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0. Intr oduction

This paper is part of a program to understand and generalizethe
papers [3, 7], in which the construction of a spectral sequencefrom
motivic cohomologyto K -theory is given. We have started a study
of this approad in our paper [?], where, relying on someof the re-
sults of Friedlander-Suslin,we gave a method for globalizing the Bloch-
Lichtenbaum spectral sequencéo schemesof nite typeoveraDedekindl
domain. This method is abit di erent from the oneusedby Friedlander]
Suslin,and is somewhatbetter adaptedto localization properties, while
being rather lessconveniert regarding questionsof functoriality.
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It turns out that the approad of [?] canbe applied to a wide variety
of cohomologytheories on algebraic varieties, including all the coho-
mology theoriesarising from objects in the Morel-Voewodsky Al-stable
homotopy category As for K -theory, localization properties follow
rather easily from the existing technology The purposeof this paper
is to handle the problem of functoriality in a fairly generalsetting.

In somewhatmore detail, onecan considera functor E : Sm=B°P !
Spt from smooth B -sthemesto spectra (for exampleX 7! K (X), the
K -theory spectrum of a B-sdheme X ). For sud a functor, and for an
X in Sm=B, we construct the homotopyconiveau tower

ol ECD(X: ) EO(X; ) ot EOX: )

wherethe E®(X; ) are simplicial spectra with n-simplicesthe limit

of the spectrawith support EY (X M), whereW is a closedsubsetof
codimension pin \good position”. This is just the evidert extension
of the tower usedby Friedlander-Suslinin [7]. One can considerthis
tower asthe algebraicanalogof the onein topologyformedby applying
a cohomologytheory to the skeletal Itration of a CW complex.

Our main purposein this paper is construct a functorial model of the
presheafE® (X nis; ), i.e., the presheafof spectraU 7! E®(U; ) on
Xnis- Our construction is basedon rst a\lo cal functoriality”, which
is essetially a generalizationof the classicalmethod used(e.qg. in [?])
to prove Chow's moving lemmafor cyclesmodulo rational equivalence.
This local functoriality yields a weak versionof functoriality to the ho-
motopy categoryof presheaeson X, for varying X , which we promote
to give a full functoriality in the homotopy category of preshees on
Sm=B (with respect to Nisnevic-laccal weak equivalences)by a formal
recti cation process.Naturally, we needto imposesomeaddtional (but
quite natural) hypotheseson our functor E to adheive this.

The functoriality we prove hereis usedin our paper [?] to complete
the program of a full study of the homotopy coniveau tower. One
consequenc®f the generaltheory is, as mertioned above, a localiza-
tion property for the spectraE® (X ; ); this yieldsthe Mayer-Vietoris
property for the presheafE® (Xyis; ). In particular (by the well-
known theorem of Thomason [?]), the functoriality for the presheaf
E(M(Xnis; ) up to local weak equivalenceyields functoriality for the
spectra E?®(X; ) up to pointwise weak equivalence.

This paper alsohasroots in our preprint [13]. In another paper, we
will complete our detailed investigation of the spectral sequencdrom
K -theory to motivic cohomology relying on the results of this paper
for the functoriality. To keepsomecortact with our original problem,
we will often illustrate our results by referingto the exampleE = K.
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1. Preliminaries

1.1. Triangulations and homotopies. We x some notation and
recall the standard construction of simplicial homotopiesof maps of
simplicial spaces.

We have the orderedsets[p] := fO< :::;< pg. Ord is the category

with objects[p], p= 0; 1;:::, and with mapsthe order-preservingmaps
of sets. For a categoryC, the categoryof functors F : Ord ! Cis the
categoryof cosimplicial objects of C, and that of functors F : Ord °P !
C the category of simplicial objects of C. Let Ord p denote the full
subcategory of the category Ord , with objects[p], 0 p N. We
have the categoryof N -truncated cosimplicial objects of C, namely, the
functors F;Ord ! C, and similarly the category of N -truncated
simplicial objects of C.

The categorysSets of simplicial setsis calledthe categoryof spaces
if F:Ord° ! sSets is a functor, we have the geometricrealization

JFj 2 sSets. This is de ned asthe quotient simplicial set
a
jFi:=" F() [n]=

n

where [ n] := m 7! Homgg ([M]; [n]), and is the standard relation

xg () (F(O)x):y)

forg:[n]! [ngin Ord, x 2 F([nY).

Similarly, for an N-truncated spaceF : Ord °}, ! sSets we have
the geometric realization jFjy 2 sSets. We have as well the cate-
gory of pointed spacessSets and geometricrealization functors from
pointed simplicial spaceqresp. pointed N -truncated simplicial spaces)
to sSets .

We give the product [p] [qg] the product partial order

(a;b) (@%H), a a’andb b*

Let F :Ord °},,, ! sSets, G:0Ord % ! sSets be functors, giving
the geometricrealizationsjFjy and jGjy. Supposewe have, for eat
order-preservingmaph :[p]! [ [1,O g N,0 p N+1a
morphism

H(h) : G([a)) ! F(pD

sud that, for order-preservingg:[q]! [r],f :[s]! [p], we have
H(h f)=F() H(h); H({(g id) h)=H(h) G(g):
Restricting the morphismsh to thoseof the form iP : [p]! [p] [1],
iG)=0G ) =01
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the mapsH (i) : G([p]) ! F([p]) de ne the maps of N -truncated
simplicial spaces

HoHi:G! F:
Also, the mapsH (h) de ne the map in sSets
H JGJN | ! ijN+1;

with

Hijci 0= JHoj; Hje; 1= jH4j;
where :jFjy ! jFjn+1 Isthe canonicalmap. Indeed,jGjy | isthe
geometricrealization of the N + 1-truncated simplicial space

a
(G () = G([a)=

hip]' [l [1]

where is the equivalencerelation (G(g)(x);h)  (x;(g id) h),
with the evidert map on morphisms. Our assertionfollows directly
from this.

1.2. Presheaves of simplicial sets. For a category C, we have the
categorysCof functorsF : C°P | sSets (presheaesof simplicial sets),
ands Cof functorsF : C°?! sSets (presheaesof pointed simplicial
sets).

We give sSets and sSets the standard model structures: co bra-
tions are (pointed) monomorphismsweak equivalencesare weak equiv-
alenceson the geometricrealization, and brations are deteminedby
the RLP with respectto trivial co brations; the brations arethen ex-
actly the Kan brations. We let jAj denotethe geometricrealization,
and [A; B] the homotopy classef (pointed) mapsjAj! |Bj.

We give sC and s C the model structure of functor categoriesde-
scribed by Bous eld-Kan [4]. That is, the co brations and weak equiv-
alencesare the pointwise ones,and the brations are determined by
the RLP with respect to trivial co brations. We let HsC and Hs C
denotethe assaiated homotopy cateogies.

1.3. Presheaves of spectra. Let Spt denotethe category of spec-
tra. To x ideas, a spectrum will be a sequenceof pointed sim-
plicial sets Eq; Eq;::: together with maps of pointed simplicial sets
n i SYME, ! Ens. Maps of spectra are maps of the underlying
simplicial setswhich are compatible with the attaching maps ,. The
stable homotopy groups ;(E) are de ned by

S(E):= lim [S™ " Enl:
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The category Spt has the following model structure: Co brations
aremapsf :E! F sudthat Eq! Fqisaco bration, and for eah
n 0, the map a

Ens1 S'"Fn,! Fpa
Sina En
is a co bration. Weak equivalencesare the stable weak equivalences,
i.e.,, mapsf : E ! F which induce an isomorphismon ; for all n.
Fibrations are characterizedby having the RLP with respect to trivial
co brations.

Let C be a category We sa& that a natural transformationf : E !
E° of functors C°? |  Spt is a weak equivalenceif f (X) : E(X) !
EYX) is a stable weak equivalencefor all X .

Wewill assumehat the categoryC hasan initial object; and admits
nite coproducts over ;, denotedX q Y. A functor E : C? I Spt is
called additive if for eac X ;Y in C, the canonicalmap

E(XqY)! E(X) E(Y)

is a weak equivalence. An additive functor E : C°P ! Spt is called a
preshaf of spectra on C. This forms a full subcategory of the functor
category

We usethe following model structure on the categoryof preshea&esof
spectra (see[10]): Co brations and weak equivalencesare given point-
wise,and brations are characterizedby having the RLP with respect
to trivial co brations. We denotethis model categoryby Spt (C), and
the assaiated homotopy categoryby HSpt (C). We write SH for the
homotopy categoryof Spt.

For the remainder of the paper, we let B denote a noetherian sep-
arated scheme of nite Krull dimension. We let Sm=B denote the
category of smooth B-sdhemesof nite type over B. We often write
Spt(B) and HSpt (B) for Spt (Sm=B) and H Spt (Sm=B).

ForY 2 Sm=B, asubstiemeU Y oftheformYn[ F ,withfF g
a possiblyin nite setof closedsubsetsof Y, is called essentialy smath

ess

over B; the categoryof essehally smooth B-sdhemess denotedSm >,

1.4. Local model structure. If the categoryC hasa topology, there
is another model structure on Spt (C) which takes this into accour.
We considerthe caseof the small Nisnevic site X yis on a scheme X
(assumedto be noetherian, separatedand of nite Krull dimension),
and on the big Nisnevic sites Sm=By;s or Sch=Bys

Denition 1.4.1. Amapf :E! F of presheaesof spectra on X y;s
is a local weak equivalene if the induced map on the Nisnevic sheafof
stable homotopy groupsf : > (E)nis ! 5 (F)nis IS @anisomorphism
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of sheaesforall m. f : E! F of presheaes of spectra on Sm=Bs
or Sch=Bys is a local weak equivalencein the restriction of f to X yis
is a local weak equivalencefor all X 2 Sm=B or X 2 Sch=B.

The (Nisnevic) local model structure on the categoryof presheaesof
spectraon X ;s hasco brations given pointwise, weak equivalenceshe
local weak equivalencesand brations are characterizedby having the
RLP with respect to trivial co brations. We denotethis model struc-
ture by Spt ;s (X ) andthe ass@iated homotopy categoryby H Spt i (X ).}
The samede nitions yield the Nisneviclocalmodel structures Spt ;s (Sm=B)|}
and Spt ;s (Sch=B), with respective homotopy categoriesH Spt ;s (Sm=B),|]
H Spt s (Sch=B). For details, we refer the readerto [?].

1.5. Simplicial spectra. For a spectrum E, we have the Postnikov

tower
P —/ PR
o NEEEEEEEC—E MN SR

E

with  yE ! E the N 1-connectedcover of E, i.e., NE ! E is
an isomorphismon homotopy groups , forn N, and ,( yE)=0
for n < N. One can make this tower functorial in E, sowe can apply
the construction | to functorskE : C! Spt.

Let E : Ord°® ! Spt be a simplicial spectrum. We have the N -
truncated simplicial spectrum E y : Ord *, ! Spt, the asseiated
total spectrum jJE yj, and the tower of spectra

(2.5.1) JE o ! iV JE NV ol JE]

Sincetaking the total spectrum comnutes with ltered colimits, we
have the natural weak equivalences

. . . /. -
hocollm%JE M jEd

hocolimy :m NJE mj —— hocolimy NJEJ:

When the cortext makesthe meaningclear, we will often omit the
separatenotation for the total spectrum, and freely passbetween a
simplicial spectrum and its assaiated total spectrum. All the notions
de ned above for preshea&es of spectra carry over to simplicial setting
by taking the assaiated total spectrum.
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2. The homotopy conivea u to wer

2.1. Spectra with support. In order to axiomatize the situation,
we intro duce somecategorieswhich descrike \sp ectra with support in

codimension Q.

De nition 2.1.1. Let B be a shhemeand x anintegerq 0. Let
Sm=B@ be the category with objects pairs (Y;W), where Y is in
Sm=B and W is a closedsubsetof Y with codimyW g. A morphism
fo(Y;,W)! (YWY is a B-morphismf : Y ! Y%sud that W

f L(w9.

Wehavein particular the model categoryof presheaesSpt (Sm=B(@)|]
and the homotopy category H Spt (Sm=B(®), denoted Spt (B(?) and
HSpt (B(@). For E 2 Spt(B®), we often write EW (Y) for E(Y; W).

Take E 2 Spt(Sm=B®@), (Y;W) 2 Sm=B@ and W°® W a closed
subset. Then (Y; W9 is alsoin Sm=B(® andthe identity onY givesthe
morphismidy : (Y;W) ! (Y;W9. We thus have the map of spectra

iwwo = idy tEWI(X) ! EW(X)

with iW;Wo iWo;Wooz iW;WoofOI' wo  wo w.,

Take integersg® g Sending (Y; W) 2 Sm=B® to (Y;W) 2
Sm=B@ identies Sm=B@ with a full subcategoryof Sm=B(®; we
denotethe inclusion functor by

g - SM=B@ | Sm=B®@:

2.2. Examples. Our primary source of spectra with supports is a
presheafof spectra on Sm=B. Given E 2 Spt(B), and (Y;W) 2
Sm=B@, we set

EV(Y):= b(E(Y) ' E(Y nW));

where\ b" isthe homotopy berandj : Y nW ! Y isthe inclusion.
This clearly de nes functors Spt(B) ! Spt(B(), compatible in q.
As a particular example,we cantake E to be the K -theory spectrum
X 7" K(X).

Another sourceof examplescomesfrom algebraiccycles. For (Y; W)
in Sm=B@, let zJ,(Y) denote the group of codimension g algebraic
cycleson Y with support cortained in W. Sending(Y;W) to z, (Y)
de nes a presheafof abelian groupson Sm=B(®; taking the assaiated
Eilenberg-Maclanespectrum givesus the presheafzd 2 Spt (B (@),

Remark 2.2.1 It may well be that the \spectrum with supports” func-
tor Spt(B) ! Spt(B(@) de ned above is in fact essetially surjective,
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sothat the introduction of the category Spt (B(9) is super uous, but
we have not investigatedthis issue.

2.3. Support conditions. LetX :Ord ! Sm=B beasmooth cosim-
plicial B-scheme. For E : Sm=B° | Spt in Spt(B), we may ewaluate
E on X, forming the simplicial spectrumE(X) : Ord ®® ! Spt. This is
our basicmethod for constructing simplicial spectra; we will alsoneed
an extensionof this construction by introducing supprt conditions.
Let X be a smaoth cosimplicial B-scheme. We have the simplicial
setSy : Ord P I Sets with Sy (n) the set of closedsubsetsof X (n).

De nition  2.3.1. (1) A supprt condition on X is a simplicial subset
S of Sx sud that

(@) S(n) is closedunder nite union
(b) If W isin S(n) and W® W is a closedsubset,the W9 is in
S(n).

(2) An assignmeh n 7! W,, with W, 2 Sy (n) is a simplicial closel
subsetof X if for each g : [m]! [n] in Ord, we have X (g) Y(W,)
Wh,.

(3) For a support condition S on a smooth cosimplicial B-scheme X,
and a simplicial closedsubsetW of X, we write W 2 S if W, isin
S(n) for all n.

(4) If codimx (yW  qfor all W 2 S(n), we say that S is supprted in
codimension Q.

Remarks 2.3.2 Fix a smooth cosimplicial B-schemeX .

(1) A collection of closedsubsetsW, X (n) forms a simplicial closed
subsetof X exactly whenthe complemets U(n) := X (n) nW, form
an open cosimplicial substiemeof X .

(2) Supposewe have closedsubsetsT; X (ny), :::;, Ts X (ng). Then
thereis auniqueminimal (in the senseof cortainment of closedsubsets)
simplicial closedsubsetW of X with T; W, forallj = 1;:::;s; this
is clear sincethe intersection of simplicial closedsubsetsis a simplicial
closedsubset. We call W the simplicial closedsubsetgeneratedby the
T;. The explicit formula for Wy, is

Wi = [ [ gimp mg X (9) *(Ti);

note that the union is nite, soW,, is indeeda closedsubsetof X (m).
(3) Let n 7! W, be a simplicial closedsubsetof X, supported in
codimension g. Thenn 7! (X (n); W,) de nes a cosimplicial object
of Sm=B@,
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Lemma 2.3.3. Let S be a supprt condition on a smaoth cosimplicial

1T W, fori=1:::;s.
(2) W, 2 S(m) for all m.

Proof. Obvious.

De nition  2.3.4. Let W be a simplicial closed subset of X with
codimy yW, g for all n, and take E in Spt(B(@). Let EW(X)
denotethe simplicial spectrum

n 7! EY (X (n)):

Let S be a support condition on X, supported in codimension q.
We have the set of simplicial closedsubsetsW of X with W 2 S,
orderedunder inclusion. For E 2 Spt(B(@), andW  W?an inclusion
of simplicial closedsubsetsof X , we have the map of simplicial spectra
iwew : EW(X)! EW°(X), giving the functor W 7! EW (X ) from the
setof W 2 S, orderedunder inclusion, to simplicial spectra. We set

S — H W .
E>(X) := h%gs“mE (X):
By Lemma 2.3.3,we have the canonicalhomotopy equivalence
S — ; T .
E>(X)(n) = hTocho(Ir!)mE (X (n)):

2.4. The homotop y coniv eau tower. Weintroduceour main object
of study.
We have the cosimplicial shheme Wigé’l

"= Spec(Z[to;:: 5t )=t 1)
j
The verticesof ' arethe closedsubstiemesvi denedbyt; = 1,t; = 0

forj 6 i. A faceof ' is a closedsubstiemede ned by equationsof
the form tj, = :::=t;, = 0.

De niton  2.4.1. For X in Sm=B, we let S{(p) denotethe set of
closedsubsetsW of X P sud that

codimy ¢(W\ (X F)) ¢
for all facesF of P,

Clearly, sendingp to S@(p) de nes a support condition SQ” on
X , supported in codimension g We let X (@ (p) be the set

of codimensionq points x of X P with closurex 2 S>((Q)(p).
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De nition  2.4.2. Take E 2 Spt(B®). We set
EQO(X;p) = ES"(X  )(p)
E@(X: ):= ES (X ):
Similarly, if W is a simplicial closedsubsetof X , supported in
codimension g, we write EW (X; ) for EW (X ).

Take® gandlet E bein Spt(B@). We may form the restriction
E g2 Spt (B@). Similarly, for X 2 Sm=B, we have the simplicial
spectrum (E  qq0) P (X; ), which we write simply asE@(X; ).

The incIusionsS&qo)(p) S and the maps

iwwo EW' (X Py EW(X )
w2 s@(p);wW 2 S@(p);W° W
de ne the natural map of simplicial spectra
oo EQX; )1 EOX; )
With g qeq@ = gqqefor g o o* This givesus the homotopy
coniveau tower for E:
(2.4.1) :::! E@TD(X: ) E@O(X: ) ot E@(X; ):

This is our main object of study.

2.5. First prop erties. We give a list of elemenary properties of the
spectra E@(X; ) and the tower (2.4.1)

(1) SendingX to E@(X; ) is functorial for equi-dimensionale.g.
at) mapsY ! X in Sm=B; the tower (2.4.1) is natural with
respect to equi-dimensionalmaps.

(2) SendingE to E@(X; ) is functorial in E.

