INVERTING THE MOTIVIC BOTT ELEMENT

MARC LEVINE

ABSTRACT. We prove a version for motivic cohomology of Thomason’s theo-
rem on Bott-periodic K-theory, namely, that for a field k containing the nth
roots of unity, the mod n motivic cohomology of a smooth k-scheme agrees
with mod n étale cohomology, after inverting the element in HO(k,Z/n(1))
corresponding to a primitive nth root of unity.

1. INTRODUCTION

In his landmark paper [13], Thomason showed that the mod n étale K-theory of
a scheme X could be described purely from the mod n algebraic K-theory of X, by
simply inverting a canonical element (3, of Ko(X;Z/n) (this is assuming that the
ring of functions on X contains a primitive nth root of unity, and that n is either
odd, divisible by 4, or that ring of functions on X contains a square root of -1).
In this paper we prove an analogous result relating the étale cohomology and the
motivic cohomology of X. The main idea of the proof is the same as Thomason’s, but
the argument becomes much simpler: We avoid some of the technical difficulties by
passing from spectra to complexes, and make additional simplifications by using the
graded nature of motivic cohomology to sort out the mixing of the different levels
in the gamma filtration inherent in K-theory. We also work in a less general setting
than Thomason, in that we restrict ourselves to schemes smooth and essentially of
finite type over a field.

The main player in this story is the mod n motivic cohomology of a scheme
X, smooth and essentially of finite type over a field k, defined via Bloch’s cycle
complex z9(X, *) (see [1]) by

HP(X,Z((])) = H2q7p(zq(Xa *))a
HP(X, Z{n(q)) := Haq—p(2*(X, %) ® Z/n).
For the field k, we have

0 for p#£1

HP(Speck,Z(1)) = {kX for p— 1

The universal coefficient sequence for H°(Speck,Z/n(1)) thus gives the isomor-
phism

H(Speck,Z/n(1)) = p, (k).

If k£ contains a primitive nth root of unity (, we therefore have the corresponding
motivic Bott element 3, € H°(Speck,Z/n(1)), and we may invert (3, in the mod
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n motivic cohomology ring of X, forming the bi-graded ring

H* (X, Z/n(x))[8,"] :== (@ H (X, Z/n(a))) 5, ).
Py
Natural cycle class maps 1”9 : HP(X,7Z/n(q)) — HL (X, p&9) are defined in [5,
§3]. The cycle class maps give a ring homomorphism

* 1" * *
H*(X,Z[n(*)) — Hz (X, pn5")

with c1!(8,) = ¢. Since k contains ¢, cup product with ¢ is an isomorphism on
étale cohomology, so clI™* induces the map

cl*o*

(1.1) H* (X, Z/n())[B, '] —— H&(X, p*)
Our main result is

Theorem 1.1. Let k be a field, n > 2 an integer prime to chark, and let X be a
localization of a smooth k-scheme of finite type. Suppose that k contains a primitive
nth root of unity. In case chark = 0, we suppose further that either n is odd or
that k contains a square root of -1. Then the map (1.1) is an isomorphism.

The proof of Thereom 1.1 is, as mentioned above, essentially that used by
Thomason. We use the Tate isomorphism (see §3.9) to show that the Bott ele-
ment admits a family of inductors for a field extension of cohomological dimension
one. The heart of the argument is Lemma 4.3, which shows how the family of
inductors for the Bott element leads to étale descent for the Bott-inverted motivic
cohomology for field extensions of cohomological dimension one. By an elementary
tower construction, this allows us to reduce to the case of an algebraically closed
field, where the result follows from the theorem of Suslin-Voevodsky [12] (extended
in characteristic p > 0 by work of de Jong [6]), which computes the mod n motivic
cohomology in terms of étale cohomology for smooth schemes over an algebraically
closed field.

We actually prove a stronger version of Theorem 1.1 (Theorem 4.5) which asserts
an isomorphism of objects in the derived category of sheaves on X. We have as
well a version of Theorem 1.1 in case k does not contain a primitive nth root of
unity (but still with the requirement that & contains a square root of -1 in case
chark = 0) where we invert a “power” of the Bott element. For details on this
extension of Theorem 1.1, see §6.

2. MOTIVIC COHOMOLOGY

2.1. Higher Chow groups. We use Bloch’s higher Chow groups to define motivic
cohomology.
Let k be a field. We have the cosimplicial scheme A*, with

A" := Specklto, ... ,tn]/zti - L

A face of A" is a subscheme defined by equations of the form ¢;, =... =1t =0.
Let X be a k-scheme of finite type, locally equi-dimensional over k. Bloch [1] has
defined complexes 2%(X, *) with z9(X, p) the subgroup of the group of codimension
q algebraic cycles on X X AP generated by those irreducible subschemes W such
that WNX x F has codimenison > g on X x F for all faces F' of AP. The differential
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29(X,p) — 29(X,p—1) is the alternating sum of the restriction to the faces t; = 0.
The higher Chow group CH?(X, p) is defined by

CHY(X,p) := H,(z1(X, %)).

Actually, Bloch restricts the definition to quasi-projective X, but this is not nec-
essary; see e.g. [8] and [9] for proofs of the essential properties of the higher Chow
groups in the general setting.

We call a k-scheme X essentially smooth if X is the localization of a smooth,
finite type k-scheme.

We reindex the homological complex z%(X, *), forming the cohomological com-
plex Z9(X, *) with Z9(X,p) := 29(X, 2¢ — p). For X essentially smooth over k, the
motivic cohomology of X is defined by

HP(X,Z(q)) := HP(Z29(X, *)).
The mod n motivic cohomology is similarly defined by
HP(X,Z/n(q)) := HP(Z29(X, ) /n),

where we write M/n for M ® Z/n. There are several alternative definitions of
motivic cohomology and mod n motivic cohomology via categorical means; those
of [7] agree with the ones given above, while those of [14] agree with the above in
case chark = 0.

Let Ess/k be the category of essentially smooth k-schemes. As explained in [5,
§2.8], sending X to Z9(X, *) extends to a functor

Z9(—,*) : Ess/k°® — D~ (Ab).
2.2. Products. Let X and Y be k-schemes, essentially of finite type and locally
equi-dimensional over k. There is a natural external product
(2.1) Z9(X, %) @F Z9 (Y, %) XY, 044 (X x, Y, %)

in D7 (Ab), which, for X =Y essentially smooth, gives the cup product in motivic
cohomology by taking the pull-back via the diagonal X — X x; X.

The product (2.1) is given via a triangulation of the bicosimplicial scheme A* x
A*. More precisely, let [n] denote the ordered set {0,...,n}, with the standard
order. Each i € [n] gives us the corresponding vertex v € A™ defined by t; = 1,
t; =0 for j # . We give the product [n] x [m] the product partial order

(a,b) < (d',V) <= a<d and b< V.
Let g := (91, 92) : [n+m] — [n] x [m] be an injective order-preserving map, and let
T(g) : A™™ — A™ x A™
be the affine-linear map with 7'(g)(v]™™) = (v" V7 (i) Vo (i)
We have the permutation o(g) € Sy, 1 determined by

0_(7:): 1(7’) lfgl(zil)<gl( )7
g2(i) +n i go(i — 1) < g2(2),

for i =1,... ,n 4+ m; this is well-defined since g is injective.
We let

Tpm = > sen(o(9)T(9)

g:[n+m]—[n]x[m]
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where the sum is over injective, order-preserving maps g. The maps T, ,, define
the “standard” triangulation T of A* x A*.

