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Abstra ct. We show how the classicalmoving lemma of Chow ex-
tends to give functorialit y for the specta arising in the homotopy
coniveau �ltration.
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0. Intr oduction

This paper is part of a program to understand and generalizethe
papers [3, 7], in which the construction of a spectral sequencefrom
motivic cohomologyto K -theory is given. We have started a study
of this approach in our paper [?], where, relying on someof the re-
sults of Friedlander-Suslin,we gave a method for globalizingthe Bloch-
Lichtenbaumspectral sequenceto schemesof �nite typeover a Dedekind
domain. This method is a bit di�erent from the oneusedby Friedlander-
Suslin,and is somewhatbetter adaptedto localization properties,while
being rather lessconvenient regardingquestionsof functorialit y.
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It turns out that the approach of [?] canbe applied to a wide variety
of cohomologytheories on algebraic varieties, including all the coho-
mology theoriesarising from objects in the Morel-Voevodsky A1-stable
homotopy category. As for K -theory, localization properties follow
rather easily from the existing technology. The purposeof this paper
is to handle the problem of functorialit y in a fairly generalsetting.

In somewhatmoredetail, onecanconsidera functor E : Sm=Bop !
Spt from smooth B-schemesto spectra (for exampleX 7! K (X ), the
K -theory spectrum of a B-schemeX ). For such a functor, and for an
X in Sm=B, we construct the homotopyconiveau tower

: : : ! E (p+1) (X ; � ) ! E (p)(X ; � ) ! : : : ! E (0) (X ; � )

where the E (p)(X ; � ) are simplicial spectra with n-simplicesthe limit
of the spectra with support E W (X � � n ), whereW is a closedsubsetof
codimension� p in \good position". This is just the evident extension
of the tower usedby Friedlander-Suslinin [7]. One can considerthis
tower asthe algebraicanalogof the onein topologyformedby applying
a cohomologytheory to the skeletal �ltration of a CW complex.

Our main purposein this paper is construct a functorial model of the
presheafE (p)(X Nis; � ), i.e., the presheafof spectra U 7! E (p)(U; � ) on
X Nis. Our construction is basedon �rst a \lo cal functorialit y", which
is essentially a generalizationof the classicalmethod used(e.g. in [?])
to prove Chow's moving lemmafor cyclesmodulo rational equivalence.
This local functorialit y yields a weakversionof functorialit y to the ho-
motopy categoryof presheaveson X , for varying X , which we promote
to give a full functorialit y in the homotopy category of presheves on
Sm=B (with respect to Nisnevic-local weak equivalences)by a formal
recti�cation process.Naturally, weneedto imposesomeaddtional (but
quite natural) hypotheseson our functor E to acheive this.

The functorialit y we prove here is usedin our paper [?] to complete
the program of a full study of the homotopy coniveau tower. One
consequenceof the generaltheory is, as mentioned above, a localiza-
tion property for the spectra E (p)(X ; � ); this yields the Mayer-Vietoris
property for the presheafE (p)(X Nis ; � ). In particular (by the well-
known theorem of Thomason [?]), the functorialit y for the presheaf
E (p)(X Nis ; � ) up to local weak equivalenceyields functorialit y for the
spectra E (p)(X ; � ) up to pointwiseweak equivalence.

This paper alsohas roots in our preprint [13]. In another paper, we
will completeour detailed investigation of the spectral sequencefrom
K -theory to motivic cohomology, relying on the results of this paper
for the functorialit y. To keepsomecontact with our original problem,
we will often illustrate our results by refering to the exampleE = K .
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1. Preliminaries

1.1. Triangulations and homotopies. We �x some notation and
recall the standard construction of simplicial homotopiesof maps of
simplicial spaces.

We have the orderedsets[p] := f 0 < : : : ; < pg. Ord is the category
with objects [p], p = 0; 1; : : :, and with mapsthe order-preservingmaps
of sets. For a categoryC, the categoryof functors F : Ord ! C is the
categoryof cosimplicial objects of C, and that of functors F : Ord op !
C the category of simplicial objects of C. Let Ord � N denote the full
subcategory of the category Ord , with objects [p], 0 � p � N . We
have the categoryof N -truncated cosimplicialobjects of C, namely, the
functors F ; Ord � N ! C, and similarly the category of N -truncated
simplicial objects of C.

The categorysSets of simplicial setsis called the categoryof spaces;
if F : Ord op ! sSets is a functor, we have the geometricrealization
jF j 2 sSets. This is de�ned as the quotient simplicial set

jF j :=
a

n

F (n) � �[ n]= �

where�[ n] := m 7! HomOrd ([m]; [n]), and � is the standard relation

(x; g� (y)) � (F (g)(x); y)

for g : [n] ! [n0] in Ord , x 2 F ([n0]).
Similarly, for an N -truncated spaceF : Ord op

� N ! sSets we have
the geometric realization jF jN 2 sSets. We have as well the cate-
gory of pointed spacessSets� and geometricrealization functors from
pointed simplicial spaces(resp. pointed N -truncated simplicial spaces)
to sSets� .

We give the product [p] � [q] the product partial order

(a;b) � (a0; b0) , a � a0 and b � b0:

Let F : Ord op
� N +1 ! sSets, G : Ord op

� N ! sSets be functors, giving
the geometric realizations jF jN and jGjN . Supposewe have, for each
order-preservingmap h : [p] ! [q] � [1], 0 � q � N , 0 � p � N + 1, a
morphism

H (h) : G([q]) ! F ([p])

such that, for order-preservingg : [q] ! [r ], f : [s] ! [p], we have

H (h � f ) = F (f ) � H (h); H ((g � id) � h) = H (h) � G(g):

Restricting the morphismsh to thoseof the form i p
� : [p] ! [p] � [1],

ip
� (j ) = (j; � ); � = 0; 1;
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the maps H (i p
� ) : G([p]) ! F ([p]) de�ne the maps of N -truncated

simplicial spaces
H0; H1 : G ! F:

Also, the mapsH (h) de�ne the map in sSets

H : jGjN � I ! jF jN +1 ;

with
H jj Gj� 0 = � � jH0j; H jj Gj� 1 = � � jH1j;

where� : jF jN ! jF jN +1 is the canonicalmap. Indeed, jGjN � I is the
geometricrealization of the N + 1-truncated simplicial space

(G � I )([p]) =
a

h:[p]! [q]� [1]

G([q])= � ;

where � is the equivalencerelation (G(g)(x); h) � (x; (g � id) � h),
with the evident map on morphisms. Our assertion follows directly
from this.

1.2. Presheaves of simplicial sets. For a category C, we have the
categorysCof functors F : Cop ! sSets (presheavesof simplicial sets),
and s� C of functors F : Cop ! sSets� (presheavesof pointed simplicial
sets).

We give sSets and sSets� the standard model structures: co�bra-
tions are(pointed) monomorphisms,weakequivalencesareweakequiv-
alenceson the geometric realization, and �brations are deteminedby
the RLP with respect to trivial co�brations; the �brations are then ex-
actly the Kan �brations. We let jAj denote the geometricrealization,
and [A; B ] the homotopy classesof (pointed) mapsjAj ! jB j.

We give sC and s� C the model structure of functor categoriesde-
scribed by Bous�eld-Kan [4]. That is, the co�brations and weakequiv-
alencesare the pointwise ones,and the �brations are determined by
the RLP with respect to trivial co�brations. We let HsC and Hs� C
denotethe associated homotopy cateogies.

1.3. Presheaves of spectra. Let Spt denote the category of spec-
tra. To �x ideas, a spectrum will be a sequenceof pointed sim-
plicial sets E0; E1; : : : together with maps of pointed simplicial sets
� n : S1 ^ En ! En+1 . Maps of spectra are maps of the underlying
simplicial setswhich are compatible with the attaching maps � n . The
stable homotopy groups� s

n (E) are de�ned by

� s
n (E) := lim

m!1
[Sm+ n ; Em ]:
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The category Spt has the following model structure: Co�brations
are maps f : E ! F such that E0 ! F0 is a co�bration, and for each
n � 0, the map

En+1

a

S1^ En

S1 ^ Fn ! Fn+1

is a co�bration. Weak equivalencesare the stable weak equivalences,
i.e., maps f : E ! F which induce an isomorphismon � s

n for all n.
Fibrations are characterizedby having the RLP with respect to trivial
co�brations.

Let C be a category. We say that a natural transformation f : E !
E 0 of functors Cop ! Spt is a weak equivalenceif f (X ) : E(X ) !
E 0(X ) is a stable weak equivalencefor all X .

Wewill assumethat the categoryChasan initial object ; and admits
�nite coproducts over ; , denotedX q Y. A functor E : Cop ! Spt is
called additive if for each X ; Y in C, the canonicalmap

E(X q Y) ! E(X ) � E(Y)

is a weak equivalence. An additive functor E : Cop ! Spt is called a
presheaf of spectra on C. This forms a full subcategory of the functor
category.

Weusethe following model structure on the categoryof presheavesof
spectra (see[10]): Co�brations and weak equivalencesare given point-
wise,and �brations are characterizedby having the RLP with respect
to trivial co�brations. We denotethis model categoryby Spt (C), and
the associated homotopy categoryby HSpt (C). We write SH for the
homotopy categoryof Spt .

For the remainder of the paper, we let B denote a noetherian sep-
arated scheme of �nite Krull dimension. We let Sm=B denote the
category of smooth B-schemesof �nite type over B . We often write
Spt (B) and HSpt (B) for Spt (Sm=B) and HSpt (Sm=B).

For Y 2 Sm=B, a subschemeU � Y of the form Y n[ � F� , with f F� g
a possiblyin�nite setof closedsubsetsof Y, is calledessentially smooth
over B ; the categoryof essentially smooth B-schemesis denotedSmess.

1.4. Lo cal model structure. If the categoryC hasa topology, there
is another model structure on Spt (C) which takes this into account.
We consider the caseof the small Nisnevic site X Nis on a scheme X
(assumedto be noetherian, separatedand of �nite Krull dimension),
and on the big Nisnevic sitesSm=BNis or Sch=BNis

De�nition 1.4.1. A map f : E ! F of presheavesof spectra on X Nis

is a local weak equivalence if the inducedmap on the Nisnevicsheafof
stable homotopy groups f � : � s

m (E)Nis ! � s
m (F )Nis is an isomorphism
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of sheaves for all m. f : E ! F of presheavesof spectra on Sm=BNis

or Sch=BNis is a local weak equivalencein the restriction of f to X Nis

is a local weak equivalencefor all X 2 Sm=B or X 2 Sch=B.

The (Nisnevic) local model structure on the categoryof presheavesof
spectra on X Nis hasco�brations given pointwise,weakequivalencesthe
local weak equivalencesand �brations are characterizedby having the
RLP with respect to trivial co�brations. We denotethis model struc-
ture by Spt Nis(X ) and the associatedhomotopy categoryby HSpt Nis(X ).
The samede�nitions yield the Nisneviclocalmodel structuresSpt Nis(Sm=B)
andSpt Nis(Sch=B), with respectivehomotopy categoriesHSpt Nis(Sm=B),
HSpt Nis(Sch=B). For details, we refer the readerto [?].

1.5. Simplicial spectra. For a spectrum E, we have the Postnikov
tower

: : : //� � N E //

""E
EE

EE
EE

E
� � N � 1E

{{vv
vvv

vvv
v

//: : :

E

with � � N E ! E the N � 1-connectedcover of E, i.e., � � N E ! E is
an isomorphismon homotopy groups� n for n � N , and � n (� � N E) = 0
for n < N . One can make this tower functorial in E, so we can apply
the construction � � N to functors E : C ! Spt .

Let E : Ord op ! Spt be a simplicial spectrum. We have the N -
truncated simplicial spectrum E � N : Ord op

� N ! Spt , the associated
total spectrum jE � N j, and the tower of spectra

(1.5.1) jE � 0j ! : : : ! jE � N j ! : : : ! jE j

Since taking the total spectrum commutes with �ltered colimits, we
have the natural weak equivalences

hocolimM jE � M j � //jE j

hocolimN ;M � �� N jE � M j �
//

�

OO

hocolimN � �� N jE j:

�

OO

When the context makes the meaningclear, we will often omit the
separatenotation for the total spectrum, and freely passbetween a
simplicial spectrum and its associated total spectrum. All the notions
de�ned above for presheavesof spectra carry over to simplicial setting
by taking the associated total spectrum.
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2. The homotopy conivea u to wer

2.1. Spectra with supp ort. In order to axiomatize the situation,
we introducesomecategorieswhich describe \spectra with support in
codimension� q".

De�nition 2.1.1. Let B be a schemeand �x an integer q � 0. Let
Sm=B(q) be the category with objects pairs (Y; W), where Y is in
Sm=B and W is a closedsubsetof Y with codimY W � q. A morphism
f : (Y; W) ! (Y 0; W 0) is a B-morphism f : Y ! Y 0 such that W �
f � 1(W 0).

Wehavein particular the modelcategoryof presheavesSpt (Sm=B(q))
and the homotopy category HSpt (Sm=B(q) ), denoted Spt (B (q) ) and
HSpt (B (q) ). For E 2 Spt (B (q) ), we often write E W (Y) for E(Y; W).

Take E 2 Spt (Sm=B(q) ), (Y; W) 2 Sm=B(q) and W 0 � W a closed
subset.Then (Y; W 0) is alsoin Sm=B(q) and the identit y on Y givesthe
morphism idY : (Y; W) ! (Y; W 0). We thus have the map of spectra

iW;W 0 := id�
Y : E W 0

(X ) ! E W (X )

with iW;W 0 � iW 0;W 00 = iW;W 00 for W 00� W 0 � W.
Take integers q0 � q. Sending (Y; W) 2 Sm=B(q0) to (Y; W) 2

Sm=B(q) identi�es Sm=B(q0) with a full subcategory of Sm=B(q) ; we
denotethe inclusion functor by

� q;q0 : Sm=B(q0) ! Sm=B(q) :

2.2. Examples. Our primary source of spectra with supports is a
presheafof spectra on Sm=B. Given E 2 Spt (B), and (Y; W) 2
Sm=B(q) , we set

E W (Y) := �b (E(Y)
j �

�! E(Y n W));

where\�b" is the homotopy �b er and j : Y n W ! Y is the inclusion.
This clearly de�nes functors Spt (B) ! Spt (B (q) ), compatible in q.
As a particular example,we can take E to be the K -theory spectrum
X 7! K (X ).

Another sourceof examplescomesfrom algebraiccycles.For (Y; W)
in Sm=B(q) , let zq

W (Y) denote the group of codimension q algebraic
cycleson Y with support contained in W. Sending(Y; W) to zq

W (Y)
de�nes a presheafof abelian groupson Sm=B(q) ; taking the associated
Eilenberg-Maclanespectrum givesus the presheafzq 2 Spt (B (q) ).

