THE BLOCH-KATO CONJECTURE AND A THEOREM OF
SUSLIN-VOEVODSKY

THOMAS GEISSER AND MARC LEVINE

ABSTRACT. We give a new proof of the theorem of Suslin-Voevodsky which
shows that the Bloch-Kato conjecture implies a portion of the Beilinson-
Lichtenbaum conjectures. Our proof does not rely on resolution of singularities,
and thereby extends the Suslin-Voevodsky theorem to positive characteristic.

1. INTRODUCTION

The purpose of this paper is to give an alternate proof of the main result of
[25] along the lines of [13]. Our proof does not rely on resolution of singularities,
hence extends the results of [25] to varieties over fields of arbitrary characteristic.
The new ingredient which enables us to apply the techniques of [13] to motivic
cohomology is the surjectivity result of [8, Corollary 4.4].

Let I be a field, ¢ > 0 an integer, and m > 1 an integer prime to the character-
istic of F. We have the Milnor K-group KM (F), and the Galois symbol

(L1) Do+ KM (F)/m — HE(F, u29).

The Bloch-Kato conjecture [3] asserts that the map ¥, r is an isomorphism for all
F, ¢ and m. For ¢ = 1, this follows from the definition of ¥; r via the Kummer
sequence, and is the theorem of Merkurjev-Suslin [18] for ¢ = 2. For m a power of
2, the Bloch-Kato conjecture for arbitrary ¢ and F' has been proven by Voevodsky
28]

Let X be a localization of a smooth scheme of finite type over k; we call such
a scheme essentially smooth over k. We use Bloch’s higher Chow groups as our
definition of motivic cohomology H?(X,Z(q)) for essentially smooth k-schemes X.
We sheafify Bloch’s cycle complexes to define the weight ¢ motivic complez T x (q),
as a complex of Zariski sheaves on X.

Let m be prime to the characteristic of k, let X be essentially smooth over k,
and let € : Xg — Xyza be the change of topology map. We construct a natural
cycle class map (in the derived category of Zariski sheaves)

(1.2) c®:Tx(a) ®" Z/m — T<oRe. (u2%).
Our main result is

Theorem 1.1. Let k be a field, and let m be an integer prime to the characteristic
of k. Suppose that the maps Vg : KéW(F)/m — HI (F,pu39) are surjective for
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all finitely generated field extensions F' of k. Then the cycle class map (1.2) is an
isomorphism for all essentially smooth X over k and all a with 0 < a < q.

As one consequence, we have

Corollary 1.2. Let k be a field, and let m be an integer prime to the characteristic
of k. Suppose that the maps g, p : K)(F)/m — HZ (F, u$) are surjective for all
finitely generated field extensions F' of k. Let X be essentially smooth over k. Then
the cycle class map (1.2) induces an isomorphism

oA : HP(X, 7 /m(q)) — HE, (X, u59)
for all p < q, and an injection for p=q+ 1.

The conclusion of Theorem 1.1 is a part of the Beilinson-Lichtenbaum conjectures
(see e.g. [16]).

Using Voevodsky’s verification of the Bloch-Kato conjecture for m a power of
2 (loc. cit.), we may apply Theorem 1.1 to extend the consequences of [28] to
characteristic p > 0:

Corollary 1.3. For m = 2, the cycle class map (1.2) is an isomorphism for all
X essentially smooth over k.

Similarly, the Merkurjev-Suslin theorem (loc. cit.) gives as in [25]:

Corollary 1.4. Let k be a field, and let m be prime to char k. Then the cycle class
map (1.2) is an isomorphism for all a, 0 < a < 2, and all X essentially smooth
over k.

We also consider the étale sheafification I'x (¢)e; of I'x (¢). The results of Suslin-
Voevodsky [24] on the Suslin homology of varieties over an algebraically closed field
give us the following unconditional result:

Theorem 1.5. Let k be a field, and let m be an integer prime to chark. Let X be
essentially smooth over k. Then the étale cycle class map

oIt T (@)as @ Zfm — 30
is an isomorphism in D~ (Sh(Xe)) for all ¢ > 0.

With the aid of this result, one can reformulate Theorem 1.1 entirely in terms
of I'x(¢) and T'x(q)et, giving the equivalent result which avoid the use of the cycle
class map.

Theorem 1.6. Let k be a field, and let m be an integer prime to chark. Sup-
pose that the maps Og p : Ké”(F)/m — H(F, p2%) are surjective for all finitely
generated field extensions F of k. Then the natural map

tx : T'x(a) QL Z/m — T<qRe.Tx(a)st
is an isomorphism for 0 < a < q and for all X essentially smooth over k.

An outline of the paper is as follows: In §2 we recall the definition of the primary
object of study, Bloch’s cycle complex, and describe its fundamental properties.
We also extend the definition of the cycle complex to the relative situation, and to
normal crossing schemes. In §3, we give a definition of the cycle class map from
motivic cohomology to étale cohomology, and we show in §4 that this defines a
natural transformation of cohomology theories, compatible with Gysin sequences
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and products. These two sections are fairly technical, and could be skipped on
the first reading. The main argument for the proof of Theorem 1.1 occurs in §5-
§7. In §5, we introduce the semi-local n-cube, the relative motivic cohomology of
which provides the dimension shifting which enables us to move from H9(Z/m(q))
to HP(Z/m(q)) for p < q. The heart of this dimension shifting argument is given in
§6 and §7. We prove Theorem 1.5 and show that Theorem 1.1 and Theorem 1.6 are
equivalent at the end of §4. We have included an appendix on products for Bloch’s
cycle complexes, which fills a gap in the construction of products given in [1].

We are indebted to B. Kahn for pointing out how to use Lemma 7.3 to remove
some unnecessary hypotheses from an earlier version of Theorem 1.1. We would
also like to thank the referee and the editor for making a number of useful comments
and suggestions.

2. PRELIMIARIES

We set up some notations and conventions, and recall some of the notations and
results from [8] for the reader’s convenience. We fix a field k.

2.1. Conventions. We will have occasion to work with both complexes for which
the differential has degree —1 (homological complexes) and those for which the
differential has degree +1 (cohomological complexes). Rather than work with two
equivalent derived categories, we will always work in the derived category formed
from cohomological complexes. If A, is a homological complex, the associated
cohomological object will be the cohomological complex A* with A™ := A_,,, and
with d" := d_,,. Similarly, we will give the category of homological complexes the
translation structure which is compatible with that of the derived category, i.e., if
(A,,d?) is a homological complex, then (A[1],d4) is the complex with
All], = A,_y, dAM = g4 |
We will sometimes abuse notation by saying that a sequence of complexes
S:=[AL B =N C]

gives a distinguished triangle if the image of S in the derived category has an
extension to a distinguished triangle in some standard way. For instance, if S is
degree-wise exact, with i degree-wise injective and j degree-wise surjective, then
the canonical map cone(i) — C' is a quasi-isomorphism, hence S defines a canonical
distinguished triangle.

We let [n] denote the ordered set {0,... ,n}, with the standard order, and let A
denote the category with objects the sets [n], n =0,1,..., and with morphisms the
order-preserving maps. For a simplicial abelian group A : A°® — Ab, we view the
associated chain complex as a cohomological complex A* in negative degrees, i.e.,

A" = A(]—n]), with differential the usual alternating sum. Similarly, for a simplicial
object A : A°® — C(Ab), we have the double complex A**, with A%* = A%([-b]).

2.2. Cycle complexes. Let A™ be the affine space
n
A" :=Specklto, ... ,tn]/ Y ti— 1.
i=0

A subscheme of A™ defined by equations of the form ¢;, = ... =t; = 0 is called
a face of A™ (we consider A" a face of A™ as well). The vertices v} of A™ are the
faces t; = 0, j # ¢. For a map g : [n] — [m] in A, we have the map of schemes
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g : A" — A™ defined by taking the affine-linear extension of the map of vertices
vjt = v;’éi); via these maps, sending n to A™ extends to form a cosimplicial scheme
A*.

Let X be a finite type k-scheme, locally equi-dimensional over k. We let z29(X)
denote the group of codimension ¢ algebraic cycles on X. Bloch [1] has defined
the cycle complex z9(X, *), with 2z9(X,p) the subgroup of the group z7(X x A™)
generated by codimension g subvarieties W of X x AP such that, for each face F'
of AP, W N X x F has codimension > g on X x F. For each order-preserving map
g : [n] — [m], and each W € 2%(X,m), the pull-back (id x ¢)*(W) via the induced
map id X g : X x A" — X x A™ is defined and is in 2%(X,n). Thus, sending
m to z4(X,m) gives rise to a simplicial abelian group, and z9(X, *) is defined as
the associated chain complex. The higher Chow groups of X, CHY(X,p), are then
defined as the homology

CHY(X,p) := Hp(21(X, %)).

In fact, the definition given in [1] requires X to be quasi-projective, but this is
not necessary. More generally, if X is the localization of a locally equi-dimensional
finite type k-scheme Y, then define

29(X, %) = lim 29U, %),
XcUcy
where the limit is over open subschemes U of Y. It is easy to see that z?7(X, )
is independent of the choice of Y. We set as above CHY(X,p) := Hp(24(X, *)).
In particular, all the notions described above make sense for a k-scheme X’ of the
form Spec(Ox ), where Ox , is the local ring of a smooth quasi-projective variety
X at a finite set v of closed subvarieties.

2.3. Pull-back. As we will see below, the higher Chow groups have the formal
properties of Borel-Moore homology for schemes essentially of finite type over k,
and, for essentially smooth k-schemes, the formal properties of cohomology, in-
cluding contravariant functoriality. The complexes z9(X, %) are not, however, con-
travariantly functorial for arbitrary maps f : Y — X, even if X and Y are smooth,
due to the fact that the pull-back of an arbitrary cycle on X x A™ is not in gen-
eral defined. As a first step in the construction of a pull-back map f*, we need to
consider subcomplexes of 27(X, *) constructed by using cycles having good inter-
sections with a given finite collection of closed subsets of X.

Let X be a k-scheme, essentially of finite type and locally equi-dimensional over
k, and let S be a finite set of closed subsets of X, including X as an element. We
have the subcomplex z%(X, )s of z2(X, x) with 29(X,p)s being the subgroup of
29(X,p) generated by subvarieties W which intersect S x F properly on X x AP,
for all S in S, and all faces F' of AP.

Let f: Y — X be a morphism of locally equi-dimensional k-schemes, essentially
of finite type, and let

(2.1) Si(f) =A{z € X|dimy(y) f~ () > i},
S(f) ={S:(f)li=-1,0,1,... }.

Then each S;(f) is a closed subset of Y. Suppose that X is regular and that
S(f) € S. Then (f xid)*(W) is well-defined and in 2(Y, p) for each W € 29(X, p)s,
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giving the map of complexes
(2.2) 529X, *)s — 29(Y, %).

If X is smooth over k and affine, then the proof of [14, Chap. II, Theorem 3.5.14],
shows that the inclusion

(2.3) is: 29X, x)s — 29(X, *)
is a quasi-isomorphism. Setting f* = f%o igl defines a pull-back map in D(Ab),
(2.4) 29X, %) — 29(Y, %),

and the resulting map in cohomology f* : CHY(X, x) — CH(Y, ).

If, for example, f is an inclusion iy : ¥ — X and Y is in S, the map (2.2) is
defined. Let S(Y) be the subset of S consisting of those S contained in Y, and
write 29(Y, x)s for 29(Y, *)s(y). One sees directly that i3 (29(X,p)s) C 29(Y,p)s,
giving the map of complexes i} : 29(X, *)s — 24(Y, *)s.

2.4. External products. We refer the reader to the Appendix for a description
of natural external products

21X, %) @F 29 (Y, %) — 2979 (X x4, Y, %)

in D~ (Ab). We will show in §2.10 how the external products give rise to natural
cup products for X essentially smooth over k.

2.5. Motivic cohomology. The higher Chow groups have been incorporated into
a general theory of motivic cohomology via the categorical constructions of Voevod-
sky [27] and the second author [14]. In case resolution of singularities holds for
finite type k-schemes (e.g., k has characteristic zero), the motivic cohomology of
[27] and [14] are canonically isomorphic (see [14, Chap. IV, Theorem 2.5.5]); for
smooth X which is the localization of a quasi-projective k-scheme both theories
agree with the higher Chow groups via a canonical isomorphism

(2.5) CHY(X,p) = H*P(X,Z(q)).

Even without assuming resolution of singularities, the isomorphism (2.5) holds for
the motivic cohomology of [14] (see [14, Chap. II, Theorem 3.6.6]).

We reindex Bloch’s cycle complex to reflect the isomorphism (2.5), defining the
cohomological cycle complex Z%(X, ), for X essentially smooth over k, by

Zq(XJD) = Zq(Xa 2(] _p)a

and take the cohomology HP(Z9(X,x*)) as the definition of the motivic cohomol-
ogy HP(X,7Z(q)). We define the subcomplex Z%(X, x)s of Z4(X,*) by the similar
reindexing of z9(X, *)s.

Let m be an integer, and X essentially smooth over k. The mod m motivic
cohomology, H?(X,7Z/m(q)), is defined by

HP(X,7Z/m(q)) :== HP(Z4X,*) ® Z/m).