Let 29(X X Y,(n,m)) be the subgroup of 29(X x Y x A™ x A™) generated
by irreducible codimension g subschemes W such that W N X x Y x F; x F5 has
codimension ¢ on X XY x F} x Fy for all faces F; of A™ and F5 of A™. Sending
(n,m) to z4(X x Y, (n,m)) defines a bisimplicial abelian group. Taking the product
of cycles defines the map of complexes

K : 29(X, %) © 29 (Y, %) — Tot 2979 (X X1, Y, , ).

Let 29(X X Y, (n,m))r be the subgroup of z4(X xj Y, (n,m)) generated by
irreducible codimension ¢ subschemes W in 22(X x; Y, (n,m)) such that WnN X x
Y x T(g)(F) has codimension ¢ on X x Y x T(g)(F) for all faces F of A™t™
and all injective g as above. One easily checks that the z9(X x Y, (n,m))r form
a sub-bicomplex z9(X X Y, )7 of z9(X X Y,*,%). By [5, Lemma 2.5], the
inclusion

(2.2) Tot zq"'q,(X X Y, %, %) — Tot patd (X X5 Y, %, %)
is a quasi-isomorphism. The map

(id X Ty )™ = 21T (X %, Y, (n,m))r — 297 (X x, Yyn 4+ m)
is well-defined, and the sum of the (id x T, ,,,)* defines the map of complexes
(2.3) (id x T)* : Tot 2977 (X x, Y, #,%)7 — 2979 (X x, Y, %).
The external product X is defined as the composition

(id x T)* o™t o Ky,

after reindexing.

2.3. Cycle classes. We have the étale sheaf 29, giving the étale cohomology
groups HY (X, u$7). A construction of natural cycle classes

% HP(X,Z/n(q)) — HE (X, ui?)

is given in [5, §3]. A quick description of the construction of clg(’?n is as follows:
Let G, (Y, n29) denote the global sections of the Godement resolution of the étale
sheaf u®? on Y. We extend this definition to cosimplicial schemes Y* by taking
the extended total complex (§7.1) of the double complex (a,b) — G4 (Y b, u®?).
For a closed codimension > ¢ subscheme W of a smooth k-scheme Y, purity
for étale cohomology gives rise to a canonical isomorphism of the étale cohomol-
ogy with supports, Hgg(Y, @), with the free Z/n-module on the reduced irre-
ducible codimension ¢ subschemes of Y contained in W. This gives us the class
cych (Z) € Hpl (Y, u29) for a cycle Z on Y with support in W. In addition, we
have HY, (Y, n27) = 0 for p < 2¢. Applying this to the cosimplicial scheme X x A*
and forgetting the support gives the natural map in the derived category D(ADb)

Clg(xA*,n : Zq(X7 *)/TL - GZt(X X A*u N%q)‘
By the homotopy property for étale cohomology, the map G%, (X, u¥9) X, GE (X x

A*, u®?) induced by the augmentation ex : X x A* — X is a quasi-isomorphism,
giving us the natural map in D(Ab)

(2.4) oA = (€)7o an,  ZUX H) /0 — GL(X, ).
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Taking cohomology gives the desired cycle class map
ol HP (X, Z/n(q)) — HE(X, p?).

By [5, Proposition 4.2], the maps (2.4) are natural in X. By [5, Proposition 4.7],
the maps (2.4) are compatible with the products on the complexes Z2(X, *)/n and
G% (X, p29), ie., the diagram

[29(X, %) /n] ©F [29 (Y, %) /n] —5 29X x5, Y,%)/n

’ ’
q q a+aq
ClX,n®C1Y,nJV JCIXX)‘.’Y,n

G5 (X, 81 @Y G5 (Y, u87) ——— G5(X x, Y, ua+a)

Ux,y

commutes in D(Ab). In particular, the maps cI™* define a homomorphism of
bi-graded rings z9(X X Y, (n,m))r

el HY (X, Z/n (%)) — Hi (X, p”).

3. TRANSFERS AND INDUCTORS

3.1. We have the additive category C(Ab) of complexes of abelian groups; let
C’(Ab) denote the full sub-category of complexes with bounded cohomology. Sim-
ilarly, we have the full sub-categories C*(Ab) and C~(Ab) of complexes with
cohomology bounded below (resp. bounded above).

3.2. Let G be a profinite group, and M a complex of continuous G-modules.
Define the complex H*(G; M) as the extended total complex of the double complex

c'G; M) — CHG M) — ...,

where C*(G; —) is the standard complex of continuous Gal(L’/L) cochains, i.e., in
degree n, H*(G; M) is [[ 44—, C*(G, M?). Using the complex C,(G; —) of cocon-
tinuous Gal(L’/L) chains, we define the complex H, (G; M) to be the usual total
complex of the double complex

.= C1(G; M) — Co(G; M).
The G-hypercohomology and hyperhomology of M are then given by
HP(G; M) = HP(H*(G; M),
Hip (G5 M) = H™P(H, (G; M)).

We note that the complexes H*(G; M) and H,(G; M) take quasi-isomorphisms
in M to quasi-isomorphisms of complexes of abelian groups, even for unbounded
M this follows from Lemma 7.3 with N,, = M,, = 0.

We may also form the complexes Ho(G; M) and H°(G; M) by applying Hy(G; —)
and H°(G; —) termwise. We have the canonical projections and inclusions

M 25 HL (G M) = Hy(G; M)
H(G; M) 5 H*(G; M) = M.
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More generally, let U C G be a closed normal subgroup, and suppose that U acts
trivially on M. We have the natural inclusion and projection

H,(G; M) = H(G/U; M)
H*(G/U; M) -5 H*(G; M).

3.3.  For a Galois field extension L*/L, let F -, be the category of subextensions
L’'/L, with maps homomorphisms of fields over the identity on L. We denote
Fpr../o by Fr

Let F:Fp.,;, — C(Ab) be a functor which takes direct limits in Fz. ,, to direct
limits in C(Ab), and let L'/L be in F .1, with L’ Galois over L. The functoriality
of F gives F(L') a Gal(L'/L)-action, respecting the differential. The compatibility
of F with direct limits implies that F'(L') (with the discrete topology) is a complex
of continuous Gal(L’/L)-modules. Define

H*(L'/L; F(L')) == H*(Gal(L'/L); F(L')),
H,(L'/L; F(L')) := H,(Gal(L'/L); F(L')).