Remark 2.2.1. It may well be that the \spectrum with supports" func-
tor Spt (B) ! Spt (B (q) ) de�ned above is in fact essentially surjective,
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so that the introduction of the categorySpt (B (q) ) is super
uous, but
we have not investigatedthis issue.

2.3. Supp ort conditions. Let X : Ord ! Sm=B bea smooth cosim-
plicial B -scheme. For E : Sm=Bop ! Spt in Spt (B), we may evaluate
E on X , forming the simplicial spectrum E(X ) : Ord op ! Spt . This is
our basicmethod for constructing simplicial spectra; we will alsoneed
an extensionof this construction by introducing support conditions.

Let X be a smooth cosimplicial B -scheme. We have the simplicial
set SX : Ord op ! Sets with SX (n) the set of closedsubsetsof X (n).

De�nition 2.3.1. (1) A support condition on X is a simplicial subset
S of SX such that

(a) S(n) is closedunder �nite union
(b) If W is in S(n) and W 0 � W is a closedsubset, the W 0 is in

S(n).

(2) An assignment n 7! Wn , with Wn 2 SX (n) is a simplicial closed
subsetof X if for each g : [m] ! [n] in Ord , we have X (g) � 1(Wn ) �
Wm .
(3) For a support condition S on a smooth cosimplicial B -schemeX ,
and a simplicial closedsubsetW of X , we write W 2 S if Wn is in
S(n) for all n.
(4) If codimX (n)W � q for all W 2 S(n), we say that S is supported in
codimension � q.

Remarks 2.3.2. Fix a smooth cosimplicial B -schemeX .
(1) A collection of closedsubsetsWn � X (n) forms a simplicial closed
subsetof X exactly when the complements U(n) := X (n) n Wn form
an open cosimplicial subschemeof X .
(2) Supposewe have closedsubsetsT1 � X (n1), : : :, Ts � X (ns). Then
there is a uniqueminimal (in the senseof containment of closedsubsets)
simplicial closedsubsetW of X with Tj � Wn j for all j = 1; : : : ; s; this
is clear sincethe intersectionof simplicial closedsubsetsis a simplicial
closedsubset. We call W the simplicial closedsubsetgeneratedby the
Tj . The explicit formula for Wm is

Wm = [ s
i=1 [ g:[m]! [n i ] X (g)� 1(Ti );

note that the union is �nite, soWm is indeeda closedsubsetof X (m).
(3) Let n 7! Wn be a simplicial closed subset of X , supported in
codimension� q. Then n 7! (X (n); Wn ) de�nes a cosimplicial object
of Sm=B(q) .
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Lemma 2.3.3. Let S be a support condition on a smooth cosimplicial
B -schemeX , and let Ti be in S(ni ), i = 1; : : : ; s. Then the simplicial
closed subsetW generated by the Ti satis�es

(1) Ti � Wn i for i = 1; : : : ; s.
(2) Wm 2 S(m) for all m.

Proof. Obvious. �

De�nition 2.3.4. Let W be a simplicial closed subset of X with
codimX (n)Wn � q for all n, and take E in Spt (B (q) ). Let E W (X )
denotethe simplicial spectrum

n 7! E Wn (X (n)):

Let S be a support condition on X , supported in codimension� q.
We have the set of simplicial closedsubsetsW of X with W 2 S,
orderedunder inclusion. For E 2 Spt (B (q) ), and W � W 0 an inclusion
of simplicial closedsubsetsof X , we have the map of simplicial spectra
iW 0;W : E W (X ) ! E W 0

(X ), giving the functor W 7! E W (X ) from the
set of W 2 S, orderedunder inclusion, to simplicial spectra. We set

E S(X ) := hocolim
W 2S

E W (X ):

By Lemma 2.3.3,we have the canonicalhomotopy equivalence

E S(X )(n) �= hocolim
T 2S (n)

E T (X (n)):

2.4. The homotop y coniv eau tower. We introduceour main object
of study.

We have the cosimplicial scheme� � , with

� r = Spec(Z[t0; : : : ; t r ]=
X

j

t j � 1):

The verticesof � r arethe closedsubschemesvr
i de�ned by t i = 1, t j = 0

for j 6= i . A face of � r is a closedsubschemede�ned by equationsof
the form t i 1 = : : : = t i s = 0.

De�nition 2.4.1. For X in Sm=B, we let S(q)
X (p) denote the set of

closedsubsetsW of X � � p such that

codimX � F (W \ (X � F )) � q

for all facesF of � p.

Clearly, sending p to S(q)
X (p) de�nes a support condition S(q)

X on
X � � � , supported in codimension � q. We let X (q) (p) be the set
of codimensionq points x of X � � p with closure�x 2 S(q)

X (p).
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De�nition 2.4.2. Take E 2 Spt (B (q) ). We set

E (q) (X ; p) := E S( q)
X (X � � � )(p)

E (q) (X ; � ) := E S( q)
X (X � � � ):

Similarly, if W is a simplicial closedsubsetof X � � � , supported in
codimension� q, we write E W (X ; � ) for E W (X � � � ).

Take q0 � q and let E be in Spt (B (q) ). We may form the restriction
E � � q;q0 2 Spt (B (q0)). Similarly, for X 2 Sm=B, we have the simplicial
spectrum (E � � q;q0)(q0)(X ; � ), which we write simply as E (q0)(X ; � ).

The inclusionsS(q0)
X (p) � S(q)

X and the maps

iW;W 0 :E W 0
(X � � p) ! E W (X � � p);

W 0 2 S(q0)
X (p); W 2 S(q)

X (p); W 0 � W

de�ne the natural map of simplicial spectra

�q;q0 : E (q0)(X ; � ) ! E (q) (X ; � )

with �q;q0 � �q0;q00 = �q;q00 for q � q0 � q00. This gives us the homotopy
coniveau tower for E:

(2.4.1) : : : ! E (q+ r +1) (X ; � ) ! E (q+ r ) (X ; � ) ! : : : ! E (q) (X ; � ):

This is our main object of study.

2.5. First prop erties. We give a list of elementary properties of the
spectra E (q) (X ; � ) and the tower (2.4.1)

(1) SendingX to E (q) (X ; � ) is functorial for equi-dimensional(e.g.

at) mapsY ! X in Sm=B; the tower (2.4.1) is natural with
respect to equi-dimensionalmaps.

(2) SendingE to E (q) (X ; � ) is functorial in E.
(3) The functor E 7! E (q)(X ; � ) sendsweak equivalencesto weak

equivalences,and sendhomotopy (co)�b er sequencesto homo-
topy (co)�b er sequences.

We let Sm==B denotethe subcategoryof Sm=B with the sameob-
jects, but with morphismsY ! X beingthe smooth B-morphisms. We
let E (q)

sm be the presheafon Sm==B: E (q)
sm (X ) := E (q) (X ; � ). We thus

have the tower of presheaveson Sm==B

(2.5.1) : : : ! E (q+ r +1)
sm ! E (q+ r )

sm ! : : : ! E (q)
sm

which is natural in E 2 Spt (Sm=B(q)).
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2.6. Go od position. Chow's moving lemma (Theorem 2.6.2) asserts
that the spectrum E (q) (X ; � ), de�ned by the support conditions S(q)

X ,
is weakly equivalent to another spectrum E (q) (X ; � )C de�ned with re-
spect to a somewhatsmaller support condition S(q)

X ;C � S(p)
X . In this

sectionwe de�ne these�ner support conditionsaswell asvariousother
oneswhich interpolate between S(q)

X and S(q)
X ;C. We assumefrom now

on that the base-schemeB is regular, noetherian, separatedand has
Krull dimensionat most one. For a B-schemef : X ! B and a point
b2 B, we set X b := f � 1(b).

De�nition 2.6.1. Let X bein Sm=B, let Cbea �nite setof irreducible
locally closedsubsetsof X , and let e : C ! N be a function. Write C
asa disjoint union

C= Cgen q q b2 B (1) Cb

whereC 2 C is in Cgen if C ! B has denseimage in someirreducible
component of B , and C is in Cb if C � X b.

(1) Let S(q)
X ;C;e(p)gen be the subsetof S(q)

X (p) consistingof those W
such that, for each C 2 Cgen and each faceF of � p, we have

codimC� F (C � F ) \ W � q � e(C):

(2) For b 2 B (1) , let S(q)
X ;C;e(p)b be the subsetof S(q)

X b
(p) consistingof

thoseW such that, for each C 2 Cb and each faceF of � p, we
have

codimC� F (C � F ) \ W � q � e(C):

(3) Set

S(q)
X ;C;e(p) = S(q)

X ;C;e(p)gen [ [ b2 B (1) S(q)
X ;C;e(p)b:

It is more or lessobvious that p 7! S(q)
X ;C;e(p) de�nes a support con-

dition on X � � � . We write S(q)
X ;C(p) for S(q)

X ;C;0(p).
Given E 2 Spt (B (q) ), we set

E (q) (X ; � )C;e := E S( q)
X ;C;e (X � � � ):

The inclusion S(q)
X ;C;e ! S(q)

X de�nes the natural map

E (q) (X ; � )C;e ! E (q) (X ; � );

similarly, if C � C0 and e � e0, we have the natural map

E (q) (X ; � )C0;e0 ! E (q) (X ; � )C;e:

We write E (q) (X ; � )C for E (q) (X ; � )C;0.
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Given a function e : C ! N, we let e � 1 : C ! N be the function
(e � 1)(C) = max(e(C) � 1; 0).

Let f : Y ! X be a smooth morphism in Sm=B, C a �nite set
of locally closedirreducible subsetsof X . We let f � C be the set of
irreducible components of the locally closedsubsetsf � 1(C), C 2 C; for
D � f � 1(C) an irreducible component, de�ne f � (e)(D) := e(C).

The pull-backs by f � id� p de�nes the map of simplicial sets

f � 1 : S(q)
X ;C ! S(q)

Y;f � C

and the map of simplicial spectra

f � : E (q) (X ; � )C ! E (q) (Y; � )f � C:

In particular, we have the presheafof simplicial spectra (for the Nis-
nevic topology) on X , E (p)(X Nis; � )C.

We now state the main result of this paper; for a description of the
axioms3:m and 4, we refer the readerto x4:

Theorem 2.6.2. Let B be a regular noetherian separated schemeof
Krul l dimensionat most one and X ! B a smooth B-schemeof �nite
type, let X be in Sm=B, let C be a �nite set of irr educiblelocally closed
subsetsof X , e : C ! N a function and q � 0 an integer.

(1) Supposethat E satis�es axioms3:m for all m and axiom 4. Let
x be a point of X . Then there is a basis of Nisnevic neighborhoods p :
U ! X of x, dependingonly on x and X , suchthat E (q) (U; � )p� C;p� e !
E (q) (U; � ) is a weak equivalence. In particular, the map of presheaves

E (q) (X Nis ; � )C;e ! E (q) (X Nis ; � )

is a local weak equivalence.

(2) Supposethat B = Speck, k an in�nite �eld. Supposein addition
that E satis�es axioms 3:2 and let x be a point of X . Then there is a
basis of Zariski neighborhoods j : U ! X of x, depending only on x
and X , such that E (q) (U; � ) j � C;j � e ! E (q)(U; � ) is a weak equivalence.
In particular, the map of presheaves

E (q) (X Zar ; � )C;e ! E (q) (X Zar ; � )

is a weak equivalence.

(3) Supposethat B = Speck, k a �eld, that X is a�ne and that the
cotangentsheaf 
 1

X =k is a free OX -module. Supposein addition that E
satis�es axioms3:m for all m and axiom 4. Then the map of spectra

E (q) (X ; � )C;e ! E (q) (X ; � )
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is a weak equivalence.

3. Easy moving

The proof of Chow's moving lemmais in two steps,just asthe \clas-
sical" case(cf. [?]): One needsa \moving by translation" result to
handle the caseof a�ne n-space,and then oneusesthe method of the
projecting coneto handlethe generalcase.In this section,wedealwith
the moving by translation portion. This result alsoallows us to prove
the homotopy invariance of the spectra E (p)(X ; � ), following Bloch's
argument for the cycle complexes[1]. In this section,we assumethat
the baseschemeB is of the form B = SpecA, with A a semi-local PID.

3.1. Some added generalit y. In fact, the \moving by translation"
techniquedoesnot requiresmoothness,soit is applicableto presheaves
of spectra on other categoriesbesidesSm=B(q) . We �rst needto give
a de�nition of the \dimension" of a �nite-t ype B-scheme.

De�nition 3.1.1. Let B be a regular irreducible schemeof Krull di-
mension� 1. Let f : X ! B be an irreducible �nite type B-scheme. If
B = Speck, k a �eld, set dim X = dimB X . If not, let � be the generic
point of B . Set

dim X :=

(
dimk(� ) X � + 1 if X � 6= ;
dimk(b) X if f (X ) = b2 B (1) :

We extend the de�nition to the caseof reducibleB in the obvious way.
If W � X is a closedsubsetof someX 2 Sch=B, we write dim W �

n if each irreducible component W 0 of W hasdim W 0 � n.

Note that, if W 0 � W � X are closedsubsetsof X , then

dim W � n =) dim W 0 � n:

Let X be in Sch=B, Y 2 Sm=B and W a closedsubsetof X � B Y.
We write dimrelY W � q if for each irreducible component Yj of Y, we
have

dim W \ X � B Yj � q+ dimB Yj :

De�nition 3.1.2. Let X be a �nite type B-scheme. Fix an integer
q. Let X=B (q) be the category of pairs (Y; W), with Y in Sm=B,
quasi-projective over B , and W a closedsubsetof X � B Y such that
dimrelY W � q.

A morphism f : (Y; W) ! (Y 0; W 0) is a morphism f : Y ! Y 0 in
Sm=B such that W � (idX � f ) � 1(W 0).
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Remark 3.1.3. If B has pure Krull dimension zero, then B=B(q) is
the full subcategory of Sm=B(� q) consisting of (Y; W) with Y quasi-
projective. If B has pure Krull dimension one, then B=B(q) is the
similarly de�ned full subcategoryof Sm=B(1� q) .

Wehavethe categorySpt (X=B (q)) of presheavesof spectraonX=B (q)

and the homotopy categoryHSpt (X=B (q)). As before,wewrite E W (Y)
for E(Y; W), if E is in Spt (X=B (q)) and (Y; W) is in X=B (q) .

Let C be an irreducible locally closedsubsetof X 2 Sch=B. We say
that C haspure codimensiond on X if for each irreducible component
X i of X containing C, we have codimX i C = d. We write this as
codimX C = d.

De�nition 3.1.4. (1) Let X be in Sch=B. Let SX
(q) (p) be the set of

closedsubsetsW � X � � p
B such that

dimrel
F

W \ (X � F ) � q

for each faceF of � p
B .