The mod m motivic cohomology has a natural definition via the motivic categories
of [27] and [14] as well, which agrees with the definition given here, subject to the
restrictions described above.
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2.6. Localization. Let X be a locally equi-dimensional k-scheme, essentially of
finite type over k, and let W be a closed subset of X, with inclusion 7 : W — X,
and open complement j : U — X. We set
25 (X, %)s 1= cone(j™ : 24(X,%)s — 29(U, *)s)[—1].
In case X is smooth over k, we set
(2.6) ZL(X, %) := cone(j* : Z9(X,x)s — 29U, *)s)[—1],
and define the motivic cohomology with support as
HY, (X, Z(q)) := HP (2], (X, %)).

Suppose now that W has pure codimension d on X, giving us the push-forward

i 1 297 4(W, %) — 29(X, %). Since j* o4, = 0, we have the canonical map

(2.7) iV 2T W k) — 2 (X %),

M
For X quasi-projective, it is shown in [2] that %V is a quasi-isomorphism. In fact,
the argument of [2] never uses the fact that X is quasi-projective, and shows that
i is a quasi-isomorphism for X of finite type over k; a limit argument shows that
i is a quasi-isomorphism for X essentially of finite type over k as well. For details
on this extension of the results of [2], we refer the reader to [15].

Combining 'V with the standard cone sequence gives us the distinguished tri-
angle

LW, 5) 5 20X #) L 29U, %) — 29 4W, #)[1].
If X and W are smooth, we have the distinguished triangle
Z97A(W, )[~2d] 2 29X, %) Lo 29U, ¥) — 297U(W,%)[~2d + 1],

giving the localization sequence for motivic cohomology
(2.8)  — HPU(W, Z(q - d)) > HP(X,Z(q)) > H?(U, Z(q))
S HP PN L - d) -

The isomorphism :}V : HP=24(W, Z(q—d)) — H}, (X, Z(q)) resulting from the quasi-
isomorphism (2.7) is the so-called Gysin isomorphism for motivic cohomology.

2.7. Relative motivic cohomology. We describe a relative version of motivic
cohomology; for simplicity, we restrict ourselves to the affine case.

Let X be a smooth affine k-scheme, essentially of finite type over k, and let
Zi,...,Zy be closed subschemes. For an index I C {1,...,n}, let Z; := Nic1Z;;
we allow the case I = 0): Zy = X. We suppose that all the Z; are smooth over k.

Let S be a finite set of closed subsets of X, containing all the Z;. Form the

complex Z9(X; Zy,... ,Zn,*)s as the total complex of the double complex
(2.9) 29X, x)s > P21 Zix)s—...— P Z2ZnHs— ...
i=1 Ic{1,... .n}
[T]=j

with the total degree of Z9(Zy, p)s being p + |I|. Here the differential

@ Zq(Z],*)S — @ Zq(ZI,*)S
Ic{1,...,n} Ic{1,...,n}
[I|=j [T|=j+1
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is a signed sum of the pull-back maps
ZUZ1,%)s — Z2UZ1ugay,*¥)s; 1 €1,

induced by the inclusions Zjy(;3 C Zr; the sign is (—1)!, where [ is the number of
7 €1 with 7 > 4.

The complexes Z9(X;Z1,...,Z,,%)s for varying S are all quasi-isomorphic,
since the inclusion (2.3) is a quasi-isomorphism. We will often drop the § from the
notation.

The relative motivic cohomology HP(X; Z1, ... , Z,,Z(q)) is defined as

HY(X;Zy,...,7Z,,7(q)) := HP(ZY9X; Z1,... , Zp,%));
the mod m version is defined similarly by
HY(X;Zy,...,Zn,Z)m(q)) := HP(Z9(X;Zy1,... , Zn, %) QZ/m).
The pull-back maps Z9(Z1,*)s — Z9(Zugny},*)s induce the map of complexes
iy ZUX5 21, o1, %)s = ZUZn3 Zigy - o Zn—1in, *)S
and we have the evident isomorphism
(2.10) ZUX;Z4,... ,Zn,*)s = cone(i))[—1].
This gives us the long exact relativization sequence

(2.11)  — HP"NZ0 Zvmy o s Zn1m, 2(q)) — HP(X; Z1, ..., Z0n, 7(q))

- Hp(X7 Zla o aanlaZ<Q)) Z_n> Hp<Zn7 Zl,na v 7Zn71,n,Z(Q)) -
and similarly for the mod m version.

2.8. Normal crossing schemes. We describe an extension of the cycle complexes
Z9(X, ) to the simplest type of singular schemes, the normal crossing k-schemes.
Taking the component in degree 2¢q gives an extension to normal crossing schemes
of the notion of a codimension ¢ cycle on a smooth variety.

Let Y be a scheme, essentially of finite type over k, with irreducible components
Yi,..., Y. For 0 £ 1T C {1,... ,n}, set Y7 :=NiesY;. If Y happens to be a closed
subscheme of an essentially smooth k-scheme X, we may consider Yi,...,Y, as
closed subschemes of X, and the notation Y; agrees with that given in §2.7.

Definition 2.9. (1) Let Y be essentially of finite type and locally equi-dimensional
over k, with irreducible components Yi,...,Y,. For a point = of Y, let N, be
the dimension of Y over k at x. We call Y a normal crossing k-scheme if each
intersection Y7, I # (), is smooth over k, and if, for each point x of Y, a neighborhood
of z in Y is locally isomorphic, in the étale topology, to a union of some coordinate
hyperplanes in AkN =+l

(2) Let Y be a normal crossing k-scheme, and Z C Y a closed subscheme. We call
Z a normal crossing subscheme of Y if Z is a normal crossing k-scheme, and ZNY;
is a normal crossing k-scheme for each I # ().

For example, a reduced normal crossing divisor D in a smooth k-scheme X is a
normal crossing scheme if each irreducible component of D is smooth over k.

Let Y be a normal crossing k-scheme with irreducible components Y7, ..., Y.
Let S be a finite set of closed subsets of Y, containing all the Y7, and let S; C S
be the set of those closed subsets contained in Y;. We assume that for S € S, each
irreducible component of SN Y7 is also in §; we write Z9(Y7, %)s for Z9(Yr, *)s, .



8 THOMAS GEISSER AND MARC LEVINE

Let Z9(Y, x)s be the complex defined by the term-wise exactness of

(2.12) 0— 29V, x)s = P 2V, xs = @ 2UYij s,

1<i<n 1<i<j<n
where « is the sum of the maps
ZUYi, x)s — 29(Yi 4, %)s,

these in turn being the restriction map for i < j, and the negative of the restriction
map for i > j. If we take S to be the set of irreducible components of all the Y7,
we write Z9(Y, ) for Z9(Y,*)s. We write 29(Y)s for Z9(Y, 2¢)s.

Let Y and Y’ be normal crossing k-schemes, let f : Y — Y’ be a morphism of k-
schemes, and take S and S’ to be the minimal choices, i.e., S is the set of irreducible
components of all the Y7, and similarly for §’. Assume that the restriction of f to
each Y7 factors as

Y, Ly Ly
for some index J (depending on I), with g flat, and i; the inclusion. For each 4,
choose an index j(i) such that f(¥;) C Yj,). Then each of the pull-back maps
‘.fﬁ/%*,j(i) : Zq(Yj’(i),*)S, — 29(Y;, *)s is defined. Composing f|>§’7¢,j(i) with the pro-
jection

(i) - @Zq(yj/a *)sr — 29V, %)s
J

gives the map

7P 2UY)Ns — Z9(Yi s
J

The sum of f; composed with the inclusion ¢ gives the well-defined pull-back map
Fr= 3" 2 ) — Z9(Y ).

We note that the map f* is independent of the choice of the j(i). Indeed, if
f(Yi) Y/ and f(Y;) C Yj’,_, then f(Y;) C Y/, Letting p: Y], =Y/, p': Y/, —
Yj’, be the inclusions, and f:Y; — chj, the map induced by f, we have

£ £*

* _px * ) _ I . o op )
fm,joﬂ'job—f optomjoL=frop OWJ’OL—f\Yi,jIOWJ/OL-

Thus, we have extended the assignment Y — Z%(Y, ) to a functor on the cat-
egory of normal crossing k-schemes, where the morphisms are those morphisms of
k-schemes which admit a factorization as above.

If we enlarge the subset S, we get a pull-back defined for more general maps
than the ones considered above, but it is not clear that the inclusion Z9(Y, )s —
Z4(Y,*) is a quasi-isomorphism. The complexes Z%(Y,*)s for normal crossing
schemes Y will play only a technical and auxiliary role in our argument, and we will
never require that the cohomology H*(Z%(Y, *)s) is independent of the choice of S.
If, however, Y is essentially smooth and affine, we may use the quasi-isomorphism
(2.3) to give a well-defined pull-back in D(Ab),

(2.13) f* i Z29Y, %) — Z9Y %),
as in (2.4).
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Let Zy,...,Z, be closed subschemes of Y. Suppose that all the Z; are normal
crossing subschemes of Y. If S is chosen appropriately, we will have the relative
cycle complex Z49Y; Zy, ..., Zy,)s defined as in §2.7, (2.9), for the smooth case.

2.10. Motivic complexes. The complexes Z9(—,*) are functorial for flat maps;
in particular, for an essentially smooth k-scheme X, we may form the complex
of sheaves of abelian groups U +— Z9(U, ), which we denote by I'x(¢q). More
generally, let S be a finite set of closed subsets of X. For U C X open in X, let
S(U) ={SNU|S € S}. Let I'x(q)s C I'x(q) be the Zariski sheaf U +— Z(U, %) s
If W is a closed subset of X with complement j: V — X, we set

I'¥ (q)s := cone(* : Tx(q)s — 5.Tv(@)sv))[~1]-
Since the inclusion Z9(U, *) sy — Z9(U, *) is a quasi-isomorphism for U affine
and essentially smooth over k, [14, Chap. II, Theorem 3.5.14], the inclusion
(2.14) I'¥(¢)s — T¥ (g)

is a quasi-isomorphism for all X essentially smooth over k and all S. Let f: Y — X
be a morphism of essentially smooth k-schemes, and let W’ C Y be a closed subset
containing f~1(W). We have the stratification S(f) (2.1), and f* : TW (¢)s —
F%V l(q) is a well-defined map of complexes of sheaves over the map f. Thus we
have the map f* : TW(q) — Rf.TW (¢) in D™ (Sh(Xza,)) defined by the diagram

T (q) — T%¥ (q)s 1= RETY (g).

Let Sm/k denote the category of essentially smooth k-schemes. The pull-back
maps f* extend the assignment X — Rpx.I'x(q) (px : X — Speck the structure
morphism) to a functor

(2.15) Rp_.T_(q) : Sm/k°® — D~ (Ab).

Similarly, let PSm/k denote the category of pairs (X, W), with X in Sm/k and W a
closed subset of X, where a morphism f : (X', W') —» (X,W)isamap f: X' - X
with f=1(W) c W’. Then the assignment (X, W) — Rpx.I'¥ (q) extends to a
functor

(2.16) Rp_.T'—(q) : PSm/k°® — D~ (Ab).

Let p : X — Speck be essentially of finite type and locally equi-dimensional over
k. The localization property for the Zariski presheaf of complexes U +— Z9(U, %)
described in §2.6 implies that the natural map in D~ (Ab)

(2.17) Z4(X, %) — Rp.T¥ (q)

is an isomorphism. Combining the isomorphism (2.17) and the functor (2.16), we
have the functor

(2.18) Z(q_)(—7 x) : PSm/k°? — D™ (ADb).
(X, W) s 2, (W, %)
We may sheafify the diagram (8.1) on X x Y, giving the map in D~ (Sh(X Xy
YZar))

* * Ux,
(2.19) Pilx(q) @ p3Ty(¢) — Txx,v (g +4).
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Via the isomorphism (2.17), this product agrees with the product (8.2). Thus,
by either taking the map on hypercohomology induced by (2.19), or the map on
cohomology induced by (8.2), we have the external product

Uxy : HY (X, Z(q)) ® H” (Y.Z(¢) — HP™P' (X x Y, Z(q + ¢'))-
Reducing all the relevant complexes mod m gives the external cup product
Ux.y : H(X,Z/m(q)) ® H? (Y,Z/m(q)) — H?*? (X x}, Y, Z/m(q+ ).

For X essentially smooth, composing Ux x with A* defines the natural cup prod-
ucts

(220) Uy : HP(X,Z(q)) ® HY (X, Z(¢)) — HP ™" (X, Z(q + ')
Ux : HP(X,Z/m(q)) ® H” (X, Z/m(¢)) — HP™" (X, Z/m(q + ¢')),

making @, ,H?(X,Z(q)) and &, (H?(X,Z/m(q)) into bi-graded rings, natural in
X.

3. THE CONSTRUCTION OF CYCLE MAPS

We describe the cycle class map from motivic cohomology to étale cohomology,
as well as a relative version. The idea is to apply the cycle class map with values
in étale cohomology with supports (as defined in [5, Cycle]) to the cosimplicial
scheme X x A*, with support in “codimension ¢”. The use of “functor complexes”
as described in the next section, is a technical device required for the construction.

3.1. Functor complexes. Let Schy denote the category of k-schemes, essentially
of finite type over k, and let C be a subcategory of Schy.