(3) The functor E 7! E(@(X; ) sendsweak equivalencesto weak
equivalences,and sendhomotopy (co) b er sequenceso homo-
topy (co) b er sequences.

We let Sm=B denotethe subcategory of Sm=B with the sameob-
jects, but with morphismsY ! X beingthe smath B-morphisms. We

let EY be the presheafon Sm=B: E(X) = E@(X; ). We thus
have the tower of presheaeson Sm=B

(2.5.1) S I =1 CARRR B =1 GOl B B =G
which is natural in E 2 Spt (Sm=B®),
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2.6. Good position. Chow's moving lemma (Theorem 2.6.2) asserts

that the spectrum E(@(X; ), de ned by the support conditions S{?,
is weakly equivalert to another spectrum E(@(X; )¢ de ned with re-

spect to a somewhatsmaller support condition S>(<q;)C S>(<p). In this
sectionwe de ne these ner support conditionsaswell asvarious other
oneswhich interpolate between S>(<q) and S>(<q;)c. We assumefrom now
on that the base-shemeB is regular, noetherian, separatedand has
Krull dimensionat most one. For a B-schemef : X | B and a point
b2 B, wesetX,:=f (b).

De nition 2.6.1. Let X bein Sm=B, let Cbea nite setofirreducible
locally closedsubsetsof X, andlet e: C! N be a function. Write C
asa disjoint union

C= c\genq Areo G

whereC 2 Cisin Gen if C! B hasdenseimagein someirreducible
componert of B,andC isin G if C Xy,

(1) Let S>((q;)c;e(p)gen be the subsetof S{? (p) consisting of those W
sud that, for ead C 2 Gyen and ead faceF of P, we have

codime (C F)\ W g ¢€C):

(2) Forb2 B®, let S{..(p)» be the subsetof S’ (p) consistingof
those W sud that, for eah C 2 G, and eat faceF of P, we
have

codimec ((C F)\ W g ¢€C):
(3) Set
S>(<q;)c;e(p) = S>(<q;)c;e(p)gen[ [ es® S>(<q;)c;e(p)b3

It is more or lessobvious that p 7! S>(<q;)c;e(p) de nes a support con-

dition on X . We write S (p) for S>((q;)c;o(p).

GivenE 2 Spt (B @), we set
EO(X; Jge= ESoe(X )
The inclusion S{%.. ! S{? de nes the natural map
EOX; Jee! EDQ(X; )
similarly, if C C’ande €° we have the natural map
EQX; Jame! EQX; ee:
We write E@(X; )¢ for E@(X; )co.
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Givenafunctione: C! N,welete 1:C! N bethe function
(e 1)(C)=max(e(C) 1,0).

Letf : Y ! X bea smaoth morphismin Sm=B, C a nite set
of locally closedirreducible subsetsof X. We let f C be the set of
irreducible componerts of the locally closedsubsetsf 1(C), C 2 C, for
D f 1(C) anirreducible componert, de ne f (e)(D) := ¢C).

The pull-backs by f  id » de nes the map of simplicial sets

fr S>(<q;)c! S\((qf) c
and the map of simplicial spectra
f DE@X; )c! EQ; )
In particular, we have the presheafof simplicial spectra (for the Nis-
nevic topology) on X, E®(Xis; e.
We now state the main result of this paper; for a description of the
axioms 3:m and 4, we refer the readerto x4:

Theorem 2.6.2. Let B be a regular noetherian seprated schemeof
Krul | dimensionat mostoneand X ! B a smath B-schemeof nite
type, let X bein Sm=B, let Che a nite setof irr educiblelocally closel
subsetsof X, e: C! N afunction andq 0 an integer.

(1) Supmsethat E satis es axioms3:m for all m and axiom 4. Let
X be a point of X. Then there is a basis of Nisnevic neightorhoods p :
U! X ofx, degndingonly on x and X, suchthat E@(U; ), cp e !
E@(U; ) is a weak equivalene. In particular, the map of preshaves

E(q)(XNis; )C;e! E(q)(XNis; )
is a local weak equivalene.

(2) Supmsethat B = Speck, k aninnite eld. Supmsein addition
that E satis es axioms 3:2 and let x be a point of X. Then there is a
basis of Zariski neightorhoodsj : U ! X of x, degending only on x
and X, suchthat E@(U; )j ¢j ¢! E@(U; ) is a weak equivalene.
In particular, the map of preshaves

E(q)(XZar; )C;e ! E(q)(XZar; )
is a weak equivalene.

(3) Supmsethat B = Speck, k a eld, that X is ane and that the
cotangentshaf I _, is a free Ox -module. Supwsein addition that E
satis es axioms 3:m for all m and axiom 4. Then the map of spectra

EQX; Jee! EQX; )
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is a weak equivalene.

3. Easy moving

The proof of Chow's moving lemmais in two steps,just asthe \clas-
sical" case(cf. [?]): One needsa \moving by translation" result to
handle the caseof a ne n-space,and then oneusesthe method of the
projecting coneto handlethe generalcase.In this section,we dealwith
the moving by translation portion. This result alsoallows us to prove
the homotopy invariance of the spectra E(®P(X; ), following Bloch's
argumert for the cycle complexeg[1]. In this section, we assumethat
the basesthemeB is of the form B = SpecA, with A a semi-lccal PID.

3.1. Some added generalit y. In fact, the \moving by translation”
technique doesnot require smaothness,soit is applicableto presheaes
of spectra on other categoriesbesidesSm=B(®. We rst needto give
a de nition of the \dimension" of a nite-t ype B-sdheme.

De nition 3.1.1. Let B be a regular irreducible scheme of Krull di-
mension 1. Letf : X ! B beanirreducible nite typeB-sheme. If
B = Speck, k a eld, setdimX = dimg X. If not, let be the generic
point of B. Set

dimk()X +1 if X 6 ;

dimX :=
m dimyey X if f (X) = b2 B®:

We extendthe de nition to the caseof reducibleB in the obvious way.
If W X isaclosedsubsetof someX 2 Sch=B, we write dimW
n if ead irreducible componert W°of W hasdimwW?® n.

Note that, if W® W X are closedsubsetsof X , then
dmW n=) dmw° n:

Let X bein Sch=B, Y 2 Sm=B and W a closedsubsetof X g VY.
We write dimrely W q if for ead irreducible componert Y; of Y, we
have

dmW\ X Y, q+dimg;:

De nition 3.1.2. Let X be a nite type B-stheme. Fix an integer
g Let X=B( be the category of pairs (Y;W), with Y in Sm=B,
guasi-prgective over B, and W a closedsubsetof X g Y sud that
dimrely W q.

A morphismf : (Y;W) ! (Y%WD9 is a morphismf : Y ! Y%in
Sm=B such that W (idx f) Y{(W9.
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Remark 3.1.3 If B has pure Krull dimension zero, then B=B, is
the full subcategory of Sm=B( 9 consistingof (Y; W) with Y quasi-
projective. If B has pure Krull dimensionone, then B=B(y is the
similarly de ned full subcategoryof Sm=B® 9.

We havethe categorySpt (X=B (q)) of presheaesof spectraon X=B
andthe homotopy categoryH Spt (X=B (). As before,wewrite EW (Y
for E(Y; W), if E isin Spt(X=B ) and (Y; W) isin X=B .

Let C be anirreducible locally closedsubsetof X 2 Sch=B. We say
that C haspure codimensiond on X if for ead irreducible componert
X; of X cortaining C, we have codimy,C = d. We write this as
codimy C = d.

De nition 3.1.4. (1) Let X bein Sch=B. Let Sé)(p) be the set of
closedsubsetsW X P sud that

dinF1reIW\(X F) q

for eath faceF of §.

(2) Let X bein Sch=B, let C be a nite set of irreducible locally
closedsubsetsof X, and e : C! N a function. We assumethat
eat C 2 Gyen has pure codimensionon X and eadh C 2 G, has pure
codimensionon Xy,. Write C= Cyenq qpgw G asin De nition 2.6.1.

(1) Let S(););C;e(p)gen be the subsetof S, (p) consisting of those W

sud that, for ead C 2 Gyen and ead faceF of P, we have
dirpreI(C F)\'W g+ e&C) codimyC:

(2) Forb2 B®, let S “°(p), be the subsetof S)(p) consistingof

thoseW X, P sudh that, for eah C 2 G, and ead face
F of [, wehave

dirpreI(C bF)\' W g+ ¢C) codimy,C:

The base-shemeis now b, sothe above inequality is the same
as

dm(C ,F)\ W g+ ¢C)+ dimyF codimyx,C:
(3) Set
S5 ) = Sy (Mgen [ e S (P:
De nition  3.1.5. Take X 2 Sch=B, E in Spt(X=B ), 92 Z. Set
E(X; )= E%W(X & )
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If we have a nite set C of locally closedsubsetsof X and a function
e:C! N, set

B )= E% (X )

Remarks 3.1.6 (1) Supposethat ead irreducible componert X; of X
hasdim X; = d; we call sudh an X equi-dimensional of dimension d.
Then we can index by codimension,asin De nitions 2.4.1and 2.6.1,
and we have

St o) = SEca(p):

(2) Supposethat X isirreducibleandthat X ! B is dominart. Let
C= Gend dwew G bea nite setof irreducible locally closedsubsets
of X, e: C! N afunction and W a closedsubsetof X n. Let
i : ! B bethegenericpoint of B. Supposethat W ! B isdominart.
Then W isin S{%(n) if andonly if W isin S, ¢ . (n) and W, is
in S 1C)g i () for all codimenisononepoints bof B. This follows by

iy Lgensly
noting that ead irreducible componert of W\ (X F) either dominates
B or is cortained in X, for someb2 B®.
Similarly, if C = Ggen, and W X " is arbitrary, then W

is in S{%(n) if and only if W isin S . . (n) and W, is in
S&q;iblc)gen;ib(e)(n) for all codimenisonone points b of B.

Notation 3.1.7. For X, E, C and e as above, let Y be in Sm=B of
pure dimensiond over B. SendingW X gY) gTtoW
X g (Y g T)denesthe functor

Py : X B Y:B(q+d) ! X:B(q)
and by pull-back the functor
Py : Spt (X:B(q)) I Spt (X B Y:B(q+d)):

We write Eq(Xv; )< for (pyE)(qwa(X 8 Y; )PCP22. The projec-
tion X g Y ! X de nesthe \base extension” map

P E@(X; )9 E@(Xy; )%

Wewill occasionallyneedto extendthe assignmehY 7! E(Xy; )|
to essetially smooth subsbemesU Y,Y 2 Sm=B, i.e.,,Y nU isa
possiblyin nite union of closedsubsets.We de ne

E(Xy; )%= hocFolimE(q)(xYnF; )

whereF runs over closedsubsetsof Y cortained in Y nU.
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In casep: B°! B isin Sm=B*®S, and B is alsoa regular shemeof
Krull dimensionone, we have

E(Q) (XBO; )C;e = E(q)(XBO; )po;pz(e);

where on the right-hand side, we considerX go asin Sch=B% and we
extend E to a presheafon Sm=B(°q) by taking limits as above. As
above, we have the base-extensiormap

P :E(q)(X; )C;e! E(q)(xBo; )C;e

Remark 3.1.8 In this sectionE will be a functor E : X=B ) ! Spt.
In casethe residue elds of B arein nite, the resultsof this sectionare
valid for every sud E. In the caseof nite residue elds, oneneedsto
imposeadditional hypotheseson E which allow oneto increasethe size
of the residue elds at will. As this is a technical point, we postpone
the description of theseadditional hypothesesuntil x4.

Examples3.1.9 Our primary examplesare:
(1) X isin Sm=B of dimensiond over B, and E isin Sm=B{ 9. Then
we have (Y;W X gY)7! EY(X g Y), giving the functor

Ex :X=B ! Spt:

As particular examples,we have the functor E(@ 9 2 Spt(B(@ 9 in-
duced by a functor E 2 Spt(B), e.g. E the K-theory spectrum
Y 7V K(Y).
(2) X a quasi-prgective B-schemeand E the the G-theory spectrum
with supports. More precisely let Y be a quasi-prgective B-sdheme
andlet M x (Y) be the exact categoryof coheren sheaeson X g Y
which are at as Oy-modules. We let Gy (Y) denote the K -theory
spectrum of the exact categoryM x (Y). Let G(X g Y) denotethe
K -theory spectrum of the categoryof coherem sheaeson X g Y.
For Y quasi-prgectiveoverB, eadi F 2 M x (Y) admits a surjection
E! F with E alocally free coheren sheafon X g Y; if Y is smaoth
over B and hasKrull dimenison d, then ead F admits a resolution

or Kt gt it B! F! O

with the E locally free coherem sheaes and K a at Oy-module.
By Quillen's resolution theorem, this implies that the canonical map
Gx(Y)! G(X gY)isaweakequivalence.

By the atness condition, Y 7! M x (Y) is an exact pseudo-functor
on Sm=B. By the usualtrick (seee.qg. [?]), wereplaceM x (Y) with an
equivalent exact category and changenotation sothat Y 7! M x (Y)
is an exact functor on Sm=B. Thus, we have the functor Y 7! Gy (Y)
on Sm=B, and the weakequivalenceGyx (Y)! G(X 1Y), natural in
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Y for at morphisms.In particular, if W X g Y is aclosedsubset,
Quillen's localization theorem [?] yields a weak equivalence

GY(Y)! GY(X YY) GW):

We have thus succeededn extending the assignmet (Y;W X
Y) 7! G(W) (up to weak equivalence)toa functor

GX;(q) . X:B(q) ! Spt

(3) Let X be a nite type B-sdheme. For (Y;W) 2 X=B(, Y ir-
reducible, let z4(Y; W) be the free abelian group on the irreducible
componerts W; of W with

dimW, = g+ dimg Y:

We extendto arbitrary Y by taking the direct sumover the irreducible
componerts of Y.

Let f : YOI Y bea morphismin Sm=B. Sincef has nite Tor-
dimenison, the sameis true forid f : X g Y%l X Y. For
(Y;W);(YOW9Y 2 X=B(y sud that f extendsto f : (YSWO !
(Y; W), and W; an irreducible componert of W as above, ead com-
ponert of (id f) %(W;) hasthe proper dimension,and sothe cycle-
theoretic pull-back

(id f) 1zg(Y;W) ! zg(YSWH
is well-de ned. We thus have the functor
Zg: X=B ! Ab;
using the asseiated Eilenberg-Maclanespectrum givesus the functor
Zy: X=B ! Spt:

3.2. Action by a group-sc heme. The \easy" moving lemmarequires
a transitiv e action by a connectedlinear algebraicgroup. We will only
needthe caseof A", with the action of translation.
Let Gbeagroupsdemeover B, andlet X 2 Sch=B be aB-sdheme
with a (right) Gaction :X g G! X. Let B°! B bein Sm=B°s
:Al,! GaB-morphismwith (0) = idg. Welet :Xgo 1! X
be the composition

Xgo 11 X gAL 91 X 5G! X;
where the isomorphism Xgo L1 X g Ao is induced by the
isomorphism(to;t;) 7! t; of 1 with Al
Let VP bethe vertext; = 0,j 6 i of P, andletg= (g;) : [n]!
[p] [g] be an order-preservingmap. We have the a ne linear map
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T(g): "! P 4 with T(g)(v") = vgl(i) vng(i). For g : [p] !
[1] [g] an order-preservingmap, we denotethe composition

XBO P . T(P) XBO 1 q (1 jd XBO ! q

@ x 1 aPp oy q

by T(; g). Similarly, we have the composition

Xgo P PP xg P @x v

which we denoteby (1;p).

Lemma 3.2.1. Let X bein Sch=B and take E be in Spt(X=B ).
Supmwse we have simplicial closel subsetsw® W of X and
simplicial closel subsetsv® V of X go- Supmsethat

(a) for eachorder-preservingg: [r]! [1] [p], we have
T(; 9) "(Wp)  V°
T(; 9) 1(V\/p) \
(b) for eachp, (1;p) "(Wp) V.
Then
(1) The maps (1;p) de ne the map of simplicial spectra
(L ) tEY(X; )! EY(Xss ):
(2) There is a homotopyof the mapson the assiated total spectra
1, . - .
“EY (Xes )il JEY (Xesr )]
(1

JEY(X; )i
EYOG )i T EY (Xeer )i
with the respective base-extensions
JEY(X; )it JEY(Xeer )i
HEYIOGG i JEY (X )i
Tk(l)e homotopyis natural with resgct to E; X; W; WS V;V°and
B"

Proof. We rst note that the base-bangeWpgo is cortained in V and
similarly WY, is cortained in V% this follows from (a) taking p = g
andg:[p]! [1] [p]the mapg(i) = (0;i). Thusthe assertionof the
lemmamakessense.
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Letf :jJEVW(X; )j I'! jEV(Xgo )jbethe mapconstructedfrom
the maps T(; g), following the homotopy construction of x1.1. One
seedlirectly that the maps

JEW(X; )i of JEY(Xss )i
EEW(X; )i 11 JEY (Xgo; )]

are andi (1;p) , respectively, giving a homotopy betweenthe
maps
i (1, ): :EY(X; )! EV(Xgo ):
A similar construction yields a homotopy betweenthe maps
1 ): GEYX:; )! EV'Xgo ):

We will take G to be the additive group A", and to be the linear
map , x(t)=1 x, wherex :B%! A" is a B-morphism. We take
X =Y A" Y 2 Sch=B, with Gacting on A" by translation and on
Y trivially .

Bng Alxq; 111 Xn] with respect to the multiplicativ ely closedsetof f =
| Ay x!' sud that the idealin A generatedby the coe cien ts a, is the
unit ideal.
The inclusion A I A(Xy;:::;X,) Is a faithfully at extension of

Lemma 3.2.3. Let G bea nite setof irr educiblelocally closeal subsets
of A},e:G! NafunctionandletY bein Sch=B. LetX =Y gA",

C= p,G and e = py(ey). Let W be a simplicial closal subsetin S,
andlet = ,:B(x)! A". Then
(1) @p) YW,) isin Sy 2 P%p) for eachp.
(2) Supmsethat W is in S’ “°. For eachorder-preservingg : [r] !
o] 1, T(; ) YW,) isin S “(r).
Proof. Sincethe translation action presenesall the irreducible compo-
nerts of X, we may assumethat X is irreducible. If d = dim X, then

S(ﬁ) = S>(<d 9 etc., sowe may index with codimension.
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In caseA isa eld, orif X = X for someb2 B®, the result follows
directly from [1, Lemma?2.2].
Supposethat A isnot a eld andthat X ! B is dominarnt. Let

be the genericpoint of B. Sincethe inclusioni: ! B is at, W s
in S\, and if W isin S{%,, then W isin S{; ;. From the case

of a eld, it followsthat (1) and (2) are valid with  replacingB, and
i Ci (e) replacingC;e.

For a codimensiononepoint i, : b! B, we have the setof irreducible
locally closedsubsetsi,Gyen of Xy, and the function iy(e) :i,Cen! N.
We alsohave the set G,, consistingof thoseC 2 Cwith C  Xy; we let
& :G! N bethe restriction of eto G.