(2) Let X be in Sch=B, let C be a �nite set of irreducible locally
closedsubsetsof X , and e : C ! N a function. We assumethat
each C 2 Cgen has pure codimensionon X and each C 2 Cb has pure
codimensionon X b. Write C = Cgen q q b2 B (1) Cb as in De�nition 2.6.1.

(1) Let SX ;C;e
(q) (p)gen be the subsetof SX

(q) (p) consistingof those W
such that, for each C 2 Cgen and each faceF of � p

B , we have

dimrel
F

(C � F ) \ W � q+ e(C) � codimX C:

(2) For b2 B (1) , let SX ;C;e
(q) (p)b be the subsetof SX b

(q) (p) consistingof
those W � X b � � p such that, for each C 2 Cb and each face
F of � p

b, we have

dimrel
F

(C � b F ) \ W � q+ e(C) � codimX bC:

The base-schemeis now b, so the above inequality is the same
as

dim(C � b F ) \ W � q+ e(C) + dimb F � codimX bC:

(3) Set

SX ;C;e
(q) (p) = SX ;C;e

(q) (p)gen [ [ b2 B (1) SX ;C;e
(q) (p)b:

De�nition 3.1.5. Take X 2 Sch=B, E in Spt (X=B (q) ), q 2 Z. Set

E(q) (X ; � ) := E SX
( q) (X � B � � ):
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If we have a �nite set C of locally closedsubsetsof X and a function
e : C ! N, set

E(q) (X ; � )C;e := E SX ;C;e
( q) (X � � � ):

Remarks 3.1.6. (1) Supposethat each irreducible component X i of X
has dim X i = d; we call such an X equi-dimensionalof dimension d.
Then we can index by codimension,as in De�nitions 2.4.1 and 2.6.1,
and we have

SX ;C;e
(q) (p) = S(d� q)

X ;C;e (p):

(2) Supposethat X is irreducible and that X ! B is dominant. Let
C = Cgen q q b2 B (1) Cb be a �nite set of irreducible locally closedsubsets
of X , e : C ! N a function and W a closedsubsetof X � � n . Let
i : � ! B be the genericpoint of B . Supposethat W ! B is dominant.
Then W is in S(q)

X ;C;e(n) if and only if W� is in S(q)
X � ;i � Cgen ;i � (e) (n) and Wb is

in S(q� 1)
X ;i �

b Cgen ;i �
b (e) (n) for all codimenisononepoints bof B . This followsby

noting that each irreduciblecomponent of W\ (X � F ) either dominates
B or is contained in X b for someb2 B (1) .

Similarly, if C = Cgen, and W � X � � n is arbitrary, then W
is in S(q)

X ;C;e(n) if and only if W� is in S(q)
X ;i � Cgen ;i � (e)(n) and Wb is in

S(q� 1)
X ;i �

b Cgen ;i �
b (e) (n) for all codimenisononepoints b of B .

Notation 3.1.7. For X , E, C and e as above, let Y be in Sm=B of
pure dimension d over B . Sending W � (X � B Y) � B T to W �
X � B (Y � B T) de�nes the functor

pY : X � B Y=B(q+ d) ! X=B (q)

and by pull-back the functor

p�
Y : Spt (X=B (q) ) ! Spt (X � B Y=B(q+ d)):

We write E(q) (X Y ; � )C;e for (p�
Y E)(q+ d) (X � B Y; � )p�

2C;p�
2 e. The projec-

tion X � B Y ! X de�nes the \base extension" map

p�
2 : E(q) (X ; � )C;e ! E(q) (X Y ; � )C;e:

Wewill occasionallyneedto extendthe assignment Y 7! E (q) (X Y ; � )C;e

to essentially smooth subschemesU � Y, Y 2 Sm=B, i.e., Y n U is a
possibly in�nite union of closedsubsets.We de�ne

E(q) (X U ; � )C;e := hocolim
F

E(q) (X Y nF ; � )C;e

whereF runs over closedsubsetsof Y contained in Y n U.
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In casep : B 0 ! B is in Sm=Bess, and B 0 is alsoa regular schemeof
Krull dimensionone,we have

E(q) (X B 0; � )C;e = E(q) (X B 0; � )p�
2 C;p�

2 (e) ;

where on the right-hand side, we considerX B 0 as in Sch=B0, and we
extend E to a presheafon Sm=B0

(q) by taking limits as above. As
above, we have the base-extensionmap

p� : E(q) (X ; � )C;e ! E(q) (X B 0; � )C;e:

Remark 3.1.8. In this sectionE will be a functor E : X=B op
(q) ! Spt .

In casethe residue�elds of B are in�nite, the resultsof this sectionare
valid for every such E. In the caseof �nite residue�elds, oneneedsto
imposeadditional hypotheseson E which allow oneto increasethe size
of the residue�elds at will. As this is a technical point, we postpone
the description of theseadditional hypothesesuntil x4.

Examples3.1.9. Our primary examplesare:
(1) X is in Sm=B of dimensiond over B , and E is in Sm=B(d� q) . Then
we have (Y; W � X � B Y) 7! E W (X � B Y), giving the functor

EX : X=B op
(q) ! Spt :

As particular examples,we have the functor E (d� q) 2 Spt (B (d� q) in-
duced by a functor E 2 Spt (B), e.g. E the K -theory spectrum
Y 7! K (Y).
(2) X a quasi-projective B-schemeand E the the G-theory spectrum
with supports. More precisely, let Y be a quasi-projective B-scheme
and let M X (Y) be the exact categoryof coherent sheaveson X � B Y
which are 
at as OY -modules. We let GX (Y ) denote the K -theory
spectrum of the exact category M X (Y). Let G(X � B Y) denote the
K -theory spectrum of the categoryof coherent sheaveson X � B Y.

For Y quasi-projective over B , each F 2 M X (Y) admits a surjection
E ! F with E a locally free coherent sheafon X � B Y; if Y is smooth
over B and hasKrull dimenison� d, then each F admits a resolution

0 ! K ! Ed ! : : : ! E0 ! F ! 0

with the Ej locally free coherent sheaves and K a 
at OY -module.
By Quillen's resolution theorem, this implies that the canonicalmap
GX (Y) ! G(X � B Y) is a weak equivalence.

By the 
atness condition, Y 7! M X (Y) is an exact pseudo-functor
on Sm=B. By the usual trick (seee.g. [?]), we replaceM X (Y ) with an
equivalent exact category and changenotation so that Y 7! M X (Y)
is an exact functor on Sm=B. Thus, we have the functor Y 7! GX (Y)
on Sm=B, and the weakequivalenceGX (Y) ! G(X � B Y), natural in
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Y for 
at morphisms. In particular, if W � X � B Y is a closedsubset,
Quillen's localization theorem [?] yields a weak equivalence

GW
X (Y) ! GW (X � B Y) � G(W):

We have thus succeededin extending the assignment (Y; W � X � B

Y) 7! G(W) (up to weak equivalence)toa functor

GX ;(q) : X=B (q) ! Spt :

(3) Let X be a �nite type B-scheme. For (Y; W) 2 X=B (q) , Y ir-
reducible, let zq(Y; W) be the free abelian group on the irreducible
components Wi of W with

dim Wi = q+ dimB Y:

We extend to arbitrary Y by taking the direct sumover the irreducible
components of Y.

Let f : Y 0 ! Y be a morphism in Sm=B. Sincef has �nite Tor-
dimenison, the sameis true for id � f : X � B Y 0 ! X � B Y. For
(Y; W); (Y0; W 0) 2 X=B (q) such that f extends to f : (Y 0; W 0) !
(Y; W), and Wi an irreducible component of W as above, each com-
ponent of (id � f ) � 1(Wi ) has the proper dimension,and so the cycle-
theoretic pull-back

(id � f ) � : zq(Y; W) ! zq(Y 0; W 0)

is well-de�ned. We thus have the functor

zq : X=B (q) ! Ab ;

using the associated Eilenberg-Maclanespectrum givesus the functor

zq : X=B (q) ! Spt :

3.2. Action by a group-sc heme. The \easy" moving lemmarequires
a transitive action by a connectedlinear algebraicgroup. We will only
needthe caseof An , with the action of translation.

Let G be a group schemeover B , and let X 2 Sch=B be a B-scheme
with a (right) G-action � : X � B G ! X . Let B 0 ! B be in Sm=Bess,
 : A1

B 0 ! G a B-morphismwith  (0) = idG. We let � : X B 0 � � 1 ! X
be the composition

X B 0 � � 1 ��! X � B A1
B 0

id �  
�� �! X � B G

�
�! X ;

where the isomorphism X B 0 � � 1 ��! X � B A1
B 0 is induced by the

isomorphism(t0; t1) 7! t1 of � 1 with A1.
Let vp

i be the vertex t j = 0, j 6= i of � p, and let g = (g1; g2) : [n] !
[p] � [q] be an order-preservingmap. We have the a�ne linear map
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T(g) : � n ! � p � � q with T(g)(vn
i ) = vp

g1(i ) � vq
g2(i ) . For g : [p] !

[1] � [q] an order-preservingmap, we denotethe composition

X B 0 � � p id� T (g)
� � � � ! X B 0 � � 1 � � q (�; id) � id

� � � � � ! X B 0 � � 1 � � q

� � id�� �! X � � 1 � � q p13��! X � � q

by T(�; g). Similarly, we have the composition

X B 0 � � p � (1) � id
�� � � �! X B 0 � � p � � id�� �! X � � p

which we denoteby � (1; p).

Lemma 3.2.1. Let X be in Sch=B and take E be in Spt (X=B (q) ).
Suppose we have simplicial closed subsetsW 0 � W of X � � � and
simplicial closed subsetsV 0 � V of X � � �

B 0. Supposethat

(a) for each order-preservingg : [r ] ! [1] � [p], we have

T(�; g)� 1(W 0
p) � V 0

r

T(�; g)� 1(Wp) � Vr :

(b) for each p, � (1; p) � 1(Wp) � V 0
p.

Then

(1) The maps� (1; p) de�ne the map of simplicial spectra

� (1; � ) � : E W (X ; � ) ! E V 0
(X B 0; � ):

(2) There is a homotopyof the mapson the associated total spectra

jE W (X ; � )j
� (1;� ) �

� � � � ! jE V 0
(X B 0; � )j i ��! jE V (X B 0; � )j

jE W 0
(X ; � )j

� (1;� ) �

� � � � ! jE V 0
(X B 0; � )j

with the respective base-extensions

� � : jE W (X ; � )j ! jE V (X B 0; � )j;

� � : jE W 0
(X ; � )j ! jE V 0

(X B 0; � )j:

The homotopyis natural with respect to E; X ; W; W 0; V; V 0 and
B 0.

Proof. We �rst note that the base-changeWB 0 is contained in V and
similarly W 0

B 0 is contained in V 0: this follows from (a) taking p = q
and g : [p] ! [1] � [p] the map g(i ) = (0; i ). Thus the assertionof the
lemma makessense.
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Let f : jE W (X ; � )j � I ! jE V (X B 0; � )j be the map constructedfrom
the maps T(�; g), following the homotopy construction of x1.1. One
seesdirectly that the maps

jE W (X ; � )j � 0
f
�! jE V (X B 0; � )j

jE W (X ; � )j � 1
f
�! jE V 0

(X B 0; � )j

are � � and i � � � (1; p) � , respectively, giving a homotopy between the
maps

i � � � (1; � ) � ; � � : E W (X ; � ) ! E V (X B 0; � ):

A similar construction yields a homotopy betweenthe maps

� (1; � ) � ; � � : E W 0
(X ; � ) ! E V 0

(X B 0; � ):

�

We will take G to be the additive group An , and  to be the linear
map  x ,  x (t) = t � x, wherex : B 0 ! An is a B-morphism. We take
X = Y � An , Y 2 Sch=B, with G acting on An by translation and on
Y trivially .

Notation 3.2.2. Let A(x1; : : : ; xn ) be the localization of the polynomial
ring A[x1; : : : ; xn ] with respect to the multiplicativ ely closedset of f =P

I aI xI such that the ideal in A generatedby the coe�cien ts aI is the
unit ideal.

The inclusion A ! A(x1; : : : ; xn ) is a faithfully 
at extension of
semi-local PID's. We set

B(x) := SpecA(x1; : : : ; xn );

and let x : B(x) ! An be the morphism with x � : A[x1; : : : ; xn ] !
A(x1; : : : ; xn ) the evident inclusion. Note that B(x) is in Sm=Bess.

Lemma 3.2.3. Let C0 be a �nite setof irr educiblelocally closed subsets
of An

B , e : C0 ! N a function and let Y be in Sch=B. Let X = Y � B An ,
C = p�

2C0 and e = p�
2(e0). Let W be a simplicial closed subsetin S(q)

X ,
and let  :=  x : B (x) ! An . Then

(1) � (1; p) � 1(Wp) is in SB (x)� B X ;p�
2C

(q) (p) for each p.

(2) Supposethat W is in SX ;C;e
(q) . For eachorder-preservingg : [r ] !

[p] � [1], T(�; g) � 1(Wp) is in S
X B ( x ) ;C;e
(q) (r ).

Proof. Sincethe translation action preservesall the irreducible compo-
nents of X , we may assumethat X is irreducible. If d = dim X , then
SX

(q) = S(d� q)
X , etc., so we may index with codimension.
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In caseA is a �eld, or if X = X b for someb 2 B (1) , the result follows
directly from [1, Lemma 2.2].

Supposethat A is not a �eld and that X ! B is dominant. Let �
be the genericpoint of B . Sincethe inclusion i : � ! B is 
at, W� is
in S(q)

X �
, and if W is in S(q)

X ;C;e, then W� is in S(q)
X � ;i � C;i � (e) . From the case

of a �eld, it follows that (1) and (2) are valid with � replacingB, and
i � C; i � (e) replacingC; e.

For a codimensiononepoint i b : b ! B , wehave the setof irreducible
locally closedsubsetsi �

bCgen of X b and the function i �
b(e) : i �

bCgen ! N.
We alsohave the set Cb, consistingof thoseC 2 C with C � X b; we let
eb : Cb ! N be the restriction of e to Cb.

To completethe proof it su�ces by Remark 3.1.6 to show that, for
each codimension one point i b : b ! B of B , and each irreducible
component Z of Wp � X � � p:

(1) If Z ! B is dominant, then � (1; p) � 1
b (Zb) is in

S(q� 1)
b(x)� bX b;p�

2 i �
b Cgen

(p).

(2) If Z � X b � � p, then � (1; p) � 1(Z ) is in S(q)
b(x)� bX b;p�

2Cb
(p).