Suppose we have a functor F : C°? — C(Ab). For a cosimplicial scheme in C,
X*: A — C, we have the simplicial object n — F(X") of C(Ab); we let F(X™*)
denote the total complex of the associated double complex:

(3.1) F(X*)":= @ Fr(X79).

p+q=n

Sending X* to F(X™*) defines a contravariant functor from the category of cosimpli-
cial objects of C to C(Ab), natural in F. We have the weakly convergent spectral
sequence

(3.2) EPY = HI(F(XP)) = HPHI(F(X*)).

In particular, if ¢ : F' — G is a natural transformation with ¢ (i) a quasi-isomorph-
ism for each ¢ € C (for short, a quasi-isomorphism), then ¢ induces an isomorphism
H"(F(X*)) — H"(G(X*)). Also, if X* is a constant cosimplicial scheme with
value X, then the augmentation induces a quasi-isomorphism F(X) — F(X™*).

Let j : U* — X* be an open cosimplicial subscheme in C, and let W* denote
the collection of closed complements W™ = X"\ U™; we call W* a closed subset of
X*. Suppose in addition we have closed cosimplicial subschemes Y7*,... | Y,* of X*
(all relevant morphisms being in C). Let F(X*; Yy, ... ,Y.*) be the total complex
of the double complex

F(X*) H@F(Yi*) .. = PFyH) ...

[1]=4
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with Y} the cosimplicial closed subscheme n +— Y*, and the maps in the above
complex defined as in §2.7. We set

(3.3) Fy-(X*Y7,...,Y7) =
cone(j* : F(X*; Y, ..., Y) = F(USU*NYy,... . U nY")[-1].

As above, a quasi-isomorphism F' — G induces an isomorphism
H*(Fyw- (X5 Y7, ..., Y) = H (Gw- (X5 Y, ..., Y.)).

Remark 3.2. A functor F : Schy” — C(Ab) is called homotopy invariant if the
map

F(X) — F(X x A"

induced by the projection is a quasi-isomorphism for all X. If F' is homotopy
invariant, then, for X* = X x A*, the spectral sequence (3.2) has EY? = 0 for
p# 0 and EY? = HY(F(X)). One sees thereby that the augmentation F(X) —
F(X x A*) is a quasi-isomorphism.

Ezamples 3.3. (1) Let m be an integer with 1/m € k. For a k-scheme X, we
let G*(X, u29) denote the complex of abelian groups gotten by taking the global
sections of the Godement resolution of the étale sheaf u2? on X; for example,
GY(X, u27) is the product over all geometric points z of X of H, (k(x), u&9). Then
sending X to G*(X, u%?) defines the functor

G*(—, p2?) : Schy? — C*(Ab).
Since the Godement resolution of u9 is a resolution by flasque sheaves, the natural
map G*(X, p9) — RI'(Xg, u2?) is an isomorphism in D(Ab); in particular, the
cohomology HP(G*(X,u2%)) is canonically isomorphic to the étale cohomology
HY (X, p27). The above discussion thus defines étale cohomology, with coefficients

pu&e, for a cosimplicial scheme X*, as well as the relative version, with support in
a closed subset.

(2) Let X be an essentially smooth k-scheme, W C X a closed subscheme with
complement j : U — X. Let C be the subcategory of Schx with objects the
schemes X x A™, U x A", m > 0. The morphisms in C are compositions of maps
of the form j x id and id X g, with g the map induced by a map [m] — [I] in A.

Let S be a finite set of closed subsets of X, giving the set S(U) = {UNS|S € S}.
We have the functor qu)(*)g : C°? — Ab defined by

qu)(X X Am)s = Zq(X, m)s; qu)(U X Am)s = Zq(U, m)S(U),

with z?q)( f)s = f* for each morphism f in C. The cycle complex with support in
W, 2% (X, %)s, of (2.6) is by definition the complex qu) w (X x A%)s[—2q].

(3) Let X be an essentially smooth k-scheme, Z1,... ,Z, closed subschemes with
Zr smooth for all I, and S a set of closed subsets of X, containing all the Z;. Let
C be the subcategory of Schx with objects the schemes Z; x A™, m > 0. The
morphisms Z; x A™ — Z; x Al are those of the form i x g, with 4 an inclusion,
and g the map induced by a map [m] — [I] in A.

Via the pull-back maps described in §2.3, we have the functor qu)(—)g :CP —
Ab defined by

z?q)(ZI X A™)s = 29(Zr,m)s;
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the relative cycle complex, Z9(X; Zy,... , Z,,*)s, of (2.9) is by definition the com-
plex qu)(X X A* 7y x AN Zy X AF)s[—2q].

(4) For a normal crossing k-scheme Y, with irreducible components Yy, ... ,Y,, let
S be a set of closed subsets containing all the Y;. If we take C to be the subcategory
of Schy formed by the cosimplicial scheme Y x A*, we form as in (2) the functor
Z?q)(—)g : C°P — Ab, giving the identity

z(qq)(Y X A*)s[—2q] = Z9(Y, %)s,

where Z9(Y, x)s is the cycle complex of (2.12). Similarly, if Z3,... , Z, are closed
subschemes of Y such that each Z; is a normal crossing subscheme of Y, let C be
the category with the objects and morphisms defined as in (3) for the smooth case,
and assume that S contains all the intersections Y; N Z;. We have the functor
z% 1 C°? — Ab as in (3), and the identity

28V X A Zy X A 2y x AY)[=2q) = ZUY 5 Zay e Dy ¥) s,y

where Z9(Y; Z1,... ,Zn, *)s is the relative version of (2.12) defined at the end of
§2.8.

3.4. Cohomology with support. Let k be a field, let X be an essentially smooth
k-scheme, and W a closed subset of X of codimension > q. We denote the group
of codimension ¢ cycles on X with support in W by z{},(X). Let m be an integer
prime to the characteristic of k. We recall from [5, Cycle] the construction of the
natural isomorphism

cycly : 2y (X) ® Z/m — Hgl (X, u30),

where HIj, (X, p$9) is the étale cohomology with support in W,

Suppose at first that X is of finite type over k and W is smooth of codimension
q. By the purity theorem for étale cohomology [19, Chap. VI, Theorem 5.1],

Hyy (X, i) = H*P (W, Z/m);

in particular, HY, (X, u2?) = 0 for p < 2q. The group H®(W,Z/m) is just the free
Z/m-module on the irreducible components of W, which in turn is isomorphic to
the Z/m-module z{,(X) ® Z/m. The construction of [5, Cycles, Chapter 2] gives a
canonical choice cycl, of the isomorphism 2%, (X) ® Z/m =2 Hpl (X, u29).

Now suppose that k is perfect and W is an arbitrary closed subset of codimension
> q, with singular locus W;pg. By noetherian induction, the localization sequence
for étale cohomology with support [4] gives the isomorphism

H{%I(/Z(Xa M%zq) = Hag\wsing (X \ Wsinga ,U/%q)a

which gives the isomorphism cycy;, for general W in X. Similarly, HE, (X, p$9) =0
for p < 2q.

The isomorphisms cyc;, are compatible with flat pull-back (see e.g. Lemma 3.5
below), hence extend to X essentially smooth over k. We now extend the isomor-
phisms cyc{}, to the case of a not necessarily perfect base field k.

Let ko be the prime field in k; kg is thus a perfect field. Let X be an essen-
tially smooth k-scheme, and W a codimension > ¢ closed subset. Then the pair
(X, W) is a filtered projective limit of pairs (X, W), where each X, is a smooth
kq-scheme for some subfield k, of k which is finitely generated over ko, W, is a
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closed codimension > ¢ closed subset of X,, and the transition maps in the pro-
jective system are flat and affine. Since motivic cohomology and étale cohomology
with supports transform filtered projective limits with flat affine transition maps
to inductive limits, and since we have compatibility of cyc{, with respect to flat
pull-back when defined, it suffices to extend the isomorphisms cyc;, to the case in
which k is finitely generated over ky. In this case, each essentially smooth X over
k is the localization of a smooth kg-scheme, so the isomorphisms cyc;, are defined.
This completes the construction of the isomorphisms cycy;, for general base fields;
the same argument shows that Hij, (X, p$7) = 0 for p < 2q.

Lemma 3.5. (1) The maps cyc};, are natural with respect to pull-back: Let f : Y —
X be a morphism of essentially smooth k-schemes, let W C X be a codimension
> q closed subset of X, and let T be a closed subset of Y such that f=Y(W) C T
and T has codimension > q on'Y. Then

[Focycl, =cychof*.

(2) The maps cycy, are natural with respect to proper push-forward, with the appro-
priate shift in the codimension: Let f : Y — X be a proper morphism of essentially
smooth k-schemes, of relative dimension d, let W C X and T C Y be closed sub-
sets with f(T) C W. Suppose that T has codimension > q+d on'Y and W has
codimension > q on X. Then

d
cyclyofs = fuo cych+

(3) The maps cycl, are compatible with external products: Let X and Y be essen-
tially smooth k-schemes, W C X and W' C Y closed subsets of codimension > q

and > ¢, respectively, and Z € z},(X), Z' € zg‘;,(Y). Then

pi cyely (Z) Ux y pseycly (Z2') = cyc%{fg wi(Z x 2.
Proof. These properties all follow from [5, Cycles, Chapter 2]. O

We now extend the definition of the cycle map to normal crossing schemes. Let
Y be a normal crossing scheme with irreducible components Yi,...,Y,,. Let W
be a closed subset of Y with complement j : U — Y. For each index J, set
Wy =Y;nW.

Lemma 3.6. Suppose that codimy, (W) > q for all indices J. Then
(1) Hy, (Y, p57) = 0 for p < 2q.
(2) The sequence
0— H(YV,un!) = O H, (G = D B, (Vo uih)

1<5<r 1<j<i<r

is exact, where « is defined as in §2.7

Proof. For each i = 0,... ,n, let Y be the disjoint union of the Y; with |I| = i,
and let p® : Y — Y be the evident morphism. This gives us the standard
resolution of the sheaf %7 on Y:

OH,u‘X’qu(l)u@q — ... pr)uﬁqa...
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(to see that this is indeed a resolution, reduce to the case of the union of n hyper-
planes in AN*1 and use induction on n and N). The corresponding hypercoho-
mology spectral sequence gives the Mayer-Vietoris spectral sequence
b
Eil = @ HIIZVJ(YJMU’%(]) :>H‘¢/11;Lb(y’ﬂ%q).
|J|=a+1
By purity, we have E®" = 0 for b < 2¢; since Ef’b =0 for a < 0, Ela’b = 0 for
a+b < 2q, whence (1). Similarly, the only non-zero terms with a +b < 2¢ + 1 and
b < 2q are EV?? E1*9. Thus
Ey™ = B = Hi (Y, ).
The map « is d5"°?, proving (2). O

Recall from §2.8 the cycle complex Z9(Y,*)s, and the group of cycles on Y,
29(Y)s := 29(Y, 2q)s. Explicitly, 24(Y)s is the kernel of the map
P vi)s = P F(Vigs
1<i<n 1<i<j<n

with o as in §2.8. If W is a closed subset of Y, we let z{},(Y')s be the subgroup of
21(Y)s consisting of cycles with support in W. We omit the § from the notation
if § is the minimal choice, i.e., the set of all the Y7.

We have the exact sequence

(3.4) 0=z, (Vs — P 2, V)s— P =, Viys,
1<i<n 1<i<j<n
with the maps defined as above. If we suppose that W satisfies the conditions of
Lemma 3.6, there therefore is a unique homomorphism
cycly 2y (V) — H(Y, 150)

which makes the diagram

q q
cyCy, l@ CyCWi

H2(Y, u80) —— @ Hy (Vi p?)

1<i<n

commute. Using Lemma 3.5(1) we see that the cyc{,, are functorial for maps of nor-
mal crossing schemes f : (Y, W') — (Y, W) (satisfying the factorization conditions
of §2.8) in case W’ D f~1(W) and W’ satisfies the conditions of Lemma 3.6.

3.7. The cycle class map. We first construct the cycle class map as a map

cl?: Z(Xa *)S ®L Z/m - G*(Xa uqu)
in D(Ab), where X is an essentially smooth k-scheme, S is a finite set of closed
subsets of X, and G*(X, u29) is the Godement resolution of Example 3.3(1). We
then extend this to a version for the relative cycle complexes for a normal crossing

k-scheme. In the next section, we give a sheafified version of cl?, which, among
other things, enables us to show that cl? is natural.
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For a category C, we let Func(C, Ab) denote the abelian category of functors
C — Ab. We may also form the category of complexes C*(Func(C,Ab)) (x a
boundedness condition), and the derived category D*(Func(C, Ab)).

Let X be a reduced k-scheme, and S a finite set of closed subsets of X, with
X € S. Let 8§ be a subset of S consisting of (reduced) schemes locally equi-
dimensional over k. Let C(Sp) be the subcategory of Schx with objects the schemes
of the form S x A™, with S € Sy, where a morphism S x A™ — T x Al is a map of
the form i x g, with i : S — T an inclusion, and with g : A™ — A! the affine-linear
map induced from some g : [m] — [I] in A.

For example, when we use C(Sp) to define the cycle class map for the relative
complex Z9(X; Zy,... ,Z,,%)s, we take Sy to be the set of irreducible components
of the Zj. The set S is needed to show the naturality of the cycle class map.

For S € Sy, let (S x Am)gz) be the set of closed subsets W of S x A™ such that,
for each T € S, T C S, and each face F' of A™, the intersection W N (T x F') has
codimension > g on T x F. We set

Gip(Sx A™ p8)s = lim  Gip(S x A™, u&9),
We(Sxa™)@

Sending S x A™ to Gz‘q)(S x A™ 1®%) s defines the functor
(o= 15))s : C(8)°P — C(Ab).