To completethe proof it su ces by Remark 3.1.6to show that, for
eat codimensionone point i, : b! B of B, and ead irreducible
componert Z of W, X P:

(1) If Z! B is dominart, then (1;p),%(Zy) is in

(@ 1)
Sb(x) bX ;P2 i1, Cgen (p)
@ 1fZ Xo Pthen (1;p) X2)isin ST xup.a P

(3) Letg:[r]! [p] [1]be order-preserving,and supposethat W
is in S{.(P)
(@) If Z! B isdominar, then T(; g) (Zp) isin
S(q 1) _ _ (r)
b(x) bXb;PyipCoeniPyiy(€)\ /-
(b) IfZ Xy P thenT(; g) %(2Z)isin

(o)
Sb(x) bxb;pob;pz(eb)(r)'

Wenotethat B(x) ! B a bijection on points and that the b(x)-valued
point x g bof A} hasAf as Zariski closure. Thus (1) and (2) follow
as above from the caseof elds, asdoes3(b). For 3(a), let W ! B be
dominant. By Remark 3.1.6

(@ _ (g 1
W 2 SX;C;e _) W, 2 SXb;ibQJer.;ib(e)

so 3(a) alsofollows from the caseof elds.

We let [E(q)=E(Cq;)e](X) be the co b er of the map of simplicial spectra

E@(X; )°! E@(X; ):
Let :B(x) g X! X denotethe projection.

Lemma 3.2.4. Let X, Cande be asin Lemma3.2.3. Then, for each
g2 Z, the base-changemap

P - [E(q)zE(Cq;)e](x) ! [E(Q):E(%)e](XB(x))
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is homotopicto ze.
Proof. This follows directly from Lemma3.2.1and Lemma3.2.3.

Prop osition 3.2.5 (Moving by translation). Let X, Cand e be asin
Lemma3.2.3. In caseB hasa point b with nite residue eld k(b), we
assumethat E satis es axiom 4. Then, for eachq?2 Z, the map

E@(X; )°°! E@(X; )
is a weak equivalene.

Proof. It su ces to shaw that [E(q):E(%)e](X) is weakly equivalert to a
point.
We rst note that the map

(3.2.1) [E@=Eg1(X) ! [E@=Ex1(Xe )

is injective on homotopy groups. Indeed, the shemeB (x) is a ltered
inverselimit of opensubstiemesU of A, with U faithfully at and of
nite type over B. Thus, since,by de nition

-G — i —C .
[E0=Eg 1(Xec0) = hocolim(Ey=Eg/1(Xu):

it su ces to shav that the map

(3.2.2) D, 1 [E@=Egl(X) ! [E=Eg1(Xu)

is injective on homotopy groupsfor eat sud U.

Suppose rst that ead residue eld k(b), b2 B, isinnite. As B
is semi-lacal, and U is an open substieme of Ag with Ag,) \ U 6 ;
for all b, the projection U ! B admits a sections: B! U. Thus,
(s id) givesa left-inverseto p, .

If somek(b) is nite, then E satis es axiom 4. There exist nite
etaleB-sdhemesf, :B;! B, f,:B,! B, ofrelatively prime degrees
ni, n, over B, and B-morphismsB; ! U (see[14, Lemma 6.1]); in
addition, the construction of [14, Lemma6.1]yields closedembeddings
Bi! AL. SinceAisaPID, B; Aj isaprincipal Cartier divisor; let
g beade ning equation. By axiom 4, the mapsfi(g) f; :E! E are
weak homotopy equivalencesafter inverting n;, which shavs as above
that p, is injective on homotopy groups.

By Lemma3.2.4,p, is zeroon homotopy groups,whencethe result.

Theorem 3.2.6 (Homotopy invariance) Let X be in Sch=B and let

E:X=B ! Sptbkein Spt(X=B ). If k(b is nite for someb2 B,
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we assumein addition that E satis es axiom 4 of x 4. Then for X 2
Sch=B the map
P iEq@(X; )! E@yX AL )
is a weak equivalene.

Proof. One repeats the argument usedto prove [1, Theorem 2.1], re-
placing homology with homotopy, chain homotopy equivalence with
homotopy equivalenceand using Lemma 3.2.4in place of [1, Lemma
2.3].

4. The axioms

We have seenthat the \moving by translation" results are valid for
an arbitrary functor E : X=B¢J ! Spt, exceptin the caseof nite
residue elds. To proceedfurther, howewer, we will needto have some
additional properties of E: localization, Nisnevic excisionand a weak
form of push-formard maps for nite morphisms. In this section, we
list the axiomswe need.

4.1. Localization, excision and delooping. Let E bein Spt(B ).
We considerthe following conditions on E:

(4.1.2)
Axiom 1. (Localization)

(a) Let Sm=B' be the full subcategory of Sm=B(® with objects
(Y;;). The restriction of E to Sm=B- is cortractible. We x a
cortraction h.

(b) Let (Y; W) bein Sm=B@, let W° W be a closedsubsetand
letj : Y nWO°! Y bethe inclusion. The sequence

EVY) MM EW(Y) b EW™WY nw9
together with h givesa canonicalmorphism
wowy CEV™Y nW9Y 1 cob(iwow)

Then wow.y IS a weak equivalence.
To explain: We have the comnutativ e diagram
iy o
EWO(Y) %/EW(Y)
j j

Ei(Y) ﬁ:EOW”WO(Y nWwW?9
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The cortraction h givesa cortraction ofj iwow, Which in turn induces
the map wow.y. In particular, wow.y is natural with respectto the
category of morphisms(Y; W) ! (Y; W9 in Sm=B@,

(4.1.2)

Axiom 2. (Nisnevicexcision)Letf : Y ! X beanetalemapin Sm=B,
f o (Y;W9 ! (X;W) an extensionof f to a morphismin Sm=B(®
with Wo=f 1(W). Supposethat f : W°! W is an isomorphism (of
shemeswith the reducedstructure). Then

f EW(X)! EW(Y)
is a weak equivalence.

Lemma 4.1.1. Let E bein Spt(B(@), let (Y; W) bein Sm=B® such
that W is a disjiont union of closal subsets W = W°q W% Supmwse
that E satis es axiom 2. Then the natural map

iwow + iwoow S EW(Y) EWYY)! EW(Y)
is a weak equivalene.

Proof. We have the etale morphismp : (Y nW9 q (Y nW% | Y,
inducedby the inclusions. Clearly p (W) ! W is anisomorphism,so

p tEV(Y)! EP MY nW9q (Y nW%)

is a weak equivalenceby axiom 2. As

(Y nW9q (Y nW%;p Y(W)) = (Y nWEW g (Y nWOW9
and E is a presheaf,the map

EW Y nw9  EW(Y nWO T EP "Wy nW9 g (Y nW%)
is a weak equivalence. Using axiom 2 again, the restriction map

EVY) EW(Y)! EY (Y nW® EW(Y nW%

is a weak equivalence. The comnutativit y of the diagram

EV(Y) ——EP "W((Y nW) q (Y nWO)

EV™Y) EWY(Y) —EY™(Y nW9 EW(Y nWY
completesthe proof.
Welet pwo: EY(Y)! EW°(Y) be the composition in SH

EW (y) (ow e ) T Wy Wy B EWYy):
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Let E bein Spt(B@), and x a sdhemep : X ! B in Sm=B.
Sending(f : Y ! X;W)2 Sm=X®@ to (pf : Y! B;W) denesa
faithful functorp : Sm=X@ I Sm=B(@; we denotethe presheaE p
on Sm=X@ by Ex. If we have a closedsubset(X;Z) 2 Sm=B(@, we
have the presheafon Sm=X

f:ul X)7E" "@wW;

which we denoteby E{ .

Letf : Y ! X bea quasi- nite morphismin Sm=B. We have the
functor f : Sm=X©@ I Sm=Y@ sending(U ! X;W) to (U
Y;W x Y); this de nes the pushforward f : Spt(Y@) ! Spt(X (@)
by f F .= F f . Clearly, f presenes weak equivalences,hence
descenddo

f :HSpt(Y®@) ! HSpt(X®@):

With thesenotations, we can de ne our push-forward axiom:

(4.1.3)

Axiom 3:m Let m 0 be an integer. Letf : Y ! X bea nite
morphismin Sm=B, which wefactorasf = p i,wherei : Y ! X Ad
is a closedembedding,p: X AY! X isthe projectionandd m.
Supposethat the normal bundle of i is trivial. Then there is natural
transformation in HSpt (X (@),

f . f Evy! Ex;
satisfying:

Let Z ! X be smooth, and let W Y x Z be a closedsubset

of codimension . Supposethat p, :' Y x Z ! Z isetaleon a

neighborhood of W, and W ! W?9:= p,(W) is an isomorphism. Let
f2)V EV(Y x2)! EVY(2)

be the composition

EW(Y «2) i @) 1w Epzl(W")(Y x Z)
Then the map

FEW) gwz).

t(z)

EV(Y x2) EV(Z)

is an isomorphismin SH.
Remark 4.1.2 The push-forward f may depend on a choice of the

factorization p i and the trivialization of the normal bundle of i, but
we omit this dependencefrom the notation.
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4.2. Finite elds. We introduce one nal axiom, to handle the case

of nite residue elds. Supposewe have a nite etalecover : B°!

B, with B? embeddedas a principal divisor in Al; choosea de ning

equation g for B% Then for every X 2 Sm=B, B? g X ! X is

enbeddedin A g X, with de ning equationp,(g). Thus, given E 2

Spt (B @) satisfying axiom 3.1, we have the natural transformation
(9) : E! E,aswellas :E'! E.

(4.2.1)

Axiom 4. SupposeE 2 Spt (B () satis es axiom 3:1. Supposethat B

has someclosedpoint b with nite residue eld k(b). Let :B°! B

bea nite etalecover of B of degreen, enmbeddedin AL with de ning

equationg. Then after inverting n, the natural transformation (g)
:E ! E isaweakequivalence.

5. Moving by the projecting cone

The method of moving by translation takescareof the caseX = A";
for a generalsmaoth a ne B-sdieme,we needto apply the classical
method of the projecting cone. Since most of the known results (cf.
[?], [?, Part I, Chap. Il, x3]) are restricted to the caseof varieties over
a eld, we will needto prove sometechnical results which enablethe
extensionto base-shemesB = SpecA, A a semi-lacal PID.

5.1. The projecting cone. Although we will evertually needto as-
sumethat B = SpecA, with A a semi-lacal PID, we will work in a
somewhatmore general setting for a while, assumingonly that A is
semi-lacal and noetherian.

Leti : X | Ag be a closedsubstiemeof Az with X 2 Sm=B.
We assumethat X is equi-dimensionalover B; let m = dimg X . Let
X P3 bethe closureof X in P andlet Py *(1 ) = P} nAl. Using

homogeneouscoordinates Xo;:::; X, for P", P" (1) is de ned by
Xo = 0.
Let M, , bethe ane spaceSpecB[fX; j1 i n;1 | mg]

we view M, , A™ as the parameter spacefor a ne-linear maps
A" I A™ by de ning

LetV M, m bethe matricesofrank m. Each B%valuedpoint x :=
(x;j ) of V yields the codimensionm linear subspacel (x)  Pgo*(1)

de ned by the equations
X X

Xi1Xij= 1= Xim X = O:
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Welet Vx  V bethe opensubstiemewith L(x)\ X =; for x 2 Vx
and set

Ux = Vx A™:
For 2 Ux,let x : X ! A™ bethe restriction of to X.

For x 2 X, welet Ux(x) Ux g Spec(k(x)) be the closedsub-
schemeof with (x) = 0. We let Uy (x)®' be the open substieme of
Ux (x) of those for which y is etale over a neighborhood of 0.

LetB°! B beaB-sdhemeandy := (x;Vv) : B°!l Uy aB-morphism.

We write L(y) for L(x). The ane-linear projection  : Ago! Bo
extendsto the linear projection  : PgonL(x) ! Pgo. SinceL(y)\
Xgo=;, yrestrictsto a nite surjective morphismXgo! Pg,. Thus

the restriction of  to
yx - Xgol Agfo
is nite and surjective and the maps
yx 1d 1 Xpgo P1 Ago P

are also nite and surjective for eadt p.
We make the following basicassumptions:

(5.1.1)
(1) The structure morphismUy ! B is surjective.
(2) For x 2 X, the substieme Uy (x)® is non-empty.

Remarks5.1.1 (1) It is easyto seethat (5.1.1)1) is equivalent to the
assumptionthat Py 1(1 )\ X is equi-dimensionalof relative dimension
dimg X 1) over B, equivalertly, for eacr b2 BW,

(X)p= Xy

where X, is the closureof X;, in PJ. In particular, (5.1.1X1)holds if A
isa eld.

(2) It is easyto construct X 2 Sm=B which is ane and equi-
dimensional over B, of dimensionsay d over B, but doesnot admit
any nite surjective morphismXg ! AY, evenif all residue elds of B
are in nite. Howewer, we will shav below (Theorem 10.0.3)that this
property holdslocally on (X;B) in the Nisnevictopology.

(3) Supposeip : X | Al satises (5.1.1)1). Letig:A"! AN =

monomialsof degreed for somed > 1. Theni := (ig igB) i satises
(5.1.1)2). Also, if all residue elds of B have characteristic zero, then
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(5.1.1)2) is true for all embeddingsi which satisfy (5.1.1)1). Seefor
example[?, Bertini***].

5.2. Notation and elementary prop erties. Let B! B beaB-

schemeandy : B®! Uy a B-morphism, giving the nite surjective

morphism ,.x : Xgo! AR, and linear spaceL(y) Po*(1 ).
Thereis an opensubstiemeU? of Uy which is an open subsbemeof

someane spaceAfL := SpecB[yy;:::;y,] over B, with UQ faithfully
at over B. Generalizingthe construction of x3.2, we let A(y)}denote
the localization of Afys;:::;y,] with respectto the setof f = | ay!

sud that the ideal in A generatedby the a is the unit ideal. This
givesusthe semi-lacal noetherianring A(y), and the B-schemeB (y) :=
SpecA(y), together with a B-morphismy : B(y) ! Uy having Zariski
denseimage.

For ead p, let fj, : Xg(y) P AR P denotethe morphism

. B(y)
y;iX id.
Notation 5.2.1 If W X P is a pure codimensionq glosedsubset
with irreducible componerts Wy;:::; Ws, let cyqW) := = >, W, and
set

We:= Supp f,(f, (cyc(W))) cyqW) :
Let W*  Xgy P denote the closureof f, *(f,(Wa(y))) N Wgy).
Welet Ry Xg(y) bethe ramication locusof y.x.

Remark 5.2.2 For W X P a pure codimensionq closedsubset,
W* isalsoa pure codimeniong closedsubsetof X PrandW*  W¢C
In additon W* [ W = W¢[ W,andW* = W¢ if and only if W¢ and
W have no irreducible componers in common.

Lemma 5.2.3. Supmsethat A is a eld. Let X bein Sm=B with a

closel emieddingi : X ! AR, Ca nite setof irr educiblelocally closel
subsetsof X, ande: C! N a function. Let g> 0 be an integer.

(1) Let Z be an e ective codimension q cycle on X with support
iZj 2 S{0.4(0). Then .y ( yx (2)) = Z + Z5 with Z°e ec-
tive. In addition, Z° hasno componentin commonwith Z, and
iz3 isin Si%. 1(0).

(2) LetWw X P e a closal subsetin S)(f;)c;e(p). Then

(@ Wey\ (Ry  P)isin ST (p).
(b) Weisin S oo i(p).
Proof. We note that B(y) is Zariski densein Uy . The result is a direct

consequencéafter a translation in the notation) of [?, Part I, Chap.
I, Lemma3.5.4and Lemma 3.5.6].
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5.3. Birationalit y. We now proceedto analyzethe mapsf, : X
PIAE, P FormostW 2 S{. (p), the mapf,:W ! f,(W)is

birational, but there are somespecial casesthat needto be excluded.

From now on, we assumethat B = SpecA, with A a semi-lccal PID.

De nition  5.3.1. We call a codimensionq closedsubsetZ of X P
induced if p»(Z)  Z°for somecodimensiong closedsubsetZ®of P. If
w X P is a pure codimensionq closedsubset,let Ind(W) denote
the union of the irreducible componerts Z of W with Z induced.

Remarks5.3.2 (1) If Zz X Pis induced, then ( y.x id)(Z) is
an induced closedsubsetof A™ P,

(2) Supposez X Plis induced and in S>(<q)(p). Then for eat

nite set of irreducible locally closedsubsetsC, Z is in S>((q;)c(p). In-
deed,ead irreducible componert of Z is an irreducible componert of
a subsetof the form p,*(Z,) for someZ, 2 S{?(p), from which our
assertionfollows.

(3) Let W = fW, X Pg be a simplicial closedsubset, with
eahh W, 2 S>(<q). Then p 7! Ind(W,) forms a simplicial closedsubset
Ind(W) in S>(<q) andp 7! (Wp)" and p 7! (W,)¢ form simplicial closed
subsetsW* and W€ in S&q;(y). This follows directly from the niteness
of yx.

Lemma 5.3.3. Let W be a proper closal subschemef X P of pure
codimension g > 0. Suppmse that each irr educible component of W
dominatesB. Then

fp . WB(y) nfp l(f p(lnd(W)B(y))) ! fp(WB(y)) nfp(lnd(W)B(y))
is birational.

Proof. Sinceeadt componert of W dominatesB, we may assumethat
A is a eld F. We delete the subscripts g(yy indicating base-tange
unlessthey are neededfor clarity. We write f for f .

If z0 AM P is induced, then clearly f 1(Z9 is induced, hence,
if W%is an irreducible componert of W, then f (W9 is inducedif and
only if W%is induced. In particular, if W%is an irreducible componert
of W which is not induced, then f (W9 is not cortained in f (Ind(W)).
Thus, we may assumethat Ind(W) = ;.

Let Wy X bethe closureof the image of W under the projection
px : X P 1 X. We proceedby induction on the maximum d
of the dimensionover B of an irreducible componert of W, starting
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with d = 1 (i.e. Wy = ;). Supposewe know our result for d 1.
Let W W be the union of the irreducible componerts of W whose
projections to X have dimensionat mostd 1, and let Wbe the
union of the remaining componerts.

Let W, be an irreducible componert of W%and W, an irreducible
componert of W% Supposef (W) f(W,) or f (W,) f(W,). Since
the projection .x is nite, and eah componert of W hasthe same
dimension,it followsthat f (W;) = f (W,).

Let pam : A™ P1 A™ be the projection. Then

Pam (f (W1)) = pan (f (Px (W2));
which is impossible,since

dimg (pam (f (W) = d;
dimg (pam (f (W2)) =d L

In particular, it follows from our induction hypothesisthat
f:wonf FWH! f(WYnf(w%

is birational. Similarly, f : W ! f (W) is birational if and only if
f W% (W9 is birational. Thus, we may assumethat W = W%

We rst considerthe casep = 0. Let W be a pure codimension
q proper closedsubsetof X, get Wq;:::; W, be the irreducible com-
ponerts of W and let Z =, W;. By Lemma 5.2.3(1), the cycle
f (f (Z)) Z iseective,andhasnoW; ascomponert.

In particular, eady componernt of f (Z) has multiplicit y one, hence
the irreducible cyclesf (W;) eat have multiplicit y one, and are pair-
wise distinct.  Since the multiplicit y of f (W,;) is the degreeof the
eld extension [F (y)(W;) : F(y)(f (W)))], this implies that the map
Wey) ! f(Wgy(y)) is birational, asdesired.