(3) Let g : [r ] ! [p] � [1] be order-preserving,and supposethat W
is in S(q)

X ;C;e(p)
(a) If Z ! B is dominant, then T(�; g) � 1(Zb) is in

S(q� 1)
b(x)� bX b;p�

2 i �
b Cgen ;p�

2 i �
b (e) (r ).

(b) If Z � X b � � p, then T(�; g) � 1(Z ) is in
S(q)

b(x)� bX b;p�
2Cb;p�

2 (eb)(r ).

We note that B(x) ! B a bijection on points and that the b(x)-valued
point x � B b of An

b has An
b as Zariski closure. Thus (1) and (2) follow

asabove from the caseof �elds, asdoes3(b). For 3(a), let W ! B be
dominant. By Remark 3.1.6

W 2 S(q)
X ;C;e =) Wb 2 S(q� 1)

X b;i �
b Cgen ;i �

b (e)

so3(a) also follows from the caseof �elds. �

We let [E(q)=EC;e
(q) ](X ) be the co�b er of the map of simplicial spectra

E(q) (X ; � )C;e ! E(q) (X ; � ):

Let � : B (x) � B X ! X denotethe projection.

Lemma 3.2.4. Let X , C and e be as in Lemma3.2.3. Then, for each
q 2 Z, the base-changemap

p�
2 : [E(q)=EC;e

(q) ](X ) ! [E(q)=EC;e
(q) ](X B (x) )
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is homotopic to zero.

Proof. This follows directly from Lemma 3.2.1and Lemma 3.2.3. �

Prop osition 3.2.5 (Moving by translation). Let X , C and e be as in
Lemma3.2.3. In caseB hasa point b with �nite residue�eld k(b), we
assumethat E satis�es axiom 4. Then, for each q 2 Z, the map

E(q) (X ; � )C;e ! E(q) (X ; � )

is a weak equivalence.

Proof. It su�ces to show that [E(q)=EC;e
(q) ](X ) is weakly equivalent to a

point.
We �rst note that the map

(3.2.1) [E(q)=EC;e
(q) ](X ) ! [E(q)=EC;e

(q) ](X B (x) )

is injective on homotopy groups. Indeed, the schemeB(x) is a �ltered
inverselimit of open subschemesU of An

B , with U faithfully 
at and of
�nite type over B . Thus, since,by de�nition

[E(q)=EC;e
(q) ](X B (x) ) = hocolim

U� An
B

[E(q)=EC;e
(q) ](X U );

it su�ces to show that the map

(3.2.2) p�
2 : [E(q)=EC;e

(q) ](X ) ! [E(q)=EC;e
(q) ](X U )

is injective on homotopy groupsfor each such U.
Suppose�rst that each residue�eld k(b), b 2 B, is in�nite. As B

is semi-local, and U is an open subschemeof An
B with An

k(b) \ U 6= ;
for all b, the projection U ! B admits a section s : B ! U. Thus,
(s � id) � givesa left-inverseto p2� .

If somek(b) is �nite, then E satis�es axiom 4. There exist �nite
�etale B-schemesf 1 : B1 ! B , f 2 : B2 ! B , of relatively prime degrees
n1, n2 over B , and B-morphisms B i ! U (see[14, Lemma 6.1]); in
addition, the construction of [14, Lemma6.1]yields closedembeddings
B i ! A1

B . SinceA is a PID, B i � A1
B is a principal Cartier divisor; let

gi be a de�ning equation. By axiom 4, the mapsf i (gi )� f �
i : E ! E are

weak homotopy equivalencesafter inverting n i , which shows as above
that p�

2 is injective on homotopy groups.
By Lemma 3.2.4,p�

2 is zeroon homotopy groups,whencethe result.
�

Theorem 3.2.6 (Homotopy invariance). Let X be in Sch=B and let
E : X=B op

(q) ! Spt be in Spt (X=B (q)). If k(b) is �nite for someb2 B,
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we assumein addition that E satis�es axiom 4 of x 4. Then for X 2
Sch=B the map

p� : E(q) (X ; � ) ! E(q+1) (X � A1; � )

is a weak equivalence.

Proof. One repeats the argument usedto prove [1, Theorem 2.1], re-
placing homology with homotopy, chain homotopy equivalence with
homotopy equivalenceand using Lemma 3.2.4 in place of [1, Lemma
2.3]. �

4. The axioms

We have seenthat the \moving by translation" results are valid for
an arbitrary functor E : X=B op

(q) ! Spt , except in the caseof �nite
residue�elds. To proceedfurther, however, we will needto have some
additional properties of E: localization, Nisnevic excisionand a weak
form of push-forward maps for �nite morphisms. In this section, we
list the axiomswe need.

4.1. Lo calization, excision and delo oping. Let E be in Spt (B (q) ).
We considerthe following conditions on E:

(4.1.1)

Axiom 1. (Localization)
(a) Let Sm=B; be the full subcategory of Sm=B(q) with objects

(Y; ; ). The restriction of E to Sm=B; is contractible. We �x a
contraction h.

(b) Let (Y; W) be in Sm=B(q) , let W 0 � W be a closedsubsetand
let j : Y n W 0 ! Y be the inclusion. The sequence

E W 0
(Y)

i W 0;W� � � ! E W (Y)
j �

�! E W nW 0
(Y n W 0)

together with h givesa canonicalmorphism

� W 0;W;Y : E W nW 0
(Y n W 0) ! co�b( iW 0;W )

Then � W 0;W;Y is a weak equivalence.

To explain: We have the commutativ e diagram

E W 0
(Y)

i W 0;W //

j �

��

E W (Y )

j �

��
E ; (Y)

i ; ;W nW 0

//E W nW 0
(Y n W 0)
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The contraction h givesa contraction of j � � iW 0;W , which in turn induces
the map � W 0;W;Y . In particular, � W 0;W;Y is natural with respect to the
categoryof morphisms(Y; W) ! (Y; W 0) in Sm=B(q) .

(4.1.2)

Axiom 2. (Nisnevicexcision)Let f : Y ! X bean �etalemap in Sm=B,
f : (Y; W 0) ! (X ; W) an extensionof f to a morphism in Sm=B(q)

with W 0 = f � 1(W). Supposethat f : W 0 ! W is an isomorphism(of
schemeswith the reducedstructure). Then

f � : E W (X ) ! E W 0
(Y)

is a weak equivalence.

Lemma 4.1.1. Let E be in Spt (B (q) ), let (Y; W) be in Sm=B(q) such
that W is a disjiont union of closed subsets,W = W 0q W 00. Suppose
that E satis�es axiom 2. Then the natural map

iW 0;W + iW 00;W : E W 0
(Y) � E W 00

(Y) ! E W (Y )

is a weak equivalence.

Proof. We have the �etale morphism p : (Y n W 0) q (Y n W 00) ! Y ,
inducedby the inclusions. Clearly p� 1(W) ! W is an isomorphism,so

p� : E W (Y) ! E p� 1(W ) ((Y n W 0) q (Y n W 00))

is a weak equivalenceby axiom 2. As

((Y n W 0) q (Y n W 00); p� 1(W)) = (Y n W 0; W 00) q (Y n W 00; W 0)

and E is a presheaf,the map

E W 00
(Y n W 0) � E W 0

(Y n W 00) ! E p� 1(W ) ((Y n W 0) q (Y n W 00))

is a weak equivalence.Using axiom 2 again, the restriction map

E W 00
(Y) � E W 0

(Y) ! E W 00
(Y n W 0) � E W 0

(Y n W 00)

is a weak equivalence.The commutativit y of the diagram

E W (Y) //E p� 1(W )((Y n W 0) q (Y n W 00))

E W 00
(Y ) � E W 0

(Y ) //

OO

E W 00
(Y n W 0) � E W 0

(Y n W 00)

OO

completesthe proof. �

We let pW 0 : E W (Y) ! E W 0
(Y) be the composition in SH

E W (Y)
(i W 0;W + i W 00;W ) � 1

� � � � � � � � � � � ! E W 0
(Y) � E W 00

(Y)
p1�! E W 0

(Y):
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Let E be in Spt (B (q) ), and �x a scheme p : X ! B in Sm=B.
Sending(f : Y ! X ; W) 2 Sm=X (q) to (pf : Y ! B ; W) de�nes a
faithful functor p� : Sm=X (q) ! Sm=B(q) ; wedenotethe presheafE � p�

on Sm=X (q) by EX . If we have a closedsubset(X ; Z ) 2 Sm=B(q) , we
have the presheafon Sm=X

(f : U ! X ) 7! E f � 1 (Z )(U);

which we denoteby E Z
X .

Let f : Y ! X be a quasi-�nite morphism in Sm=B. We have the
functor f � : Sm=X (q) ! Sm=Y (q) sending (U ! X ; W) to (U � X

Y; W � X Y); this de�nes the pushforward f � : Spt (Y (q)) ! Spt (X (q))
by f � F := F � f � . Clearly, f � preserves weak equivalences,hence
descendsto

f � : HSpt (Y (q) ) ! HSpt (X (q) ):

With thesenotations, we can de�ne our push-forward axiom:

(4.1.3)

Axiom 3:m Let m � 0 be an integer. Let f : Y ! X be a �nite
morphismin Sm=B, which we factor asf = p� i , wherei : Y ! X � Ad

is a closedembedding, p : X � Ad ! X is the projection and d � m.
Supposethat the normal bundle of i is trivial. Then there is natural
transformation in HSpt (X (q) ),

f � : f � EY ! EX ;

satisfying:

Let Z ! X be smooth, and let W � Y � X Z be a closedsubset
of codimension � q. Suppose that p2 : Y � X Z ! Z is �etale on a
neighborhood of W, and W ! W 0 := p2(W) is an isomorphism. Let

f (Z )W
� : E W (Y � X Z) ! E W 0

(Z )

be the composition

E W (Y � X Z)
i W ;f ( Z ) � 1 ( W 0)
� � � � � � � � ! E p� 1

2 (W 0)(Y � X Z)
f � (Z ;W 0)
� � � � � ! E W 0

(Z ):

Then the map

E W (Y � X Z)
f (Z ) �� � � ! E W 0

(Z )
is an isomorphismin SH .

Remark 4.1.2. The push-forward f � may depend on a choice of the
factorization p � i and the trivialization of the normal bundle of i , but
we omit this dependencefrom the notation.
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4.2. Finite �elds. We introduce one �nal axiom, to handle the case
of �nite residue�elds. Supposewe have a �nite �etale cover � : B 0 !
B , with B 0 embeddedas a principal divisor in A1

B ; choosea de�ning
equation g for B 0. Then for every X 2 Sm=B, B 0 � B X ! X is
embeddedin A1 � B X , with de�ning equation p�

1(g). Thus, given E 2
Spt (B (q) ) satisfying axiom 3.1, we have the natural transformation
� (g)� : � � � � E ! E, as well as � � : E ! � � � � E.

(4.2.1)

Axiom 4. SupposeE 2 Spt (B (q) ) satis�es axiom 3:1. Supposethat B
has someclosedpoint b with �nite residue�eld k(b). Let � : B 0 ! B
be a �nite �etale cover of B of degreen, embeddedin A1

B with de�ning
equation g. Then after inverting n, the natural transformation � (g) � �
� � : E ! E is a weak equivalence.

5. Mo ving by the pr ojecting cone

The method of moving by translation takescareof the caseX = An ;
for a generalsmooth a�ne B-scheme, we needto apply the classical
method of the projecting cone. Sincemost of the known results (cf.
[?], [?, Part I, Chap. I I, x3]) are restricted to the caseof varietiesover
a �eld, we will needto prove sometechnical results which enablethe
extensionto base-schemesB = SpecA, A a semi-local PID.

5.1. The pro jecting cone. Although we will eventually needto as-
sume that B = SpecA, with A a semi-local PID, we will work in a
somewhatmore generalsetting for a while, assumingonly that A is
semi-local and noetherian.

Let i : X ! An
B be a closedsubscheme of An

B with X 2 Sm=B.
We assumethat X is equi-dimensionalover B ; let m = dimB X . Let
�X � Pn

B be the closureof X in Pn
B and let Pn� 1

B (1 ) = Pn
B n An

B . Using
homogeneouscoordinates X 0; : : : ; X n for Pn , Pn� 1(1 ) is de�ned by
X 0 = 0.

Let M n� m be the a�ne spaceSpecB[f X ij j 1 � i � n; 1 � j � mg];
we view M n� m � Am as the parameter spacefor a�ne-linear maps
� : An ! Am by de�ning

� (x ij );(vj )(y1; : : : ; yn ) = (y1; : : : ; yn) � (x ij ) + (v1; : : : ; vm ):

Let V � M n� m be the matricesof rank m. Each B 0-valuedpoint x :=
(x ij ) of V yields the codimensionm linear subspaceL(x) � Pn� 1

B 0 (1 )
de�ned by the equations

X

i

x i 1X i = : : : =
X

i

x im X i = 0:
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We let VX � V be the open subschemewith L(x) \ �X = ; for x 2 VX

and set
UX := VX � Am :

For � 2 UX , let � X : X ! Am be the restriction of � to X .
For x 2 X , we let UX (x) � UX � B Spec(k(x)) be the closedsub-

schemeof � with � (x) = 0. We let UX (x)�et be the open subschemeof
UX (x) of those � for which � X is �etale over a neighborhood of 0.

Let B 0 ! B bea B-schemeandy := (x; v) : B 0 ! UX a B-morphism.
We write L(y) for L(x). The a�ne-linear projection � y : An

B 0 ! Am
B 0

extendsto the linear projection �� y : Pn
B 0 n L(x) ! Pm

B 0. SinceL(y) \
�X B 0 = ; , �� y restricts to a �nite surjective morphism �X B 0 ! Pm

B 0. Thus
the restriction of � y to

� y;X : X B 0 ! Am
B 0

is �nite and surjective and the maps

� y;X � id : X B 0 � � p ! Am
B 0 � � p

are also �nite and surjective for each p.
We make the following basicassumptions:

(5.1.1)
(1) The structure morphism UX ! B is surjective.
(2) For x 2 X , the subschemeUX (x)�et is non-empty.

Remarks 5.1.1. (1) It is easyto seethat (5.1.1)(1) is equivalent to the
assumptionthat Pn� 1

B (1 )\ �X is equi-dimensional(of relativedimension
dimB X � 1) over B , equivalently, for each b2 B (1) ,

( �X )b = X b

whereX b is the closureof X b in Pn
b . In particular, (5.1.1)(1)holds if A

is a �eld.

(2) It is easy to construct X 2 Sm=B which is a�ne and equi-
dimensional over B , of dimension say d over B , but does not admit
any �nite surjective morphismX B ! Ad

B , even if all residue�elds of B
are in�nite. However, we will show below (Theorem 10.0.3) that this
property holds locally on (X ; B) in the Nisnevic topology.