Assume that each S € Sy is a normal crossing scheme. Let qu)(—)g :C(8p)°P —
Ab be the functor

zE]q)(S’ x A™)g = lim 20 (S x A™),
We(sxa™)Ww

Z?q)(f)s = f5

the conditions on S and W imply that the relevant cycle intersection products
are all defined, so that zgq)(—)s is well-defined. In addition, for each S € Sy,

the restriction of z?q)(—)g to the subcategory C({S})°P of C(Sp)°P agrees with the
functor qu)(—)s defined in Example 3.3(4), i.e.,

(3.5) zgq)(S x A™)s = 24(S,m)s.
As noted in the Examples 3.3(2)-(4), we have

(3.6) 20 (S % A%)s[-2q] = 29(,)s
for each S € S;.

Lemma 3.8. Suppose that

1. Fach S € 8y is a normal crossing scheme.
2. If S € Sy has irreducible components S1, ... ,Sy,, then each Sy is in Sy.

Then there is a unique isomorphism in Func(C(Sy)°P, Ab),

cyely 1 2l (F)s @ Z/m — H* (G (=, up)s),
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such that, for S € S smooth, and W € (S x Am)‘(_cf]), the diagram

cycdy,

2l (S X A™) s @ Z/m H?(Gr (S x A™, 1u®9) )

| l

2 (S x A™)s @ Z/m H2(G (S x A™, 1u29)s)

yelo)
commutes. In addition, we have

HP (G (= p®)s) =0
forp < 2q.
Proof. Since zgq)(S x A™)s is the direct limit of the z},(S x A™), the uniqueness
of cycqq is clear. The existence follows directly from Lemma 3.5, Lemma 3.6 and

the comments following Lemma 3.6; the cohomology vanishing for p < 2¢q follows
from Lemma 3.6. O

We apply the lemma to construct the cycle class map from motivic cohomology
to étale cohomology. We first illustrate the most basic case, that of an essentially
smooth k-scheme X. Take Sy = {X}. We have the diagram

cyel,[—2d]
_

(3.7) 2y(F)sl—2q] ® Z/m H2(G} (=, 1if)s)[—24]
G (=, p&) T<2qG(, (= 130)s,

B

in C(Func(C({X})°?, Ab)), where « is the canonical map, and ( is the composition
of the canonical inclusion 7<2,G7, (=, up?)s — G, (=, pu?)s, followed by the

“forget the support” map Gz‘q)(—,u%q)s — G*(—, p&9). By Lemma 3.8, the map
« is a quasi-isomorphism. Thus, the diagram (3.7) defines a map

(3.8) 2l ()s[=2d] ® Z/m — G (=, p1)
in D(Func(C({X})°P, Ab)).

We now apply the map (3.8) to the cosimplicial scheme X x A*, in the sense of
§3.1. As noted in (3.6), we have

2l (X x A%)s[-2q] = Z9(X, %)s.

By Remark 3.2, and the homotopy property for étale cohomology, the augmentation
to X induces a quasi-isomorphism G* (X, u2?) — G*(X x A*, u®2). Thus, we have
constructed the map in D(Ab)

(3.9) cl?: Z9(X, %)s ® Z/m — G*(X, u29).

From the construction of cl?, it is obvious that, for &’ C S, the diagram

(3.10) Z9(X,%)s ®Z/m —— Z9(X,*)s @ Z/m

> lclq
c

G*(X, p$7)
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commutes, where i is the evident inclusion of complexes. Taking S = {X} and
taking cohomology, we have the mod m cycle class map

(3.11) o’ H'(X,Z/m(q)) — HE (X, p?).-

Remark 3.9. Assuming X affine, we may enlarge the set S without changing the
cohomology of Z9(X, *)s, since the map (2.3) is a quasi-isomorphism. From this,
one easily sees that cl? is natural for affine X. We will discuss the naturality in
general in the next section.

We may modify the construction by restricting the support throughout to a fixed
closed subset W of X. This gives the version with support in W,

(3.12) Al Z2H(X,%)s ® Z/m — Gy (X, uS9),
and on taking cohomology
(3.13) c?: Hiy (X, Z/m(q)) — Hiy (X, u29).

A similar construction gives an extension of the cycle class map to the setting
of relative cohomology of normal crossing schemes (including the case of relative
cohomology for smooth schemes). Indeed, let Y be a normal crossing scheme with
irreducible components Yi,...,Y,,, and let 71, ... , Z, closed normal crossing sub-
schemes of Y such that each Z; is a closed normal crossing subscheme of Y. Let Sy
be the set of irreducible components of all the Z;NY;, and let S D Sy be a finite set
of closed subsets of Y. One easily sees that Sy satisfies the conditions of Lemma 3.8.
We have the diagram (3.7) in C(Func(C(Sp)°P, Ab)), with « a quasi-isomorphism.
We thus get a similar diagram in C(Ab) upon evaluation (in the sense of §3.1) at
(Y x A*; 71 x A*, ..., Z, x A*). The homotopy property for étale cohomology
gives, as above, the quasi-isomorphism

G (Y21, ... Zpy u9) — G*(Y x A*; 2y x A% ... Zp x A 5u29).
Using the identity (3.6), we have

ZEZQ)(Y X A*’Zl x A*7 ’Z” X A*)S[_2q] = Zq<Y7zl7 7Zna*)37

giving the map cl? : Z9Y;Z1,... ,Zn)s — G*(Y; Z1,... , Zn, p29) in D(ADb). If
we take S to be the minimal choice, or if we assume that Y and all the Z; are
smooth and affine, taking cohomology gives us the cycle class map

(3.14) ! HYY; 2y, Zny ZJm(q)) — HE (Y Z1, oo Zy p29).

3.10. Cycle classes for motivic complexes. We give a refinement of the coho-
mological cycle class map described above to a natural map in the derived category
D~ (Sh(Xza,)) of Zariski sheaves on an essentially smooth k-scheme X, as well as
a variant for complexes with support. As a tool, we construct a category C/k out
of pairs consisting of an essentially smooth k-scheme X and a finite set of closed
subsets of X, so that the operation of taking the codimension ¢ cycles on (X, S)
becomes functorial for pull-back.

As in §3.7, let X be an essentially smooth k-scheme, and let S be a finite set of
closed subsets of X, with X € S. For S € S, we let S* be the union of the S’ € S
which contain no generic point of S, and let S° denote the open subset S\ Sx* of S.

Let C/k be the following category: Objects are pairs (T, S(T)) consisting of an
essentially smooth k-scheme T', and a finite set of closed subsets of T, S(T'). A
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morphism (7, S(T)) — (7,S8(T")) in C/k is a morphism of k-schemes, g : T/ — T,
such that such that the following condition holds:
(3.15)

For each S’ € S(T"), there is an S € S(T) such that S c f~1(S°) and f :

S0 — §Y is equi-dimensional.

Recall the category C(Sp) defined in §3.7; in particular, for an essentially smooth
k-scheme T, we have the category C({T'}). Let C({*}) be the category with

objc({x}):= [[ Objc{Th.

(T,5(T))eC/k

For T' x A™ in the component (7', S(T")) and T x Al in the component (T, S(T)),
a morphism 77 x A™ — T x Al is a map of k-schemes of the form fx g : T/ x A™ —
Tx Al with f : (T,S(T)) — (T’,S(T")) a morphism in C/k, and idz x g a morphism
in C({T}). Sending T x A™ to (T,S(T)) and f x g to f makes C({x}) a category
over C/k, with fiber C({T'}) over (T,S(T)).

For each (T,S8(T)) € C/k, we have the functors defined in §3.7

2 (s, Glgy (= D) s(r) : C{T}HP — C(Ab).

For each f : (T",S8(T")) — (T,S8(T)) in C/k and for each W € (T x A")gz()T),
the condition (3.15) implies that the cycle (f x id)*(W) is defined and is in (7" x

A”)g()T,). Thus the assignments

T x A" — qu)(T X An)s(T)

T x A" o Gl (T x A, w80 5cr)
extend to functors
20 (<) Gy (= 1305 : C({£})°F — C(AD).

The construction of §3.7 yields the diagram (3.7) in C(Func(C({x})°?, Ab)), and
the natural map

(3.16) 2 (S)s[-20] @ Zfm — G (— pE0)

in D(Func(C({*})°?, Ab)). Applying (3.16) to T'x A* for (T, S(T")) in C/k and com-
posing with the inverse of the quasi-isomorphism G*(T, u29) — G*(T x A*, u®?)
gives us the natural map in D(Func(C/k°P, Ab)),

(3.17) cl?: 29 (= %)s @ Z/m — G*(—, u29),

where Z(9)(—, x)s is the functor (T,S(T)) — ZO(T, *)S(T)-

Call a map f: (T7,8(T")) — (T,S8(T)) étale if the underlying map of schemes
f:T' — T is étale, and if S(T') = f~1(S(T)). We make C/k into a site C/ke; by
defining a covering family of (7, S(T")) to be a collection of étale maps such that
the underlying family of maps of schemes is an étale cover. The Zariski site C/kzar
is defined analogously. Clearly, for each (T',S(T)), the restriction of C/ke; (resp.
C/kzar) to (T,8(T)) is isomorphic to the small étale site Ty (resp. small Zariski
site Tzar).

Let é : C/ksy — C/kzar be the change of topology map. For each essen-
tially smooth k-scheme T, G*(T,u£9) is a functorial representative in C*(Ab)
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of RT'(Ts, u$7). Letting G(u®?)r denote the complex of Zariski sheaves associated
to the presheaf

(U CT) = GU, up?),

it follows that T+ G(u2%)7 is a functorial complex of sheaves representing Ré, u29.
The map (3.17), together with the quasi-isomorphism (2.14), thus gives us the
map in D(Sh(C/kzar))

(3.18) T y(q) ®" Z/m — Re,(uS?),

The natural map 7<,I'x (¢) — I'x(q) is a quasi-isomorphism, since H?(R,Z(q)) =
0 if p > ¢, for a regular local k-algebra R. Thus (3.18) defines the map in
Di(Sh(C/kZar))

(3.19) c?:Ty(q) ®" Z/m — T< Re,(uS7).
If we evaluate (3.19) at (X, {X}), we obtain the map in D~ (Sh(Xz,,))
(3.20) cl?:Tx(q) @ Z/m — 1< Rex.(u&9),

giving us the sheafified version of (3.9).

Similarly, if W is a closed subset of X with complement j : U — X, we may
apply (3.19) to the map j (i.e., take cone(j*)[—1]), giving the map for the complexes
with support

(3.21) d?:TW (q) @Y Z/m — Rex,Rity (u89).
4. PROPERTIES OF THE CYCLE CLASS MAP

4.1. Naturality of the cycle class map. We proceed to show that the cycle
class maps defined in the previous section are natural. For this, we show that the
sheaf-theoretic cycle class map (3.21) is natural, and that it gives rise to the “naive”
cycle class maps defined in §3.7 by passing to hypercohomology.

Recall the category of pairs PSm/k defined in §2.10. Let (X, W) be in PSm/k.
The natural isomorphism RI'(Xzar, —) 0 Rex = RI'(X¢, —) gives us the natural iso-
morphism 7 : RT(Xzar, Rex« Ritypn29) — RT(Xg, Riyyu®9). We have the natural
isomorphisms

(b : ZI?I/(X’ *) - RF(XZar,F)Vg(q))a

Get G;V(Xv :u'gq) — RI'(Xet, Ri!I/VF";eziLq)
in D(ADb), the first one being the isomorphism (2.17), and the second coming from
the fact that the functor Y — G*(Y, u%?) of Example 3.3(1) represents the functor

Y — RI (Y, p&9) from Schy” to D(Ab).
Thus, the construction of cl? gives us the commutative diagram in D(Ab)

(4.1) 20 (X, ) @ Z/m —e— RT(Xgar, T (¢) &% Z/m)

cle l lnoRI‘(clg()

Giy (X, 1) RT(Xer, Rilyu59).

The cycle class map (3.13) for X with supports in W is thus the map on H*(Xza,, —)
induced by the sheafified version (3.21).

This discussion gives the naturality of the cycle class maps defined in the previous
section.
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Proposition 4.2. (1) The cycle class maps (3.9), (3.11) and (3.20) are natural
on Sm/k.

(2) The cycle class maps with support (3.12), (3.13) and (3.21) are natural on
PSm/k.

(8) The cycle class map for relative cohomology (3.14) is natural on the category
of tuples (X,Z1,...,Zy,) of essentially smooth affine k-schemes X, with closed
subschemes Z; such that each Zy is essentially smooth over k, where a morphism

f(XhZ,...,Z2) = (X, Z41,...,Zy)

is a morphism f: X' — X such that f(Z]) C Z; for alli.
(4) The cycle class map for relative cohomology (3.14) is natural on the category
of tuples (Y, Z1,... ,Z,) of normal crossing k-schemes Y, with closed subschemes

Z; such that each Z; is a normal crossing subscheme of Y, where the morphisms
are as described in §2.8.

(5) The cycle class map (3.14) (for n = 0) is natural for arbitrary maps f 1 Y — X,
where X is affine and essentially smooth over k, Y is a normal crossing k-scheme,
and f*: Z9X,*) — Z9(Y, *) is the map (2.13).

