, we denote by C? the curve in B,3 & Bs x [I" given by the
product C' x b. We thus have

(7.10) p((Cl@ b)) = [C"]

Lemma 7.8. Let [C] € Tz*(k,3;m) be the cycle defined by an irre-
ducible curve C' C Bs and let b = (by,--- ,b,) € O"(k) be a k-point
defining a cycle in 2" (k,n). Then

Ry ([CY) =

>  RL(CP+(-D" > R,(CP) -/\db—’:i.

(C,P)yeM™(t1) (C,P)eM™(tz) i=1
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Proof. 1t is immediate that Cb = C x b and (@)N = CN x b. Let
p:CN = By pP: (CY = By

denote the maps on the normalizations, and for P € p~!({z = 0}), set

P’ := P x b. Then

(i) (") (= 0}) =p~(fz = 0}) xb.

(ii) for I =1,2,VP € p~'({z = 0}):

(C, P) € M™(t;) & (C?, PY) € M™(t,).

(12) for 1 > 3,YP € p~'({x = 0}): p(P’) ¢ F\ ;.

Thus

RI(C) = ). RP(CQ)
Qe(pb)~1({z=0})

- Y RPBEQ+ Y RE(CQ)

(C,P)eM™(t1) (C,Q)eM™ (t2)

Y, Y RHCQ)

23 (C*Q)eM™ (1)
Note that the second equality holds because if
(C*,Q) € M™(t;) N M™(tr)

for some @ € (p*) 7' ({x = 0}), and for some [ # I, then R}? (C?, Q) =
0 (see [27], lemma 3.2).
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Using (i), (i) and (ii) above, this gives

RES(C) = > R(CQ+ Y RELIC,Q)

(Ct.Q)eM™ (t1) (C,Q)eM™ (t2)

= > RECELPY+ > R (ChP)
(C,PYeM™(t1) (C,P)eM™(t2)
n+2

1—# dt;
S
(C,P)eM™(t1) j=2
1—t, "at; dt
- E resps —HZ . —I A=
xm tj tl
(C,PYEM™ (L2)

Z 1—t; dity

= reSp——— - —

P xm+l t2
(C,P)eM™(t1)

1 —tydt A db;
n+1 244 J
+ (—1) Z (reSP—me ?) : /\ E

(C,PYeM™(t2) Jj=1

A db;

(C,P)eM™ (1) =1

EIS Rim(c,p)./\db_ij

(C,P)eMm™(tz) Jj=1

This completes the proof of the lemma. O

Corollary 7.9. If n is even, then

RIS (a0 ® ) = RS (0) - A\ dbi

J=1

Next we recall some explicit 1-cycles in Tz*(k, 3;m) constructed by
Park [28]. Let a,aq,aq, € k,b,by,by € k*. Let T'y, Ty, C’falm)’b, C’g’(bl’bQ)
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be parametrized 1-cycles in Tz*(k, 3;m) defined as follows:

{(t,%,b) |t€]€} if CL16L2((I1+CL2)7£O

ai,as),b
Cl™ M = S 1— 20|t € AL} fa=a = —as #0
0 if aias = 0
Ca(brbe) _ {(l t, b;t_—bfg?) | te A}f} if a#0

)
|

{o e if a =0
F1:{<t,t,%>|te,&}€}

t t2 .
[y = tl+el-% |t € A,

Let T) = Ty + C/2Y22 4nq

FQ _ FQ + C£71/2,1/2),2/3 + 301(71/3,71/3),71 - 0571/6,71/6),2

_O{—I/G,—1/3),Q . C{—1/2,1/2),2 + C£1/2’1/2)72
+C;1/6,(4,72) . 051/6,(72,72) + 021/2,(2/3,3/2)
_302—1/6,(27—1) . 302—1/3,(—1,—1) + 02—1/27(4/3,3/2)

Define the cycle I' by
(711) I':.= Fl - FQ
Lemma 7.10. For each b = (by, -+ ,b,) € (O\{0,00})"(k) and a €

k*, we have

A db;
Ry (n(axT @) = (=1)"RY,, (axT)- N\ 5 €%
j=1 7
Proof. Tt is enough to show that the above formula holds for a cycle
of the form [C] € {Fl, Ty, Cle2)b Cg’(bl’bQ)}. We do it separately for

each cycle in this set.

(i) [C] = Ty : By Park [28], lemma 1.9, for each p € p~'({z = 0}),
(C, P) is in M™(t3) and hence by lemma 7.4 and lemma 7.8, we see
immediately that the formula holds for I';.
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(17) [C] = T'g : In this case again by Park [28], lemma 1.10, for each
pept({x=0}), (C,P)isin M™(ty) and hence the formula follows.

(i) [C] = C""*) . In this case, we apply lemma 1.7 of Park to

see that for each p € p~'({z = 0}), (C, P) is in M™(¢;). Hence the

second sum in lemma 7.8 is zero which in particular means that the

first sum is same as R?,, (a * [C]). Thus applying lemma 7.8 again, we
get

n+3 3 A db;

Ry (n(ax [Cl@ b)) = Ry, (ax [C]) - [\~

j=1"

So enough to show that the right hand term is zero. However, in this

case we have R} (a*[C]) = =R}, ([C]) by corollary 7.6. But it is

easy to see that R}  ([C]) = 0 since p*(dt;) = db = 0.