(3) Supposei 0 : X ! An
B satis�es (5.1.1)(1). Let i d : An ! AN =

SpecZ[Y1; : : : ; YN ] be the embedding with f i �
1(Yj )g a Z-basis of the

monomialsof degreed for somed > 1. Then i := (i d � id B) � i 0 satis�es
(5.1.1)(2). Also, if all residue�elds of B have characteristic zero, then
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(5.1.1)(2) is true for all embeddingsi which satisfy (5.1.1)(1). Seefor
example[?, Bertini***].

5.2. Notation and elementary prop erties. Let B 0 ! B be a B-
schemeand y : B 0 ! UX a B-morphism, giving the �nite surjective
morphism � y;X : X B 0 ! Am

B 0 and linear spaceL(y) � Pn� 1
B 0 (1 ).

There is an opensubschemeU0
X of UX which is an opensubschemeof

somea�ne spaceAr
B := SpecB[y1; : : : ; yr ] over B , with U0

X faithfully

at over B . Generalizingthe construction of x3.2, we let A(y) denote
the localization of A[y1; : : : ; yr ] with respect to the set of f =

P
I aI yI

such that the ideal in A generatedby the aI is the unit ideal. This
givesusthe semi-local noetherianring A(y), and the B-schemeB(y) :=
SpecA(y), together with a B-morphism y : B(y) ! UX having Zariski
denseimage.

For each p, let f p : X B (y) � � p ! Am
B (y) � � p denote the morphism

� y;X � id.

Notation 5.2.1. If W � X � � p is a pure codimensionq closedsubset
with irreducible components W1; : : : ; Ws, let cyc(W) :=

P s
i=1 Wi and

set
W c := Supp

�
f �

p (f p� (cyc(W))) � cyc(W)
�
:

Let W + � X B (y) � � p denote the closureof f � 1
p (f p(WB (y) )) n WB (y) .

We let Ry � X B (y) be the rami�cation locusof � y;X .

Remark 5.2.2. For W � X � � p a pure codimensionq closedsubset,
W + is alsoa purecodimenionq closedsubsetof X � � p, andW + � W c.
In addition W + [ W = W c [ W, and W + = W c if and only if W c and
W have no irreducible components in common.

Lemma 5.2.3. Supposethat A is a �eld. Let X be in Sm=B with a
closed embedding i : X ! An

B , C a �nite set of irr educiblelocally closed
subsetsof X , and e : C ! N a function. Let q > 0 be an integer.

(1) Let Z be an e�ective codimension q cycle on X with support
jZ j 2 S(q)

X ;C;e(0). Then � �
y;X (� y;X � (Z )) = Z + Z 0, with Z 0 e�ec-

tive. In addition, Z 0 hasno component in commonwith Z , and
jZ 0j is in S(q)

X ;C;e� 1(0).

(2) Let W � X � � p be a closed subsetin S(q)
X ;C;e(p). Then

(a) WB (y) \ (Ry � � p) is in S(q+1)
X B ( y ) ;C;e(p).

(b) W c is in S(q)
X B ( y ) ;C;e� 1(p).

Proof. We note that B(y) is Zariski densein UX . The result is a direct
consequence(after a translation in the notation) of [?, Part I, Chap.
I I, Lemma 3.5.4and Lemma 3.5.6]. �
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5.3. Birationalit y. We now proceedto analyze the maps f p : X �
� p ! Am

B 0 � � p. For most W 2 S(q)
X ;C;e(p), the map f p : W ! f p(W) is

birational, but there are somespecial casesthat needto be excluded.
From now on, we assumethat B = SpecA, with A a semi-local PID.

De�nition 5.3.1. We call a codimensionq closedsubsetZ of X � � p

induced if p2(Z ) � Z 0 for somecodimensionq closedsubsetZ 0 of � p. If
W � X � � p is a pure codimensionq closedsubset,let Ind(W) denote
the union of the irreducible components Z of W with Z induced.

Remarks 5.3.2. (1) If Z � X � � p is induced, then (� y;X � id)(Z ) is
an induced closedsubsetof Am � � p.

(2) SupposeZ � X � � p is induced and in S(q)
X (p). Then for each

�nite set of irreducible locally closedsubsetsC, Z is in S(q)
X ;C(p). In-

deed,each irreducible component of Z is an irreducible component of
a subset of the form p� 1

2 (Z0) for someZ0 2 S(q)
B (p), from which our

assertionfollows.

(3) Let W = f Wp � X � � pg be a simplicial closedsubset, with
each Wp 2 S(q)

X . Then p 7! Ind(Wp) forms a simplicial closedsubset
Ind(W) in S(q)

X and p 7! (Wp)+ and p 7! (Wp)c form simplicial closed
subsetsW + and W c in S(q)

X B ( y )
. This follows directly from the �niteness

of � y;X .

Lemma 5.3.3. Let W be a proper closed subschemeof X � � p of pure
codimension q > 0. Suppose that each irr educible component of W
dominatesB. Then

f p : WB (y) n f � 1
p (f p(Ind( W)B (y) )) ! f p(WB (y) ) n f p(Ind( W)B (y) )

is birational.

Proof. Sinceeach component of W dominatesB, we may assumethat
A is a �eld F . We delete the subscripts B (y) indicating base-change
unlessthey are neededfor clarity. We write f for f p.

If Z 0 � Am � � p is induced, then clearly f � 1(Z 0) is induced, hence,
if W 0 is an irreducible component of W, then f (W 0) is induced if and
only if W 0 is induced. In particular, if W 0 is an irreducible component
of W which is not induced, then f (W 0) is not contained in f (Ind( W)).
Thus, we may assumethat Ind(W) = ; .

Let W0 � X be the closureof the imageof W under the projection
pX : X � � p ! X . We proceedby induction on the maximum d
of the dimensionover B of an irreducible component of W0, starting
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with d = � 1 (i.e. W0 = ; ). Supposewe know our result for d � 1.
Let W 0 � W be the union of the irreducible components of W whose
projections to X have dimension at most d � 1, and let W 00be the
union of the remaining components.

Let W1 be an irreducible component of W 00and W2 an irreducible
component of W 0. Supposef (W1) � f (W2) or f (W2) � f (W1). Since
the projection � y;X is �nite, and each component of W has the same
dimension,it follows that f (W1) = f (W2).

Let pAm : Am � � p ! Am be the projection. Then

pAm (f (W1)) = pAm (f (pX (W2)) ;

which is impossible,since

dimB (pAm (f (W1)) = d;

dimB (pAm (f (W2)) = d � 1:

In particular, it follows from our induction hypothesisthat

f : W 0n f � 1(f (W 00)) ! f (W 0) n f (W 00)

is birational. Similarly, f : W ! f (W) is birational if and only if
f : W 00! f (W 00) is birational. Thus, we may assumethat W = W 00.

We �rst consider the casep = 0. Let W be a pure codimension
q proper closedsubset of X , let W1; : : : ; Wr be the irreducible com-
ponents of W and let Z =

P
i Wi . By Lemma 5.2.3(1), the cycle

f � (f � (Z )) � Z is e�ective, and hasno Wi as component.
In particular, each component of f � (Z ) has multiplicit y one, hence

the irreducible cyclesf � (Wi ) each have multiplicit y one, and are pair-
wise distinct. Since the multiplicit y of f � (Wi ) is the degreeof the
�eld extension [F (y)(Wi ) : F (y)( f (Wi ))], this implies that the map
WB (y) ! f (WB (y) ) is birational, as desired.

The casep = 0 easily implies the general case,in casethe image
subsetW0 is a proper subsetof X . Arguing as above in the reduction
to the caseW = W 00, we have only to considerthe casein which each
component of W dominatesX .

Fix an �F -point z of X . Supposethat, for all �F -points x in an open
subsetof X , the �b er Wx � x� � p = � p

�F of W over x hasan irreducible
component Z in commonwith the �b er Wz. Then clearly W �F contains
X � Z , from which it follows that W contains an inducedcomponent,
namely, the union of the conjugatesof X � Z over F . Sincewe have
assumedthat this is not the case,it follows that, for all pairs (z; x) in
an open subsetU of X � X , the �b ersWz and Wx have no components
in common.
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Let � bea geometricgenericpoint of Am over F , such that � remains
a genericpoint over F (y). If z and x aredistinct points in � � 1

y;X (� ), then
a dimensioncount implies that (z; x) is a F -genericpoint of X � F X
and hence(z; x) is a geometricpoint of U. Thus, Wz and Wx have no
commoncomponents. Since

f (W) � = [ x2 � � 1
y ;X (� )Wx � � p

F (y;� )

asclosedsubsetsof � p
F (y;� )

, it follows that the map W� � 1
y ;X (� ) ! f (W) �

is is genericallyone to one.
As f : WF (y) ! f (WF (y)) is a map over Am

F (y) , this map is oneto one
over a denseopen subsetof f (WF (y)). Since,by Lemma5.2.3(2),WF (y)

is generically�etaleover f (WF (y)), WF (y) ! f (WF (y) ) is thus birational,
completing the proof. �

5.4. Behavior in codimension one. We now extend our analysis
to behavior at the codimension one points of B . For b 2 B, we let
b(y) = B(y) � B b, and write f p;b for the �b er of f p over b(y).

Lemma 5.4.1. Let X be in Sm=B with a closed embedding i : X !
An

B satisfying (5.1.1). Let W � X � � p be a closed subsetof pure
codimensionq > 0. Then

(1) Ry is a pure codimension one subschemeof X B (y) and is 
at
over B(y).

(2) For all b2 B, Ry � � p \ Wb(y) haspure codimension1 on Wb(y) .

Proof. Since X B (y) and Am
B (y) are smooth over B(y), Ry is the sub-

schemede�ned by the vanishingof

det(d� y;X ) : det 
 X B ( y ) =B(y) ! � �
y;X (det 
 Am

B ( y )
):

In particular, Ry is a Cartier divsor on X . From the caseof �elds, we
know ([?], [?, Part I, Chap. I I, Lemma3.5.4])that � yb;X b : X b(y) ! Am

b(y)

is generically�etale for each point b 2 B; sinceRyb = Ry � B (y) b(y), it
follows that Ry is 
at over B . This proves(1).

For (2), it su�ces to show that Ryb � � p \ Wb(y) haspure codimension
1 on Wb(y) for all b 2 B, which reducesus to the caseof �elds. This
follows from [?, loc. cit. ]. �

Remark 5.4.2. Let W � X � � p be an irreducible closedsubset. If
W is not induced, it follows from Lemma 5.3.3and Lemma 5.4.1 that
f p� (W) = 1 � f p(W), thus

f �
p (f p� (W)) = 1 � W + Z + ;
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where Z + is an e�ective cycle with support W + . Similarly, if W is
induced, then f p� (W) = dW � f p(W) for someinteger dW � 1, and

f �
p (f p� (W)) = dW � W + Z + :

where Z + as above is an e�ective cycle with support W + , and with
Z + � dW � cyc(W + ). Thus if W is an arbitrary closedsubsetof X � � p

of pure codimension,then

cyc(W c) � cyc(W + ) =
X

Z

1 � Z;

wherethe sumis over the inducedirreducible components Z of W with
dZ > 1.

Lemma 5.4.3. Let W � X � � p be a pure codimensionq closed subset,
and let Z be an irr educiblecomponent of W \ W c. Supposethat Z has
codimensionq. Then Z is induced.

Proof. This follows directly from Remark 5.4.2. �

Lemma 5.4.4. Let W � X � � p be a pure codimensionq closed subset.
Supposethat each irr educiblecomponent of W dominatesB. Then for
each b2 B

W c
b(y) = (Wb(y) )c:

Proof. Let W � � X b� � p bean e�ectivecyclewith support equalto Wb.
It follows from Remark 5.4.2 (applied with b replacing B) that (Wb)c

is the support of f �
p;c(f p;c� (W � )) � W � . Let i : X b(y) � � p ! X B (y) � � p

be the inclusion.
We have

i � (f �
p (f p� (W)) � W) = f �

p;b(f p;b� (i � (W)) � i � (W);

by our remarks above, the left-hand side has support W c
b(y) and the

right-hand sidehassupport (Wb(y) )c �

We cannow prove the extensionto a generalbaseB of the necessary
properties of the projecting cone.

Prop osition 5.4.5. Let X be in Sm=B with a closed embedding i :
X ! An

B satisfying (5.1.1), C a �nite set of irr educible locally closed
subsetsof X and e : C ! N a function. Takeq > 0 and W 2 S(q)

X ;C;e(p).

Then W c is in S(q)
X B ( y ) ;C;e� 1(p).

Proof. We may assumethat W is irreducible. If W � X b for some
closedpoint b 2 B, the result followsfrom the caseof a �elds (Lemma5.2.3),
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so we may supposethat W dominatesB. Then each irreducible com-
ponent of W c alsodominatesB, so we may assumethat C = Cgen. By
Remark 3.1.6, it su�ces to show

(1) W c
b 2 S(q)

X b;i �
b C;i �

be� 1(p) for b a genericpoint of B .

(2) W c
b 2 S(q� 1)

X b;i �
b C;i �

be� 1(p) for b2 B (1) .

Take b2 B. If b is the genericpoint of B , then Wb is in S(q)
X b;i �

b C;i �
b e(p),

so by Lemma 5.2.3, (Wb)c is in S(q)
X b;i �

bC;i �
b e� 1(p). If b is a codimension

one point of B , then by Remark 3.1.6, Wb is in S(q� 1)
X b;i �

bC;i �
b e(p), so as

above, (Wb)c is in S(q� 1)
X b;i �

b C;i �
b e� 1(p). By Lemma5.4.4,W c

b = (Wb)c, which
completesthe proof. �

Let W bea closedsubsetof X B 0� � p. We let Cone(W) � An
B (y) � � p

be the closedsubset:

Cone(W) := (� y � id) � 1
�
(� y;X � id)(W)

�
:

Lemma 5.4.6. Supposethat W is in S(q)
X B ( y )

(p). Then Cone(W) is in

S(q)
An

B ( y ) ;f X g(p).