We similarly write HP(L'/L; F(L')) for HP(Gal(L'/L); F(L'")) and H,(L'/L; F(L"))
for H,(Gal(L'/L); F(L')). In case L' = Ly, we set

H*(L;F(Lsep)) = H*(Lsep/L§F(Lsep))a

etc.
Let L C L’ C L” be a tower of Galois extensions of L. If F(L") is in CT(Ab),
we have the canonical isomorphism in the derived category

(3.1) H*(L'/L,H* (L /L' F(L"))) = H*(L" /L, F(L")).

Similarly, if F'(L”) is in C~ (Ab), we have the canonical isomorphism in the derived
category

(3.2) H,(L'/L,H,(L"/L'; F(L"))) = H,(L" /L, F(L")).

3.4. For a category C, let IsoC be the subcategory with the same objects, and with
morphisms the isomorphisms in C. We let Func(C, Ab) denote the abelian category
of functors from C to Ab, giving rise to the category of complexes C*(Func(C, Ab))
(x =0, b, +, — a boundedness condition), and the derived category D*(Func(C, Ab)).
We note that C(Func(C, Ab)) is the same as the category of functors from C to
C(Ab).

Sending an isomorphism f : A — B to the inverse f~! : B — A defines the
isomorphism of categories ¢ : IsoC — IsoC°P. Thus, we have the isomorphism of
functor categories

¢ : C*(Func(IsoC, Ab)) — C*(Func(IsoC°?, Ab));

¢ : D*(Func(IsoC, Ab)) — D*(Func(IsoC°?, Ab)).
In particular, if we have a complex of functors F' € C*(Func(C, Ab)), we let F”
denote the element ¢(Fjisc) of C*(Func(IsoC°?, Ab)).

We let F%’l /L denote the full subcategory of F -7, consisting of the finite exten-
sions of L. We let Iy, denote the restriction of a functor F': Fr.,;, — C(Ab) to
F%‘l /L The category ISOF%E /L is equivalent to the disjoint union of the one-point
categories Iso(L'/L), with L C L' C L*, L' finite over L, where Iso(L’/L) is the
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group of isomorphisms of L’ over L. Thus D(Func(Iso (Ffin /1.): Ab)) is equivalent
to the product of the derived categories D(Modig,(1//1)), L' as above.
Definition 3.5. Let L*/L be a Galois extension of fields, and let F' : Fp.,;, —
C(Ab) be a functor. A transfer for F is an extension of the image of Ff, in
D(Func(Iso (Fi‘j/L)"p, ADb)) to an element F*°P of D(Func((F%E!/L)OP, Ab)).

A strict transfer for F' is an extension of Fg, € C(Func(Iso (F%E/L)ORAb)) to
an element F°P of C(Func((F%‘i/L)Op, Ab)).

Suppose that Ffy, is in the subcategory C*(Func(Iso (F%’i/L)OP7 Ab)). A transfer

with boundedness condition * = b, 4+, — is is an extension of the image of Fg, in

D*(Func(Iso (F%E/L)Op,Ab)) to an element F°P of D*(Func((F%’i/L)OP,Ab)). A

strict transfer with boundedness condition * is defined similarly.

Concretely, a strict transfer consists in giving maps Trp. .« F(L") — F(L')
of complexes with the functorialities Trz/r, o Trpm /pn = Trpm p, for each tower
L"/L"/L'/L, and with Trppm /a0 F(o) = F(7) o Trpw g, for each commutative
diagram

L" o M
@] @]

L — M

with ¢ and 7 isomorphisms. The bounded versions are described similarly.

Ezample 3.6. Let X be a variety over a field k. Sending a field extension L/k to
the complex Z9(X Xy, L, *) defines the functor

Z9(X):F), — C~(Ab).

If L'/ L is finite, the projection 7z, : X xp L' — X xj L induces the push-forward
map

Ty 29X X L' %) — 29X %y, L, %),
which defines a strict bounded above transfer for the functor Z9(X).

3.7.  Suppose that a functor F': Fr.,;, — C(Ab) has a strict bounded above trans-
fer Tr, and let L”/L’ be a finite Galois extension in F ., with L” finite over L.
We have the extension of Trp . : F(L") — F(L') to the map

TrL”/L/ ZH*(L/,/L/; F(L/I)) — F(Ll),
defined by the composition

15[ (L”/L/;TI‘L///L/)

HL(L"/L" F(L")) HL (L"/L"; F(L))

i Ho(L"/L'; F(L")) = F(L).
If L” and L’ are Galois over L, we have the map
M, (Trpp):H(L"/L; F(L")) — H, (L' /L; F(L"))
defined as the composition
B (L" /L'y Tx o pr)

BL(L"/L; F(L") HL(L"/L; F(L')) = HL(L'/L; F(L')).
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One sees that these extended transfers are well-defined, functorial, and for L' = L,
we have H,(Trz» /) = Trpmp.

Letting F(L}"‘l/ ;, denote the category of finite Galois subextensions L'/L of L*/L,
the maps HL, (Trz~ /1) define the functor

H.(=/L, F(=)) : (F{%),)°" — C(Ab).

Taking the homotopy limit over (F(L}f‘l/L)OlD gives us the complex holim H,.(— /L, F(-)).
The map (7.3) (with ¢ the trivial extension L/L) defines the natural map

(3.3) Tr : holimH, (—/L, F(—)) — F(L).

Definition 3.8. Let L be a field, let F':Fr.,;, — C(Ab) be a functor with strict
bounded above transfer Tr. Let x be an element of H "(F(L)). A family of
inductors for x is an element & of H "™ (holimH,(—/L, F(-))) with Tr(z) = «.

3.9. The Tate isomorphism. We recall some of the material of [10, Annexe].
Let G be a profinite group, let U be a normal subgroup of finite index, and let
M be a continuous G-module of cohomological dimension < n. Then M has U-
cohomological dimension < n, and we have the canonical isomorphism in D’(Ab)

(3.4) H,(G/U;H*(U; M)) 2 H*(G; M).
This is gotten by first truncating the standard G-free resolution of M
0—-M—-X"— ... 5 X" —. .
at degree n, yielding the resolution
0-M-—-X"— . .. X"t 72750,

with Z™ having G-cohomological dimension 0. One then takes U-invariants, giving
the complex

(XY i=y, - ... - (X" HY .=y, - (2" =Y,

canonically isomorphic to H*(U; M) in D*(Modg/,r). Since the X? and Z" have
cohomological dimension 0, it follows from [10, Annexe, Lemme 1] that the Y; have
G /U-cohomological dimension 0, and that the trace induces isomorphisms

(3.5) Hy(G/U3Y;) — H(G/U:Y)).

This readily implies that the complex
Ho(G/U;Yy,) — ... = Ho(G/U; Yo)

is canonically isomorphic to H, (G /U; H*(U; M)) in D*(Ab), and that the complex
HY(G/U;Y,) — ... — H*(G/U;Yy)

is canonically isomorphic to H*(G/U; H*(U; M)) in D®(Ab). As we have the canon-
ical isomorphism (3.1)

H*(G/U; H*(U; M) = H*(G; M),

the isomorphisms (3.5) induce the isomorphism (3.4).
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3.10. The Tate isomorphism gives us a method of constructing families of induc-
tors. Let M be an abelian group, which we consider as a trivial discrete G-module
for all groups G. We suppose that M has finite Gal(L*/L)-cohomological dimension
d.