Proof. (1) is clearly a special case of (2). For (2), let f: (X', W’) — (X, W) be a
morphism in PSm/k. We have the set S(f) (2.1) of closed subsets of X, giving us
the lifting of the commutative diagram in Sm/k

X’\W’%j X'

/| Jf

to the commutative diagram in C/k

’

(X\ WX\ W) —— (X, {X"})

1 E

(XAWS(fixnw) —— (X, 8(f))-

Applying the morphism (3.19) to this diagram, dropping the truncation, and taking
the cones with respect to the horizontal maps gives the commutative diagram in
D(Sh(Xzar))

v !

cl? J

Rex. Rityn89 —— Rf.Rexr. Rity u2d.

Rf.TW/

JRf* cld

Applying RT'(Xzar, —) to this diagram and using the commutativity of the diagram
(4.1) proves (2).
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For (3), the naturality of the diagram (3.7) gives the commutativity of the dia-
gram

ZUX; 21,y Ly %)

cl?
id*

Z9UX; 20, Doy %) ()~ GH(X3 2, ., Zopy 29

’MJ lf*

Zq(X/§Z1a--- ,Z,:“*) cl? G (X" 71, ... 7Z7/u:u§zq)

in D(Ab), which gives the desired naturality on taking cohomology. The proof of
(4) and (5) are similar, and are left to the reader. O

4.3. Compatibility with Gysin maps. We prove that the maps cl? are compat-
ible with the localization/Gysin sequences for motivic cohomology/étale cohomol-
ogy. For a scheme X, we let Sm/X denote the category of schemes smooth and
essentially of finite type over X.

Let 7 : Y — X be a smooth codimension d closed subscheme of an essentially
smooth k-scheme X. Let T'— X be a smooth X-scheme, and let Ty — Y denote
the fiber product T' xx Y, with inclusion ir : Ty — T. The canonical Gysin
isomorphisms p&9 = Ri}yuf?ﬂ"'d[Zd] in D(Sh(Ty¢st)) (see [19, VI, Theorem 6.1])
give rise to the isomorphism in D(Func(Sm/X°P, Ab))

L [T e GH(Ty, p29)] — [T G (T, u$9T)2d]] .

Let i : W — Ty be a closed subset of Ty, with complement jy : Vy — Ty in
Ty and j: V — T in T. Evaluating ¢ at T and V gives the canonical map of cones

cone[G*(Ty, u27) 7, G*(Vy, p29)][—1]

D, conelGy, (T, p&7+4) L5 Gy (V, po+4]12d — 1],

Since W =Ty \ Vy =T\ V, it follows that

cone[G* (Ty, 527) 255 G* (Vi p&0)][1] = Gy (T, 4S),

and that the evident map

-k

cone[Gp, (T, w0ty L5 Gy (Vo pEot D) [—1] — Gy (T, S0+

m m

is a homotopy equivalence. In addition, Gy, (Ty, p59) and Gy, (T, u&9t") are com-
plexes representing RT(Ty, Rily, (1£7)) and RI(T, R(ipoiw)' (uS9+%)), respectively.
Thus the map

(4.2) w(T) : Gy (Ty s 1) — Gy (T, ™) [2d]
represents the natural isomorphism in D(Ab)

(43)  uw: RO(Ty, Rily (u29)) — RD(T, R(iz o i) (u0+%)[2d)),

which in turn induces the Gysin isomorphism H¥, (Ty, p29) = HY(T, 529+4) on
taking cohomology.
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Lemma 4.4. Let i : Y — X be a closed codimension d embedding of essentially
smooth k-schemes. Then the diagram in D~ (Sh(Xzar))

q
cly

Ty (q) Rey .4

l E

T+ d)[2d] —— Rex. Rily (u3)[2d)
Clx

commutes, where a and 3 are the respective Gysin isomorphisms.

Proof. Let U be an open subscheme of X, Uy = Y NU. Applying the Gysin
isomorphism (4.3) for T = U x A™, and for W in (Uy x A™)@  we have the
following diagram in D(Ab):

(4.4) 2 (Uy x A™) @ Z/m[—2q] —— zf,;'d(U X A™) ® Z/m[—2q]

cye?[—2q] eyt [—2q]
Hil(Uy x A™, p&)[~2q) —— Hp™ (U x A™, p@0+4)[-2g]
p p
T<2Giy (Uy X A™, pf1) —=— 7o [Giy (U x A™, p57+) [2d]]

q q

G*(Uy x AT, u87) — 2 Gy, (U x A7, S0+ 0)2d]

* *

P1 Py

G*(Uy, p&9) ~ Gy, (U, p&at+4)[2d]

Here the left-hand column is the diagram used in defining cl? in §3.7, the right-hand
column is the diagram used in defining the version of cl? for U with supports in Uy,
and the maps ¢; are induced by the appropriate Gysin map (4.2). In particular, all
the vertical maps, except for ¢ and ¢’, are quasi-isomorphisms, and all the horizontal
maps are isomorphisms in D(Ab). It follows from Lemma 3.5 that the top square
commutes; the next two squares commute in D(Ab) since 1o = T<a4¢3 by definition,
and ¢ is the map on cohomology induced by ts. The bottom square commutes in
D(Ab) by the naturality of the Gysin isomorphism.

Since the ¢; come from isomorphisms in D(Func(Sm/X°P, Ab)), (4.4) defines a
commutative diagram in D(Func(Sm/X°P, Ab)). Taking the limit over W, this
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gives us the commutative diagram in the derived category of presheaves on X:

29Uy, ¥) @ Z/m[—2q] 25U, %) ® Z/m[—2q]

cych lcyc‘”d

/

(45) U G*(Uy x A%, p?) —— Gy ax (U x A%, p3 144 [2d]
pf] L’I
G*(Uy, p3) - Gy, (U, ppit4)[2d]

Ascl? = (pt)~locycd and 1?7 = (p¥)~Locyc?t?, sheafifying (4.5) gives the desired
commutative diagram in D~ (Sh(Xza,)). O

Proposition 4.5. (1) The cycle class map for relative cohomology is compatible
with the maps in the long exact relativization sequences for motivic cohomology and
étale cohomology.

(2) Let i :' Y — X be a closed codimension d embedding of essentially smooth
k-schemes with complement j : U — X. Then the diagram

HP=Y (U, Z/m(q)) —2— HP=24(Y, Z/m(q — d)) —— H?(X,Z/m(q))

cqu clqdl Cqu

Hé);l (U, M%q)

commutes.

Proof. (1) follows immediately from the naturality of the map (3.8) and the defi-
nition of relative motivic cohomology (resp. relative étale cohomology) via cones.

For (2), the same reasoning as in (1) gives us the map of distinguished triangles
in D(Ab):

*

ZL(X, %) ——— Z9(X, %) —L— Z9(U, #)

cl? l cl? J cl? J

Gy (X, pd,) —— G*(X, pd,) —— G*(U, )
J
which in turn gives the commutative diagram
_ ) .
(4.6) HP~Y (U, Z/m(q)) —— HY (X, Z/m(q)) —— H"(X,Z/m(q))

cl? l cl? J cl? J

HYH U, p) HY (X, p&8) ———— HY (X, p&1)

Tx

Since the diagram in (2) is derived from (4.6) by replacing Hy (X, Z/m(q)) and
HY.(X, pn29) with HP=24(Y,Z/m(q — d)) and HY **(Y, u29~?) via the respective
Gysin isomorphisms, Lemma 4.4 together with the commutativity of (4.6) proves
(2). O
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4.6. Products. We proceed to check that the cycle class map is compatible with
products.

Proposition 4.7. Let X and Y be k-schemes, of finite type and locally equi-
dimensional over k. The diagram

H?(X,Z/m(q)) @ HY (Y, Z/m(q')) —— HP™' (X x;, Y, Z/m(q + ¢))

c!® e l ldﬁ—q,

’ ’ + / ’
HE (X, pn®) @ HE (Y, pi® ) — 5 HEP (X X Y, pg @)
is commutative. In particular, for X essentially smooth over k, the map
o™ @, JHP (X, Z/m(q)) — ®po HE (X, n57)
is a ring homomorphism.

Proof. Following [9, Chapter 6], a map of sheaves 1 : F ® G — H on a topological
space X induces a functorial map (over p) on the Godement resolutions

G(u) : G*(X, F) © G*(X,G) — G*(X, H).

We apply the methods of §3.7, which, together with Lemma 3.5(3), gives us the
commutative diagram in D~ (Modyz/,,)

Z9(X, %) /m &%, Z9(Y,%)/m —— Zatd (X x Y,*)/m

clf ® clq, l Jclq+q,

G* (X, p3?) ®§/m G* (Y, p8d') 5 G*(X x Y, p@atd)
Here, the map U’ is defined by the diagram analogous to (8.1):
G (X, u&0) @ G (Y, 20y P2 G (X x A%, u0) @F G7(Y x A, S
c®, G (X XY x A* x A* 81+
LG (X x YV x A% p@1) — G*(X x Y, p&rt7),
It thus suffices to see that U’ agrees with the product
U5 G (X, 1) 0k, G (Y, 427) — GH(X x Y, uS0+)
induced by the product of sheaves &4 @ u®7 — p&1+4" . Since the augmentations
G (X, 4S7) = G*(X x A%, 42
G (Yo upt) = GH(Y x A", i)
G (X XY, p@09)  G*(X x YV x A*, 29+
are quasi-isomorphisms, this follows from the fact that the map
GH(X XY x A* x A" pu@10) L G (X x vV x A*, 81t

is a map over the identity on G*(X x Y, u@at4"), O
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4.8. The case of fields. We discuss some additional properties of the cycle class
map for X = Spec F', F a field.

From [1, Theorem 6.1], the map sending v € F \ {0,1} to the cycle [u] :=
1 (11, %) of A} gives rise to an isomorphism F* — H'(F,Z(1)). Addition-
ally, HP(F,7Z(1)) = 0 for p # 1, hence we have the isomorphism F™*/F*™ =
HY(F,7Z/m(1)). The Kummer sequence gives H (F,uy,) = F*/F*™ for all m
prime to char F'.

Proposition 4.9. Let u be in F'\ {0,1}. The cycle class map
A HY(F,Z/m(1)) — H (F, i) = F* [P

sends the class of [u] to the class of u mod F*™, hence is an isomorphism.

Proof. Let U = AL\ {[u]}. We have the Gysin sequence

HE (U, i) 2> HE (Ao, ) — HE (Ao, ).
By definition of the étale cycle class of a divisor [5, Cycle, Définition 2.1.2], it follows
that the cycle class of [u] in Hﬁ](A},,um) is given by cyc[lu]([u]) = O([f]), where
[ is a regular function on AL with div f = [u], and [f] is the class in HE, (U, fm)

corresponding to f € HY, (U, G,,) via the Kummer sequence.
We claim that

(4.7) el ([u]) = iy 0) (If]) = i{o,1)([f]) € HE(F, pim).-
To see this, let {[f]} be a cocycle in G*(U, ﬂm) representing [f]. Let C;‘fu](A}p,um)

be the kernel of the surjection GP(AL, fi,,) <= GP(U, ), giving the term-wise
exact sequence of complexes

(4.8) 0 — Giy(Ak, i) 5 G (Abs i) 25 G (U i) — 0.

The canonical map C;"[“U](A};, tm) — ’[*u](A};, tm) is a homotopy equivalence, and
the Gysin sequence for the inclusion of [u] in AL is the long exact cohomology
sequence resulting from (4.8). Thus, if ¢ € G*(AL, ) is a cochain lifting {[f]},
then d¢ = i.m, n € G[u](A};, tm), and 7 is a cocycle representing cyc[lu}([u]). On
the other hand, it follows from the construction of the map cl' that the element
' ([u]) € HL(F, jum) is given as follows: Since i{1,0) © tx = g 1) © tx = 0, the map
i, extends to the map of complexes
i : Gru] (A}?vﬂm) — G (A%, ),

and cl'([u]) is the element of H} (F, ) corresponding to i (cyc[lu]([u])) via the
quasi-isomorphism G, (F, pim) =2 G*(A%, pbrm) induced by the augmentation A}, —
F. Tracing through this quasi-isomorphism, we see that cl'([u]) is the class of
i{1,0)(¥) = i{y 1) (¥), where t) is any element of GH(AL, ) with dip = i.n. Since
we may take 1) = ¢, and since iy (¢) = iy ({[f]}) for all p € U, it follows that el ([u])
is the class of if; o) ({[f]}) — i{y1)({[f]}), which verifies (4.7).

Since we may take f to be the function f(tg,t;) = tg — =

we have
T—u’
.

c*([u]) = _i“ mod F*™ =4 mod F*™.

1—u
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O

This result has the following consequence for the relation of the Bloch-Kato
conjecture and the cycle class map:

Lemma 4.10. Let F be a field, m an integer prime to the characteristic of F.
If O « KM(F)/m — HZ(F,p$9) is surjective, then the cycle class map cl? :
HY(F,Z/m(q)) — HE (F, p27) is surjective as well.

Proof. The Galois symbol for ¢ = 1 is by definition the Kummer isomorphism
F*/F*™ = HL(F, ji,,), and the map 9, r is the multiplicative extension of ¥; p.
Thus, ¥, F is surjective if and only if the cup product map

H (F, py)®? — HE (F, p$%)

is surjective. From Proposition 4.9 and Proposition 4.7, this implies the surjectivity
of cl. O

Remark 4.11. One could also prove Lemma 4.10 by showing that the isomorphisms
KM(F) — H™(F,Z(n)) described in [20] or [26] are multiplicative. The map de-
scribed in [26] uses a cubical version of the higher Chow groups, and the issue
of multiplicativity is not addressed in [20]; we have used the somewhat indirect
argument above to avoid checking this detail.