The casep = 0 easily implies the generalcase,in casethe image
subsetW, is a proper subsetof X . Arguing as above in the reduction
to the caseW = W we have only to considerthe casein which eah
componert of W dominatesX .

Fix an F-point z of X. Supposethat, for all F-points x in an open
subsetof X , the b erW, x P= E of W over x hasanirreducible
componert Z in commonwith the b er W,. Then clearly W cortains
X Z, from which it follows that W corntains an induced componer,
namely, the union of the conjugatesof X Z over F. Sincewe have
assumedthat this is not the case,it follows that, for all pairs (z;x) in
anopensubsetU of X X, the b ersW, and W, have no componerts
in common.
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Let beageometricgenericpoint of A™ over F, sudh that remains
agenericpoint over F(y). If z and x aredistinct points in wl(( ), then
a dimensioncourt implies that (z;x) is a F-genericpoint of X ¢ X
and hence(z; x) is a geometricpoint of U. Thus, W, and W, have no
commoncomponerts. Since

— p
FW) =l poW Foy

as closedsubsetsof ‘;(y. X it follows that the map W 10y (W)
’ yi
is is genericallyoneto one.
Asf i Wey) ! F(We(y,)) isamapover Af,,, this mapis oneto one
over a denseopen subsetof f (Wg(y)). Since,by Lemma5.2.3(2), Wy,
is genericallyetaleover f (Wg(y)), We(y) ! (W) is thus birational,

completing the proof.

5.4. Behavior in codimension one. We now extend our analysis
to behavior at the codimensionone points of B. For b2 B, we let
b(y) = B(y) & b andwrite f., for the b er of f, over b(y).

Lemma 5.4.1. Let X bein Sm=B with a close&l emkeddingi : X !
Aj satisfying (5.1.1). LetW X P be a closal subsetof pure
codimensiong > 0. Then

(1) Ry is a pure codimension one subschemeof Xg(,) and is at
over B(y).
(2) Forallb2 B, Ry P\ Wyy) haspure codimensionl on Wyy,.

Proof. Since Xg(y) and Ag',, are smooth over B(y), Ry is the sub-
sthemede ned by the vanishing of
det(d y;X) : det X (y)=B(Y) ! yiX (det AM

B(y))'
In particular, Ry is a Cartier divsor on X . From the caseof elds, we
know ([7], [?, Part I, Chap. I, Lemma3.5.4])that y,.x, : Xuy) ! Agy)
is generically etale for ead point b2 B; sinceRy, = Ry gy b(y), it
follows that Ry is at over B. This proves(1).

For (2), it su ces to shavthat Ry, P\ Wyy) haspure codimension
1 on Wy, for all b2 B, which reducesus to the caseof elds. This
follows from [?, loc. cit.].

Remark 5.4.2 Let W X P be an irreducible closedsubset. If
W is not induced, it follows from Lemma5.3.3and Lemma5.4.1 that
fp (W)=1 (W), thus

fo(fp (W) =1 W+ Z7;
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where Z* is an e ective cycle with support W*. Similarly, if W is
induced, then f, (W) = dw f,(W) for someintegerdy 1, and

fo(fp (W)= dw W+ 2Z*:

where Z* as above is an e ective cycle with support W*, and with
Z* dw cydW™). Thusif W is an arbitrary closedsubsetof X P
of pure codimension,then

X

cyqWe) cyqwW )= 1 Z;
z

wherethe sumis over the inducedirreducible componerts Z of W with
dz > 1.

Lemma 5.4.3. LetW X P be a pure codimensionq closal subset,
and let Z be an irr educiblecomponent of W\ W€, Supmsethat Z has
codimensiong. Then Z is induced.

Proof. This follows directly from Remark 5.4.2.

Lemma 5.4.4. LetW X P be a pure codimensionq closel subset.
Supmsethat eachirr educiblecomponent of W dominatesB. Then for
eachb2 B

Woty) = (Wixy)™

Proof. Let W Xp  Pbeane ectivecyclewith support equalto W,
It follows from Remark 5.4.2 (applied with b replacingB) that (W)
is the support of f ..(fp.e (W )) W . Leti: Xy P11 Xey) P
be the inclusion.

We have

P (f(fp (W) W) =1 p(fpn (i (W) i (W)
by our remarks above, the left-hand side has support Wy, and the
right-hand side has support (Wyyy)©

We cannow prove the extensionto a generalbaseB of the necessary
properties of the projecting cone.

Prop osition 5.4.5. Let X be in Sm=B with a closel emledding i :
X I A} satisfying (5.1.1), C a nite set of irr educible locally closel

subsetsof X ande: C! N afunction. Takeq> 0andW 2 S{%.(p).
Then W€ is in S&q;(y);c;e 1(p).

Proof. We may assumethat W is irreducible. If W Xp for some
closedpoint b2 B, the result followsfrom the caseofa elds (Lemma5.2.3)}}
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sowe may supposethat W dominatesB. Then ead irreducible com-
ponert of W¢ alsodominatesB, sowe may assumethat C= Cyn. By
Remark 3.1.6,it su ces to shawv

(1) Wg 2 S>(<q3;ibc;ibe 1(p) for b a genericpoint of B.
(2) We2 S o 4(p) for b2 BO.

Takeb?2 B. If bis the genericpoint of B, then W, is in S&qz;ibc;ibe(p),
soby Lemma5.2.3, (W)€ is in S>(<qz;ibC;ibe 1(p). If bis a codimension
one point of B, then by Remark 3.1.6, W, is in S&qb;it)c;ibe(p), So as
above, (Wp)¢isin S&qb;ii)c;ibe 1(p). By Lemma5.4.4,W¢ = (W)€, which
completesthe proof.

Let W bea closedsubsetof Xgo  P. Welet ConqW) Az,
be the closedsubset:

ConeW) := (y id) * (yx id)(W) :

Lemma 5.4.6. Supmsethat W is in S>(<q;(y)(p). Then ConeW) is in

B(y)

Proof. We omit the subscript B® and write  for yx . Since X!
A™M is nite, it follows that ( id)(W) isin Sﬁ\%(p). Since  : A"!
A™ is equi-dimensional,Cone@W) = ( , id) *(( id)(W)) is in
s (p). Similarly, (  id) X(( id)(W)) isin S (p); since

CongW)\ (X  Py=( id) ¥ id)(w));
(p)-

Lemma 5.4.7. LetX bein Sm=B with a closel emleddingi : X | A}
satisfying (5.1.1), C a nite set of irr educible locally closel subsetsof
X suchthat eachC 2 CdominatesB, ande: C! N afunction. Take

q> 0and W 2 S .(p). Then

(1) f, is etalein a neighlorhood of Wg(yy n (Ind(W)g )y [ W*),
(2) the map

it follows that CongW) is in Sﬁ\ﬂ)( X0
B(y)’

We(y) n(INd(W)g ) [ W)
PP f (W) nfo((Ind(W)ay [ W)\ Wey))

is an isomorphism.
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Proof. Set
WO := Wg () n(Ind(W)g ) [ W*)
and
W= f (Wgy) nfo((INd(W)ey) [ W)\ We(y)):
We note that
fp H(fp(ind(W))  Ind(W)\ W*:

Thus, asin the proof of Lemmab.3.3,we may assumehat Ind(W) = ;.
Take a point x 2 W and let x° = f,(x). The assertionis local for
the etale topology on A™ P, so, after changing notation, we may

replaceAg, P with its HenselizationV at x°. We set

U := Xegy) Proam  pV

B(y)

V is Hensel,we have a decompsition of U as a disjoint union
U=qi, U

with x; 2 U;. Let Ry  Xg(y) bethe rami cation locusof .x, andlet
Wi = WB(y) X p Ui, Wi+ =W+ X p Ui.
We claim that, if X; 2 Wg(yy for somei > 1,orif xisin R, P, then
X isin W*. Wetemporarily write f , for the mapf, idy. Suppose rst
that x isnot in Ry P. By Lemma5.3.3,Wg(y) mapsbirationally to
its imagef ,(Ws(y)), sSothe sameis true after pull-back by U. Thus, W;
mapsbirationally to its imagef ,(W;), and f ,(W;) hasno componert in
commonwith f,(Wy). Thereforef , L(Wi)\ Uy is a union of componerts
of W[, sox = Xy isin W+,
If X isin Ry P, let d be the degreeof f, : Uy ! V. Sincex is
a point of rami cation for fy,, d is at least 2. SinceR, is a divisor
on X, fyu, is generically etale; sincef, : Wy ! (W,) is birational,
f, (fp(W1)) must strictly cortain W;. Sincef ) 1(fo(W1) = Wy [ W[,
it followsthat W, is non-empty; sinceU; is local with closedpoint x,
we must have x 2 Wy .
From this, it follows that
(a) fp(WB(y) nW*) fp(WB(y)) nfp(W+ \ WB(y)),
(b) Wiy \ Ry P Wgy) \ W™,
) fo:WgyynW* I ,(Wgy))nfo(W*™\ Wg(y,) is set-theoritically
one-to-one.
Sincef is at, (b) impliesthat f, is etalein a neighborhood of Wgy) n
W+, verifying (1). The statemers (a), (c) and (1) together imply
2).
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We needonelast technical result.

Notation 5.4.8 For x : B°! Uy a B-morphism,B°! B a B-sdeme,
we let Bry = «x (Rx). Sincecodimxs(y)Ry = 1, Bry is a divisor on
AT

()

Lemma 5.4.9. Let W hein S{(p). Thenf,(W) is in Sﬂ( ),fBryg(p).
B(y)’

Proof. Noting that F = ° for somes, it su ces to prove that
codims o) (fpo(W) \ Bry ) I &
for eat pure codimension g closedsubsetW of X P, We may

assumethat W is irreducible.

Let WO X be the closureof the imageof W. It suces to show
that .x (wg(y)) is not cortained in Bry. Let w be the genericpoint of
WO, Sincethe imageofy id:B(y) gk(w)! Ux g k(W) is Zariski
dense,it follows from (5.1.1)2) that .x is etale at all the points of

y;}(( yx (W)). Thus y.x (w) is not in Bry, asdesired.

6. Chow's moving lemma

We can now presen the proof of the main moving lemma Theo-
rem 2.6.2. Part of the proof relies on Theorem 10.0.3; as this latter
is a technical result which is completely disjoint from the main line of
argumen, we postponethe statemen and proof of this result to x10.

In this section,we x asmaoth irreducible B-sdhemeX with aclosed
embeddingi : X | AR. Welet m = dimg X, and we assumethat i
satis es (5.1.1). We assumethat the normal bundle N; is trivial; x an
isomorphism :N; = O%,d=n m. It followsfrom Theorem10.0.3
that this casesu ces to prove Theorem 2.6.2. We we use the trivi-
alization as neededin the discussionbelow without referring to it
explictly.

We x a presheafE 2 Spt(B(@). We extend the de nition of the
simplicial spectra E@(X; ) to X 2 Sm®%=B by taking a homotopy
colimit, asin x3. We assumethroughout this sectionthat E satis es
the axioms 1 and 2 of x4.

6.1. Excision and its consequences.

Lemma 6.1.1. LetB%beaB-schemeandx : B%! Uy aB-morphism.
LetW  WZO°be a simplicial subsetsof X . We denote ,x id
by f. Supmsethat E satis es axiom 3:d. Supmsein addition that for
eachp O

(1) f, is etalealong W, n W7



CHOW'S MOVING LEMMA IN THE A'-STABLE HOMOTOPY CATEGORY 37

(2) fp : WonWJ I f,(W, nW,)) is an isomorphism (of reduced
schemes).

LetV  Xpgo be the simplicial closal subsetf (f (W)) and let
W= f 1(f (W9). Then the composition (which we denoteby . )

EW™WO(X go nw9

bOETWIWOAR, nf(W9)

hOEVWHX go nwo%

= EWW(X 5o nwd EVIWIWS X, nwO%
P EWTW(X go nw9

is an isomorphismin SH. Here p is the projection, and the direct sum
decomposition of EV™ (X go nW % arisesfrom the decomposition
of V nW®into disjoint closal simplicial subsets

VnW®%= WnwW°VnW[ W%
and Lemma4.1.1.
Proof. This follows from the axioms 2 and 3:d.

Remark 6.1.2 For B®= B(y), x : B®! Uy the canonicalmorphism
y : B(y) ! Uy andfor W 2 S{?, the closedsimplicial subsetW?°
de ned by

W= W\ (W, [ Ind(W)p)
satis es the conditionsof Lemma6.1.1. This followsfrom Lemmab5.4.7

Let E, X, x : B®! Uyx, W and W% W Vv and p be as in
Lemma6.1.1. Let

EWMWO(X 5o nw9 I EfWawWOaAm, nf (W9)
be the composition (in SH)

1

EWMWO(X go nw9 ¥ EY™W’(Xgo nw?9
b EfWWOAD,  nf(w9):
Lemma 6.1.3. LetE, x : B%! Uy, W andW°%be asin Lemma6.1.1.
Then
id f f:EWWX nw9 1 EWW°x nw9
is the zer map (in SH).

Proof. This follows directly from Lemma 6.1.1 and the de nition of
.
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We will require the following notation:

De nition 6.1.4. Let X and Y bein Sm=B, C a nite set of irre-
ducible locally closedsubsetsof X ande: C! N a function. We let

S¥..(p) be the setof W 2 S (p) with ( id ») Y(W) 2 S{.(p).

'I('r)1e SV (p) form asimplicial subsetS{., of S&; wesetE@(Y; )¢ =
E Svice (Y ).

Remark 6.1.5 For ead C; 2 C, we can decommsethe image (C)
(which is constructible) asa nite disjoint union of irreducible locally
closedsubsetsof Y:

(Ci) = a;Dj:
Let nj = dim(C;) dim Dij . Let d(Dij) = ¢C) + njj , andlet D =
fDij g. Then S\((?%:;e = Sy;D;d.

6.2. The pro of of Theorem 2.6.2. LetX ! SpecB andi : X ! A}
be asabove. Let C be a nite set of irreducible locally closedsubsets
of X 2 Sm=B sud that eadr C 2 C dominatesB. Let e 0 be
an integer, which we consider as the constart functon e : C! N
with value e. In this section, we assumethat B = SpecA, with A a
semi-lacal PID. We will show that

(6.2.1) E@(X; Jee! EO@OX; )

is a weak equivalence. SinceE(@(X; )ce = E@(X; )cif e= 0, this
result implies Theorem 2.6.2.

As above, we have the B-morphismy : B(y) ! Uy, and the mor-
phism of cosimplicial B (y)-schemesf : Xgy) ' ARy

If e = dimg X, then S{%, = S{?, soby descendinginduction on e
it suces to shaw

(6.2.2) E@QX; Jee 1! EOX; ce

is a weak equivalencefor 1 e dimg X. Let E@(X; )ceze 1 de-
note the homotopy cober of E@(X; Jce 1! E@(X; )ce; it thus
su ces to shav

(6.2.3) E@(X; )cee 1 is Weakly cortractible.

By axiom 1, we have the weak equivalenceof E@(X; )ceze 1 With
the homotopy colimit

E@(X; )cese 1 hocolimEWmWat Wz nWi\ W,)
W1;,Wo2
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where the limit is over simplicial closedsubsetsW; 2 S>((q;)c;e, W, 2

S>(<q;)c;e 1- We call a sudh pair (W;; W,) allowablefor X; C, e. Similarly,
we call a pair (Wy; W;) of closedsimplicial subsetsof A™ allowable
for A™; C; eif W, isin S{i ... and W, isin S{3 .. ; (seeDe nition 6.1.4
for the notation) .

Let (W1; W) be an allowable pair. Set

EWiWa) () .= g WanWi) Wa(y nWi\ W,):
We set
(Wi;W2) i= (Wigy); Wae ) [ W [ Ind(Wi)e(y));
and
FC (Wi W2) = (F(Wis(y))i f (Wasy) [ Wy [ Ind(Wi)g(y))):

By Proposition 5.4.5,Remark5.4.2and Remark5.3.2, (Wq; W,) isal-
lowablefor Xg(y); C € since y.x is nite, f( (Wy;Wy)) is allowable
for Az, Ce

By Lemma6.1.2,Remark 6.1.2and Lemma6.1.3,we have the weak
equivalence

wow, (B DXy ) B A (Xg ;)
the push-forward morphism

f 'E (Wl;Wz)(XB(y); ) ! Ef( (Wl;WZ))(AQ(y); )
the modi ed pull-back

~ - Ef( (Wl;WZ))(Aan(y); YIE (Wl;Wz)(xB(y); ):
Lemma 6.2.1. The base-change

:E(q)(X; )C;e:e 1! E(q)(xB(y); ) Ce=e 1

induces the zelo-map on homotopygroups.

Proof. It suces to show that for ead allowable pair (Wy;W,), the
composition
W LW 5

E(Wl;WZ)(X; ) ! E(q)(X; )C;e=e 1 ! E(q)(xB(y); ) Ce=e 1
induceszeroon the homotopy groups. We considerthe composition
E (W1;W2) (X; )! E (W1g (y)iWag (y)) (X B(y): )
. = .
I E (Wl,WZ)(XB(y); ) ! gfC (Wiwz)) (Afg(y); )

f .
I E (Wl’WZ)(XB(y); )! E(Q)(XB(y); ) Ce=e 1



40 MAR C LEVINE

by Lemma6.1.3,this composition inducesthe samemap on homotopy
groupsas w1w,- Thusit suces to shovthat f induceszero
on homotopy groups.

We canfactor f as

. 0
Ef( (Wl,WZ))(Aan(y); )! E(Q)(Ag‘(y); ) Ce=e 1

f
! E(Q)(XB(y); ) Ce=e 1

By Proposition 3.2.5and Remark 6.1.5the middle term is weakly con-
tractible, which completesthe proof.

The argumert we usedin the proof of Proposition 3.2.5shows that
the base-bange is injective on homotopy groups. This veries
(6.2.3), completing the proof of the theorem.

7. Funtoriality

We completethe program by shonving how Theorem?2.6.2yields func-
toriality for the spectra E@(X; ). We actually prove two di erent
levels of functoriality, a weak form, being the extensionto a functor

E@:Sm=B®! SH;
and a strong form, which givesa functor
E@:Sm=B% ! Spt:

For the strong form, we require that B = SpecF, F a eld.
Let E bein Spt(B@). Recallfrom x2.5the presheaf

EQ . Sm=B° 1 Spt

and the homotopy coniveau tower (2.5.1). This is the starting point
for full functoriality.

Throughout this section, we assumethat B is a regular noetherian
separatedsthemeof Krull dimensionone.

7.1. Functorialit y in SH. In order to give a natural setting for the
form of functoriality one achievesover a generalbaseB, we introduce
somenotation.

Let f : Y I X bea morphismin Sm=B, F in Spt,.(Y). We
have the functor f : Spty(Y) ! Sptis(X) with left adjoint f .
Cheding stalkwise, one seesthat f presenes co brations and weak
equivalenceshencef presenes brations.