Let G = Gal(L*/L), and let C*(G, M) be the complex of homogeneous continu-
ous G-cochains, i.e.,

C™(G, M) := lim Hom((G/U)" ™, M),
U

where the limit is over subgroups U C G of finite index. By definition, H*(L*/L; M) =
H%(G,C*(G,M)), where G acts diagonally. More generally, if G(L') C G is the sub-
group of finite index corresponding to a finite extension L’'/L, the natural map

(e %4

HY(G(L'),C*(G, M)) == H°(G(L'),C*(G(L)), M)) = H"(L*/L'; M)

is a quasi-isomorphism. The isomorphism (3.1) for a Galois extension L”/L’ is
induced by the quasi-isomorphisms «j, and ar~, together with the identity of
complexes

HY(G(L'),C*(G, M)) = H*(G(L")/G(L"), H*(G(L"),C*(G, M))).
Let F' be the functor
F(L') := HY(G(L),C*(G, M))

By [10, Annexe, Lemme 1], the natural map 7<4F(L') — F(L') is a quasi-iso-
morphism for all L’ finite over L.

Let Lg/L,/L be a finite Galois subextension of L*/L, and take an element f in
H°(G(Lg),C™(G, M)). Define Trr, 1 (f) € H*(G(La),C"(G, M)) by

Trr, . (f)(00, ... ,00) = > f(o00, ... 000).
0€G(La)/G(Lg)
This defines the map
TrLB/La : F(Lg) — F(La)

with the functoriality required to define a strict (bounded) transfer.
Via the description of the isomorphism (3.1), we see that the Tate isomorphism
(3.4)

M. (L' /L,H*(L', M)) — H*(L, M)
is given by the map
H.(Trzr) : Ho(L'/L; HY(G(L'),C* (G, M)) — H°(G,C*(G, M)).
combined with the quasi-isomorphism «ay/. Thus, we see that the maps
H.(Lg/L; H(G(Lg),C*(G, M)))
Ho(Trog/na) 0 N
————— HL(La/L; H(G(Lp),C* (G, M))).
are quasi-isomorphisms.
From the definition of holim as the extended complex of a double complex,
Lemma 7.3 shows that the natural map (3.3)

Tr : holim H,(—/L; F(—)) — F(L)
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is a quasi-isomorphism. If we have an element xz of H=%(L*/L; M) = H~*(F (L)),
the isomorphism
H=%(Tr) : H *(holimH, (—/L; F(-)) — H~*(F(L))
uniquely defines the element
Z € H%(holim M, (—/L; F(—))

with Tr(Z) = z, giving the desired family of inductors for x.

4. DESCENT FOR MOTIVIC COHOMOLOGY

4.1. The motivic Bott element. We fix a prime [, and an integer v > 1.
For a field F, we have [1, Theorem 6.1]

0 for p# 1,

By [5, Proposition 4.9 and Theorem 7.5], the cycle class induces an isomorphism
in the derived category

cl};,n : Zl(Spec Fox)/n — 1< H"(F; pp)
for all n prime to char F'. Thus, the cycle class maps gives the isomorphisms
0 for p #£0,1,
(4.1) HP(Spec F,Z/n(1)) = ¢ F*/n forp=1,
Ha(F)  for p=0,

where p,(F) is the group of nth roots of 1 in F. In particular, if F' contains a
primitive [“th root of unity, then the choice of one such defines an element (5;» of
HO(Spec F,Z/1¥(1)), which we call the motivic Bott element.

Lemma 4.2. Let L be a field of characteristic prime to | containing pyp. Let
L*/L be a Galois extension of l-cohomological dimension at most one. Then (B €
HO(Z(Spec L, ¥) /1) admits a family of inductors

By € H(holim HL, (—/L, Z*(—,%) /1))
for the functor
L' — Z'(Spec L', %)/l"; L' € Fr-p.
Proof. We let F': Fr.,;, — C(Ab) be the functor
L' — HY(G(L'),C* (G, H*(Z" (Leep, ¥)/1))).

Here G = Gal(Lgep/L), and G(L') C G is the subgroup Gal(L'/L). Similarly,
letting Gr» = Gal(L*/L) and Gp«(L') = Gal(L*/L’), we have the functor Fr- :
Fi-/1 — C(Ab),
L' H(G-(L'),C* (G-, H (21 (L", %) /1))
By the construction of §3.10, the element (v of HY(ZY(L,*)/1¥) = H(Fp- (L))
admits a family of inductors & in H°(holim Hl.(—/L, Fr-(—)).

Since L*/L has [-cohomological dimension at most one, so does L*/L, for all
finite extensions L, /L in Fp- /- Thus, the canonical map

T<1Fp- (L") — Fr-(L")
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is a quasi-isomorphism for all such L., hence we have the family of inductors Z
for §;» for the functor 7<; F-.
The natural maps

ir i T<1Fp« (L) — 7<1 F(L')
define the natural transformation ¢ : 7<1 F- — 7<1F. Applying i to the family z;
gives the family of inductors
§ € H°(holim M, (—/L, 7<1 F(—))
for B € HY(Z*(Lsep, *)/1").

By our computation of HP(Z(Lgep,*)/1”) in (4.1), we see that the natural maps
HO(ZY(Lgep, %) /1) 2 7<0T50Z" (Lsep, ¥) /1" — T50Z" (Lsep, ¥) /1" + Z* (Lsep, ¥) /1"
are all quasi-isomorphisms. Thus, we have the family of inductors

z € H(holimH, (—/L, 7<1 H*(G(-),C* (G, Z' (Lsep, %) /1")))
for B» € HY(Z(Lsep, *)/1¥).

It follows directly from (4.1), together with the isomorphisms given by the Kum-
mer sequence

HE (L' ) = e (L), HE (L) = L /(L")
that the natural map
ZH L0/ — 1< HY(G(L'),C*(G, 21 (Lsep, ) /1))

is a quasi-isomorphism. Thus the family of inductors Z gives us the family of
inductors

By € holimH, (—/L, Z'(—, %) /1").
for B € HO(Z(L,*)/1¥). O
Lemma 4.3. Let L be a field of characteristic prime to l containing pyv, let p: X —

Spec L be an essentially smooth L-scheme, and let L*/L be a Galois extension of
l-cohomological dimension < 1. Then there is a commutative diagram in D~ (Ab),

ZUL(X, %) /I ——H*(L*/L; 291X xp, L*, %) /1Y)

4.2 *g, ‘5,
(4.2) Up™ By [ m Tup B

ZUX, ) /1" — H*(L*/L; 29(X xp L*,%)/1"),
natural in X and in L* /L, where 1) and 1 are the canonical maps.