() [C] = Coeb2) Iy this case again we have by lemma 1.7 of
Park, for each p € p~!({z = 0}), (C,P) is in M™(t3). We apply
lemma 7.4 and lemma 7.8 again to conclude that the formula holds for
in this case. U

Lemma 7.11. Let k be a field of characteristic different from 2. Then
there are surjective k-linear maps

k@2 T(k") — kg [\ (k*) - k@, KM (k) - O

where the T'(k*) and \(k*) denote the tensor and exterior algebras of
k* and KM (k) is the Milnor k-theory ring of k. The composite map is
given 1n degree n by

a®(bl®---®bn)HaA% e,
j=1 "7
Proof. The exterior algebra of k* is the quotient of the tensor algebra
by the homogeneous two-sided ideal I generated by degree two elements
{b®blb € k*}. Let I’ be the homogeneous two-sided ideal generated
by degree two elements {b; ® by + by ® by|by, by € k*}. It is clear that
I' C I. However, since the characteristic of k is different from 2, it is
easy to check that k®z(I/I'") = 0. This shows that k®zA\(k*) is the
quotient of the k-algebra k®zT'(k*) by the homogeneous ideal I.

It is known [26] that the Milnor K-theory ring of k is the quotient
of the tensor algebra of k* by the homogeneous two-sided ideal J gen-
erated by degree two elements {b® (1 — b)|b,1 — b € k*}. Thus to get
the middle map of the lemma, it suffices to show that I C J. For this,
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it is enough to show that the images of the degree two generators of I
under the quotient map 7 : T'(k*) — KM (k) are all zero. But we have

T(bl X bg + bQ X bl) = {bl, bz} -+ {bg,bl} =0

in KM (k) by [26], lemma 3.2(b).
By [7], lemma 4.1, there is a surjective map of k-vector spaces

n: k@zT (k") — Q
which is given in degree n by

A

Ma® (@@ b)) =a\T
J

j=i

To show that this factors through k @ KM (k), it suffices to show that
n(k® J)=0. A generator of k® J is of the form a ® (b® (1 — b)) and
one has

n(a® (b (1—b))) :b(%b)db/\d(l—b)

a

b(1—b)

(db A db) = 0.

O
We shall also denote the induced map k£ ®@ KM (k) — Qf by n. Now

we go back to the situation of k£ being of characteristic zero. Let I' €
TCH?(k, 3;m) be the class of the cycle defined in (7.11).

Proposition 7.12. Forn > 0, there are maps

CH"(k,n)®;TCH?(k, 3; m) “— TCH"*2(k,n + 3;m)

jsm JR;;?

KM(k)@zk ! 0

such that for a € k* and 6 € CH™(k,n), one has
Ryt op(axT ®6) = (=1)"no Sy, (axT'®4).

Proof. The map j comes from theorem 4.10 (part 1). ST, is defined by
St = ¢" ® R}, where ¢" : CH"(k,n) — K}(k) is the Nesterenko-

Suslin-Totaro isomorphism [26]. We can write 6 = >0 b — 377 ¢/
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where b, ¢/ € (O\ {0,00})". Then
RifPop(axT®6) =Y Ritiopu(axT @)
- ZR’”?’ (axT @)

R " b

=1 !

dc]
ZR (axT) /\
1
(by lemma 7.10)

ZR (axT)¢"([b'])
D™ R}, (axT)¢"([¢])
"R, (a%T) {Z¢” () —Z¢”([df])}
"Ry, (a+ ) (n (1® ¢"(6)))

)
)"R
1y n{R (a+T) © 6(9))
1)"noSt,, (axT'®0)

(=
(=
(=
(=

O
—~2
Corollary 7.13. Let TCH (k,3;m) < TCH?*(k,3,m) be the Z[k*]-
submodule generated by I'. Then for each element o in CH"(k,n) ®
—~2
TCH (k,3;m), one has
R, o p(a) = (=1)"n0 87, (a).

Proof. This follows from proposition 7.12 since elements of C H"(k, n)®
—~2
TCH (k,3;m) are Z-linear combinations of elements of the type a*I"'®
] with a € k*. O

Proof of theorem 7.1. For n < 2, the theorem is obvious as the term
on the right is zero. Thus it is enough to show that Rﬁf is surjective
for n > 0.

Let

L CH"(k,n) @ TCH (k, 3:m) — CH"(k,n) ® TCH?(k, 3 m)

be the natural map. It is enough to show that R”+3 o Lo is surjective.
7 is surjective by lemma 7.11. ¢™ is isomorph1sm for all n > 0 by [26].
By [28], proposition 1.11, R} (T') # 0. Now since k = k, we repeat
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the argument of the proof of corollary 7.7 to see that the map
——2
R}, : TCH (k,3;m) — k

is surjective. Combining these implies that 7o ST, o is surjective. We

now apply corollary 7.13 to show (—1)"RyH?

Lo 0o is surjective. In
particular,

Qp C Image(R{ 2 o o).
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