SinceH Spt (Y) is equivalert to the homotopy categoryof brant
objectsin Spt i (Y), wehavethe functor f : HSpt<(Y)! HSpt\is(X)H
de ned by sendinga brant object F 2 Spt;(Y)tof F 2 HSpt<(X).}
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For composablemorphismsf :Y! X ,g:Z! Y, thereisacanon-
ical isomorphism ¢4 : f g ! (fg) , satisfying the standard cocycle
condition. Indeed,if F is brant in Spt\(Z), thenf F is brant in
Spt i (Y), sothe canonicalisomorphismin Spt . (X)gf F! (of) F
de nes the natural isomorphism .5. The cocycle condition is cheked
in a similar fashion.

Form the categoryH Spt =B with objects (X; E), with X 2 Sm=B
and with E 2 HSpt;(X). A morphism : (X;E) ! (Y;F)isa
morphismf :Y I X in Sm=B togetherwith amorphism :E! f F
in HSpt s (X). Composition is given by

() (f;)=0g ¢ 9() )

Sending(X; E) to X de nesthe functor :HSpt,;,,;=B! Sm=B°.
The functor ES) de nesasectionto  overthe subcategorySm=B°F:

E{Q :Sm=B° ! H,s=B:

Theorem 7.1.1. Let E bein Spt(B @), satisfying axiom 3:m for all
m, and axiom 4. Then the section EXY extendsto a section

E@ :Sm=B° ! HSpt,,=B:

This sectionis dewted to the proof of this result. As a matter of
notation, if we have composablemorphismsf : Y ! X,g:Z! Y,
objects Ex 2 Spt,(X), Ey 2 Spty(Y) and E; 2 Spt,;(Z) and
morphisms :Ex ! f Ey, :Ey! gEz, welet D Ex !
(f g E; denotethe composition ¢4 g ( ) .

We considerthe following situation: Letf : Y ! X bea morphism
in Sm=B. Let X' X be the open subsetof X of points over which
f is smaoth. Let C be a nite set of irreducible locally closedsubsets
of X sud that thereis a subsetG  C satisfying

(1) X I’le [cchC

(2) For eah C 2 G, the restriction of f tof : f }(C)! Cis
equi-dimensional.

(3) Each C 2 G dominatesa componert of B, i.e., G Gygen.

We call suc a C gaod for f.
Supposethat Cis good for f. Then

W2 s&p) =) (f id) "(W) 2 SP(p);
sowe have the well-de ned map of simplicial spectra

f TE@(X; )c! EO@; ):
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This construction is compatible with pull-back by a smaooth morphism
Z! X, sowe have the map of presheaeson X yis:

f TEQ@Xpns; ! fE@(Yus; ):
If we vary g, we have the well-de ned map of towers of presheaes
f EQOXNs; ! f EC(Yus: )

By Theorem 2.6.2(1),the map E@(Xyis; )c! E@Xnis; )isa
local weak equivalencein Spt (X ), sothe diagram

f

E@Xns; ) E@Xyis; ) ! fEC(Yniss )

de nes the map in the homotopy categoryH Spt ;s (X)
(7.1.1) f TE@Xns; ) fE@(Yuss )

Lemma 7.1.2. The map (7.1.1) is independentof the choice of gad
C

Proof. Let C° be another collection which is good for f. Then C[ C°
is clearly good for f, sowe may assumethat C° C. This yields the
comnutativ e diagram of presheaes

E(Q)(Xais; ) &— E(g)(x Nis; )C
I

1

15

E @ (X nis; )cof—/f EC)(Ynis; );
whencethe result.

For a generalf , there may be no C which is good for f . Howewer,
if f is smooth, then every Cis good for f. If i : Y ! X is a closed
embedding, and Cis any collection cortaining i(Y), then Cis good for
i. Thusf isde ned for smooth morphismsand for closedembeddings.
This justi es the following

Denition 7.1.3. Letf : Y ! X bea morphismin Sm=B. Factor
f asf = p i,wherep:Y g X ! X isthe projection,andi:Y !
Y g X isthe graph,i = (idy;f). Dene the mapf in HSpt(X)
by

f =i p :E(q)(XNis; )! f E(q)(YNis; ):

We proceedto show the functoriality (fg) = gf .
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Lemma 7.1.4. Let
W LY

fo

f1
z ——IX
be a commutative diagram in Sm=B, with f;f, smath morphisms,
andij;i, close emieddings. Theni, f; =1f, i;in HSpt(X).
Proof. Let g= fqi, = foi;. Let
G = fi1(2)g G = fix(W)a:
One cheds that
W2 SE (p)=) (f1 id) *(W)2 S (p):
Thus, we have the pull-back
fi i E@OXnis; Vo ! f1 EQ(Yaiss Do,

giving the comnutativ e diagram

f (@ (Yyis
f kkkk]kg (gle )
kkkkk&kk ‘
k
E@Xnis; )ox ffl E@(Ynis; Do,
i) f1 (iy)

in EO(Zyis; )m’g E@(Wyis; )

The result follows easily from this.

Lemma 7.1.5. Letf :Y! X,g:Z! Y bemorphismsin Sm=B.
If f and g are both smath morphisms,or both closel emleddings,then

(fg) =gf :E@Xns; )! (Fg) ED(Zyis; ):
in HSpt ;s (X).

Proof. For smooth morphismsf andg, wehave(fg) = gf in Spty(X).}
If f and g are closedenbeddings, take G, = ff(Y);f(g9(Z))g and
G = fg(Z)g. Then
W2 s (m=) (F id) (W) 2 Sy (P);
giving us the pull-back map
frE@Xus; Jo ! fFE@(Yusi o,
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In addition, G isgood for f andfor f g and we have the commnutativ e
diagram
tED(Yusi )

£ ik
kkkkkkkkkk ‘

E@Xnis; ) f—/f E@(Ynis; Do,
f
%%% (9)

(f9) E@(Ynis; ):

Prop osition 7.1.6. Letf : Y ! X, g:Z ! Y be morphismsin
Sm=B. Then

(fg) =gf ‘E9Xns; )! (FQ) ED(Zns; ):
in HSpt s (X).

Proof. Considerthe comnutativ e diagram

idz; idy:;f) id
Z&/Y Bzwx sY gZ
P1 P12
/
Y o R By
p1
X

Leti = [(idy;f) idz] (idz;g)andp= p; pi2. Applying Lemma7.1.4
and Lemma7.1.5to this diagram shows that

g f =i p:
Applying Lemma 7.1.4 and Lemma 7.1.5to the comnutativ e dia-

gram
Z—IX gY @&z
H P13
g "%
Z e N BE T X
yields

i p=(fg):
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To constructthe sectionE(@, wesendX to E@(X; )2 HSpt . (X)
andf : Y ! X to (f;f): (X;E@(X; ) ! (Y;EQ@(; )). By
Proposition 7.1.6,this givesa well-de ned sectionto , extending =5
Sincethe construciton of f is natural with respectto changein g, we
have the tower of functors assertedin Theorem7.1.1. This completes
the proof of Theorem7.1.1.

SendingE 2 HSpt,,(X) to the global sectionsof a brant model
de nes the functor

R(X; ):HSptys(X)! SH;

varying X , we have the functor

R :HSpt,,=B! SH:
We have for examplethe functor

R E®:Sm=B%®! SH
REXR=R EQ.
Corollary 7.1.7. Let E bein Spt(B), satisfying axioms 3:m for all
m and axiom 4. The functor R E{Y extendsto the functor

R E@:Sm=B°®! SH
by settingR E@ := R E(@, and we havethe tower of functors
;1 RE@ 1 RE@1 ;1 R EO:

7.2. Straigh tening a homotop y limit. In orderto passfrom func-
torialit y in the homotopy categoryto a strict functoriality, we rst take
a certain homotopy limit. This yields a functor \up to homotopy and
all higher homotopies"; we then apply a construction of Dwyer -Kan
to rectify this to a strict functor. In this section, we presen these
constructionsin the generalsetting.

To get started:

De nition 7.2.1. Let :A! B beafunctor of small categories.For
eah b2 B, we have the subcategory 1(b) of A consistingof objects
over b and morphismsover idy; let ,: (b ! A be the inclusion.
A lax bering of consistsof the assignmen
(1) for each morphismh : b! Kin B, afunctor h : (P!
1(b), and a natural transformation : , h !

(2) for ead pair of composablemorphismsb " B 1° in B, a
natural transformation #g, :h g ! (gh)
which satis es
a) (n(X)=hforh:b! PinB,andx2 (.
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b) for composable morphismsh : b! P, g: P! 1B and for
x2 1,

g(X)  n(@x) = gn(X) #gn(X):
c) for composablemorphismsb!” B19 o P00
#rgt  (Hgr N ) =thnge (F #ng):

If the natural transformations #g4p, are all idertity maps, we call
( :A! B; ) astrict bering of

Next, we recall the notations and results of Dwyer-Kan [6] on which
the construction is based.

Recall the a simplicial category is a category enriched in simplicial
sets. We make the category of simplicial setssSets a simplicial cat-
egory as usual by setting Homssets (A; B), := Homgsseis (A [ nJ; B).
For simplicial categoriesA, B, (with A small) we have the category
of simplicial functors A ! B, denoted BA. The category sSets"
has a model structure where the co brations and weak equivalences
are pointwise; this extendsthe model structure we have descriked on
sSets” for A a small category

A simplicial functor f : A'! B is a weak equivalene if

(1) For eath pair of objects of A, the map of simplicial setsf :
Homa(x;y) ! Homg(f (x);f (y)) is a weak equivalence.

(2) off): oAl (B issurjective.

Letf : A! B beasimplicial functor. We have the pull-back functor
f :sSets®! sSets,ie.,f X(a):= X (f (a)). Dwyer-Kan de ne the
homotopypush-forwad hocolimf : sSets® | sSets® asfollows: Take
X 2 sSets®. For b2 B, hocolimf X (b) is the diagonal simplicial set
asseiated to the bisimplicial set (hocolimf X) (b with

(hocolimf ). X (b) :=

q X(a0) Homa(ag;a) ::: Homa(an 1;8,) Homg(f(a,);b)

andthe evident faceand degeneracynaps,andthe evidert functoriality
in b. Fora2 A, we have the evidert map

ia:X(a)! hocolimf X (f(a):

This map is natural in X, but not in a.
The functor hocolimf admits a right adjoint

hocolimf :BSSeS | AsSets

andthereis a natural transformationf ! hocolimf . ForY 2 BSsSets
we have the adjunction hocolimf (hocolimf Y) ! Y; welet ry :
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hocolimf f Y ! Y denotethe composition
hocolimf (f Y)! hocolimf (hocolimf Y)! Y:
The main result of [6] is

Theorem 7.2.2 (Theorem2.1[6]). Supmsethatf : A! B is a weak
equivalene of smal simplicial categories. Then for each X 2 sSets*
anda?2 A, the map

ia: X (@ ! hocolimf X(f(a))
is a weak equivalen@. Also, for each Y 2 sSets®, the map
ry :hocolimf f Y! Y
is a weak equivalene, natural in Y,
Let | bea2-category Weform the simplicial categoryN | by setting
Homy | (a;b) := N Hom (a;b

for ead pair of objectsa;b2 I. A simplicial functor X : N | ! sSets
is called a continuous functor X : 1 ! sSets.

Let B be a small category Form the 2-categoryFacB as follows:
FadB hasthe sameobjectsasB. A morphismb! ©Pin FacB consists
of a sequenceof composablemorphisms

b=k ¥ T b =1

whereif somef; = id, weidentify the sequenceavith the oneobtainedby
deleting f; (unlessn = 1). Composition is just by concatenation. We
write sud asequenceasf, ::: f;. Givensud asequencewe canform
a new (shorter) sequencey changing someof the 's to compositions
in the categoryB; this operation de nes a 2-morphism. We have the
functor : FadB ! B which is the idertity on objects, changesthe
concatenation to composition in B, and sendsall 2-morphismsto the
identity. This yields the functor of simplicial categories : N FacB !
B.

The category Homg,es (b;1) is a partially orderedset with maximal
elemens Homg (b;1?), and ead =2 Homg,es (b;1P) is dominated by a
unique maximal elemen, namely (7). Thus, we have

Lemma 7.23. : N FacB ! B is a weak equivalene of simplicial
categories.

We may therefore apply the Dwyer-Kan theorem; for a cortinuous
functor X : FadB ! sSets, we denotehocolim X : B ! sSets by
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Cg X, orjust CX if the cortext makesthe meaningclear. We have for
eat b2 B the weak equivalence

ib: X (B! CsX(b):

Thus, the Dwyer-Kan hocolim-construction transforms a "functor up
to homotopy and all higher homotopies”on B to an honestfunctor on
B.

We next recall some aspects of the holim construction. Let F
A ! sSets be a functor from a small category A to simplicial sets.
We have the homotopy limit holim F, which is natural in F, i.e., if

:F ! G isanatural transformation of functors, we have the map of
spaces : holimyF ! holimya G. If i : B! A isa functor of small
categories,we have the map of spaces : holimy F ! holimg(F 1i).

For a categoryA, we have the 2-categoryCat =A, with objects func-
tors :a! A, with asmall. A morphism[ :a! A]! [ °:a%l A]
isapair (f; )with f :a! a%afunctor,and : © f ! a natural
transformation. The composition is

(f% 9 (F;)=«¢% (° f):

A 2-morphism# : (f; )! (f% 9 is a natural transformation # : f !
fOsudh that ©° ( #)=

Let F : A! sSets beafunctor. For :a! A, we havethe space
holim, F ; for a morphism

(f: ):[ :a! A]l [ %:&% A]
we have the map
holimF (f; ) := f :holimF °! holimF
a0 a
This de nes a functor (on the underlying category)
holimF : (Cat=A)"! sSets:

Let Cat =A°P be the 2-categorywith underlying category(Cat =A)g",
and with
Homcar zaoe (5 9 := Homear=a( % ):
The functor holim F extendsto a cortinuous functor
holimF : Cat=A° ! sSets:

Indeed, let n be the category assaiated to the orderedsetf0 < 1<
;o< ng. If G: B! sSetsis a functor, we have the functor G p, :
n B! sSets and the isomorphism

Hom( ”;hoéimG): hollgimG p2:
n
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Now supposewe have functors :a! A, :b! A andann-simplex
= [(fo; o) T (Fyy o) T2 oo (Fo; 0

in Homcgt =a( ; ). De ne the morphism
(f; ):[ p2:n a! A]l! [ :b! A]
by
(f )i a= 1
f (0 Lx)! (i5x)=#) :fi 1(x)! fi(x)
(i, x) = i(x)

This yields the map
holimF(f ; ):holmF( )! Hom( ";holimF( ));
taking the adjoint gives
F(): " holimF()! holimF():
One cheds this respectsthe simplicial structure in N Homcge =a( ; )
and the composition in N Cat =A.

We apply theseconstructionsto the following situation: Given a lax
bering( :A! B;h7!h; ;#), wehave the 2-functor s from FacB
to Cat =A% by sendingbto ,: (! A,h:b! BPinBto(h; ),
and the 2-morphismh g ! hgto #4,. Thus, if we have a functor

F :A ! sSets, we canpull bak holimF by s, giving the cortinuous
functor

holimF : FacB ! sSets:
Applying the Dwyer-Kan macdhinery thus givesus the functor
CholimF : B! sSets;
and for eath b2 B the weak equivalence
(7.2.1) ip:holimF(b)! CholimF (b)
Remark 7.2.4 Suppose we have a subcategoryipo : Bo ! B of B
sud that the restriction of # to pairs of mapsin By is the idertity
transformation, i.e., the restriction of to (Bg) ! By is a strict

b ering. Thenb7! (holim F)(b) extendsto afunctor holimFjg, : Bo !
sSets. We have the weak equivalence

e, : Cg, holimFjg, ! holimF,:
The evidert inclusion of n; -simplicesgivesthe weak equivalence
Bo - CBo holim FjBo ! (CB holim F)jBo;
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which nally yields the isomorphismin HsSets®®
:holimFjg, ! (Cg holimF);g,:

7.3. Strict functorialit y. We considerthe caseB = Speck, k a eld,
and shov how to extendthe object E of H Spt ,,,(Sm=B) to an ob-
ject E(@ of HSpt,,(B). The roughideais to replaceE @ (X; ) with
the homotopy limit of the spectra E(@(X; )c. over a good index cat-
egoryand useTheorem2.6.2to concludethat the resulting homotopy
limit is locally weakly equivalert to E(@(X; ). The index categoryof
the (C, e) is chosenso that there are well-de ned pull-back maps be-
tweenthe respective homotopy limits for eady morphismf : Y ! X,
howewer, dueto alack of strict functoriality in the indexing categories,
onedoesnot have a strict functoriality on the resulting pull-back maps.
We then use the results of the previous sectionto complete the con-
struction.
The main result of this sectionis

Theorem 7.3.1. Let k be a eld, and take E 2 Spt(k) satisfying
axiom 3:m for all m and axiom 4. If k is in nite, we assumeonly

that E satis es axiom 3.2. Then the image of EW : Sm=k! Spt in
H Spt ;.. (Sm=Kk) extendsto an object EW 2 H Spt ,,, (K).

Zar

We have the category L (Sm=k) (see[?] for slightly modied ver-
sion). Objects are morphismsf : X! X in Sm=k sud that X °can
be written as a disjoint union X°= X9q X% with f : X! X an
isomorphism. The choice of this decompsition is not part of the data.
Weidentify f : X% X andf q p: X% X% X if p: X% X is
smooth, and we identify f,; : X; ! X andf,: X, ! X if thereisan
X -isomorphismX; = X,. We note that a choice of componert X § of
X %isomorphicto X via f determinesa smaooth sections: X ! X?0

A morphismg: (fx : X%l X)! (fy : YOI Y) is a morphism
g: X ! Y in Sm=k sud that there exists a smooth morphism ¢°:
X0l YOwith fy ¢°= g fx. Usingthe smooth sectionsy : X !
X 9 one easily seesthat this condition also respects the iderti cations
fx fxqgpforp: X% X smooth: we extendg®: X°! Y°to
g%: X% X %1 YOpy the map gbx p on X % Similarly, this condition
is unaltered by adding a smaoth morphismto Y°! Y andalsorespects
the identi cation of isomorphismsover X or over Y. The choice of ¢°
is not part of the data, so

Homg (sm=ig((Fx : X% X);(fy 1 YOL Y))  Homsm=(X;Y):

Composition is induced by the composition in Sm=k; this is well-
de ned sincesmaoth morphismsare closedunder composition.
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Sendingfy : X% X to X de nes the faithful functor
:L(Sm=k)°? I Sm=k°":
We make L (Sm=k)°P a lax b ered category over Sm=k° as follows:

For eatch morphismf : X ! Y in Sm=k°(i.e. f : Y ! X in Sm=Kk),
letf . 1(Y)! 1(X) be the functor

f (g:Y% Y):=(fgqidyx : Y°g X! X):

Themap (g :f (g:Y°! Y)! (g:Y% Y)in L(Sm=k)° is the
opposite of the mapf : (g:Y°! Y)! (fggidx : Yo X ! X);
we seethat this latter is a map in L(Sm=k) by using the inclusion
YOI Y% X asthe requiredsmaooth morphism. Givenmapsf : X | Y
andf%:Y ! ZinSm=k®, andh:Z°% Z in L(Sm=Kk), set# o to
be the map
f (fo(h:2% Z) 1t (f%) (h:Z°% Z)

being the opposite of the map

(ffQqidx : 2% X! X)
I ff9qfqgidx :Z%qYqgX! X)

induced by the identity on X . One easily chedks that this data does
indeedde ne alax b ering.