Proof. We use the notation from §2.2. We let Z%!(—, , %) denote the reindexed
cohomological version of 251t (—, x, %), i.e.,

Z5H(—,a,b) = 251 (—,25 — a,2t — b),

and define the cohomological version Z%!(—, %, x)7 of 25T¢(— x, %) similarly. The
total complexes Tot Z%t(—, %, x) and Tot Z%*(—, *, *)7 depend only on s+t, and are
just reindexed cohomological versions of Tot z5TH( X, x, %) and Tot 25T (X, *,*)T,
respectively.

Let L, /L be a finite Galois extension. We have the map

v ZUX X1 Lo, *) @ Z7(Spec Lq, %) — Tot Z97 (X, *, %)
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defined as the composition

ZUX %1, La,p) ® 27 (Spec Lq, *) =5 Tot 227 (X x 1, La, *, *)
L, Tot Z97 (X, *, ).

Truncating and using the cap product of cohomology on homology, the map -y
canonically extends to

H*(La/L: 75— N Z9(X X1, La, ¥)) © H,(La/L; 2" (Spec La, ))
LN H,(Lo/L; Tot TéfNZ‘”(X, *, %))

(see §7.2 for the definition of the truncation 74 _ ).
Composed with the canonical map

H,. (Lo /L; Tot Té_NZq’r(X, *, %)) — Tot 7%_]\,2,7‘1’7"()(7 *, %),
the map H~y induces the map of complexes
H.(La/L; Z7(Spec Ly, %) /17)
Lo, Hom(H* (Lo /Li 75 N ZUX X1, Lo, #)/1°), Tot 74y Z97(X, %, %) /1)),

We consider H,.(L,/L; Z"(Spec Lq, *)/1”) as a functor from (F%S}L)Op to C(Ab)
via the maps H,(Trg,,r, ). Similarly, the natural maps

H*(LQ/L, TZ_NZq(X X La, *)/lu) — H*(Lﬂ/L;TE_NZq(X X L57 *)/lu)
for an extension Lg/L, makes
Hom(H* (Lo /L; >N Z9(X X[ La,)/1"), Tot 71 _y Z97 (X, %, %) /1))

a functor from (F%f}L)OP to C(Ab). The projection formula

(P Wy y) = 2 Ky pa(y)

shows that the maps 1, define a natural transformation of functors from (F%a} )P
to C(Ab). Via the canonical isomorphism of complexes

holim Hom(H* (Lo /L; 7> N 29(X %1 Lo, %)/1"), Tot 75y Z97 (X, %, %) /1))
=~ Hom(hocoim H* (Lo /L; 7> - N 29X X Lq, %) /1), Tot 74 _ y Z07 (X, %, %) /17)),

we arrive at the maps

holim L, (Lo /L; 27 (Spec La, ) /1) 22
Hom (hocolim H* (Lo /L; 7> - N Z9(X X1, Lo, #) /1), Tot 74 _ Ny Z97(X, %, %) /1)),

[

compatible in N.
Take r = 1. Let B be the family of inductors for 3~ constructed in Lemma 4.2;
we consider §;» as a cycle of degree zero in the complex

holim M, (L, /L; Z" (Spec Lq, %) /17).
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We thus have the map
(4.3) ho}lvim hocolimH* (Lo /L; >N 24X X1, La, %) /1")

M hO]l\}m Tot ’7'§_]\[Zq71 (X; *, *)/ZV

For fixed p, we have
HP(L*/L;m>_NZ2UX xp L*,%)/1") =HP(L*/L; Z9(X xp L*,*)/l")
for all N sufficiently large, since L*/L has finite I-cohomological dimension. Since

Tot Z9(X xp L*, %) /1" 2 lim Tot 75 _ Ny Z9(X xp L*, %) /1
N

and
H*(L*/L; Z29(X xp, L™, %) /1) = liinH*(L*/L;TZ,NZq(X xp L™, *)/1"),
N

it follows from Lemma 7.7 that the natural maps
H*(L*/L; 29X xp L*,%)/1") — holl\}mH*(L*/L; T>_NZUX xp L*, %) /"),
and
Tot ZVH( X, %, %) /1Y — holim Tot T _NZOH X, x, %) /1
are quasi-isomorphisms. Since

H*(L*/L;TZ_NZq(X X, L*,*)/lu) glgnH*(La/L;TZ_NZq(X XL La,*)/ly),

[e3

Lemma 7.5 and Lemma 7.7 imply that the natural map
hoj{fim hocglimH*(La/L; T>_NZ2UX xp Lo, *)/1")
— holl\}mH*(L*/L; T>_NZUX xp L*, %) /"),
is a quasi-isomorphism. Thus, the map (4.3) gives us the natural map in D~ (Ab)
(b(LT/\_Z:X) CH*(L*/L; 29(X xp L*, %) /1") — Tot ZT1 (X, *, %) /1”.

Composing ¢(L*/L; X) with
,1 AT
Tot Z91 (X, #, %) /1Y = Tot Z1(X, %, )7 /1 ST, za+i(x 4 /17
(see (2.2) and (2.3) for the notation) gives the natural map ¢(L*/L; X).
We have the natural map (7.3) (corresponding to the trivial extension L/L)

pn 29X, p)/l" — hocoimH* (Lo /L; 75> _nZ4(X X1, Lq, %) /17).

For y € Z9(X,p)/1”, we have ¥x (B )(pn(y)) = y ®; Bv. The commutativity of
the left-hand triangle in (4.2) follows directly from this.

For the commutativity of the right-hand triangle in (4.2), consider a simplicial
scheme X, whose boundary maps d? : Xnt1 — X, are flat. We have the double
complex (a,b) — Z9(X,,b), where the first differential is E:j(—l)jd?*7 and the
second is the differential in Z9(X,,*). We let Z9(X,,*) be the extended total
complex (see §7.1) of this double complex.
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We note that the contruction of ¢(L*/L; X) extends in the obvious way to sim-

plicial schemes X, with flat boundary maps. For each finite subextension L, /L of
L*/L, let X, be the Cech simplicial scheme

XxLLQEXxL(La@)LLa)

T

We have the quasi-isomorphisms

HAI)DTZ,NZQ(X&, *)/ly

«

W (L* /Ly 75N 29(Xa %1 L, ) /17)

(03

H*(L*/L; >N 29X xp L*,%)/1")
and the commutative diagrams (in D~ (ADb))

ZHY (X, %) IV —— H*(L*/L; 294 (X, x 1, L*, %) /1)

Up™ Byv T TUP*QW

ZY( Xy, *)/lIY ——— H*(L*/L; Z29(X,, X1, L*, %) /1¥)
and

B (L Ly 297X xp, L*,#) /1) —— 1" (L* /Ly 2971 (Xo xp L*, %) /1Y)

Up*ﬁlVT TUP*@V

H*(L*/L; 29X %z, L*, %) /1) —— H*(L*/L; 29(Xa %1, L*, %) /1)

Since the left-hand triangle of (4.2) commutes with X replaced by X,, this gives
the commutativity of the right-hand triangle in (4.2). O

Proposition 4.4. Let L be a field of characteristic prime to | containing v, let
p: X — Spec L be an essentially smooth L-scheme, and let L* /L be a Galois exten-
sion of I-cohomological dimension < 1. Then the natural map

ZH(X, %) 1Bt — H*(L* /L, 25 (X <1, L*, %) /1 [B.1))
is a quasi-isomorphism.