Using Proposition 4.9, one can show that cl* : HO(F,Z/m(1)) — HY(F, i) is
an isomorphism as well. We are indebted to the referee for the argument.

Proposition 4.12. Let F be a field, and m an integer prime to char F'. Then
the cycle class map cl' : ZY(F,%) @ Z/m — G*(F, ) is an isomorphism. In
particular, the map cl' : HO(F,Z/m(1)) — HY,(F, jum) is an isomorphism.

Proof. We may assume that m is a prime power [. As the map
o ZY(X, %) @ Z/m — G*(X, i)

is defined by a finite zigzag diagram of natural maps of complexes, cl' is compatible
with inverse systems of schemes with flat affine transition maps, and induces a map
on the corresponding direct limit of complexes. Since both Z1(X, x) and G* (X, p.,)
are compatible with such inverse systems, it suffices to prove the result for F' finitely
generated over the prime field.

We now consider the inverse system of maps cl* for m =", n =1,2,.... Since
the Godement resolution transforms surjective maps of sheaves to term-wise surjec-
tive maps of complexes, the complexes in the system of zigzag diagrams defining c1*
form=10",n=1,2,..., satisfy the Mittag-Leffler conditions term-wise. Therefore,
cl' induces a map on the derived inverse limit

(4.9) o' : Rlim Z'(F, ) ® Z/I" — Rlim G*(F, ),

n n
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and we have the commutative diagram for each NV
(4.10) Rlim Z'(F, %) ® Z/I" —— Z1(F,*) @ Z/IN

n
clll clt

Rlim G* (F, ) G* ()

n

where the horizontal arrows are the canonical maps.

Both Z'(F, )®Z/1" and G*(F, ju;» ) have the same cohomology, namely, F*/(F*)!"
in degree one, and p(F) in degree zero. Since F is finitely generated, both
Rlim ZY(F,x) ® Z/I" and Rlim G*(F, ) have cohomology only in degree one,
with that cohomology being lim F*/(F*)'". By Proposition 4.9 and the commuta-
tive diagram (4.10), the map (4.9) is an isomorphism.

The commutativity of the diagram (4.10) identifies cI* : Z1(F, %) ® Z/IN —
G*(F, uy~ ) with the map on the derived tensor product

o' ®id : [Rlim Z'(F, %) ® Z/1"] @ Z/1N — [Rlim G* (F, juy»)] @ Z/1N.

n

As this latter map is an isomorphism, the proposition is proved. O

4.13. The étale sheafification of I"x(¢). In this section, we prove Theorem 1.5,
and show that Theorem 1.1 and Theorem 1.6 are equivalent.

Let T'x(q)¢s denote the sheafification of I'x(q) for the étale topology on X.
Sheafifying the cycle class map (3.20) for the étale topology on X as in §3.10 gives
the étale cycle class map

cldy - Tx(q)st o Zfm — psd

in D7 (Sh(Xe)), natural in X. We have the natural map I'x(¢) — Re.I'x(q)et;
truncating gives us the natural map

Lx Fx(q) — TSqRG*Fx(q)ét.

Proof of Theorem 1.5. Let m : X — Speck be the structure morphism. By the
rigidity result of [1, Lemma 11.1], the natural map

k(@) ®F Z/m — Tx(q)er @% Z/m

is a quasi-isomorphism, reducing us to the case of X = Speck, with k separably
closed.

Suppose that chark = 0. By the Suslin-Voeovodsky theorem relating Suslin
homology and étale homology [24, Corollary 7.8] and Suslin’s comparison of Suslin
homology and motivic cohomology [23], we have

0 forp#0
u4(k) for p = 0.

HP(k,Z/m(q)) = {

In case chark > 0, the same result follows by using de Jong’s resolution of singu-
larities [11] to extend the results of [24] to positive characteristic (see e.g. [12] or
[7] for further details).
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By Proposition 4.12, the map cl' : HO(k,Z/m(1)) — HY (k, pt) is an isomor-
phism. By Proposition 4.7, we have the commutative diagram
HO(k, Z,/m(1)®* —— HO(k, Z/m(q))

(c11)®ql lclq

Hgt(k7ﬂm)®q Hgt(k,/iglq)

U]

from which we see that the cup product H°(k,Z/m(1))®? — H°(k,Z/m(q)) is
injective. From the computation of H°(k,Z/m(q)) given above, this shows that
the product map H°(k,Z/m(1))®9 — H(k,Z/m(q)) is an isomorphism. Thus the
cycle class map induces a quasi-isomorphism

o’ : Ty(q) @ Z/m — pi(k),
for k separably closed, completing the proof. O
We now show that Theorem 1.1 and Theorem 1.6 are equivalent.

Proof. By Theorem 1.5, we have the isomorphism
clgy : Tx(a)er @F Z/m — pit

in D™ (Sh(Xg)) for all a > 0. Applying Re, and truncating gives the isomorphism
in D™ (Sh(Xzar))

T<aRe, lf : TeoRe.Tx(a)s, @ Z/m — 1<, RS0
By the adjunction property of Re., the cycle class map factors through 7<, Re. clg;,

giving the commutative diagram

Tx(a) ®F Z/m —— 7<,Re,T x (a)ss @ Z/m

a

T<qRey clfy
cl -

T<aRepe

with 7<, Re. cl, an isomorphism. Thus cl® is an isomorphism if and only if ¢x is
an isomorphism, showing that Theorem 1.1 and Theorem 1.6 are equivalent. O

5. THE SEMI-LOCAL n-CUBE

We relate the Bloch-Kato conjecture to the Beilinson-Lichtenbaum conjectures
by taking motivic cohomology and étale cohomology of the semi-local n-cube, rel-
ative to its faces.

5.1. The semi-local n-cube. We write O,, for the affine space Speck[ty,... ,t,].
Let v be the set of points (e1,... ,€,), €; € {0,1}, of O,,, R, the semi-local ring
Og,, v and ﬁn the semi-local scheme Spec R,,.
Let 0% be the subscheme of [1,, defined by the ideal (t; — ¢€), € € {0,1}. We
define the set of subschemes T, of [1,, by
T, := {008 |i=1,...,n; ec{0,1}}.
We order the elements of T, by setting

a . ﬁf{l for s <mn
A 5 e P
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and let T be the subset of T,, consisting of the first s subschemes. Let
S, =T =T, — {On°}.
For r < 5, we let T}  denote the set of subschemes of @ms of the form ﬂn,i N ﬁms,
i=1,.
Asin §2 7 we write Dn 1 for the intersection ﬂseIDn s; we call Dn 1 a face of O,

Using the coordinates ¢;, j §Z I, in the standard order identifies Dn ; with O, \1]-
Identifying the face Dms of Dn with Dn_l in this way, we have the identification

T _
n,s

T _ forr<s<norr+n<s,
1 for1<s—n<r<s.

5.2. Relativization sequences. For 1 < s < 2n we have the fundamental rela-
tivization sequence

- Hpil(ﬂn,éa Z/m( ) — Hp(ljanSvZ/m(Q)) -

HP(Q,; T34, Z/mlq)) — HP Qs T Z/m(q)) —

n,s

We have similar sequences for étale cohomology. Taking s = 2n and identifying
Oy 2, with 0,1 as described above gives the most important case

— HP" Y O,-1; T, Z/m(q)) — H?(On; Tn, Z/m(q)) —
H? (T3 Sn, Z/m(q)) — H? (Qp—1; Tn-1,7Z/m(q)) — .

We will rely on the fundamental surjectivity property, proved in [8, Corollary
4.4]:

Lemma 5.3. For alln > 1 and all ¢ > 0, the restriction map
H9(Ops; Sn, Z/mA(q)) — HY (O —1; a1, Z/m(q))
18 surjective.

Remark 5.4. We have not been able to prove the analog of Lemma 5.3 for the semi-
local scheme of the vertices in A", which is why we need to introduce the n-cube
0,. Lemma 5.3 is similar to the result [25, Corollary 9.7](revised version), and
plays the same crucial role in the argument.

The combinatorics of [1,, and its faces are similar to that of A" and its faces. In
the next few sections, we discuss these combinatorics, leading to the splitting result
Proposition 5.7.

5.5. Relative complexes. Let C be a subcategory of Schy, and F' : C°P — C(Ab)
a functor. As in §3.1, if we have a k-scheme X with closed subschemes Y7,... Y,
such that all the inclusions Y; — Yy, J C I C {1,...,n}, are in C, we form the
relative complex F(X;Y7,...,Y,), which is defined as the total complex of the
double complex

FX)=@PFry)—...— P F) -

i=1 e
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with F%(Y7) in total degree i + |I|. The relative complexes F(X;Y1,...,Y,) are
natural in F', and have the functorialities described in §2.8. We have as well the
subcomplex

F(X;Y1,... . Y,)5 i=ker(F(X) — éF(Yi))

of F(X;Y1,...,Y,).
5.6. The category C(n). For 1 < s <nlet
is: (t1y oo ytn_1) = (b1, ov yts—1,0,ts, oty tn—1)
Got (trseee stno1) = (b1yeee sto1, Litey oo s tn1)
be the inclusion of the faces t; = 0 and t, = 1 into ﬂn We have the identities

(5.1)

. {is+1it s>t {is+1jt s>t {js+1jt s>t
1ls —

S i
i s<t; T Vi s<ti 7T Vs s<t
Similarly, we define projection maps for 1 < s <n and 1 < s < n, respectively,

Ps - <t17~-~ ,tn) — (tl,... 7t5,1,t5+1,... ;tn)
gs : (t17' .. 7tn) = (tla ceeyts—1, 1= (tb - 1)(t8+1 - 1))t3+27' . atn)
The following identities hold

Jt-1ps t>s ii—1ps t>s
(5.2) psje = 4 id t=s psiy = § id t=s
Jths—1 T <s; Ups—1 t<s,
Ji-1gs t>s+1 ir_1qs t>s+1
(5.3) Qsjt = § Jsps  t=s,5+1 qsiy = { id t=s,5+1
Jitqs—1 t <s; itgs—1 t<s.
Let I be a subset of {1,...,n} (possibly empty), and s1,... , s, elements of the

complement of I. We write 8;1""’S"ﬁn for the subscheme U;lejn’ju{si} of U, 1.
We write 95151, for 851""’&@”; we also write 90, for 91-2r[],,. We allow
the case 7 = 0, i.e., 901, = U, ;. We note that the 85" *"[J,, are all normal
crossing subschemes 9f O,. R X )

A face of 97 °"0,, is a face O, ; of O,, which is contained in 97" *"0J,,. We
let C(n) be the subcategory of Schy with objects the subschemes of U,, of the form
8;1""’S"ﬁn. A morphism f : 8;1""’5"'ﬂn — 8;:1""’8/“
that, for each face |jn,J of 8;1"”’5Tﬁn, there is a face |jn,J/ of 85:1""’5’/'"@” such
that the restriction of f to ﬁn, 7 factors as

0, is a map of k-schemes such

O RS T
|:ln,J Dn,]’ ? a[/l Dn7

with f; flat, and i the inclusion.

Proposition 5.7. Let ' : C(n)°® — C(Ab) be a functor. Then for all s < 2n:
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1. The canonical maps
F(O,, T — F(O,,T); F(00,, T3k - F(60,,T)

are quasi-isomorphisms.
2. The inclusions

F(|jn, Ts)ker C F(|jn, T;—l)ker; F(aljn’ Ts)ker C F(aljn, T;—l)ker
are split; the splittings are natural in F'.

Proof. We can assume that the proposition holds for functors C(n — 1)0p — C(Ab)
and proceed by induction on s. We will prove the proposition for o,,; the proof
for 0, is exactly the same, replacing d0J,, with 0,,, and is left to the reader.

By contravariant functoriality, there are maps

Z:u]: : F(aljn) - F(ljn—l,s)
Pt F(Ono1,s) — F(O0,).
For s < 2n, consider the following commutative diagram of complexes:

incl

(54) (aDans)ker N F(aDans 1)ker _} F(Dn ‘?7TrSL gl)ker

| | |
F(aljnaT»:) - F(aljnaTi_l) - F(ljn,saT::sl)v

where the vertical arrows are the natural inclusions, and ¢ is the restriction map.
By definition, F(@ﬂn, T3)ker = ker(¢).

The bottom row of (5.4) defines a distinguished triangle via the isomorphism
(2.10). If we can show that the map ¢ is naturally split surjective, then (2) follows,
and the top row of (5.4) defines a distinguished triangle as well. Since 8 and
are quasi-isomophisms by induction, a will be a quasi-isomorphism as well, proving
(1).

We consider the following diagram, where s = j¥ for s < n and ¢y = i}_,, for

—n
s > n, and where § and 7 are the evident inclusions:

Micoorte

0—— F(aDn,T{: l)ker —> F(@D ) N @tﬁsfl F(ljn,t)

0—>F( nsaTs l)ker—>F( ns) @tgs_lF(ﬁn,t,S)~

Y P

The rows are the degree-wise exact sequences defining the complexes F’ (aﬂn, T3~ 1yker
and F(80,,, TS~ 1)k respectively.