Remark 7.3.2 Let :Sm=k! Sm=k be the inclusion. It is easyto
seethat the pull-back L (Sm=k)°P | (Sm=K)°" is a strict b ering.

Letf : Y ! X beamorphismin Sm=k. We let
S{p) = fwW 2 SP(p) j(f  id ») Y(W)isin SPg:
For E 2 Spt(k), set
E@X; )= ES (X ):
Lemma 7.3.3. Letg: (fx : X°! X) ! (fy : YOI Y) bkea

morphismin L(Sm=k). Then, for W 2 SP(n);,, (g id =) Y(W) is
in SP(n);, .

Proof. Choosea componert X § of X for which fx : XJ! X is an
isomorphism,andlet s: X ! X °bethe composition

x M x0 xo

Then s is a smooth sectionto fx : X°! X, and we can factor g as
g=fy g s, with g°: X°! YO%smooth. Since(fy id) ! maps
S\(f’)(n)fY to Sf(pg(n), by de nition, and g° s is smooth, it follows that
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WO:= (g id ») Y(W)isin SP(n). Similarly, sinceg fx = fy ¢
and
(fx id) *(W9 = ((fx ¢ id) *(W)
= ((¢° fvy) id) Y(W)=(¢° id) *((fy id) Y(W));
we seethat W0is in S (n);, .

The useof Theorem 2.6.2 for the problem of functoriality is based
on the following elemetary result:

Lemma 7.3.4. Letf : Y ! X beamorphismin Sm=k. Then there
is a nite setC of irr educiblelocally closeal subsetsof X and a function
e:C! N suchthat 5% = S&.

Proof. We may assumethat X and Y areirreducible. For ead n 2 N,
let

D,:=fx2 X jcodimyf (x) codimxx ng:
By Chewlley's theorem|[?, *], ead D, is a constructible subsetof X .
Write D, nD+; asadisjoint union of irreducible locally closedsubsets

Dn nDn+l = qJCJ(n),

and let e(Cj(”)) = codimy q”) n. If x is the genericpoint of q(”), then
e(q”)) is the codimensionof someirreducible componert of f 1(x), so
&G™) 0. Letting C:= fC™g, it is an easyexerciseto shaw that
S(CI) - S(CI)

f Ce-

We de ne the functor

E@; ),:L(Sm=k)°°! Spt

by sending(f : X°! X) to the functorial brant model (in Spt)

E@(X; ) of E@(X; ). It follows from Lemma 7.3.3 that this
really doesde ne a functor. Let hE(@ (X ) be the homotopy limit

(a) — H (a) (- o
hE'™(X) : holl(l)r(r}E (7, )

By the construction of x7.2, we have the cortinuous functor
hE (@ : FacSm=k° | Spt;
the functor
ChE®@ :Sm=k®1 Spt;
X 7! ChE@(X)
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and for eath X 2 Sm=k the weak equivalence
ix :hE@(X)! ChE@(X):

Thus, for xed X 2 Sm=k, we have the diagram

(7.3.1) hE@(X) —* /ChE@(X)
Wx

EQOX; ) ——TE@(X; )i

Using Remarks7.3.2 and 7.2.4 we have the diagram of functors on
Sm=k:
(7.3.2) hE{ & C(hE{d) —/ChE®@
w

EQ —EQ

r, andj are pointwise weak equivalences. By Theorem 2.6.2 and
Lemma 7.3.4, w is a weak equivalencein Spt ., (Sm=k). Thus, we
have isomorphismin HSpt .. (Sm=k)

Che®@ 1 EQ:

One easily chedks that the construction is natural in g. Setting
E(@ := ChE® completesthe proof of Theorem7.3.1.

7.4. Naturalit y. We concludeour discussionof functoriality with var-
ious naturality issues.
The following result is obvious from the construction of E(@(X; ).

Lemma 7.4.1. The assignmentE 7! E denes a functor 29, :
Spt(Sm=B@) I Spt(Sm=B). %% preservesweak equivalenes and
homotopy b er sequenes.

Similarly, we have

Lemma 7.4.2. Fix X 2 Sm=B, a nite setof irr educiblelocally closel
subsetsC of X and a function e : C! N. The assignmentE 7!
E@(X; )ce denes a functor 29(X; )ce : Spt(Sm=B@) | Spt,
preservingweak equivalen@s and homotopy b er sgquenes.

and
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Lemma 7.4.3. Letk bea eld. The assignment
E 70 [(X:f : X% X)71 EO(X; )]

de nes a functor X9 : Spt(Sm=k@) I Spt(L(Sm=Kk)), preserving
weak equivalenes and homotopy b er sequenes.

Let Sec (Sm=B°";HSpt,;;=B) be the category of sectionsto
HSpt\.=B ! Sm=B°. This category inherits a structure of ho-
motopy b er sequencesrom HSpt,=B. Let Spt(B@) be the full
subcategoryof Spt (B (9) of objects satisfying the axioms 1, 2 and 3:m
for all m; if b has nite residue elds, we assumein addition that E
satis es axiom 4. A weak equivalence(resp. homotopy b er sequence)
in Spt (B@) is aweakequivalence(resp. homotopy b er sequence)n
Spt (B (@) involving objectsin Spt (B (@) . Note that we do not require
compatibility with the data in the various axioms, for instance, the
cortraction in axiom 1 or the push-forward mapsin axiom 3:m.

From the three lemmasabove follows easily

Theorem 7.4.4. The assignmentE 7! E(@ de nes a functor

9. Spt(B@) | Sec (Sm=B:H Spt ,=B):

ral sendsweak equivalenes to isomorphismsand homotopy ber se-

guenesto homotopy b er sequenes. In caseB = Speck, k a eld, the
assignmentE 7! E(@ de nes a functor

29 - Spt(B@) | Spt(B):

%9 sendsweak equivalenes to isomorphismsand homotopy ber se-
guenesto homotopy b er sequenes.

Remark 7.4.5 In caseof an in nite eld, we have similar functor 29
on the categorySpt (B (9), of presheaessatisfying axiom 1, 2 and 3.2.

We also have naturality with respect to changein g. Take ¢ > q,
giving us the functor g : SM=B® 1 Sm=B®@, (Y;W) 7! (Y;W).

The inclusion of support conditions S>(<qo) S>(<q) givesthe natural trans-
formation

q°(E) : (E q;qo)gﬂ(? ! Eé?%:

natural in E, i.e., the natural transformation o : S R G
We have the idertity

g (@@ qq0) = g



CHOW'S MOVING LEMMA IN THE A'-STABLE HOMOTOPY CATEGORY 55

Theorem 7.4.6. For > q there is a natural transformation ~qqo :

o G | #? extending g For > o® > g, we have ~qq
(Teeqe  qq0) = “qoee In caseB = Speck, k a eld, wehavea natural
transformation qg: 2% ! %P extending g, with the same

compatibility.

Proof. For ead X; C, e, we have the natural inclusion of support conid-
tions S&‘”;Oé;e S, giving the natural map

é&g;e:E(qo)(X; )ce ! E(q)(X; )ce

with 256° g0 = uie - Thesemapsfeedthrough the construction

of E@ and E(@, respectively, to give the result.

Corollary 7.4.7. The homotopyconiveau tower (2.5.1) extendsto the
tower

sl ?(q+r+l)! ’?(Q+r)! conl ’?(q)
of functors Spt(B@) ! Sec (Sm=B°;HSpt.=B) In caseB =
Speck, k a eld, theimageof the tower (2.5.1) in HSpt \;s(B) extends
to the tower

pool e ey ey )

of functors Spt(B(@) ! Spt\.(B).

8. Equi-dimensional  suppor ts

Over a base-shemeB of positive Krull dimension,esgecially in the
case of mixed characteristic, it is often useful to consider an equi-
dimensional version S, of the support conditions S{’. Thesehave
two main advantages:

(1) The support condtions S\, admit external products.
2) The support condtions S(ql admit an extendedfunctoriality.
X=B

Fortunately, one needsto make only minor modi cations to the argu-
merts usedfor the support conditionsS§(Q) to cover the equi-dimensional
case.In this section,we descrike the equi-dimensionaltheory, and ex-
plain theseminor changes. We will not go into detail explaining the
applications (1) and (2) in this paper.

Of course,it would be bestif the two theoriesagreed. Unfortunately,
this is at presem not known in the mostimportant case,that of mixed
characteristic. For this reason,we needto presemn both theories.

We x a noetherian base-shemeB.
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8.1. Basic de nitions.

De nition 8.1.1. Let X bein Sm=B.

(1) Let S&qu(p) Sx (p) be the set of closedsubsetsW X P
sud that

forall b2 B;W, X,  Pisin S{(p):

(2) Let C be a nite set of irreducible closedsubsetsof X, e: C! N
a function. Let Sf(qlB;C;e(p) S (p) be the set of closedsubsets
w X P sud that

forall b2 B;W, X, Pisin S, o o(p):
It is clearthat p 7! S&qu;C;e(p) de nes a support condition on X
and that S{’;..o(p) = S\ .. (P) = S5 (P)-
De nition  8.1.2. Let E be a presheafof spectraon Sm=B(®@, We set

E@(X=B: )= ES®(X )
(a)
E@(X=B; )ge:= ESaice(X )
We have as well the extensionsof x??:

De nition 8.1.3. Take X 2 Sch=B andq?2 Z.
(1) The category X =By is de ned to have objects (Y; W), with Y 2
Sm=B andW X g Y aclosedsubsetsuc that

(Yb; Wb) isin Xb:kzq)
for all b2 B. A morphism (Y;W) ! (Y%W9 is a B-morphismf :
Y YOowith W f (W9,
(2) Let S;°(p)  Sx(p) be the set of closedsubsetsW X P
sud that

forall b2 B;W, X,  Pisin S 2(p):
(3) Let Cbe a nite set of irreducible closedsubsetsof X, e: C! N

a function. Let Si;°"“°(p) S, " (p) be the set of closedsubsets
w X P sud that

forallb2 B;Wy, Xp  Pisin Sg"*"(p):
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8.2. The basic principle. The transfer of our main resultsto the set-
ting of equi-dimensionakupport conditionsis basedon the obviousfact
that the support conditions S{2; ., and S, *“ are de ned point-wise
over B, and thesesupport conditionsagreewith the support conditions

s, and S(ﬁ);c;e, respectively, in caseB = SpecF, F a eld.
Next, our two basicmoving operations: translation of A" by A" and

taking the conewith respect to a projection, are de ned by \generic"

translations or generic projections. In order to make the necessary

genericextensionB (x) of B, we assumethat B = SpecA, A anoether-

closedsubsetof polynomialsf = | ax' sud that the ideal of A gen-
erated by the a is the unit ideal, and we set B(x) : SpecA(x). This
extendsour construction of x??.

With this notation, we have asin x?? the generictranslation  :
Afy! ABn x(t) =t x, which restricts to the generictranslation

xb P Ay ! Apy forall b2 B. Similarly, if X Aj is a closed
substieme, with X 2 Smg, satisfying the conditions (??), then we
have the genericlinear projection x : Xg(x) ! Ag\y, sud that the
restriction x, : Xpx) ! Ay, remainsgenericfor all b2 B.

8.3. The main results. We concludethis sectionwith a statemen of
the main results for equi-dimensionalsupport conditions, alongwith a
sketch of their proofs.

Prop osition 8.3.1 (Moving by translation). Let B be a semi-lccal
noetherian ring with in nite residue elds. Let G, be a nite set of
irr educible locally closal subsetsof A3, e: G ! N a function and let
Y bein Sch=B. LetX =Y A", C= p,G and e = p,(e). Take
E 2 Spt(X=B(y). Then the map
E(X=B; )% Eu(X=B; )

is a weak equivalene.
Theorem 8.3.2 (Homotopy invariance) Let B be a semi-lccal noe-
therian ring with in nite residue elds, take X 2 Sch=B and E 2
Spt (X =B(q). Then the map

p :E(X=B; )! E@gy(X A'=B; )
is a weak equivalene.

To prove thesetwo results, one just repeats the argumeris of x??,
using the equi-dimensionalsupport conditionsinstead of the onesused
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in X??. Sinceone only needsto verify the various properties of these
support conditions point-wise, the caseB = SpecF, F a eld, applied
to the support conditions usedin x??, su ces to prove all the results
we needfor the equi-dimensionalsupport conditions.

Finally, we have the main result in the equi-dimensionalcase:

Theorem 8.3.3. Let B be a regular noetherian sem@rated scheme,let
X bein Sm=B, let Chbe a nite setof irreduciblelocally closeal subsets
of X,e:C! Nafunctionandqg 0 aninteger. TakeE in Spt(B(@).

(1) Suppsethat E satis es axioms3:m for all m and axiom 4. Let
X be a point of X. Then there is a basis of Nisnevic neightorhoods p :
U! X ofx, degndingonly onx and X, suchthat E@(U=C; ), cpe! |}
E@(U=B; ) isawekequivalene. In particular, the mapof preshaved

E@Xnis=B; )ce! E@(Xnis=B; )
is a local weak equivalene.
(2) Supmsethat B = Speck, k aninnite eld. Supmsein addition
that E satis es axioms 3:2 and let x be a point of X. Then there is a
basis of Zariski neightorhoodsj : U ! X of x, degending only on x

and X, suchthat E@(U; )j ¢j ¢! E@(U; ) is a weak equivalene.
In particular, the map of preshaves

E(q)(XZar:B; )C;e! E(q)(XZar:B; )

is a weak equivalene.

(3) Supmsethat B = Speck, k a eld, that X is ane and that the
cotangentshaf _, is a free Ox -module. Supwsein addition that E
satis es axioms 3:m for all m and axiom 4. Then the map of spectra

E@Q(X=B; )ce! E@(X=B; )
is a weak equivalene.

The proof of this result is accomplishedoy usingthe argumern of x??
and x??, in the caseof B = SpecF, F a eld, and our basicprinciple,
to show that, with f : X I Ag,, the generic nite projection, we have

W2 s ..(p=) Weisin S .. 1(p):
In addition, the map
X Pnjwe !l Agw "nf (W)
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inducedby f id is etale on a neighborhood of jWj njW¢j, and the
restriction

JWinjwest £ (jWjnjwe)
is an isomorphism. Once we have this, the argumert usedto prove
Theorem 2.6.2 provesthe equi-dimensionalanalogabove.

8.4. Functorialit y. Theorem 8.3.3 yields the same functoriality for
the spectra E(@(X=B; ) (over an arbitrary regular baseB, or even
over a category of such B) that we have for the spectra E@(X; ) in
caseB = Speck, k a eld (Theorem7.4.4),aswell asthe naturality of
the homotopy coniveautower.

Indeed, let V  Sch be a small category of regular separatednoe-
therian schemes.Form the category Sm=V with objectsbeingY ! B
in Sm=B with B 2 V, and morphisms(f;fo) : (Y ! B)! (Y% B9
being a pair of morphismsfy, : B! B%inVandf : Y ! YCa
morphismsof shemesover f .

For an integerq 0, we have the category Sm=V(®, consisting of
pairs (Y | B;W) with (Y ! B;W) 2 Sm=B(@, wherea morphism
(Y! B;W)! (Y°! BO%W9 is a morphism (f;fg) : (Y ! B)!
(YOl B9 in Sm=V, with f }(W9 W. Both Sm=V©@ and Sm=V
are b ered over V by the evident forgetful functor, with b er over
B 2 V being Sm=B(@ and Sm=B, respectively.

De nition  8.4.1. The category Spt (Sm=V) of preshe&es of spectra
on Sm=V is the categoryof functorsE : Sm=V° ! Spt sud that the
restriction of E to eath b er Sm=B®P is a presheaf(i.e. additive). The
caetgory Spt (Sm=V(®) of presheaesof spectra on Sm=V(@ is de ned
similarly.

Using equi-dimensionalsupports throughout, we have the support
conditions S?=f, Sy =B(:

S9P=fy(p) = fW 2 Sx=B@(p) j (f id) Y(W) isin Sy=B%g

We set E@(X=B; ); = Esf(q)zfo(x ), and we have the well-
de ned pull-back

f tE@(X=B; )i ! EO@; ):

Using the evidert analogof the de nition of the collection C and the
function e from Lemma 7.3.4,this result extendsdirectly to the equi-
dimensionalsetting, for an arbitrary morphismf over a morphismf .
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9. The examples

In this section, we give conditions on a presheafof spectra E 2
Spt(B) which imply the axiomsin x4.

Let E be a presheafof spectra on Sm=B. Recallthe extensionof E
to Spt(Sm=B®@ by E(Y;W) := EW(Y) := b(E(Y)! E(Y nW)).
Note that this construction is compatible with the restriction functors

g SM=B@ 1 Sm=B@ for ¢ . Thus,it su ces to considerthe
extensionof E to a presheafon Sm=B©, and sowe neednot refer to
the codimensionof W in Y.

9.1. Localization. For W = ;, we have E'(Y) = cob(id : E(Y) !
E(Y)), hencewe have a canonical cortraction of Ei (Y). Let WO
W Y be closedsubsetsof Y 2 Sm=B. The Quetzalcoalt lemma
givesus the canonicalisomorphism

co b(iwow 1 EV(Y)! EW(Y)) = EW™ (Y nW9
which veri es the localization axiom 1.

9.2. Nisnevic excision. We needto imposethis asan axiom:

(9.2.1)

Axiom Il (Nisnevic excision).Letf : Y I X be an etale morphismin
Sm=B and W X a closedsubset. Let W°= f (W) and suppose
that f : W°! W is an isomorphismof reducedsdemes. Then f
EW(X)! EW°(Y) is a weak equivalence.

9.3. Push-forw ard. For the existenceof good push-forward maps,we
will needto rst imposehomotopy invariance:
(9.3.1)

Axiom | (Homotopy invariance). For X 2 Sm=B the mapp, : E(X)!
E(X Al is aweakequivalence.

We will alsoneedsomepreliminary notations and constructions.

9.3.1. T-loop spaces and P!-loop spaces. Let i : T ! X be a closed
embedding in Sm=B. For a functor E : Sm=B° ! Spt, we let
E(X=T) denotethe berofi : E(X)! E(T). If T is cortained in
X nW for someclosedsubsetW of X, the comnutative diagram of
restriction maps

E(X) —E(X nW)

E(X) —/E(T)
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inducesthe map 1w : EW(X)! E(X=T).
De nition  9.3.1. For a presheafE : Sm=B°% ! Spt, we let
TE :Sm” ! Spt
be the presheaf
tE(X):= EX X PYH= b(E(X PY T EX (P'no)):
We let pE bethe presheaf
mE(X):= E(X P!=X 1):

Welet ¢: E! ptE denotethe natural transformation induced
by the maps x ox:1 :EX %X PH! E(X Pl=X 1).