Proof. We omit the subscript B 0 and write � for � y;X . Since� : X !
Am is �nite, it follows that (� � id)(W) is in S(q)

Am (p). Since� y : An !
Am is equi-dimensional,Cone(W) = (� y � id)� 1(( � � id)(W)) is in
S(q)

An (p). Similarly, (� � id) � 1(( � � id)(W)) is in S(q)
X (p); since

Cone(W) \ (X � � p) = (� � id) � 1(( � � id)(W));

it follows that Cone(W) is in S(q)
An

B ( y ) ;f X B ( y ) g(p). �

Lemma 5.4.7. Let X be in Sm=B with a closed embeddingi : X ! An
B

satisfying (5.1.1), C a �nite set of irr educible locally closed subsetsof
X suchthat each C 2 C dominatesB, and e : C ! N a function. Take
q > 0 and W 2 S(q)

X ;C;e(p). Then

(1) f p is �etale in a neighborhood of WB (y) n (Ind( W)B (y) [ W + ),
(2) the map

WB (y) n (Ind( W)B (y) [ W + )
f p
�! f (WB (y) ) n f p((Ind( W)B (y) [ W + ) \ WB (y) )

is an isomorphism.
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Proof. Set
W 0 := WB (y) n (Ind( W)B (y) [ W + )

and
W 1 := f (WB (y) ) n f p((Ind( W)B (y) [ W + ) \ WB (y) ):

We note that

f � 1
p (f p(Ind( W)) � Ind(W) \ W + :

Thus,asin the proof of Lemma5.3.3,wemay assumethat Ind(W) = ; .
Take a point x 2 W and let x0 = f p(x). The assertionis local for

the �etale topology on Am � � p, so, after changing notation, we may
replaceAm

B (y) � � p with its HenselizationV at x0. We set

U := X B (y) � � p � Am
B ( y ) � � p V:

Let x1 = x and let x2; : : : ; xs be the other points of f � 1
p (x0). We order

the x i sothat x2; : : : ; xr are not in Ry � � p and xr +1 ; : : : ; xs are. Since
V is Hensel,we have a decomposition of U as a disjoint union

U = q s
i=1 Ui

with x i 2 Ui . Let Ry � X B (y) be the rami�cation locusof � y;X , and let
Wi = WB (y) � X � � p Ui , W +

i = W + � X � � p Ui .
Weclaim that, if x i 2 WB (y) for somei > 1, or if x is in Ry � � p, then

x is in W + . Wetemporarily write f p for the map f p � idV . Suppose�rst
that x is not in Ry � � p. By Lemma5.3.3,WB (y) mapsbirationally to
its imagef p(WB (y) ), sothe sameis true after pull-back by U. Thus, Wi

mapsbirationally to its imagef p(Wi ), and f p(Wi ) hasno component in
commonwith f p(W1). Thereforef � 1

p (Wi ) \ U1 is a union of components
of W +

1 , so x = x1 is in W + .
If x is in Ry � � p, let d be the degreeof f p : U1 ! V . Sincex is

a point of rami�cation for f pjU1 , d is at least 2. SinceRy is a divisor
on X , f pjU1 is generically �etale; sincef p : W1 ! f p(W1) is birational,
f � 1

p (f p(W1)) must strictly contain W1. Sincef � 1
p (f p(W1) = W1 [ W +

1 ,
it follows that W +

1 is non-empty; sinceU1 is local with closedpoint x,
we must have x 2 W +

1 .
From this, it follows that
(a) f p(WB (y) n W + ) � f p(WB (y) ) n f p(W + \ WB (y) ),
(b) WB (y) \ Ry � � p � WB (y) \ W + .
(c) f p : WB (y) nW + ! f p(WB (y) )nf p(W + \ WB (y) ) is set-theoritically

one-to-one.
Sincef p is 
at, (b) implies that f p is �etale in a neighborhood of WB (y) n
W + , verifying (1). The statements (a), (c) and (1) together imply
(2). �
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We needone last technical result.

Notation 5.4.8. For x : B 0 ! UX a B-morphism, B 0 ! B a B-scheme,
we let Brx = � x;X (Rx ). SincecodimX B ( y )

Ry = 1, Brx is a divisor on
Am

B (y) .

Lemma 5.4.9. Let W be in S(q)
X (p). Then f p(W) is in S(q)

Am
B ( y ) ;f Br y g(p).

Proof. Noting that F �= � s for somes, it su�ces to prove that

codimf p (W ) (f p(W) \ Bry � � p) � 1:

for each pure codimension q closedsubset W of X � � p. We may
assumethat W is irreducible.

Let W 0 � X be the closureof the image of W. It su�ces to show
that � y;X (W 0

B (y) ) is not contained in Bry. Let w be the genericpoint of
W 0. Sincethe imageof y � id : B(y) � B k(w) ! UX � B k(w) is Zariski
dense,it follows from (5.1.1)(2) that � y;X is �etale at all the points of
� � 1

y;X (� y;X (w)). Thus � y;X (w) is not in Bry , as desired. �

6. Cho w's moving lemma

We can now present the proof of the main moving lemma Theo-
rem 2.6.2. Part of the proof relies on Theorem 10.0.3; as this latter
is a technical result which is completely disjoint from the main line of
argument, we postponethe statement and proof of this result to x10.

In this section,we �x a smooth irreducible B-schemeX with a closed
embedding i : X ! An

B . We let m = dimB X , and we assumethat i
satis�es (5.1.1). We assumethat the normal bundle N i is trivial; �x an
isomorphism : N i

�= Od
X , d = n � m. It follows from Theorem10.0.3

that this casesu�ces to prove Theorem 2.6.2. We we use the trivi-
alization  as neededin the discussionbelow without referring to it
explictly.

We �x a presheafE 2 Spt (B (q) ). We extend the de�nition of the
simplicial spectra E (q) (X ; � ) to X 2 Smess=B by taking a homotopy
colimit, as in x3. We assumethroughout this section that E satis�es
the axioms1 and 2 of x4.

6.1. Excision and its consequences.

Lemma 6.1.1. Let B 0 be a B-schemeand x : B 0 ! UX a B-morphism.
Let W � W 0 be a simplicial subsetsof X � � � . We denote� x;X � id�

by f . Supposethat E satis�es axiom 3:d. Supposein addition that for
each p � 0

(1) f p is �etale along Wp n W 0
p
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(2) f p : Wp n W 0
p ! f p(Wp n W 0

p) is an isomorphism (of reduced
schemes).

Let V � X B 0 � � � be the simplicial closed subsetf � 1(f (W)) and let
W 00= f � 1(f (W 0)) . Then the composition (which we denoteby � x;W )

E W nW 0
(X B 0 � � � n W 0)

f ��! E f (W nW 0)(Am
B 0 � � � n f (W 0))

f �

� ! E V nW 00
(X B 0 � � � n W 00)

= E W nW 0
(X B 0 � � � n W 0) � E V n(W [ W 00)(X B 0 � � � n W 00)

p
�! E W nW 0

(X B 0 � � � n W 0)

is an isomorphismin SH. Here p is the projection, and the direct sum
decomposition of E V nW 00

(X B 0 � � � nW 00) arisesfrom the decomposition
of V n W 00into disjoint closed simplicial subsets

V n W 00= W n W 0q V n (W [ W 00)

and Lemma4.1.1.

Proof. This follows from the axioms2 and 3:d. �

Remark 6.1.2. For B 0 = B(y), x : B 0 ! UX the canonicalmorphism
y : B(y) ! UX and for W 2 S(q)

X , the closedsimplicial subset W 0

de�ned by
W 0

p := Wp \ (W +
p [ Ind(W)p)

satis�es the conditionsof Lemma6.1.1. This follows from Lemma5.4.7

Let E, X , x : B 0 ! UX , W and W 0, W 00, V and p be as in
Lemma 6.1.1. Let

E W nW 0
(X B 0 � � � n W 0)

~f ��! E f (W nW 0)(Am
B 0 � � � n f (W 0))

be the composition (in SH )

E W nW 0
(X B 0 � � � n W 0)

� � 1
� ;W

�� �! E W nW 0
(X B 0 � � � n W 0)

f ��! E f (W nW 0)(Am
B 0 � � � n f (W 0)) :

Lemma 6.1.3. Let E, x : B 0 ! UX , W and W 0 be as in Lemma6.1.1.
Then

id � f � � ~f � : E W nW 0
(X � � � n W 0) ! E W nW 0

(X � � � n W 0)

is the zero map (in SH ).

Proof. This follows directly from Lemma 6.1.1 and the de�nition of
~f � . �
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We will require the following notation:

De�nition 6.1.4. Let X and Y be in Sm=B, C a �nite set of irre-
ducible locally closedsubsetsof X and e : C ! N a function. We let
S(q)

Y;C;e(p) be the set of W 2 S(q)
Y (p) with (� � id� p )� 1(W) 2 S(q)

X ;C;e(p).

The S(q)
Y;C;e(p) form a simplicial subsetS(q)

Y;C;e of S(q)
Y ; wesetE (q) (Y; � )C;e :=

E S( q)
Y;C;e (Y � � � ).

Remark 6.1.5. For each Ci 2 C, we can decompose the image � (C)
(which is constructible) as a �nite disjoint union of irreducible locally
closedsubsetsof Y:

� (Ci ) = q j D ij :

Let nij = dim(Ci ) � dim D ij . Let d(D ij ) = e(Ci ) + nij , and let D =
f D ij g. Then S(q)

Y;C;e = SY;D ;d.

6.2. The pro of of Theorem 2.6.2. Let X ! SpecB and i : X ! An
B

be as above. Let C be a �nite set of irreducible locally closedsubsets
of X 2 Sm=B such that each C 2 C dominates B. Let e � 0 be
an integer, which we consider as the constant function e : C ! N
with value e. In this section, we assumethat B = SpecA, with A a
semi-local PID. We will show that

(6.2.1) E (q) (X ; � )C;e ! E (q) (X ; � )

is a weak equivalence.SinceE (q) (X ; � )C;e = E (q) (X ; � )C if e = 0, this
result implies Theorem2.6.2.

As above, we have the B-morphism y : B(y) ! UX , and the mor-
phism of cosimplicial B (y)-schemesf : X B (y) � � � ! Am

B (y) � � � .

If e = dimB X , then S(q)
X ;C;e = S(q)

X , so by descendinginduction on e
it su�ces to show

(6.2.2) E (q) (X ; � )C;e� 1 ! E (q) (X ; � )C;e

is a weak equivalencefor 1 � e � dimB X . Let E (q) (X ; � )C;e=e� 1 de-
note the homotopy co�b er of E (q) (X ; � )C;e� 1 ! E (q) (X ; � )C;e; it thus
su�ces to show

(6.2.3) E (q) (X ; � )C;e=e� 1 is weakly contractible.

By axiom 1, we have the weak equivalenceof E (q) (X ; � )C;e=e� 1 with
the homotopy colimit

E (q) (X ; � )C;e=e� 1 � hocolim
W1 ;W2

E W1nW1 \ W2 (X � � � n W1 \ W2)
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where the limit is over simplicial closedsubsetsW1 2 S(q)
X ;C;e, W2 2

S(q)
X ;C;e� 1. We call a such pair (W1; W2) allowablefor X ; C; e. Similarly,

wecall a pair (W1; W2) of closedsimplicial subsetsof Am � � � allowable
for Am ; C; e if W1 is in S(q)

Am ;C;e and W2 is in S(q)
Am ;C;e� 1 (seeDe�nition 6.1.4

for the notation) .
Let (W1; W2) be an allowable pair. Set

E (W1 ;W2)(X ; � ) := E W1nW1 \ W2 (X � � � n W1 \ W2):

We set

� � (W1; W2) := (W1B (y) ; W2B (y) [ W +
1 [ Ind(W1)B (y) );

and

f (� � (W1; W2)) := (f (W1B (y) ); f (W2B (y) [ W +
1 [ Ind(W1)B (y) )) :

By Proposition 5.4.5,Remark5.4.2andRemark5.3.2,� � (W1; W2) is al-
lowable for X B (y) ; � � C; e; since� y;X is �nite, f (� � (W1; W2)) is allowable
for Am

B (y) ; C; e.
By Lemma6.1.2,Remark 6.1.2and Lemma 6.1.3,we have the weak

equivalence

� W1 ;W2 : E � � (W1 ;W2)(X B (y) ; � ) ! E � � (W1 ;W2)(X B (y) ; � )

the push-forward morphism

f � : E � � (W1 ;W2)(X B (y) ; � ) ! E f (� � (W1 ;W2)) (Am
B (y) ; � )

the modi�ed pull-back
~f � : E f (� � (W1 ;W2)) (Am

B (y) ; � ) ! E � � (W1 ;W2)(X B (y) ; � ):

Lemma 6.2.1. The base-change

� � : E (q) (X ; � )C;e=e� 1 ! E (q) (X B (y) ; � )� � C;e=e� 1

induces the zero-map on homotopygroups.

Proof. It su�ces to show that for each allowable pair (W1; W2), the
composition

E (W1 ;W2)(X ; � )
� W 1;W 2� � � � ! E (q) (X ; � )C;e=e� 1

� �

� ! E (q) (X B (y) ; � )� � C;e=e� 1

induceszeroon the homotopy groups. We considerthe composition

E (W1 ;W2)(X ; � ) � �

� ! E (W1B ( y ) ;W2B ( y ) )(X B (y) ; � )

! E � � (W1 ;W2)(X B (y) ; � )
~f ��! E f (� � (W1 ;W2)) (Am

B (y) ; � )
f �

�! E � � (W1 ;W2)(X B (y) ; � ) ��! E (q) (X B (y) ; � )� � C;e=e� 1;



40 MAR C LEVINE

by Lemma6.1.3,this composition inducesthe samemap on homotopy
groupsas � � � �W 1;W2 . Thus it su�ces to show that � � f � induceszero
on homotopy groups.

We can factor � � f � as

E f (� � (W1 ;W2)) (Am
B (y) ; � ) � 0

�! E (q) (Am
B (y) ; � )� � C;e=e� 1

f �

� ! E (q) (X B (y) ; � )� � C;e=e� 1:

By Proposition 3.2.5and Remark 6.1.5the middle term is weakly con-
tractible, which completesthe proof. �

The argument we usedin the proof of Proposition 3.2.5shows that
the base-change � � is injective on homotopy groups. This veri�es
(6.2.3), completing the proof of the theorem.

7. Funtoriality

Wecompletethe programby showing how Theorem2.6.2yieldsfunc-
torialit y for the spectra E (q) (X ; � ). We actually prove two di�erent
levels of functorialit y, a weak form, being the extensionto a functor

E (q) : Sm=Bop ! SH ;

and a strong form, which givesa functor

E (q) : Sm=Bop ! Spt :

For the strong form, we require that B = SpecF , F a �eld.
Let E be in Spt (B (q) ). Recall from x2.5 the presheaf

E (q)
sm : Sm==B op ! Spt

and the homotopy coniveau tower (2.5.1). This is the starting point
for full functorialit y.

Throughout this section,we assumethat B is a regular noetherian
separatedschemeof Krull dimensionone.

7.1. Functorialit y in SH . In order to give a natural setting for the
form of functorialit y oneachievesover a generalbaseB, we introduce
somenotation.

Let f : Y ! X be a morphism in Sm=B, F in Spt Nis(Y). We
have the functor f � : Spt Nis(Y ) ! Spt Nis(X ) with left adjoint f � .
Checking stalkwise, one seesthat f � preserves co�brations and weak
equivalences,hencef � preserves�brations.