Proof. This follows directly from the commutativity of the diagram in Lemma 4.3.
O

Theorem 4.5. Let k be a field containing a primitive I” th root of unity, where [ is
a prime with (I,chark) = 1. Ifl = 2, and chark = 0, we assume that k contains a
square oot of -1. Let X be an essentially smooth k-scheme. Then the natural map

Z5 (X, 0) 18] — H (k, 27 (X X Ksep, +) /17 [621)

is a quasi-isomorphism.
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Proof. By taking limits, we may assume that X is of finite type over k. In this
case, X is defined over a subfield k¥’ of k which is finitely generated over the prime
field. If we have proved the theorem for all & finitely generated over the prime field,
then the general result follows by taking limits; we may therefore assume that & is
finitely generated over the prime field.

Let Lo = k. If we construct a finite tower of fields

LQCLlC...CLN:ksep

such that each layer L;/L;_1 has l-cohomological dimension < 1, the result follows
by induction on N, Proposition 4.4 and the isomorphism (3.1)

H* (k, Z(X %k ksep, #)/1[85]) = H(Ly /b, H* (L1, 2*(X X Ksep, *) /17 [621)).

To construct such a tower, let kg denote the algebraic closure of the prime field
in Lg; kg is thus a finite extension of the prime field.

Suppose char kg = 0. Let k1 = ko(ui<), and let ko be the the algebraic closure of
k1. Then Gal(ky/ko) is isomorphic to 7, hence ky / ko has [-cohomological dimension
1. By [10, II, Proposition 9] ks/k; has l-cohomological dimension 1 as well. If
char kg > 0, let k1 = k2 be the algebraic closure of kg. By [10, II, Example 3.3(a)],
k1/ko has cohomological dimension 1. Thus, in either case, we may then take

Ly = Loki, Ly = Liks.

Ly is the function field of a smooth affine variety Y of finite type over kq. Shrink-
ing Y to a suitable open subset, we may assume that Y admits a smooth ks-
morphism p : Y — C, where C is an open subscheme of A}Q, such that the fibers
of p are geometrically irreducible. Letting k3 be the separable closure of k3 (C), the
extension k3 /ke has l-cohomological dimension 1, hence we may take L3 := Loks.
Since

tr. dimy, L3 = tr.dimyg, Lo — 1,
we may continue in this fashion, giving the tower
LoCcLiC...CLy_1,

with L _1 separably generated and of transcendence dimension 1 over a separably
closed subfield ky_1. We may then take Ly to be the separable closure of Ly_1,
completing the construction of the desired tower. O

5. THE PROOF OF THEOREM 1.1

Let X be an essentially smooth scheme over a field k, let Xz, and X¢ be the
small Zariski and étale sites on X, respectively, and let € = ex : X¢g — Xzar be the
change of topology morphism.

Let Z9(x)x denote the complex of sheaves U +— Z9(U,*) on Xz,., and let
ZJ (x)x denote the étale sheafification of Z9(x)x. We have the natural map in
D(Sh(Xzar))

(5.1) n:Z29*)x/n — Re, 2L (x)x /n.

Sheafifying the cycle class map, as in [5, §3.10], we have the natural map in
D(Sh(Xzar))

(5.2) cl?: Z9(x)x /n — Re,u2d
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and the natural map in in D(Shx,, )
(5.3) ot ZL(x)x/n — pdi

As we shall soon see, the cycle class map (2.4) is gotten from (5.2) by applying the
functor RT'(X, —).

Lemma 5.1. Let n > 2 be an integer with (n,chark) = 1, and let X be an essen-
tially smooth k-scheme. Then the map (5.3)

clfy 1 25 (6)x/n — i

is an isomorphism in D(Sh(Xg)). If k contains a primitive nth root of unity, then
the maps clf, induce a map in D(Sh( &t))

CIZt : Zét(*)X/n[ n } - /’LS? : EBq—fooun ’
which is an isomorphism in D(Sh(Xg)) as well.

Proof. Suppose that k contains u.,, and let ¢ be the primitive nth root of unity
used to construct the Bott element (3,,. Since x( : Mz — Mf?,q"’ is an isomorphism,

and since ¢ = c1"'°(3,), the natural map

= el ()7

is an isomorphism. Thus, the maps cl, do induce a map

ol + 25, () x/nlBy ] — py”,
and it suffices to show that the map (5.3) is an isomorphism. This is proven in [5,
Theorem 4.13], as a consequence of the Suslin-Voevodsky theorem [12]. O

Theorem 5.2. Let k be a field, X an essentially smooth k-scheme, and n > 2 an
integer with (n,chark) = 1. Suppose that k contains a primitive nth root of unity.
If char k = 0, we suppose in addition that either n is odd or that k contains a square
root of —1. Then the sheafified cycle class map (5.2) induces an isomorphism in

D(Sh(Xzar))
(5-4) cl" s Z7(x)x /n[B, '] — Rex(uyy").

Proof. Let ¢ be the primitive nth root of unity used to construct 3,. Since cl* (Bn) =
¢, we see that the maps cl? do indeed induce a map of the desired form.

As in the proof of Theorem 4.5, we may assume that k is finitely generated over
the prime field. Letting kg be the algebraic closure of the prime field in k, X is an
essentially smooth kg-scheme, hence we may replace k with kg. In particular, we
may assume that k is perfect.

Let X(@) denote the set of codimension a points of X; for z € X we let
iz : * — X denote the inclusion. We have the motivic cohomology (Zariski) sheaf
HP(Z/n(q)) and the étale cohomology (Zariski) sheaf HZ, (u$7), associated to the
presheaves U — HP(U,Z/n(q)) and U — HY (U, u£9), respectively. We have the
Gersten resolution of HP(Z/n(q))

(5.5) 0= HP(Z/n(q) — ... = [ iaxH""(k(z),Z/n(q - a)) —

zeX(a)
and the Gersten resolution of H’,’ (u®9)
(5.6) 0= HE (&) — ... =[] deeHE “(k(x), nS7%) — ...

reX(a)
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(see [3, Theorem 4.2]; for the resolution (5.5), one needs the localization property
of motivic cohomology, proved in [2]). Inverting (3, in (5.5) and (5.6) gives the
Gersten resolutions

(5.7)
0= H(Z/m()) B = .= [ dweH? " (k(2), Z/n(x — a))[B, ] — ...
reX(a)
and
(5.8) 0 — HE(u*) = o= [T e HE (h(), ™) —
reX(a)

By [5, Propositions 4.5 and 4.7], the maps cl* induce a map from (5.7) to (5.8).
This reduces us to the case X = Spec F', with F' a field finitely generated over k.
We may factor (5.4) as the composition

*
Recly,
—_—

Z*(+)x /nlB; "] = Re.25,(+)x /nlB; ] Re. (117",

where ¢ is the natural map. Since Re.cli, is an isomorphism by Lemma 5.1, it
suffices to show that