Remark 9.3.2 SupposeE satis es Axiom |. Then ¢ is a weak equiv-
alence. Indeed, we have the isomorphismX P'nX 0= X A!
with X 1 goingto X 0. Thusthe map

e(X): tE(XX)= b(E(X PH! E(X PlnX 0)
I b(E(X PH! E(X 1)= mEX)

is a weak equivalence.

9.3.2. Delooping. The existenceof pushforward mapswill be a conse-
guenceof the \delooping axiom™:
(9.3.2)

Axiom 111.d (d-fold delooping) Let d O be an integer. There is a
functor Eq : Smg” ! Spt satisfyingthe Axioms | and |1, and a natural
weak equivalence

d:E!l Y(Ey:

Remarks 9.3.3 (1) Fix ad > 0 and supposeE satis es Axiom Il1.d.
SetEp:= E,andfor0< i < d, E; ;= ¢ 'E4. Then we have weak
equivalences

d:E1 L(E); i=01:::;d



62 MAR C LEVINE

and a diagram of weak equivalences

1

E+%%51
2

+
+
+
+
+,
E
+
h
+
3
+

—n
am
N

2

m

+

+
+
o
+ O

+
+
| d

d
TEd

which is comnutative in HSpt(B). In addition, the E; all satisfy
axioms | and Il. In particular axiom Ill.d implies axiom I1l.i for all
i di 0.

(2) Fix d> 0 asin (1). Letting Rx be the ring of global functions on
X, we have the action of GL,(Rx) on X A™, xing X 0. Via 7,
this givesan action of GL,(Rx) (inHSpt(X)) on Ex, natural in X
and stablein m (for m  d):

g 79 Ex! Ex:
In general, 9 is not homotopically trivial.

Then axiom 111.d holds with \w eak equivalence" replacedby \homo-
topy equivalence"the diagramin (1) is comrmutativ e, up to homotopy,
and the map 9 in (2) existsasa homotopy equivalencein Spt (X).

Remark 9.3.4 SupposeE satis es Axioms | and Il Leti:Pd 11 Pd
be the inclusion of a linear subspace. Let iy : P° ! P9 be a com-
plemerary point andlet V. = P4nP° P9 1. The linear projection
from P? identi es V with the spaceof the tautological line bundle O(1)
on P4 1; since E is homotopy invariant and satis es Zariski Mayer-
Vietoris, it followsthat the restriction mapE (V) ! E(PY 1) is aweak
equivalence. Thus, the map

EX(PY 1 E(PI=P’ Y
is a weak equivalence.

Remark 9.3.5 Suppose E satis es Axioms | and Il. Applying the
Mayer-Vietoris property, we have a natural weak equivalence

EZ %Z (PYY)! ( IE)2):
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Let E bein Spt(B), and x a sdiemeX in Sm=B. We may pull
badk E to Sm=X, giving the functor Ex : Sm=X° 1 Spt. If we have
a closedsubsetZ of X, we have the functor

(f:u! xX)7E" @y,

which we denoteby EZ. If f : Y I X is a morphismin Sm=B, we
have the pushforward f : Spt(Y)! Spt(X), de ned by

f F(U! X):=FU xY):
Clearly, f presenesweak equivalenceshencedescenddo
f :HSpt(Y)! HSpt(X):

Lemma 9.3.6. Leti :Z ! X be a codimensiond closel emhedding,
with X and Z in Sm=B. Supmsethat E : Sm=B° | Spt satis es
axioms | and Il, and that the normal bunde N,_x is trivial. Then
a choie of isomorphism : Nz-x = Z AY determinesa natural
isomorphismin HSpt (X),

I CEZ ! i ( YEz);
natural in (Z;X; ).

Proof. By axiom 11, the inclusion A9 ! (P!)Y inducesa natural weak
equivalence
TEz(Y) ! (E2)Y %Y A%:

Let s : Z ! Ngz=x be the zero-section. By taking a deformation
to the normal bundle, as in [17], E4(X) is naturally isomorphic to
ES(Z)(Nz-x) in HSpt. The chosenisomorphism :Ny_x = Z Ad
sendss(Z) overto Z 0. As the deformation diagram is presened by
pullback with respectto a smoaoth U ! X, the result is proved.

Prop osition 9.3.7. Fix ad> 0 and supmseE satis es Axiom lll. d.

Letf : Y ! X bea nite morphismin Smy, which we factor asf =

p i,wheei:Y! X AYisaclosal emtedding,andp: X A%l X

is the projection. Suppse that the normal bunde of i is trivial; let
:N; ! Y A9 beanisomorphism. Then

(1) there is natural transformationin HSpt(X),
f . f Evy! Ex:

(2) Letz! X besmamth,andletW Y x Z bea closal subset.
Supmwsethatp, : Y x Z ! Z is etaleon a neighlorhood of
W, andW ! W?:= p,(W) is an isomorphism. Let

f2)V EV(Y x2)! EVY(2)



64 MAR C LEVINE

be the map induced by f . Then the composition

A Ew2)

C) @ ey L ozy1 EV(Y 4 2)

EV(Y «x 2)

is an isomorphismin SH. Here is the projection induced by
the decomposition f (Z) (W) = W g Wand the direct sum
decomposition of Lemma4.1.1.

Proof. (1) Let p: X AY9! X be the projection. The enbedding i
inducesfor eadr smooth Z ! X anembeddingiz 1Y xZ! Z A9
Similarly, a xed choice of trivialization :N; ! Y A%inducesa
trivialization of N, , natural in Z. Thus, by Lemma9.3.6,we have the
isomorphismin HSpt (X)

P H:f(( FE)v)! P ((Eax ad):
Composingwith f ¢, we have the isomorphismin HSpt (X)

f Ev! p((Edy a):

Pd 11 P9 bethe complemen, andlet P°! P9 be the point (1:0:
211 0). For eadh smooth Z ! X, we have the diagram (where
denotesa weak equivalence)

(9.3.3)
(Ea)Y *%(Z AY  (Eg)Y **(Z PYH! Eqz Pz P 1

(Eq)? P(Z PH! (Eq)? %z AY
(Ea)? %z (PHYY !  $(Eq2) , E@):

Let ; :(Eq)Y x%2(Z AY ! E(Z) bethe resulting mapin SH. As
the diagram (9.3.3) is natural with respect to X -morphismsz°®! Z,
we have the map in HSpt (X)),

P ((Ed)x a0)! Ex;
with ( Z)= z foreadhhZ! X in Smy. Setting
f =

givesthe desiredmap.
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Before proceedingto the proof of (2), considera morphismg: Z°!
Z in Smy . Sincef is a natural transformation, the diagram

(9.3.4) ElY x2)—%IE(z)
(id 9) g

E(Y x 29 /B9

comnutes.

To prove (2), we may assumeZ = X. Letj : U! Y be a Zariski
open neighborhood of W over which f is etale,andlet W Y 4 U
be the image of W under the evident sectionU! Y x U. We have
the compositon g ;= f j : U ! X. From (9.3.4), we have the
comnutativ e diagram

f(x)w 0
EW(Y) —EW(X)
Py g

W _ JgW
EV(Y x U) EV (V)

Sincep, and g are isomorphisms(by axiom 2), we may replace X
with U; changing notation, we may assumethat f admits a section
s: X ! Y. Remoing the complemen of s(X), we may assumethat
f :Y ! X isanisomorphism,sowe may assumexX = Y andf = idy.

Translatingby i sendsthe embeddingi : X ! X A9 to the zero-
section. Sincethis translation sits in an Al-family of automorphisms
of X  AY, the automorphismsf (i) and f (0) of EW(X) agree(in
SH). Thus, we may assumethat i is the zero-section.We thus have a
canonicalidenti cation of N; with X  AY% composingwith  de nes
anelemen 2 GL4(Ry).

Tracing through the de nition of f in casef =id,i: X ! X Ad
is the zero-section,and is a given trivialization of N;, we nd that
ff= _.As is an isomorphism,(2) is proved.

Corollary 9.3.8. LetE bein Spt(B). If E satis es Axiom lll. d, then
the induced preshaf E 2 Spt (B (@) satis es axiom 3:d for all q.

Remark 9.3.9 Morel and Voewdsky [17] have de ned the A! stable
homotopycategory over a base-shemeB, SH(B), in caseB = SpecF,
F a eld. The objects of SH(B) are called P!-spectra over B. In
addition, there is a Oth-spacefunctor

s :SH(B)! HSpt(B):
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for E2 SH(B), the presheafof spectra s’E satis es axiom I11:d for all
d. In fact, there are functorss" : SH(B) ! HSpt(B), n = 0;1;:::,
and natural isomorphisms(in HSpt (B))

ZS"El s"E:

In addition, eat s"E satis es the axioms| and Il. Thus we have weak
equivalencess®’E ! 4sE for all d, in the strong sensethat the com-
patibilit y of Remark9.3.3(1) holdswithout stoppingat some xed stage
d.

Remark 9.3.1Q The codimensiong cyclespresheafz? 2 Spt (B () also
satis esthe axioms1, 2,4 and 3:m for all m. For the localizationaxiom,
let W° W Y beclosedsubsetsof Y 2 Sm=B with codimyW g,
The sequencdof abelian groups)

00 Z4o(Y)! i z4(Y) 1 2% oY "WO! 0O

is well-known to be exact, which veri es the localization property for
the assaiated Eilenberg-Maclanespectra.

The Nisnevicexcisionproperty followsfrom the isomorphismof abelianj
groups

foozd,(X)! zpo(Y)

forf : Y ! X etalewith W= f (W) andf : W°! W anisomor-
phism.

The usual push-forward of cyclesfor proper morphismsgivesa well-
de ned pushforvard map f : z3(Y) !z, (X) forf : Y ! X a
nite morphismin Sm=B, without requiring any factorization of f or
any trivialization of a normal bundle;if f : W ! f (W) is an isomor-
phismthen f is alsoan isomorphism. Thus axiom 3:m is satis ed for
all m.

If f :Y! X hasdegreen, thenf f is multiplication by n, which
veri es axiom 4.

9.4. Finite elds. We introduceone nal axiom, to handle axiom 4.
Supposewe have a nite etalecover :B°! B, with B?embedded
asa principal divisor in A} ; choosea de ning equationg for B®. Then
for evlery X 2 Smg, B? 3z X | X is enrbeddedin A' 5 X, with
de ning equationp,(g). Thus, givenE 2 Spt(B), we have the natural
transformation (g) : E! E,aswellas :E'! E.
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(9.4.1)

Axiom V. Take E 2 Spt(B) which satis es axiom II11.1. Let

BY! B bea nite etalecover of B of degreen, enbeddedin AL with

de ning equationg. Then after inverting n, the natural transformation
(9) :E ! E isaweakequivalence.

It is clearthat Axioms I11.1 and IV imply Axiom 4. In the next two
sections,we descrile two properties which imply Axiom IV.

9.4.1. Orientability.

De nition  9.4.1. SupposeE 2 Spt(B) satis es axiom II1.1. Call
E oriented if for eath ane X 2 Smg and ead closedY A! X,
etaleand nite over X, the push-forward natural transformationf (g) :
f EY!1 EX (asamorphismin HSpt (X)) is independen of the choice
of de ning equationg for Y. If E is oriented, we denotef (g) by f .

The following result is provedin [?]

Lemma 9.4.2. Supmsethat E satis es axiom Ill.1 and is oriented.
LetX bein Sm=B andletY A! X bea principal close subscheme,
nite and etale over X .

(1) Supmsethat Y = Y; Y;; write the projectionf : Y ! X as
theunionf = f,;t f,. Then

f = fl + f2 .
in HSpt (X).
(2) Supmsethatf : Y I X is anisomorphism. Thenf f = idg
in HSpt (X).

Lemma 9.4.3. Supmsethat B = SpecA with A a semi-lacal PID, and
that E satis es axiom Ill.1 and is oriented. Let :B°! B andg be
as in axiom IV. Then (Q) : E ! E is multiplication by n; in
particular, E satis es axiom IV.

Proof. We proceedby induction on n; we may supposethat BCis inte-
gral. For b2 B, let g, denotethe imageof g 2 A[t] in k(b[t]. Let b
be a closedpoint of B. If k(b) is in nite, let hy 2 k(b)[t] be a monic
separablepolynomial having no roots (in k(b)) in commonwith g,. If
k(b is nite and g, is irreducible, let h, = g,. If k(b) is nite and g, is
not irreducible, let h, be a monic irreducible polynomial of degreen.
Let h 2 A[t] be a monic polynomial with image hy, in k(b)[t] for eah
closedpoint b.
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Let Y  SpecAl[t; x] by the substiemede ned by xh(t)+ (1 x)g(t)
and let B Al bethe substiemede ned by h with projection ; :
B! B. One easily cheks that Y is smaoth over B and that p; :
Y I SpecA[x] is nite. By the homotopy invariance of E, it follows
that the maps

(@ (M ,:E!E

are the samein HSpt (B). Thus, we may assumethat g, is irreducible
for all closedpoints b2 B with k(b) nite.

We now repeat the sameconstruction, where hy, is chosenso asto
factor ash, = I, fy, with I, having degreel, and with h, and g, having
no roots in common. The only questionablecaseis if k(b) is nite,
and then, sinceg;, is irreducible, we cantake I,(t) = t and f, to be an
irreducible monic polynomial of degreen 1. We choosel;f 2 Alt; X]
having respective imagesl, and fy, in k(b)[t] for eat closedpoint b, and
leth=1 f.

Letting now Y  SpecAl[t; x] be the substiemede ned by xh(t) +
(1 x)g(t) andBY Al the substiemede ned by h, we seeas above
that the maps (g) - ; (h) ;:E! E arethe samein HSpt(B).

WehaveBY= B, B;let ,:B,! B bethe projection. It follows
from Lemma9.4.2and induction that

=, ,+idid = (n l+id= n

9.5. Pl-spectra. In casethe base-shemeB is SpecF for a nite eld
F, axiom IV is valid in caseE is the 0-spectrum of a P!-spectrum.
Without goinginto details, we let SH (F) denotethe stable homotopy
category of Pl-spectra over F (see[16] for details). An object E of
SH(F) is a sequenceof objects E, 2 Spt(F), together with maps
n o En ! 1En+1. If all the E, are are all brant objects in the
categorySpt (F) (for the pointwisemodel structure), satisfy the axioms
| and 11, and the maps , are point-wise weak equivalencesthen Eg is
the O-spectrum of E. If E is the O-spectrum of someE 2 SH (F), then
E satis es the axiom I11.m for all m, but not a priori corversely

9.6. Norms in nite extensions. Fora eld F, wehavethe Grothen-
diek-Witt ring GW(F) with augmenation dim : GW(F) ! Z and
augmenation ideal | (F) := kerdim.

Let F ! L be a separable eld extension of degreen; let f :
SpecL ! SpecF be the map of schemes. We x an enbedding
i :SpecL ! A!andade ning equationg fori(SpecL). For X 2 Smg,
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we thus have the enbeddingiyx : X, ! X Al with de ning equa-
tion g, giving the push-fornard mapf : E(X_.)! E(X) for eath E
satisfying axioms 1-3.

Lemma 9.6.1. Let F be a eld suchthat each elementx 2 I (F) is
nilpotent. Supmwsethat E is the 0-spectrum of a P!- -spectrum E 2
SH(F). Then, for X 2 Smg, themapf f :E(X)[1=n]! E(X)[1=n]
is an isomorphismin SH.

Proof. For an elemen u 2 L , we have the quadratic form t(u) on the
F -vector spacel de ned by

(% y) 7' Tri= (uxy):
This givesthe class[t(u)] in GW(F). In particular, the de ning equa-
tion g(x) for i(SpecL) givesthe elememn dg=dx 2 L , and the class
[t(dg=dX)] 2 GW(F).

E is canonically a module for the spherespectrum S, soit suces
to prove the result for E = S. By results of Morel [16] there is a ring
homomorphism : GW(F) ! Homsu)(SS), andf f :S! Sis
given by ([t(dg=dx)]). Sincet(dg=dx) has dimensionn, this elemen
is invertible in GW(F)[1=n] by our assumptionon F, hencef f is
invertible in Homgy (£ (S; S)[1=n].

Corollary 9.6.2. Let F be a nite eld, E the O-spectrum of some
E2 SH(F). Then E satis es axiom IV.

Proof. For a nite eld F, onehasl (F)2 = 0. The result thus follows
from Lemma9.6.1

10. Good compactifica tions

This sectionis dedicatedto proving the following result:

Theorem 10.0.3. Let B be a regular noetherian schemewith in nite
residue elds, andlet :X ! B bein Sm=B, with X equi-dimensional
over B. For each point x 2 X, there is a commutative diagram of
pointed schemes

(Y;x) ——(X; %)
q
(B%a(x)) ——/(B;p(x))

and a closel emteddingi : Y ! Ag, suchthat

(1) f and g are etale
(2 Y! B%n Sm=B°
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(3) i satises (5.1.1)

(4) N;j is trivial.
If B = SpecF, F a eld, wemay nd (Y;x) with f an openimmersion
identifying Y with an ane open neighlorhood of x, and with n =
dimB X + 2

10.1. Families of curves. Let d= dimg X. The rst stepisto com-
pactify a Zariski neighborhood of (X; x) to form a family of curvesover
Pg ! Wethentry to nd agood line bundle on the compacti cation
which will cortract undesirablecomponerts.

Sincewe are allowedto passto a Zariski open neighborhood of x, we
may assumethat B is local, B = SpecO, and that p(x) is the closed
point bof B. We may alsoreplaceB with the maximal etalelocal cover
B! B through which the map X ! B factors, so we may assume
that X ! B hasgeometricallyirreducible b ers.

For a comnutative ring R and an ideal | R, we let V(1) denote
the closedsubstiemeSpecR=I of SpecR. Similarly, if S is a gradedR
algebraandJ S ahomogeneougdeal, we let V(J) denotethe closed
substiemeProj(S=J) of Proj(S).

De nition 10.1.1. Let T be a B-sdhemeof nite type,Y ! T aT-
sheme.Wecall Y ahypersurfaccover T if Y is at over T andthereis
alocally freecoheren sheafE on T, a closedenbeddingY  Proj;(E)
andintegerd sud that eadt 2 T hasanopenneighborhoodj :U! T
sud that | Y  Proj,(j E) is the substiemede ned by a non-zero
sectionof Og(d) over Proj,(j E).

Remark 10.1.2 A closedsubstiemeY of P := Proj,(j E) dened by a
sectionF 6 0 of Og(d) over P is at over U if and only if for ead point
u 2 U, the restriction i,F to P, is non-zero. Indeed,ToriOU (Oy;k(w))
is the ith homologysheafon Y, of the complex

Op,( d) "“f Op,:

Lemma 10.1.3. Thereis a Zariski open neightorhood (U;x) of (X; X),
anopenimmersionj : U ! U and projective morphismsp: U ! Pg L
q:U! PS? suchthat

(1) p has bers of dimensionone.

(2) U is a hypersurfae over P3 *.