SinceHSpt Nis(Y ) is equivalent to the homotopy categoryof �bran t
objects in Spt Nis(Y), wehavethe functor f � : HSpt Nis(Y) ! HSpt Nis(X )
de�ned by sendinga �bran t object F 2 Spt Nis(Y) to f � F 2 HSpt Nis(X ).
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For composablemorphismsf : Y ! X ,g : Z ! Y, there is a canon-
ical isomorphism� f ;g : f � g� ! (f g) � , satisfying the standard cocycle
condition. Indeed, if F is �bran t in Spt Nis(Z ), then f � F is �bran t in
Spt Nis(Y), sothe canonicalisomorphismin Spt Nis(X ) g� f � F ! (gf ) � F
de�nes the natural isomorphism� f ;g. The cocyclecondition is checked
in a similar fashion.

Form the categoryHSpt Nis=B with objects (X ; E), with X 2 Sm=B
and with E 2 HSpt Nis(X ). A morphism � : (X ; E) ! (Y; F ) is a
morphismf : Y ! X in Sm=B togetherwith a morphism� : E ! f � F
in HSpt Nis(X ). Composition is given by

(g;  ) � (f ; � ) := (f g; � g;f � g� ( ) � � ):

Sending(X ; E) to X de�nes the functor � : HSpt Nis=B ! Sm=Bop.
The functor E (q)

sm de�nesa sectionto � over the subcategorySm==Bop:

~E (q)
sm : Sm==Bop ! H Nis=B:

Theorem 7.1.1. Let E be in Spt (B (q) ), satisfying axiom 3:m for all
m, and axiom 4. Then the section ~E (q)

sm extendsto a section

~E (q) : Sm=Bop ! HSpt Nis=B:

This section is devoted to the proof of this result. As a matter of
notation, if we have composablemorphismsf : Y ! X , g : Z ! Y,
objects EX 2 Spt Nis(X ), EY 2 Spt Nis(Y ) and EZ 2 Spt Nis(Z ) and
morphisms � : EX ! f � EY ,  : EY ! g� EZ , we let  � � : EX !
(f g) � EZ denotethe composition � f ;g � g� ( ) � � .

We considerthe following situation: Let f : Y ! X be a morphism
in Sm=B. Let X f � X be the open subsetof X of points over which
f is smooth. Let C be a �nite set of irreducible locally closedsubsets
of X such that there is a subsetC0 � C satisfying

(1) X n X f � [ C2C0 C
(2) For each C 2 C0, the restriction of f to f : f � 1(C) ! C is

equi-dimensional.
(3) Each C 2 C0 dominatesa component of B , i.e., C0 � C0gen.

We call such a C good for f .
Supposethat C is good for f . Then

W 2 S(q)
X ;C(p) =) (f � id) � 1(W) 2 S(q)

Y (p);

sowe have the well-de�ned map of simplicial spectra

f � : E (q) (X ; � )C ! E (q) (Y; � ):
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This construction is compatible with pull-back by a smooth morphism
Z ! X , so we have the map of presheaveson X Nis :

f � : E (q) (X Nis; � )C ! f � E (q) (YNis; � ):

If we vary q, we have the well-de�ned map of towers of presheaves

f � : E (� )(X Nis; � )C ! f � E (� )(YNis; � ):

By Theorem 2.6.2(1), the map E (q) (X Nis ; � )C ! E (q) (X Nis; � ) is a
local weak equivalencein Spt Nis(X ), so the diagram

E (q) (X Nis; � )  E (q) (X Nis ; � )C
f �

�! f � E (� )(YNis; � )

de�nes the map in the homotopy categoryHSpt Nis(X )

(7.1.1) f � : E (q) (X Nis ; � ) ! f � E (q) (YNis; � ):

Lemma 7.1.2. The map (7.1.1) is independent of the choice of good
C.

Proof. Let C0 be another collection which is good for f . Then C[ C0

is clearly good for f , so we may assumethat C0 � C. This yields the
commutativ e diagram of presheaves

E (q) (X Nis ; � ) E (q) (X Nis; � )C
oo

f �

��
E (q) (X Nis; � )C0

OO 66lllllllllllll

f �
//f � E (� )(YNis; � );

whencethe result. �

For a generalf , there may be no C which is good for f . However,
if f is smooth, then every C is good for f . If i : Y ! X is a closed
embedding, and C is any collection containing i (Y), then C is good for
i . Thus f � is de�ned for smooth morphismsand for closedembeddings.
This justi�es the following

De�nition 7.1.3. Let f : Y ! X be a morphism in Sm=B. Factor
f as f = p � i , wherep : Y � B X ! X is the projection, and i : Y !
Y � B X is the graph, i = (idY ; f ). De�ne the map f � in HSpt Nis(X )
by

f � := i � � p� : E (q) (X Nis; � ) ! f � E (q) (YNis; � ):

We proceedto show the functorialit y (f g) � = g� f � .



CHOW'S MOVING LEMMA IN THE A1-STABLE HOMOTOPY CATEGOR Y 43

Lemma 7.1.4. Let

W
i 2 //

f 2

��

Y

f 1

��
Z

i 1

//X

be a commutative diagram in Sm=B, with f 1; f 2 smooth morphisms,
and i1; i2 closed embeddings. Then i �

2 � f �
1 = f �

2 � i �
1 in HSpt Nis(X ).

Proof. Let g = f 1i2 = f 2i1. Let

CX := f i1(Z )g; CY := f i2(W)g:

One checks that

W 2 S(q)
X ;CX

(p) =) (f 1 � id) � 1(W) 2 S(q)
Y;CY

(p):

Thus, we have the pull-back

f �
1 : E (q)(X Nis ; � )CX ! f 1� E (q) (YNis; � )CY ;

giving the commutativ e diagram

f 1� E (q) (YNis; � )

E (q) (X Nis; � )CX f �
1

//

f �
1

55kkkkkkkkkkkkkk

i �
1

��

f 1� E (q) (YNis; � )CY

f 1� (i �
2 )

��

OO

i1� E (q) (ZNis; � )
i 1� (f �

2 )
//g� E (q) (WNis; � )

The result follows easily from this. �

Lemma 7.1.5. Let f : Y ! X , g : Z ! Y be morphismsin Sm=B.
If f and g are both smooth morphisms,or both closed embeddings,then

(f g) � = g� f � : E (q) (X Nis ; � ) ! (f g) � E (q) (ZNis; � ):

in HSpt Nis(X ).

Proof. For smooth morphismsf andg, wehave(f g) � = g� f � in Spt Nis(X ).
If f and g are closedembeddings, take CX = f f (Y); f (g(Z ))g and
CY = f g(Z )g. Then

W 2 S(q)
X ;CX

(p) =) (f � id) � 1(W) 2 SY;CY (p);

giving us the pull-back map

f � : E (q) (X Nis; � )CX ! f � E (q) (YNis; � )CY :
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In addition, CX is good for f and for f g andwehave the commutativ e
diagram

f � E (q) (YNis; � )

E (q) (X Nis; � )CX f �
//

f �
55kkkkkkkkkkkkkk

(f g) � ))SSSSSSSSSSSSSS
f � E (q) (YNis; � )CY

OO

f � (g� )
��

(f g) � E (q) (YNis; � ):

�

Prop osition 7.1.6. Let f : Y ! X , g : Z ! Y be morphisms in
Sm=B. Then

(f g) � = g� f � : E (q) (X Nis ; � ) ! (f g) � E (q) (ZNis; � ):

in HSpt Nis(X ).

Proof. Considerthe commutativ e diagram

Z
(id Z ;g) //Y � B Z

p1

��

(id Y ;f )� idZ //X � B Y � B Z

p12

��
Y

(id Y ;f )
//X � B Y

p1

��
X

Let i = [(idY ; f ) � idZ ]� (idZ ; g) and p = p1 � p12. Applying Lemma7.1.4
and Lemma 7.1.5 to this diagram shows that

g� � f � = i � � p� :

Applying Lemma 7.1.4 and Lemma 7.1.5 to the commutativ e dia-
gram

Z
i //X � B Y � B Z

p13

��

p

&&MMM
MMM

MMM
MMM

Z
(id Z ;g)

//X � B Z p1
//X

yields
i � � p� = (f g) � :

�
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To construct the section ~E (q) , wesendX to E (q) (X ; � ) 2 HSpt Nis(X )
and f : Y ! X to (f ; f � ) : (X ; E (q) (X ; � )) ! (Y; E (q) (Y; � )). By
Proposition 7.1.6,this givesa well-de�ned sectionto � , extending ~E (q)

sm .
Sincethe construciton of f � is natural with respect to changein q, we
have the tower of functors assertedin Theorem 7.1.1. This completes
the proof of Theorem7.1.1.

SendingE 2 HSpt Nis(X ) to the global sectionsof a �bran t model
de�nes the functor

R�( X ; � ) : HSpt Nis(X ) ! SH ;

varying X , we have the functor

R� : HSpt Nis=B ! SH:

We have for examplethe functor

R� E (q)
sm : Sm==Bop ! SH

R� E (q)
sm := R� � ~E (q)

sm .

Corollary 7.1.7. Let E be in Spt (B), satisfying axioms 3:m for all
m and axiom 4. The functor R� E (q)

sm extendsto the functor

R� E (q) : Sm=Bop ! SH

by setting R� E (q) := R� � ~E (q) , and we havethe tower of functors

: : : ! R� E (q+1) ! R� E (q) ! : : : ! R� E (0) :

7.2. Straigh tening a homotop y limit. In order to passfrom func-
torialit y in the homotopy categoryto a strict functorialit y, we �rst take
a certain homotopy limit. This yields a functor \up to homotopy and
all higher homotopies"; we then apply a construction of Dwyer -Kan
to rectify this to a strict functor. In this section, we present these
constructionsin the generalsetting.

To get started:

De�nition 7.2.1. Let � : A ! B be a functor of small categories.For
each b2 B, we have the subcategory� � 1(b) of A consistingof objects
over b and morphismsover idb; let � b : � � 1(b) ! A be the inclusion.
A lax �b ering of � consistsof the assignment:

(1) for each morphism h : b ! b0 in B , a functor h� : � � 1(b0) !
� � 1(b), and a natural transformation � h : � b � h� ! � b0

(2) for each pair of composablemorphisms b h�! b0 g
�! b00 in B , a

natural transformation #g;h : h� g� ! (gh) �

which satis�es
a) � (� h(x)) = h for h : b ! b0 in B , and x 2 � � 1(b0).
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b) for composablemorphisms h : b ! b0, g : b0 ! b00, and for
x 2 � � 1(b00),

� g(x) � � h(g� x) = � gh(x) � #g;h(x):

c) for composablemorphismsb h�! b0 g
�! b00 f

�! b000

#h;gf � (#g;f � h� ) = #hg;f � (f � � #h;g):

If the natural transformations #g;h are all identit y maps, we call
(� : A ! B ; � ) a strict �b ering of � .

Next, we recall the notations and results of Dwyer-Kan [6] on which
the construction is based.

Recall the a simplicial category is a category enriched in simplicial
sets. We make the category of simplicial sets sSets a simplicial cat-
egory as usual by setting HomsSets (A; B)n := HomsSets (A � �[ n]; B ).
For simplicial categoriesA , B, (with A small) we have the category
of simplicial functors A ! B, denoted BA . The category sSetsA

has a model structure where the co�brations and weak equivalences
are pointwise; this extendsthe model structure we have described on
sSetsA for A a small category.

A simplicial functor f : A ! B is a weak equivalence if
(1) For each pair of objects of A , the map of simplicial sets f :

HomA (x; y) ! HomB(f (x); f (y)) is a weak equivalence.
(2) � 0(f ) : � 0A ! � 0B is surjective.

Let f : A ! B bea simplicial functor. Wehave the pull-back functor
f � : sSetsB ! sSetsA , i.e., f � X (a) := X (f (a)). Dwyer-Kan de�ne the
homotopypush-forward hocolimf � : sSetsA ! sSetsB asfollows: Take
X 2 sSetsA . For b 2 B, hocolimf � X (b) is the diagonal simplicial set
associated to the bisimplicial set (hocolimf � X )�� (b) with

(hocolimf � )n; � X (b) :=

q X (a0) � HomA (a0; a1) � : : : � HomA (an� 1; an ) � HomB(f (an); b)

and the evident faceanddegeneracymaps,and the evident functorialit y
in b. For a 2 A , we have the evident map

ia : X (a) ! hocolimf � X (f (a)):

This map is natural in X , but not in a.
The functor hocolimf � admits a right adjoint

hocolimf � : BsSets ! A sSets

and there is a natural transformation f � ! hocolimf � . For Y 2 BsSets ,
we have the adjunction hocolimf � (hocolimf � Y) ! Y; we let rY :
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hocolimf � f � Y ! Y denotethe composition

hocolimf � (f � Y) ! hocolimf � (hocolimf � Y) ! Y:

The main result of [6] is

Theorem 7.2.2 (Theorem 2.1 [6]). Supposethat f : A ! B is a weak
equivalence of small simplicial categories. Then for each X 2 sSetsA

and a 2 A , the map

ia : X (a) ! hocolimf � X (f (a))

is a weak equivalence. Also, for each Y 2 sSetsB, the map

rY : hocolimf � f � Y ! Y

is a weak equivalence, natural in Y,

Let I bea 2-category. Weform the simplicial categoryN � I by setting

HomN � I (a;b) � := N � HomI (a;b)

for each pair of objects a;b2 I . A simplicial functor X : N � I ! sSets
is called a continuous functor X : I ! sSets.

Let B be a small category. Form the 2-categoryFacB as follows:
FacB hasthe sameobjects asB. A morphism b ! b0 in FacB consists
of a sequenceof composablemorphisms

b= b0
f 1�! b1

f 2�! : : :
f n�! bn = b0

whereif somef i = id, weidentify the sequencewith the oneobtainedby
deleting f i (unlessn = 1). Composition is just by concatenation. We
write such a sequenceasf n � : : :� f 1. Givensuch a sequence,wecanform
a new (shorter) sequenceby changing someof the � 's to compositions
in the categoryB; this operation de�nes a 2-morphism. We have the
functor � : FacB ! B which is the identit y on objects, changesthe
concatenation� to composition in B, and sendsall 2-morphismsto the
identit y. This yields the functor of simplicial categories� : N � FacB !
B .

The categoryHomFacB (b;b0) is a partially orderedset with maximal
elements HomB (b;b0), and each ~f 2 HomFacB (b;b0) is dominated by a
unique maximal element, namely � ( ~f ). Thus, we have

Lemma 7.2.3. � : N � FacB ! B is a weak equivalence of simplicial
categories.