(5.9) v 27 (x)x /nlB ] — Ren 25, (+)x /nlB; ]

is an isomorphism.
For X = Spec F', the map (5.9) is isomorphic in D(Ab) to the natural map

Z*(Spec F, ¥) /n[B, '] — H*(F, Z*(Spec Fiep, *) /n[8;]),
which is an isomorphism by Theorem 4.5. O

We now complete the proof of Theorem 1.1. We have the natural maps
¢ Z9X,*)/n — RI(X, Z9(x)x /n),
Pt + Gy (X, ﬂgq) — RI(X, RE*Ngq)'
It follows from the Mayer-Vietoris property of motivic cohomology [2], [8] that ¢
is an isomorphism in D(Ab). Since the étale Godement resolution is a flasque

resolution for the étale topology, ¢¢; is an isomorphism in D(Ab).
In [5, §4.1], it is shown that the diagram

Z9(X, ) /n —2— RT(X, 29(%) x /n)

clql JRI‘(X,clq)

G (X, pu29) o RT(X, Re,.u?)
is commutative in D(Ab). Thus, Theorem 1.1 follows directly from Theorem 5.2.

6. AN EXTENSION OF THEOREM 1.1

We conclude by proving an extension of Theorem 1.1, in which we remove the
hypothesis that £ contain the nth roots of unity, although we still need to assume
vV/—1 € k in case n is even and chark = 0 (see however Remark 6.3).
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We take n =1¥, with [ prime. We have the standard Bockstein sequences
— HP(X,Z/1"""(q)) — H"(X,Z/1"(q)) — HP (X, Z/I"(q))
L5 HPN(X, 2177 () —

Lemma 6.1. Let X be a smooth, quasi-projective k-scheme. Suppose v —1 > r.
For a € H?(X,Z/1"(q)), b e H? (X, Z/1"""(¢')), we have

Or(aUb) = 0r(a) Ub+ (=1)PaUdy,_,(b)
in HPTP (X, Z/1" (g + ¢')).
Proof. Tt suffices to prove the similar formula for the external product
X HY(X,Z/1"(q)) ® H (X, Z/1""(¢')) — H* (X xx X,Z/I"(q + q')).

To simplify the notation, we replace p with 2¢ — p, and p’ with 2¢’ — p’. Then
a and b are represented by algebraic cycles A on X x AP and B on X X Ap/,
intersecting all faces properly. We use the notation of §2.2.

Using Jouanolou’s trick, we may suppose that X is affine; replacing X with
X x Amax(q’q/), and using the homotopy property of motivic cohomology, we may
assume that dimg X > max(q,¢’). By Suslin’s result [11], we may take A and
B with A equidimensional over AP and B equidimensional over AP Thus, the
product A x B is in 2779 (X x X, (p,p/))r. The desired Leibniz rule is now a
consequence of the formal identity satisfied by the triangulation T° which makes
(id x T)* a map of complexes. O

Now suppose that k contains p;, and fix an integer v > 1. By Lemma 6.1,
lvfl

€ HO(k,Z/1(1¥~1)) lifts to some x in HO(k,Z/1¥(1"~1)). We define
ZHX, )/l [B7] i= 25 (X, ) /1 [

it is easily seen that Z*(X,x)/l1"[371] is independent (in the derived category) of

the choice of z lifting 8/ . We write cl(8) for ot (x).
Cup product with cl(3) on étale cohomology is an isomorphism, and the cycle
class map extends to a map

(6.1) ey 25X, 0) 17871 — GE(X, ") [el(8) 7]

If k& does not contain p;, we have the extension k C k' := k(y;) of degree prime
to I. We may then define the complex Z*(Xy,,*)/l”[37!] as above, and take the
Gal(k'/k) invariants to define Z*(X, x)/1¥[37!] and the map (6.1).

Theorem 6.2. Let k be a field, | # chark a prime. In case | = 2 and chark = 0,
we assume that k contains /—1. Then the map (6.1) is an isomorphism in D(Ab).

Proof. We may assume that k contains y;. The filtration of Z*(X,*)/I*[37] by
powers of | gives a sequence of distinguished triangles

ZHX, )M BT) = 25X, ) /U7 = Z27(X, ) /18-

We have the similarly defined sequence for localized étale cohomology; the maps
(6.1) give maps of distinguished triangles. From Theorem 1.1, the cycle class map
for ¢ = 1 is an isomorphism, so the five lemma implies that the cycle class map for
i=1,...,v are also isomorphisms. O
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Remark 6.3. Theorem 1.1, Theorem 5.2 and Theorem 6.2 all remain true without
the hypothosis that & contain y/—1. This follows from the Milnor conjecture (proved
by Voevodsky in [15]), which, together with [5], implies that the cycle class map

clf  Z9(X, %) /2" — G4 (X, p3)

induces an isomorphism in cohomology in degrees < gq.

7. SOME HOMOLOGICAL ALGEBRA
For the reader’s convenience, we collect a few basic facts about homotopy limits

and colimits.

7.1. Total complexes. Let
(Cmbvd?’b . Ca’b _ Ca+1,b’dg,b . Ca,b _ Ca’b_H)

be a double complex (of abelian groups), i.e., d? = 0 = d3 and didy + dad; = 0.
The associated total complex (Tot C,d) is given by

(TotC)":= @ €™, dm o= Y df’ +d3”.

a+b=n a+b=n
The extended total complex ('ﬁ)/tC, d) is defined by

(TotC)" == [[ ¢t d":= J] di’+ds".

a+b=n a+b=n

Tot and Tot obviously define functors from the category of double complexes to
the category of complexes.

Given a double complex C**, we may take cohomology with respect to d;, form-
ing for each a the complex (H{(C),d3). Similarly, we may take cohomology with
respect to dg, forming for each b the complex (H3(C),d;).

7.2. Truncations. For a complex of abelian groups (A4*,d), we have the trunca-
tions 7« yA* and 7>y A", with

0 forn > N
(T<NA*)" = ker(dY : AN — AN*L)Y forn=N
A" for n < N,
0 forn < N
(rsNA*)" = AN [dN=L(AN=1)  forn =N
A" for n > N.

We have the natural inclusion ¢y : T« yA* — A* and projection 7y : A* — 7>y A™;
¢y induces an isomorphism on H” for n < N and 7y induces an isomorphism on
H™ forn > N.