(3) For eachy 2 Pg *, themapg, : p Y(y) ! P, is a closal

emledding.
(4) pu:U! P tis smaoth.
(5) Lety = p(x). Then Uy is geometrically irr educible.
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Proof. The construction is more or lessstandard: We rst shawv that
there is an open neighborhood of x in X which is isomorphic to an
open substiemeof a hypersurfaceV (F) in A‘E";’l, at overB, i.e. F is

For this, it su ces to replacex with any closedpoint xq of X in the
closure of x. Thus, we may temporarily assumethat x is a closed
point of X. Let mx.x denote the maximal ideal in Ox.. As the
b er X} is smooth of dimensiond over k(b) , we can nd d elemeits

fi;:00fa 2 mx,x which generatemy, ., and form a regular sequence
in my, . Lifting the f; to elemens f; 2 my., we have the regular
sequencd 1;:::;f4. As the morphism

f = (fy;:::;fq) 1 SpecOx . ! AY

is also etale. Note that f (x) is the origin 0, 2 A{.

By the presenation theoremfor etale morphisms[?, *] there are ele-
mens F; G 2 Opa.q,[X4+1] sudh that the localization (Oad.q, [X ¢+1 ]=F)c
is isomorphicto Ox x (asan algebraover Oae., ). We may assumethat

G 6 0 of the hypersurfaceV(F) in A% is isomorphic to an open
neighborhood of x in X . SinceX, hasdimensiond over k(b), it follows

B. Changingnotation, we may assumethat X = V(F) nV(G).

Let F be the homogenizationof F to a homogeneougpolynomial
in O[Xo; X1;:::;Xgn] @and X P2 the substieme de ned by F.
Clearly X is a hypersurfaceover B which cortains X asan open sub-
stheme.Weextend :X! Bto :X! B.

Let P Pg” be a general P? cortaining x. P will intersect X
transverselyat x; by Bertini's theorem[?, *], the intersectionP \ X,
is geometricallyirreducible for all su ciently generalP. For suc aP,
let *,:= P\ P{. We may chooseP sothat “,\ X}, hasdimensionO;
let° P¢ beany P} with ber ,overb Then \ X | B is nite.
Forz2 X n’, let P, bethe P? spannedby z and " ;.

Let :P31 1 P bethe blow-up of P& along ™. The projection
P n> 1 P3*with certer ° de nes a morphism : P31 pg !
making P3*! into a Zariski locally trivial P?-bundle over P3 *, soPd" =
Proj P 1(E) for somelocally freecoherem sheafE of rank three on Pg L
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Let X := 1(X),andletp: X! Pg ! bethe restriction of . Since
"\ X ! B is nite, p is equi-dimenionsalwith b ers of dimension
one. Also, X P2 is a hypersurfaceover B, soX P! is a
Cartier divisor on P4, As p has b er dimensionone, this implies that
X P9 is a hypersurfaceover P§ *.

By construction, p (p(z)) = P,\ X forall z2 X n". Thus, the
b er p Y(p(x)) admits an open neighborhood of x which is smooth
over k(p(x)) and is geometricallyirreducible. Sincep is at, thereis a
neighborhood U of x 2 X~ which is smaoth over P3 !, and with b er
Upx) geometricallyirreducible.

Also, the identity p }(p(z)) = P, \ X implies that the projection

:p Y(y) ! PJ* is a closedembedding for all y 2 Pd 1. We may

thereforetake U := X and g the restriction of , which completesthe
proof.

The next stepis to construct a \n umerically cortracting” invertible
sheafon U. For a B-morphismT ! PZ !, we denotethe b er product
U P 1 T by Uy, and similarly useU; to denoteU P 1 T.

Lemma 10.1.4. Let T be a noetherian scheme. Letp: U ! T be
a hypersurfae over T with bers of dimension one, 0 a point of T,
X 2 Up. Supmse

(a) There is an open neightorhood U of x suchthatp: U ! T is
smaoth.

(b) Thereis a Cartier divisor D U suchthatp:D ! T is nite.

(c) The ber Uy is geometrically irr educible.

Then there is a neightorhood V. U of x and an open neightorhood Vy
of 02 T suchthat

(1) p(V) = Vo,
(2) D\ p Y(Vo) V,
(3) the bersof p: V! T are geometrically irr educible.

Moreover, there is a closel subsetU:  UnV sothat the ber U; is a
union of irr educiblecomponentsof U; and U; = U; [ V, for all t 2 V,

Proof. We may replaceT with any open neighborhood of 0. SinceU is
a hypersurfaceover T of relative dimensionone, we may assumethat
U is a closedsubstiemeof P2, de ned by an F 2 H(PZ; O(d)) with
the property that i, F & O for all points i, :td T of T.

Let di;:::;d. bebe positive integerswith j d = d,andlet Ty, .....q,

bethe subsetof T consistingof thosepointst 2 T sud that i, F factors



CHOW'S MOVING LEMMA IN THE A'-STABLE HOMOTOPY CATEGORY 73

in K(t)[Xo; X1; X2] as Y
i F = Fej;

j
with degF; = d;. Then Tg,...q, is aclosedsubsetof T, asfollows from
the fact that the setof F 2 P(H°(P?; O(d))) which admit sud a fac-
torization is the closedsubsetgiven asthe image of the multiplication
map

P(H°(P%0(d)) ! P(H°(P*0(d))):
j

Similarly, the setoft for which i, F admits sudh a factorization with the

Let VU be an open substieme. Then the setRed(V) oft 2 T
sud that the b erV, is not geometricallyirreducible is a constructible
subsetof T. This follows from the remark above, noticing that t is not
in Red(V)\ T(;rlr ..... ¢ Ifandonlyif V(Fy) UnV for all but at most

Now let W be an irreducible closedsubsetof T cortaining 0. Let w
be the genericpoint of W. Denotethe geometric b erof U! T over
w by U,. We claim that there is a unique irreducible componert UP
which hasnon-emply intersectionwith D.

Indeed, note that the hypotheseson U ! T, U U and D are
presened under arbitrary base-tange (T¢0% ! (T;0). Thus, we
may assumethat ead irreducible componert of U, is geometrically
irreducible and similarly for Uy. By assumption,there is a unique ir-
reducible componert U of Uy with non-empt intersection with D,
namely, the closureof U,. Supposeare two componerts, UL and U2, of
U, which intersectD. Extend the specializationw ! 0to a specializa-
tion of cyclesUl ! Z'" Up, i = 1;2. Then both Z! and Z? intersect
D, soboth Z?! and Z?2 cortain UY. Thus the cycle U,, specializesover
w! 0to acycleZ supported in Uy, cortaining UY with multiplicit y
at leasttwo. This cortradicts the smoothnessof U ! T.

Sincethe irreducible componert UD is unique, this componert must
be the base-extensiorto k(w) of a unique irreducible componernt U2 of
Uy. Thusthereis a uniqueirreducible componert U2 of U,, intersecting
D, and UY is geometrically irreducible. Let U;, be the union of the
other irreducible componerts of U,,, and let Uy, be the closureof U,
in U.

Let U’ bethe union of the Uy, , whereW runs over irreducible closed
subsetsof T cortaining 0. We claim that U’ is a closedsubsetof U.
To seethis, take sudh a W and let w be the genericpoint. Thereis a
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P ,
unique sequenced; i1 do > Owith ;dj = dandw2 Tg...q .

to show that Uy,  Uy,0. This is clear, sinceour condition implies that
Uy and U, haver irreducible componerts (counted with mulitplicit y),
henceU;, is in the closureof U, .

Let V; = UnU'. By our construction, the closure Red(V;) does
not cortain 0. Thus, taking V = Vi np }(Red(V1)), Vo = T nRed(V,)
provesthe result.

For a B-morphism T ! Pg ! and a point t 2 T lying over p(x), we
let C; denotethe closure of the geometrically irreducible curve Uy in
U;.

Lemma 10.1.5. Letj :U! U,p:U! PSltandg:U! PI*
be asin Lemma 10.1.3. There is a Nisnevic neightorhood (T;0) !
(P4 1 p(x)) and an e ective Cartier divisor D U suchthat

(1) Tisane andD! T is nite and etale
(2) D is supprted in Ur  Ur.

(3) x2 D.

(4) LetL := Oy(D). ThenL Oc¢, = Oc,(1).

Proof. Let H be a generalhyperplanein P cortaining g(x) and let
D := q }(H). ChoosingH su ciently general,we may assumethat
D\ Cyx) iscortained in U and that the intersectionis transverse. We
may alsoassumethat D intersectsthe ertire b er Uy, properly.

Thus there is a neighborhood U, of p(x) in P4 * sud that D \ U,
is nite forally 2 Uy. Let Dg := D\ p }(Up), giving us the nite
Ug-sthemep: Do ! Up.

Let O bethe strict Henselizationoa*;;p(x). SinceD\ Cy is cortained
in U and the intersectionis transverse,it followsthat Do , Spec(O)
breaksup asa disjoint union

a
Doy, SPec(O) = quapi cg, Spec(0) D

whereD® C, = ; andthe Spec(O) indexedby w 2 D\ C,y is the
unique componert Y of Dy y, Spec(O) with Y\ Cy,) = w. We label
this componert as Spec(O)y,.

Let e = deg+ (9(Cpx))). We thus have the section

s1:Spec(0) ! S¥U=PS Y
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P
with si(y) =, p *(y)\ Spec(O),. Here Se(U:Pg 1) is the relative
symmetric product:

SU=Pg )= U piiii pealU=

The zero-cycleD \ Cy) is de ned over k(p(x)) and supported in
the smooth locus U, so the section s descendsto a section on the
Henselization

So 1 Spec(Oy,p) | SE(U=PE 1):

SinceU is of nite type, there is a Nisnevic neighborhood (T;0) !
(Up; p(x)) sudh that s, descendgo a section

s:T! S%U=P3 %)

Thus the Cartier divisorDy y, T U y, T hasan open and closed
substiemeD sud that we have the identities of cycles

D\ U = s(t)

forallt2 T. SinceDg is nite over Uy, D! T is nite.
Since
D 1 Spec(O) = quzn ¢,y SPEC(O);

D! T is etaleover a neighborhood of O; shrinking T, we may assume
that Tisane andD ! T is etale,completingthe proof.

Lemma 10.1.6. Thereis anintegermg suchthat L ™ is genented by
glolal sections for all m  m,.

Proof. We retain the notation from Lemma 10.1.5. The base-sheme
T isane, sowrite T = SpecA.
Let m > 0 be an integer. We have the standard sheafsequence
orL™miiELmMP L™ Oy 0
which yields the long exact cohomologysequence

(10.1.1) 0! HOUr;L ™ H1t HOUm;L M
HO(D;L ™ Op)! HY(UrL ™ 4!
HYUr;L ™! HYD;L ™ Op)!
SinceD ! Tis nite and T isane, D isane aswell. Thus

HY(D;L ™ Op)= 0forallm 0, and we thereforehave the tower
of surjections

sl HYUL ™ )1 HY UL ™)
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SinceUr ! T is projective, the cohomologygroupsH(Ur;L ™) are
nitely generatedA-modulesfor all m, and hencethis tower is evertu-
ally constarn, say

HY(Ur;L ™ 90 HY(Ur L ™)
forallm mo.
Looking bad at our sequencg10.1.1) we thus have the surjection

Ho(Ur;L ™! HOYD;L ™ Op)
form mg. SinceD isane, L ™ Op is globally generatedfor all
m 0, henceL,™ is generatedby global sectionsof L ™ for all x 2 D

andm mg. Sinces ™M generatesL, ™ for all x 62D, it follows that
L ™ is generatedby global sectionsfor all m  mg, asdesired.

10.2. Finishing the pro of.

Prop osition 10.2.1. Letqg: (X;x) ! (B;b be smath. Then there
is a Nisnevic neightorhood (X 1;x) ! (X;X), an open immersion j :
X1! Xgi, asmath B-schemeT ! B and a projective B-morphism
p: (X;x) ! (T;0) suchthat

(1) p hasgeometrically irr educible b ers of dimensionone.

(2) p j is smaoth.

Furthermore, X, admits a nite T-morphismX,! T g P.

Proof. Take U, q: U ! P (T;0), :(Ur;x)! (T;0),V andL as
givenby Lemma10.1.5.By Lemma10.1.6,the sheafL ™ is generated
by global sectionsfor somem > 0. AsU; ! T has b ersof dimension
one,wemay nd two globalsectionssy, s; of L ™ which generateL ™,
after shrinking T. This yields the T-morphism

fi=(so:s):U! T gPh

SinceL ™ = Oy(mD), we may assumethat s; is the canonicalsection
with divisor mD.
Let

be the Stein factorization of f .

By Lemma10.1.4,we may shrink T and nd an open neighborhood
V of x in Uy cortaining D sud the bersof V I T are geometri-
cally irreducible. Fort 2 T, we let C, denotethe closurein U; of the
geometricallyirreducible curve V;. We let C; denotethe union of the
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remaining componerts of U;. By Lemma10.1.4,[ 1 C; formsa closed
subsetUs; of Uy with D is supported in Ur nU;.

Taket 2 T. SinceL ™ = Oy(mD) and D is supported in Ur nU;,
f (Ci)is a nite subsetoft P!, and sof (U;) is a closedsubsetW
of T g P nite over T. On the other hand, L restricted to C; has
positive degree,so the restriction of f to f, : C; ! t P! is nite.
Furthermoref (D) T (1:0). SinceC; \ D = ;, f(C;) doesnot
cotaint (1:0), hencef (D)\ W = ;. Shrinking V if necessarywe
may assumethat V. Unf 1(W).

It follows that the restriction of f to

f:unf ‘W)! T gPnw

is nite. By the universal property of the Stein factorization, the re-
striction of gto U nf (W) is an open immersion, and thus the re-
striction of g to V is an open immersion. We have the morphism
P1 f X T

Since g is surjective and the bersof p: U ! T are connected,
it followsthat C, ! Xy is surjective for all t 2 T. SinceC; is geo-
metrically irreducible for all t, it follows that the b ersof p; f are
geometricallyirreducible. Wetake X, := g(V) Xg;sinceg:V ! X,
isanopenimmersionandV ! T issmooth, X;! T issmooth. Since
(V;x) I (X;x) is a Nisnevicneighborhood of (X; x), the proof is com-
plete.

We now proceedby induction.

Theorem 10.2.2. Let X | B be a smath B-schemeof relative di-
mension d, x a point of X. Then there is a Nisnevic neighlmrhood
(Y;x) ! (X;x), a local, etale B-schemeB®! B, a projective B%
scheme :Y ! B%andan openimmersionj : Y ! Y suchthat

(1) Y hasgeometrically irr educible b ers of dimensiond.

(2) j(Y) is densein Y.

Proof. We may assumefrom the start that B is local and that x lies
over the closedpoint bof B. If d = 0,then X ! B is etale, sowe
just take B%= Y = Y = X. In general,assumethe result for X°! B
smooth of dimension< d. By Proposition 10.2.1,we have a Nisnevic
neighborhood (X ¢;x) ! (X;Xx), adenseopenimmersionj; : X; ! Xy,
a smooth B-schemeV ! B and a nite morphismf : X;! VvV P!
sud that p; f hasgeometricallyirreducible b ers of dimensionone
andp; f jiissmooth. LetO=p; f ji(X).

We apply our induction hypothesisto (V;0) ! (B;b), giving the
Nisnevic neighborhood (V%0)! (V;0), the denseopenimmersionj°:
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VOl VOand the projective morphism °:Vv°! BO9with geometrically
irreducible b ersof dimensiond 1. Taking a base-bangewith respect
to VO! V, we may simply replaceV with V°and changenotation, so
we may assumethat V = VC In particular V ! B?hasgeometrically
irreducible b ersof dimensiond 1andsoX;! B?%hasgeometrically
irreducible b ersof dimensiond.

Sincef is nite, f is projective, sothere is a factorization of f asa
closedembeddingi : X; ! vV PY PN followed by the projection
v Pt PN1 VvV PL Let X¢ bethe closureofi(X;) inV P!
PN, giving us the open immersionj$ : X; ! X¢ and the projective
morphismp, : X! vV PL

Form the Stein factorization of p;,:

Cﬁ?%

v P!

SinceX;! V Plis nite, and X; = X¢  V, it follows that the
composition
Xyt Xy

is an openimmersionwith denseimage;we identify X; with its image
inY. LetY! B9%bethe composition

Yr v P!l v! B®

We claim that Y ! B°hasgeometricallyirreducible b ers.

Indeed, it is easyto seethat ead irreducible componert of Y domi-
natessomeirreducible componert of B® andthat the berof Y ! B°
over a genericpoint 2 B° has pure dimensiond over k( ). Take
i’ 2 B% By the upper-semi-cotinuity of the b er dimension, eah
irreducible componert of Yy has dimension  d over k(t?). Since
Yo ! Vp Plis nite, eah geometricallyirreducible componernt P
of Yy must have

dlmmp =d:

SetlP:= Speck(D.

Vip isirreducible of dimensiond 1. ThusP ! V, P! is surjective
andthe b ersof P! V,parepuredimensionone. The b ersofY ! V
agreewith the b ersof X;! V overV. Thus,if isthe genericpoint
of Vip, wehave P = (X,) , andhence(X )y isdensein P. SinceP was
arbitrary, Yy is geometrically irreducible. Taking Y := X; completes
the proof.
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Proof of Theorem 10.0.3. Take (Y;x) ! (X;x),j :Y ! Y andY !
B°! B asgivenby Theorem10.2.2. Shrinking Y if necessarywe may
assumethat the relative tangert bundle v-go is trivial.

Y | BOis projective, sothere is a closedembeddingi; : Y ! P}
Let W = Y nj(Y). Sincethe bersof Y are densein the b ers of
Y, there is a hypersurfaceH P}, over B of su cien tly high degree
m cortaining W and avoiding the point x. We may replaceY with
Y nH; taking the m-fold Veroneseenbedding, we may assumethat
H = PY 1. The resulting closedenbedding

i:Y! Afo=PgonP} !

satis es the condition (5.1.1) sincethe b ersof Y areirreducible. Also,
the normal bundle N; is trivial in Ky(Y), sincewe have
INi]=[ ANG=BO O, Ov] [ v=sd

SinceY isane, this impliesthat N; OV is freefor M su cien tly
large. If we just re-enbed P§, in P§¢™ asa linear subspacethis will
changeN; by adding O, sothe new normal bundle is free.

This completesthe proof of Theorem 10.0.3exceptfor the assertion
that we may take N = dimg X + 2 in caseB = SpecF for an in nite
eld F. In this case,ewry closedenbeddingi : Y; ! AN of an
arbitrary a ne neighborhood (Y1;x) (X;x) satis es (5.1.1). Having
chosenone sud Y; and i, take a generallinear projection : Y; !
A% d = dimg X sothat :Y;! Y;:= (Yy) is nite and an
isomorphismover a neighborhood U of (x). Let Y U be an open
neigtborhood of  (x) sud that Ny,, pen istrivial on'Y. Shrinking Y

if necessarywe may assumethat Y = Y; nV(g) for somepolynomial

Let f : A% nV(g)! A‘,i*z be the closedenbedding de ned by

( .
f (X)) = X forl i d+1

gl fori=d+2

andleti:Y ! A% pethe composition Y | A% nv(g)! A2,
We have the exact sequence

OI NY,! Ad+l nv(g) I Ni ' NAd+1 nV(g),' Ad+2 ' O,

which splits sinceY is ane. SinceA%! nV(g) is a hypersurfacein
A%2 jt hastrivial normal bundle, henceN; is trivial.
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