Let ps : F(0,,) — F(d0,) be the map p* in case s < n, or ¢*_, in case
n < s < 2n. Let z be an element of F(ﬂn,s,Tr‘jfsl)ke”. Then z can be viewed as an

element of F(ﬂns) mapping to zero under ¢y for t < s. Map x to T in F(@ﬁn) by
taking T = ps(z).

We note that ¢s 0 ps = id, by (5.2) for s < n or (5.3) for n < s < 2n. Thus,
to show that ps defines our desired splitting, we need only show that Z lies in the
kernel of ¢, for t < s. But this follows from (5.2) for ¢ < s < mn:

uT = jipsx =ps_1jir = 0.
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For s >t > n this follows from (5.3):
U =1_,qe_,*=qi_,_1t;_,x =0,
and for t <n < s,
4G, Jiix=0 t>s—n+1

WT = Jiqe_pt =< pi_,jix =0 t=s—n,s—n+1
45 _p_1Jiz=0 t<s—mn.

6. THE BEILINSON-LICHTENBAUM CONJECTURES AND CYCLE MAPS FOR En

In the main result of this section, Proposition 6.5, we show how the surjectivity
of certain relative cycle class maps for semi-local n-cubes implies a part of the
Beilinson-Lichtenbaum conjectures for fields.

We have the following version of a part of the Beilinson-Lichtenbaum conjectures
[16]:

Conjecture 6.1 (BL,). Let m be an integer prime to the characteristic of k. The
cycle class map

c®: HP(F,Z/m(a)) — HL (F, u2%)

is an isomorphism for all p < a, and for all finitely generated field extensions F of

k.

Write A for A}, and let A®" denote the set of codimension b points of A which
are not in 0,. The standard constructions of Bloch-Ogus [4] give the augmented
Gersten complex for motivic cohomology

(6.1) 0— HP(A,Z/m(q)) = H? (O, Z/m(q)) — @ H"'(k(z),Z/m(qg - 1))
zeA)’
—...— P H(k(2),Z/mlg 7)) — ...
zeA)

and for étale cohomology

(6.2) 0— HY(A,pS7) 5 HE (O, uS) — @ HE ' (k(x), n207)
xeA(l)/

... @ HY " (k(z), p2977) — ...
zEAM’

To fix the notation, we take HP(A,Z/m(q)) and HZ (A, p$7) in degree —1.
Lemma 6.2. The complezes (6.1) and (6.2) are ezxact.

Proof. We discuss the case of motivic cohomology; the argument for étale cohomol-
ogy is exactly the same.
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For a scheme X, we let X(") denote the set of codimension r points of X. We
have the standard Gersten complex for A:

(6.3) 0— HP(&,Z/m(q)) — HP(k(A),Z/m(q)) — €D H"'(k(x),Z/m(q—1))
zeA)
—...— P H(k(z),Z/m(g 7)) — ...,
zeA(m)
and for O,,:
(6.4)
0 — H?(On, Z/m(q)) — H(k([,),Z/m(q)) — € H"'(k(x),Z/m(q - 1))
me\j(l)
— ... P H"(k(z),Z/m(q 1)) —
le\jsf)

Sherman [21] has considered the analog of (6.3), where one replaces motivic co-

homology with K-cohomology H*(—,K,), and shows that the resulting complex

is exact. The same argument works for any Bloch-Ogus twisted duality theory, in

particular, the complex (6.3) is exact. Similarly, the “classical” Gersten’s lemma

[4, Theorem 4.2] for a Bloch-Ogus cohomology theory shows that (6.4) is exact.
We define the map of complexes ¢ : (6.3) — (6.4) by the restriction map

Y HP(A,Z/m(q)) — H?(On, Z/m(q)),
in degree —1 and the evident projection
: 6P HY(k(z), Z/m(q — P H T (k(x),Z/m(q - 1))
zeAm) zefl(r)
in degree r > 0. It is easy to check that the complex (6.1) is homotopy equivalent
to cone(t))[—1], which shows that (6.1) is exact. O

We write 1 for the point (1,...,1) of [,,.
Lemma 6.3. Suppose BL, is true for 0 < a < q. Then the cycle class map
cl?: HP(O,;1,7Z/m(q)) — HE (On; 1, u89)
18 an isomorphism for all p < q and alln > 1.

Proof. By Lemma 6.2, the Gersten complexes (6.1) and (6.2) are exact.
Let 7 : A — Speck be the structure morphism, and i : 1 — Dn, J: 0, — A the
inclusions. Since

HP (k, Z/m(q)) — Hi (A, Z/m(q);  HE(k, p®) —— Hi (A, i)

are isomorphisms, and 7 o j o ¢ = id, we may split off the first term in both (6.1)
and (6.2), giving the exact Gersten complexes

(65) 0— HP (O, 1,Z/m(@) — @ H"'(k(x).Z/m(g ~ 1)) —

zeAM’

— @B H(k(x),Z/m(qg—1)) = ...

A
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and
(6.6) 0— HY(Op;Lpus") — @ HEY H(k(x),nSi™) — ...
reA)’
— D HE (k@) pET) —
zeh(m)’

The compatibility of the cycle class maps with localization (Proposition 4.5(2))
implies that the various cycle class maps give a map of complexes cl* : (6.5) — (6.6).
This together with our hypothesis proves the lemma. O

Lemma 6.4. Suppose that BL, is true for 0 < a < q. Then the cycle class map
A : H (s Sn, Z/m(q)) — HE (O S, p177)

is an isomorphism for all p < q.

Proof. We prove more generally that the cycle class map
ol s HP (U Ty, Z/m(q)) — HE (O T, 1)

is an isomorphism for all p < g and for 1 < s < 2n. We proceed by induction on s
and n.
By Proposition 4.5(1), we have the commutative diagram

— H?(O,; T2, Z/m(q)) — HP(O,; T4, Z/m(q)) — HP(On 53 T334, Z/mi(q)) —

cl? J cl? J cl? l

- HQ@MTE»N%]) Hgt(ljn;Tﬁilvﬂggq) Hgt(ljms;TfL:slvﬂ%q) —

where the rows are the respective relativization sequences. Induction reduces us to
the case s = 1.
We have the relativization sequence

— H?(O,;T1,1,Z/m(q)) — H?(Qn; Ty, Z/m(q)) — HP(1;1,Z/m(q)) —;

niy -

since Z9(1;1,*) is the cone on the identity map, we thus have the isomorphism
HP(0,; Ty, 1, Z/m(q)) = HP (s T, Z/m(q)),

and similarly for relative étale cohomology. Comparing the relativization sequences
for motivic cohomology and étale cohomology using Proposition 4.5(1) gives the
commutative diagram

- Hp(ljna Tr%v LZ/m(Q)) — Hp(ljn§ Lz/m(q)) - Hp(ljnfﬁ I,Z/m(q)) -

cl? l cl? l cl? l

- Hé)t(lanT%ala/f‘S%q) Hgt(ljmla/ﬁgq) Hé)t(ljn—ﬁlal‘?%q) -
Using Lemma 6.3, this shows that the cycle class map
cl?: Hp(ﬂn;Ti, 1,Z/m(q)) — Hé’t(ljn;T;, 1, u®9)

is an isomorphism in the desired range. O
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Proposition 6.5. Suppose that BL, is true for 0 < a < q. Suppose further that,
for all finitely generated field extensions F of k, the cycle class maps

c?: HYQ, xy F; T, %y F,Z/m(q)) — HL (O, xx F; Ty, x5, F, n&9)
are surjective for alln > 0. Then BL, is true.
Proof. We first reduce BL, to showing

(6.7)
For all finitely generated field extensions F' of k, the cycle class maps

c?: H? (O, xx F; Ty, xx F,Z/m(q)) — HE(Op x5 F; Ty x5 F, u39)
are isomorphisms for alln > 1 and all p < q.

Indeed, suppose that (6.7) is true. If k" is a finitely generated field extension of
k, (6.7) remains true with &’ replacing k. Thus, it suffices to prove that

cl? : H?(Speck,Z/m(q)) — HE (Speck, us?)

is an isomorphism for p < gq.
We have the commutative diagram relating the motivic and étale relativization
sequences

= H?(@y;Th, 7 (9) ~ H (B 81, (@) = HP (K, 1 (q) = HPH (O T, 12 (9) —

cl? l cl? l cl? J cl? l
— HE (O Ty, ) — HE (O Sy, pip?) — HE (b, p?) — HE (O3 Ty, pi) —

With this, (6.7) together with Lemma 6.4 and (for p = ¢) Lemma 5.3 implies that
cl? is an isomorphism in the desired range.

To prove (6.7), we may replace F' with k. We consider commutative diagram of
relativization sequences

— HY(Opy15 Tos1, Z(q) — HY (D15 Snvrs Z(q)) — HY(Oy; T, Z(q)) — 0

o m
dql dql dql

— HE (Tnp1; Ty, 157) — HE (Dpg1; S, 157) — HE (Os Ty p57) —

where the surjectivity for motivic cohomology is given by Lemma 5.3. The map
c?: HY(O,;S,, Z/m(q)) — Hgt(ﬁn; Sy u27)
is an isomorphism by Lemma 6.4, hence surjectivity of
A?: HY(Opy1; Togr, Z/m(q)) — HE (Og; T, i)

implies injectivity of cl9 : HY(O,; T, Z/m(q)) — HE,(Op; T, n&9).

We now proceed by descending induction on the cohomology degree. Fix an

integer p < ¢, and suppose that cl? : H“(ﬁn; Tn,Z/m(q)) — Hgt(ﬁn; Ty, p29) is an
isomorphism for all @ with p+1 < a < ¢q and for all n. We have the commutative
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diagram whose columns are the respective relativization sequences

| |

N cle ~

HP(Opy1; o1, Z/m(q) —— HE (Opy1; Toy1, pa?)

| |

- cl? A

HP(Qyq15 Sng, Z/m(q)) — HE (Ong1; Sngt, pin?)

| |

cl?

HP (O, T, Z/mlq)) ——— HE (Oy; Ty, 129)
HP Y (O,i1; Tog1, Z/m(q)) —— Hé)t+1(|jn+1§ Ts1, p27)

~ q N
HP Y (Opy1; Snt1,Z/m(q)) —— HQH(DnH; Sny1, 1S9)

As we have the isomorphism (Lemma 6.4)
A”: H* (D13 Snpr, Z/m(q)) — HE (Onr; Snpr, i)

for all @ < ¢, the map cl? : H?(Q,,; Tn, Z/m(q)) — HE(Op; T, uS9) is surjective;
as n is arbitrary, the map

cl?: Hp(|jn+1;Tn+lvz/m(Q)) - Hgt(ljnJrl;TnHvﬂgq)

is surjective as well, hence cl? : H?(0,,; Ty, Z/m(q)) — HE,(Oy; Tr, p&7) is injective.
O

7. THE BLOCH-KATO CONJECTURE AND SURJECTIVITY

We now complete the discussion, by showing how the Bloch-Kato conjecture for
fields implies the surjectivity condition of Proposition 6.5.

Proposition 7.1. Let X = Spec R be a semi-local k-scheme, where R is a local-
ization of a k-algebra of finite type. Then, for each element n of HS, (X, u?), there
is a k-morphism i : X — Y, with Y a smooth finite-type semi-local k-scheme, and
an element T of HY (Y, n2%), such that n =i*7.

Proof. Take a closed embedding of X into the semi-localization A of an affine space
AN and let X}, be the henselization of A along X. Let i5 : X — X}, be the inclusion
and let F be a torsion étale sheaf on Xj,. It follows from [6, Theorem 1] (see also
[22]) that if : HY (Xp, F) — HL (X, i;F) is an isomorphism. Since X and A are
affine, X, is a filtered projective limit of smooth semi-local k-schemes of finite type,
with flat affine transition maps. Since HE (—, p27) maps filtered projective limits
of this type to filtered inductive limits, the result follows. O

Proposition 7.2. Suppose that, for all fields I finitely generated over k, the cycle
class map cl? : HY(F,Z/m(q)) — HZ(F,p29) is a surjection and the cycle class
map ' H"YF, Z/m(q — 1)) — Hg;l(F, pu29=YY s an injection. Then the
cycle class map

c?: HYQ, xy F; T, xy F,Z/m(q)) — HL (O, xx F; Ty, x5, F, u&9)

is surjective for all fields F' finitely generated over k and for all n.
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Proof. As in the proof of Proposition 6.5, it suffices to prove the result for F' = k.
By a limit argument, similar to the argument of §3.4, we may assume that k is
perfect.

Let R be the semi-local ring of finitely many smooth points on a algebraic variety
X over k. By Bloch-Ogus theory [4, Theorem 4.2], we have the exact Gersten
complex

(7.1) 0 — HP(R,Z/m(q)) — H(k(X),Z/m(q)) — ...
- P H k@), Z/m(g—a)) — ...
z€(Spec R)(@)
and a similar exact Gersten complex for étale cohomology
(7:2) 0— HE(R.p2%) — HE(K(X) 4S5 — ..
IR CONT RO R
z€(Spec R)(@)

By the compatibility of the cycle class maps with localization (Proposition 4.5(2)),
the maps c1?”® define the map of complexes cl* : (7.1) — (7.2).