We may apply the truncations 7<n and 7>y to a double complex A** by trun-
cating with respect to either the first or the second index, giving the sub-double
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complexes 1 : 7Ly A* — A** and the quotient double complexes 7k : A** —
L NyA* i =1,2. Tt is elementary to verify that the natural maps

(7.1) lim H"(Tot 74 y A**) — H"(Tot A*)
N
(7.2) H"™(TotA**) — lim H" (Totrl \ A™)
N

are isomorphisms for ¢ = 1, 2.
The basic property of the functors Tot and Tot we will need is the following:
Lemma 7.3. Let f: C* — D** be a map of double complexes. such that either
1. For each a, the map of complexes f** : C** — D** is a quasi-isomorphism,
or
2. For each b, the map of compleves HY(f) : HY(C) — H3(D) is a quasi-
isomorphism.
(i) Suppose that, for each n, there is an integer N, such that C** = D** =0 for
a+b=n and a > N,,. Then the map
Tot (f) : Tot (C) — Tot (D)

is a quasi-isomorphism.
(ii) Suppose that, for each n, there is an integer M, such that C%* = D%* =0 for
a+b=n and a < M,. Then the map
Tot(f) : Tot(C) — Tot(D)
s a quasi-isomorphism.
Proof. We note that the hypothesis (1) implies (2), so it suffices to prove the lemma

under the hypothesis (2).
We have the spectral sequence E(A**),

EY9(A™) = HP(Hi(A™), dy) = H""(Tot (A™))
and the spectral sequence E(A**),

EDI(A™) = HP(H§(A™), d1) = HP9(Tot(A™)).
Also, the Es-terms for the truncations of A** are

» EPYU(A*™) forq< N
By (renA™) = {02 for ¢ > N
EPY(A*™) forq> N

EN‘g’q(TgNA**) - {0 forq < N

Under the assumption (i), the spectral sequences E(725C**) and E(12,D**)
are strongly convergent for each N; the hypotheses (2) implies that the map of
spectral sequences FE(125C**) — E(12,D**) induced by f is an isomorphism on
the By terms. Thus a

Tot (T%Nf) : Tot (T%NC**) — Tot (T%ND**)

is a quasi-isomorphism; taking the direct limit over N, and using (7.1), we see that
Tot (f) : Tot (C**) — Tot (D**) is a quasi-isomorphism.
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Similarly, under the assumption (ii), the spectral sequences E (Tg ~C*) and
E (Tﬁ Ny D**) are strongly convergent for each N. Replacing the direct limit with an
inverse limit and using (7.2), it follows as above that Tot(f) : Tot(C**) — Tot(D**)
is a quasi-isomorphism. O

7.4. Homotopy limits and colimits of complexes. Let I be a small category,
We have the nerve of I, N'(I), which is the simplicial set with n-simplices the set
of composable sequences of maps
io Lil —>...—>in_1 é—n>’Ln
The face map 6} : N(I), — N(I)n—1 is given by composing s;11 and s; (for
0 < j < mn), or by deleting i; (for j = 0,n). The degeneracy map o7 : N(I), —
N (I)p41 is given by inserting an identity map on ;.
Let F': I — C(Ab) be a functor. Form the double complex I F** with
ITF=%b .= b F(ig)®.
ig—...—ia EN(I)q

The differential dy is given by

ab  _

a3’ = (-1)® &y i) -
ig—...—ia €EN(I)q

To define the differential dy, fix ix : =149 — ... = 14 € N(I),. For j =1,... ,a, let
99 : IFZ%" — TF=**1b be the map sending F(ip)" in the summand 4. to F(ig)"
in the summand 67 (i.) by the identity. Let 95 : IF=»% — JF=%tL? be the map
sending F(ip)® in the summand 4, to F(i1)® in the summand §§(i.) by F(s1). We
then set

a

dy "= (~1)0.

j=0
Finally, we define the complex hocolim; F' by
hoc?lim F :=Tot (IF.,).

This defines a functor hocolim; from the category of functors F' : I — C(Ab) to
C(Ab).
The functor holim; is defined dually. Let IF** be the double complex with
ITF®Y .= 11 F(ig)®.
io—...—i, EN (1),

The differential dy is defined as for JF*. The map dj : IF®b — JFat+Lb is defined
as follows: Fix 4, := 19 — ... — iq41 € N([)as1- For 0 < j < a + 1, the map dj
composed with the projection on the factor i, is just the projection of IF%? on the
factor 5;”'1(1'*). The map d%, ; composed with the projection on the factor i, is the

projection of IF®" on the factor 531% (ix), followed by the map F(s,+1). We set
a+1

i = (-1)7d.
j=0
We define holim; F' by

holim F := TotIF._ .
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We map IF%" to lim7 F* by the sum of the canonical maps
F(i)" — lim F°.
I

This extends to the map of complexes

TF : hOC(I)limF — liLnF
I

by sending IF%? to zero for a # 0. Similarly, the canonical inclusion
lim F* — [[F(i)* = TF2
I il
defines the map of complexes

o l'gnF — ho}imF.
I

Fix an object i € I. The inclusion functor ¢ — I gives us the natural maps
(7.3) v F(i) — hoc?lim F, 7. ho}imF — F(i).
The compositions

F(i) 2 hocolim =5 lim F
I
LF 7ri
lim F' — ho}imF — F(4)
I

are the respective canonical maps.
We call a natural transformation w : F' — G of functors F,G : I — C(Ab) a
quasi-isomorphism if w(i) : F(i) — G(7) is a quasi-isomorphism for all 7 € I.

Lemma 7.5. Let F,G : I — C(ADb) be functors, and let w : F — G be a quasi-
isomorphism. Then

hoc?lim(w) : hoc?lim(F) — hoc?lim(G)
and
ho}im(w) : ho}im(F) — ho}im(G)
are quasi-isomorphisms.

Proof. This follows directly from Lemma 7.3, the definitions of holim and hocolim,
and the fact that both direct sums and products take families of quasi-isomorphisms
to quasi-isomorphisms. O

We have the set N of natural numbers n > 1, with the usual order. This gives us
the category N with the set of objects N and with unique morphism i — j if and
only if ¢ < j.

Definition 7.6. Let G : N°? — Ab be a functor. We say that G satisfies the
Mittag-Leffler conditions if for each n > 1, there is an N > 0 such that

Im(G(n+ N) — G(n)) = MZoIm(G(n + k) — G(n)).
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Lemma 7.7. Let F': I — C(Ab) be a functor.
(i) Suppose that I is right-filtering. Then the map

TF : hOC(I)limF — liLnF
I
is a quasi-isomorphism.
(ii) Suppose I = N°P and suppose that, for each b the functors F* and H®(F) satisfy
the Mittag-Leffler conditions of Definition 7.6. Then the map
' lim F' — holim FF
‘7 I

is a quasi-isomorphism.

Proof. We first prove (ii). From [4, Chapter IX, Proposition 6.2], the complex
holim; H?(F) has ith cohomology equal to the ith right-derived functor of the
functor lime H®(F). Since H*(F) satisfies the Mittag-Leffler conditions, we have

R'mH(F) =0
I
for i > 0 (see [4, Chapter IX, Remark 6.4]). As forming products commutes with
taking cohomology, we have the isomorphism of complexes

HY(IF_) = holim HY(F).

Since the functors F? satisfy Mittag-Leffler, we have the isomorphism

H(lim F) = lim H(F).
I I

These two identities imply that ¢ induces a quasi-isomorphism of the complex
HY(IF_) with the complex (supported in degree zero) Hb(lim7 F). By Lemma 7.3,
this implies that ¢ is a quasi-isomorphism.

The proof of (i) is similar, but easier, since taking a filtered direct limit is an
exact functor. O
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