Taking p = ¢ and using our assumption, this shows that the cycle class map cl? :
HY(R,Z/m(q)) — HE (R, u$7?) is surjective. By Proposition 7.1, and the naturality
of the cycle class map (Proposition 4.2(5)), the map cl? : H9(dU, 11, Z/m(q)) —
HY, ((’9@”4_1, ul1) is surjective for all n. We have the commutative diagram

cl?

(7'3) Hq(aljn-‘rlaz/m(Q)) Hgt(aﬁnﬂ,#%q)

N 12 N
H1 (aljn-i-l; Sn-‘rla Z/m(Q)) —— Hgt (8|:|n+1§ Sn+17 ,U'S?Lq)

‘| I

cl?

Hq(ljna Tn7 Z/m(Q)) — Hgt(ljn; Tna M?;Lq)

where s is the natural splitting given by Lemma 5.7, and ¢ is the inclusion of the
face t,,+1 = 0. Thus, the map
(7.4) cl?: Hq(aljn+1§ Snt1,Z/m(q)) — Hgt (3|jn+1; Snt1s N%q)

is surjective.

We recall that étale cohomology satisfies excision for unions of closed subschemes.
Indeed, suppose Z = Z; U Zy, with Z; closed in Z. The Mayer-Vietoris property
(see e.g. the proof of Lemma 3.6) implies we have the distinguished triangle

G (Z, ) = G*(Z1, 1)) ® G*(Za, i) — G™(Z1 N Zo, pigy) —
from which it follows that the natural map
cone(G*(Z, ") — G*(Zz, pip)) — cone(G*(Zv, ) — G*(Z1 O Za, pi))
is a quasi-isomorphism. Thus, the restriction morphism
i, Hiy (2, 2o, n27) — Hi(Z1, 211 Za, 150

is an isomorphism.
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In particular, the map i* : HZ (00, q1;Sni1, pu80) — HEL (O, T, pn&7) is an
isomorphism. The surjectivity of (7.4) and the commutativity of (7.3) thus prove
the proposition. O

We conclude this sequence of results on surjectivity with the following elementary
but useful result:
Lemma 7.3. The surjectivity of cl%. : HY(F,Z/m(q)) — HZ (F,p%) for all fields
F finitely generated over k implies the surjectivity of cly : H*(F,Z/m(a)) —
HE(F, p2%) for all fields F' finitely generated over k and for all a with 0 < a < q.
Proof. We proceed by downward induction on a. Let R be the local ring F[X]x),
let n be in HZ (F, u%®), and assume that CI‘F&) is surjective. Let p* : HZ (F, u%*) —
H(F(X), 12*) be the map induced by the inclusion F — F(X), and let w =
clt (X) U p*n. By Proposition 4.5, we have the commutative diagram

HOY(F(X),Z/m(a + 1)) —2— H(F,Z/m(a))

a+1 a
chfX)l Jch

Hgt+1(F(X)7/l;8;za+1) ) Hgt(F, Mga)7

where the maps 0 are the boundary maps in the localization/Gysin sequence for
the open complement Spec I'(X) of Spec F' in Spec F'[X](x). For a = 0, we have
canonical isomorphisms

HY(F,7Z/m(0)) 2 Z/m = HY(F,Z/m),
and cl% is the identity. In addition, the map
9: HYF(X),Z(1)) = F(X)* — H°(F,7Z)
is just the classical divisor map, hence
A(c*(X)) =c?(0(X)) =cl’(1) = 1.

Since the boundary map is a Hf (F, p&*)-module homomorphism, this gives the
identity n = d(w). By assumption, there is an element 2 € H**1(F(X),Z/m(a+1))
with 1”1 (2) = w, giving cl%(92) = a(cl‘;;(r)l()(z)) =0(w) = . O

7.4. The main theorem. We can now give the proof of our main result Theo-
rem 1.1. By Lemma 4.10, it suffices to prove

Theorem 7.5. Suppose that the maps cl? : HI(F,Z/m(q)) — HZ(F,p2?) are
surjective for all fields F finitely generated over k. The the cycle class map (1.2)
is an isomorphism for all essentially smooth X over k and all a with 0 < a < gq.

Let R be the local ring of a smooth point on a k-variety X of finite type. To
prove Theorem 7.5, it suffices to show that the map

c®: HP(R,Z/m(a)) — H% (R, u&%)

is an isomorphism for all p < a < ¢q. We first reduce to the case of R a field which
is finitely generated over k.

As in the proof of Proposition 7.2, we have the exact (augmented) Gersten
complex for motivic cohomology (7.1), the exact (augmented) Gersten complex
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for étale cohomology (7.2), and the cycle class maps give the map of complexes
cl*: (7.1) — (7.2). As this map in degree a > 0 is

A P HP(k(w), Z/mlq — a)) — HE(k(x), ppt ),
xESpec R(@)

the result for fields which are finitely generated over k yields the general case.

We now handle the case of fields which are finitely generated over k. We proceed
by induction on ¢, the case ¢ = 0 being trivially satisfied.

By Lemma 7.3, the hypothesis in Theorem 7.5 implies that

I s H*(F,Z/mf(a)) — HE,(F, u&°)

is surjective for all fields F' finitely generated over k and for all ¢ with 0 < a < q.
Using our induction hypothesis, this implies that

(7.5) o HP(F,Z/m(a)) — HE (F, p2%)

is an isomorphism for all fields F' finitely generated over k, and for p < a < gq.
Proposition 6.5 and Proposition 7.2 together with the isomorphisms (7.5) complete
the proof.

Remark 7.6. The idea of using Gabber’s rigidity theorem to pass from a version of
the Bloch-Kato conjecture for singular schemes to the usual version can be traced
back to R. Hoobler [10], who used an argument of this type to extend the Merkurjev-
Suslin theorem (which is the Bloch-Kato conjecture for weight two) to arbitrary
semi-local rings.

7.7.  We conclude by proving Corollary 1.2. Let H®(Z/m(q)) be the Zariski sheaf
of motivic cohomology on X, and HZ, (129) the Zariski sheaf of étale cohomology
on X. We have the spectral sequences

E3Y = HY(Xzar, HY(Z/m(q))) = H* (X, Z/m(q))
Byl = H*(Xzar, M2 (p59)) = HE™ (X, u39).

The cycle class map gives a map of spectral sequences cl? : E** — EX*. If the
hypotheses of Corollary 1.2 are satisfied, then, by Theorem 1.1, cl? : H*(Z/m(q)) —
HE, (129) is an isomorphism for b < ¢, hence cl? : E;’b — E;’é’t is an isomorphism
for b < q. Since ES" = Eg,’gt =0 for a < 0, this implies that cl? : E%® — Egjét is
an isomorphism for a + b < ¢, and for a +b =g+ 1, b < q. Since H*(Z/m(q)) =0
for b > ¢, this shows that cl? : H"(X,Z/m(q)) — HL (X, p2?) is an isomorphism
for n < g and an injection for n = ¢ 4+ 1, completing the proof.

8. APPENDIX—PRODUCTS

The cycle complexes have a natural external product which can be constructed
along the lines described in [1]. There is a gap in the construction given in loc. cit.,
in that a part of the construction (Lemma (5.0)) relies on the incorrect proof of the
“moving lemma” [1, Theorem (3.3)]. Although the results of [2] give a proof of [1,
Theorem (3.3)], it is not clear that the argument given in [2] can be used to prove
Lemma (5.0). Therefore, in this Appendix, we give a construction of the product
on the cycle complexes.

Let X be a scheme, essentially of finite type over k. Let 29(X,p,p’) be the free
abelian group on the irreducible codimension ¢ closed subsets W of X x AP x AP
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such that each irreducible component of W N X x A x B has codimension ¢ on
X x A x B for each face A of AP and B of AP'. The 24 (X, p,p') form in the evident
way a bisimplicial abelian group; let z9(X, *, %) be the associated double complex,
and let Tot 22(X, , *) be the total complex of 29(X, *, ).

We give the product set [p] x [¢] the product partial order,

(a,b) < (a/,V) = a<a and b < ¥,

and identify [p] x [g] with the vertices of AP x A? in the evident way. For an order-
preserving map g : [n] — [p] X [¢], the unique affine-linear extension of g gives the
map

Alg) : A" — AP x A4,

A face of AP x A? is a subscheme of the form A(g)(A™) for some injective g.
Let 29(X, p,p’)r be the subgroup of 27(X, p,p’) generated by the irreducible W C
X x AP x AP' such that, for each face A of AP x AP, each irreducible component
of WN X x A has codimension ¢ on X x A. The 2%4(X,p,p’)7r form a sub-double
complex z9(X, x, %) of 29(X, *, ).

If g = (g1,92) : [p+q] — [p] x[q] is injective, g determines a p-g-shuffle by sending
ie{l,...,p+qttogi(i)if g1(: — 1) < g1(7), and to g2(i) + p if g2(i — 1) < g2(4).
Taking the sign of this permutation defines the sign sgn(g). Let

Tp,q : ZT(X,p, Q)T - ZT(X7p+ Q)
be the map Zg sgn(g)A(g)*, where the sum is over g as above. The map

T:= ZTW? s Tot 2" (X, %, %) — 2"(X, ),
Psq

is a well-defined map of complexes.

Lemma 8.1. The inclusion i : Tot 29(X, *,%)7 — Tot 29(X, *,%) is a quasi-iso-
morphism.

Proof. We have the standard E' spectral sequence (of homological type) for each
of the double complexes 29(X, *, %), 29(X, *, *),

E;’b = Hp(29(X, a,*)) = Hgyp(Tot 29(X, %, %)),
7E,, = Hy(2%(X, a,%)7) = Hayp(Tot 29(X, %, %) 7);

the inclusion ¢ induces the map of spectral sequences 7 F — FE. It thus suffices to
show that the inclusion i, : 29(X,a,*)7 — 29(X, a,*) is a quasi-isomorphism for
each a. The rest of the argument is similar to the proof of [1, Theorem 2.1]; we
now proceed to give the necessary modifications.

The complex z%(X,a,*) is evidently a subcomplex of z9(X x A% x). It thus
suffices to show that the two inclusions 29(X, a, x) — 29(X x A% %), 29(X, a, )7 —
29(X x A%, x), are quasi-isomorphisms.

The coordinates t1, ... ,t, on A® give an isomorphism of A® with A%, and thereby
define an action of the group scheme (A%, +,0) on A® by translation. Let ¢ be the
generic point of A%, K the field k(¢), and ¢, : A% — A% the translation by ¢.
Let @ : A% x A — A% be the map ®(z, (ug,u1)) = ¢ue(x) = & + urt. We let
m: X x A% — X x A? be the projection, and ig,i1 : X x A% — X x A% x Al the
inclusions i(y) = (v, (1,0)), i1(y) = (y,(0,1)). Note that ® oig =id, ® 0 iy = ¢.
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If F' is a face of A% x AP, then the orbit A® - F' is of the form A% x F’ for some
face F' of AP. The argument of [1, Lemma 2.2] shows that the composition

P* o™ 29(X x A% %) — 29(X x A% x AL %)
has image in the subcomplex z7(X x A%, 1,x)7 of 29(X x A% x AL «), and that
the composition

21X x A% x) 2T (X ) A% T 6) g 5 29(X x AL, %),

which is just ¢} o 7*, has image in 29(Xg, a, *)7.

We have the map 7" : 29(X x A%, 1,%)7 — 29(X x A%, *+1) induced by T. The
argument of [1, Lemma 2.2] shows in addition that T o ®* o 7* gives a homotopy
between the compositions

7 ¢ o™ i 29X x A% %) — 29(X x A%, %),
the compositions
7, ¢y o 1 29X, a, %) — 29( Xk, a,*),
and the compositions
75 ¢ o™ 29X, a, %) — 24Xk, a,*)T.
This implies that the maps
72X X A% %) /29(X,a, %) — 29( Xk x A% %) /29 Xk, a, *)
T 29X x A% %) /29X, a,%)7 — 29Xk x A% %) /29( Xk, a,%)1

induce zero on homology. Since Spec K is a filtered inverse limit of finite type
k-schemes U with U(k) # (), and since the functors

U 29X x U x A% %),

U~ 29X xU,a,x*)

U 29X xU,a,*)r

transform filtered inverse limits of schemes with flat transition maps to direct limits
of complexes, it follows that the maps 7* are injective on homology: for each such U,
the choice of a k-point of U gives a left inverse to the maps induced by the projection
X xU — X. Thus 29(X x A% %)/29(X,a,*) and z9(X x A% x)/29(X,a,*)r are
acyclic, as desired. O

Now let X and Y be schemes, essentially of finite type over k. Sending W €
21(X x AP) and W’ € 27 (Y x AP ) to the “product” cycle W x W’ € 29(X x Y x
AP x Ap,) defines the map of complexes

B 29(X, %) @ 29 (Y, %) — Tot 2977 (X x4 Y, %, %).
We have the diagram
(8.1) 29X, *) ® 27 (Y, %) = Tot 2974 (X x1, Y, #,%) <= Tot 2979 (X x}, Y, , )7
N zq+q/(X X1 Y, *).

Via (8.1) and Lemma 8.1, the composition T oi~! o defines the external product
map in D~ (Ab)

(8.2) Uxy @ 29(X, %) @F 27 (Y, %) — 2717 (X x,, Y, %).
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The associativity and commutativity of U, . in D~ (Ab) follow easily from well-
known associativity and commutativity properties of the triangulation T' (see e.g.

17,

=

Chap. 3]); we leave the details to the reader.
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