We may therefore apply the Dwyer-Kan theorem; for a continuous
functor X : FacB ! sSets, we denote hocolim� � X : B ! sSets by
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CB X , or just CX if the context makesthe meaningclear. We have for
each b2 B the weak equivalence

ib : X (b) ! CB X (b):

Thus, the Dwyer-Kan hocolim-construction transforms a "functor up
to homotopy and all higher homotopies"on B to an honestfunctor on
B.

We next recall some aspects of the holim construction. Let F :
A ! sSets be a functor from a small category A to simplicial sets.
We have the homotopy limit holimA F , which is natural in F , i.e., if
� : F ! G is a natural transformation of functors, we have the map of
spaces� � : holimA F ! holimA G. If i : B ! A is a functor of small
categories,we have the map of spacesi � : holimA F ! holimB(F � i ).

For a categoryA , we have the 2-categoryCat =A , with objects func-
tors � : a ! A , with a small. A morphism[� : a ! A ] ! [� 0 : a0 ! A ]
is a pair (f ; � ) with f : a ! a0 a functor, and � : � 0 � f ! � a natural
transformation. The composition is

(f 0; � 0) � (f ; � ) := (f 0f ; � � (� 0 � f )) :

A 2-morphism# : (f ; � ) ! (f 0; � 0) is a natural transformation # : f !
f 0 such that � 0 � (� � #) = � .

Let F : A ! sSets be a functor. For � : a ! A , we have the space
holima F � � ; for a morphism

(f ; � ) : [� : a ! A ] ! [� 0 : a0 ! A ]

we have the map

holim F (f ; � ) := � � � f � : holim
a0

F � � 0 ! holim
a

F � � :

This de�nes a functor (on the underlying category)

holim F : (Cat =A)op
0 ! sSets:

Let Cat =A op be the 2-categorywith underlying category(Cat =A)op
0 ,

and with
HomCat =A op (� ; � 0) := HomCat =A (� 0; � ):

The functor holim F extendsto a continuous functor

holim F : Cat =A op ! sSets:

Indeed, let n be the category associated to the orderedset f 0 < 1 <
: : : < ng. If G : B ! sSets is a functor, we have the functor G � p2 :
n � B ! sSets and the isomorphism

Hom(� n ; holim
B

G) �= holim
n�B

G � p2:
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Now supposewe have functors � : a ! A , � : b ! A and an n-simplex

� := [(f 0; � 0)
#1�! (f 1; � 1) #2�! : : : #n� ! (f n ; � n )]:

in HomCat =A (� ; � ). De�ne the morphism

(f � ; � � ) : [� � p2 : n � a ! A ] ! [� : b ! A ]

by

(f � ) j i � a := f i

f � (( i � 1; x) ! (i; x)) := #i (x) : f i � 1(x) ! f i (x)

� � (i; x) := � i (x)

This yields the map

holim F (f � ; � � ) : holim F (� ) ! Hom(� n ; holim F (� ));

taking the adjoint gives

F (� ) : � n � holim F (� ) ! holim F (� ):

One checks this respects the simplicial structure in N � HomCat =A (� ; � )
and the composition in N � Cat =A .

We apply theseconstructionsto the following situation: Given a lax
�b ering (� : A ! B ; h 7! h� ; � ; #), we have the 2-functor s from FacB
to Cat =A op by sendingbto � b : � � 1(b) ! A , h : b ! b0 in B to (h� ; � h),
and the 2-morphism h � g ! hg to #g;h . Thus, if we have a functor
F : A ! sSets, we can pull back holim F by s, giving the continuous
functor

holim F : FacB ! sSets:
Applying the Dwyer-Kan machinery thus givesus the functor

Cholim F : B ! sSets;

and for each b2 B the weak equivalence

(7.2.1) i b : holim F (b) ! Cholim F (b)

Remark 7.2.4. Suppose we have a subcategory i 0 : B0 ! B of B
such that the restriction of # to pairs of maps in B0 is the identit y
transformation, i.e., the restriction of � to � � 1(B0) ! B0 is a strict
�b ering. Then b7! (holim F )(b) extendsto a functor holimFjB 0 : B0 !
sSets. We have the weak equivalence

rB 0 : CB 0 holim FjB 0 ! holimFjB 0 :

The evident inclusion of n; � -simplicesgivesthe weak equivalence

�B 0 : CB 0 holim FjB 0 ! (CB holim F ) jB 0 ;
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which �nally yields the isomorphismin HsSetsB 0

 : holimFjB 0 ! (CB holim F ) jB 0 :

7.3. Strict functorialit y. We considerthe caseB = Speck, k a �eld,
and show how to extend the object E (q)

sm of HSpt Zar (Sm==B) to an ob-
ject E (q) of HSpt Zar (B ). The rough idea is to replaceE (q) (X ; � ) with
the homotopy limit of the spectra E (q) (X ; � )C;e over a good index cat-
egoryand useTheorem2.6.2to concludethat the resulting homotopy
limit is locally weakly equivalent to E (q) (X ; � ). The index categoryof
the (C; e) is chosenso that there are well-de�ned pull-back maps be-
tweenthe respective homotopy limits for each morphism f : Y ! X ,
however, due to a lack of strict functorialit y in the indexing categories,
onedoesnot havea strict functorialit y on the resulting pull-back maps.
We then use the results of the previous section to complete the con-
struction.

The main result of this sectionis

Theorem 7.3.1. Let k be a �eld, and take E 2 Spt (k) satisfying
axiom 3:m for all m and axiom 4. If k is in�nite, we assumeonly
that E satis�es axiom 3.2. Then the image of E (q)

sm : Sm==k ! Spt in
HSpt Zar (Sm==k) extendsto an object E (q)

Zar 2 HSpt Zar (k).

We have the category L (Sm=k) (see [?] for slightly modi�ed ver-
sion). Objects are morphismsf : X 0 ! X in Sm=k such that X 0 can
be written as a disjoint union X 0 = X 0

0 q X 0
1 with f : X 0

0 ! X an
isomorphism. The choiceof this decomposition is not part of the data.
We identify f : X 0 ! X and f q p : X 0q X 00! X if p : X 00! X is
smooth, and we identify f 1 : X 1 ! X and f 2 : X 2 ! X if there is an
X -isomorphismX 1

�= X 2. We note that a choiceof component X 0
0 of

X 0 isomorphic to X via f determinesa smooth sections : X ! X 0.
A morphism g : (f X : X 0 ! X ) ! (f Y : Y 0 ! Y) is a morphism

g : X ! Y in Sm=k such that there exists a smooth morphism g0 :
X 0 ! Y 0 with f Y � g0 = g � f X . Using the smooth section sX : X !
X 0, oneeasily seesthat this condition also respects the identi�cations
f X � f X q p for p : X 00 ! X smooth: we extend g0 : X 0 ! Y 0 to
g00: X 0q X 00! Y 0 by the map g0sX p on X 00. Similarly, this condition
is unalteredby addinga smooth morphismto Y 0 ! Y and alsorespects
the identi�cation of isomorphismsover X or over Y. The choiceof g0

is not part of the data, so

HomL (Sm =k) (( f X : X 0 ! X ); (f Y : Y 0 ! Y)) � HomSm =k(X ; Y):

Composition is induced by the composition in Sm=k; this is well-
de�ned sincesmooth morphismsare closedunder composition.
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Sendingf X : X 0 ! X to X de�nes the faithful functor

� : L (Sm=k)op ! Sm=kop:

We make L (Sm=k)op a lax �b ered category over Sm=kop as follows:
For each morphism f : X ! Y in Sm=kop(i.e. f : Y ! X in Sm=k),
let f � : � � 1(Y ) ! � � 1(X ) be the functor

f � (g : Y 0 ! Y) := (f g q idX : Y 0q X ! X ):

The map � f (g) : f � (g : Y 0 ! Y ) ! (g : Y 0 ! Y ) in L (Sm=k)op is the
opposite of the map f : (g : Y 0 ! Y ) ! (f g q idX : Y 0 q X ! X );
we seethat this latter is a map in L (Sm=k) by using the inclusion
Y 0 ! Y 0q X asthe requiredsmooth morphism. Givenmapsf : X ! Y
and f 0 : Y ! Z in Sm=kop, and h : Z 0 ! Z in L (Sm=k), set #f 0;f to
be the map

f � (f 0�(h : Z 0 ! Z )) ! (f 0f )� (h : Z 0 ! Z )

being the opposite of the map

(f f 0g q idX : Z 0q X ! X )

! (f f 0g q f q idX : Z 0q Y q X ! X )

induced by the identit y on X . One easily checks that this data does
indeedde�ne a lax �b ering.

Remark 7.3.2. Let � : Sm==k ! Sm=k be the inclusion. It is easyto
seethat the pull-back � � 1L (Sm=k)op ! (Sm==k)op is a strict �b ering.

Let f : Y ! X be a morphism in Sm=k. We let

S(q)
f (p) = f W 2 S(q)

X (p) j(f � id� p )� 1(W) is in S(q)
Y g:

For E 2 Spt (k), set

E (q) (X ; � )f := E S( q)
f (X � � � ):

Lemma 7.3.3. Let g : (f X : X 0 ! X ) ! (f Y : Y 0 ! Y) be a
morphism in L (Sm=k). Then, for W 2 S(p)

Y (n)f Y , (g � id� n )� 1(W) is
in S(p)

X (n)f X .

Proof. Choosea component X 0
0 of X 0 for which f X : X 0

0 ! X is an
isomorphism,and let s : X ! X 0 be the composition

X
f � 1

X� � ! X 0
0 � X 0:

Then s is a smooth section to f X : X 0 ! X , and we can factor g as
g = f Y � g0 � s, with g0 : X 0 ! Y 0 smooth. Since (f Y � id) � 1 maps
S(p)

Y (n)f Y to S(p)
Y 0 (n), by de�nition, and g0� s is smooth, it follows that
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W 0 := (g � id� n )� 1(W) is in S(p)
X (n). Similarly, sinceg � f X = f Y � g0

and

(f X � id) � 1(W 0) = ((f X � g) � id) � 1(W)

= ((g0� f Y ) � id) � 1(W) = (g0 � id)� 1(( f Y � id)� 1(W));

we seethat W 0 is in S(p)
X (n)f X . �

The useof Theorem 2.6.2 for the problem of functorialit y is based
on the following elementary result:

Lemma 7.3.4. Let f : Y ! X be a morphism in Sm=k. Then there
is a �nite set C of irr educiblelocally closed subsetsof X and a function
e : C ! N suchthat S(q)

f = S(q)
C;e.

Proof. We may assumethat X and Y are irreducible. For each n 2 N,
let

Dn := f x 2 X j codimY f � 1(x) � codimX x � ng:

By Chevalley's theorem[?, *], each Dn is a constructible subsetof X .
Write Dn nDn+1 asa disjoint union of irreducible locally closedsubsets

Dn n Dn+1 = q j C
(n)
j ;

and let e(C(n)
j ) = codimX C(n)

j � n. If x is the genericpoint of C(n)
j , then

e(C(n)
j ) is the codimensionof someirreducible component of f � 1(x), so

e(C(n)
j ) � 0. Letting C := f C(n)

j g, it is an easyexerciseto show that

S(q)
f = S(q)

C;e. �

We de�ne the functor

E (q) (?; � )? : L (Sm=k)op ! Spt

by sending (f : X 0 ! X ) to the functorial �bran t model (in Spt )
^E (q) (X ; � )f of E (q) (X ; � )f . It follows from Lemma 7.3.3 that this

really doesde�ne a functor. Let hE (q) (X ) be the homotopy limit

hE (q) (X ) := holim
� � 1(X )

E (q) (?; � )?:

By the construction of x7.2, we have the continuous functor

hE (q) : FacSm=kop ! Spt ;

the functor

ChE (q) : Sm=kop ! Spt ;

X 7! ChE (q) (X )
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and for each X 2 Sm=k the weak equivalence

iX : hE (q) (X ) ! ChE (q) (X ):

Thus, for �xed X 2 Sm=k, we have the diagram

(7.3.1) hE (q) (X )
i X //

wX
��

ChE (q) (X )

E (q) (X ; � )
j X

// ^E (q) (X ; � ) id

Using Remarks7.3.2 and 7.2.4 we have the diagram of functors on
Sm==k:

(7.3.2) �hE (q)
sm

w
��

C(hE (q)
sm )

roo � //ChE (q) � �

E (q)
sm j

// gE (q)
sm

r , � and j are pointwise weak equivalences. By Theorem 2.6.2 and
Lemma 7.3.4, w is a weak equivalencein Spt Zar (Sm==k). Thus, we
have isomorphismin HSpt Zar (Sm==k)

ChE (q) � � ! E (q)
sm :

One easily checks that the construction is natural in q. Setting
E (q) := ChE (q) completesthe proof of Theorem7.3.1.

7.4. Naturalit y. Weconcludeour discussionof functorialit y with var-
ious naturalit y issues.

The following result is obvious from the construction of E (q) (X ; � ).

Lemma 7.4.1. The assignmentE 7! E (q)
sm de�nes a functor ?(q)

sm :
Spt (Sm=B(q) ) ! Spt (Sm==B). ?(q)

sm preservesweak equivalences and
homotopy�b er sequences.

Similarly, we have

Lemma 7.4.2. Fix X 2 Sm=B, a �nite setof irr educiblelocally closed
subsetsC of X and a function e : C ! N. The assignmentE 7!
E (q) (X ; � )C;e de�nes a functor ?(q) (X ; � )C;e : Spt (Sm=B(q) ) ! Spt ,
preservingweak equivalencesand homotopy�b er sequences.

and
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Lemma 7.4.3. Let k be a �eld. The assignment

E 7! [(X ; f : X 0 ! X ) 7! E (q) (X ; � )f ]

de�nes a functor ?(q) : Spt (Sm=k(q)) ! Spt (L (Sm=k)), preserving
weak equivalencesand homotopy�b er sequences.

Let Sec� (Sm=Bop; HSpt Nis=B) be the category of sectionsto � :
HSpt Nis=B ! Sm=Bop. This category inherits a structure of ho-
motopy �b er sequencesfrom HSpt Nis=B. Let Spt (B (q) )� be the full
subcategoryof Spt (B (q) ) of objects satisfying the axioms1, 2 and 3:m
for all m; if b has �nite residue�elds, we assumein addition that E
satis�es axiom 4. A weakequivalence(resp. homotopy �b er sequence)
in Spt (B (q) )� is a weakequivalence(resp. homotopy �b er sequence)in
Spt (B (q) ) involving objects in Spt (B (q) )� . Note that we do not require
compatibilit y with the data in the various axioms, for instance, the
contraction in axiom 1 or the push-forward maps in axiom 3:m.

From the three lemmasabove follows easily

Theorem 7.4.4. The assignmentE 7! ~E (q) de�nes a functor

~?
(q)

: Spt (B (q) )� ! Sec� (Sm=Bop; HSpt Nis=B):

~?
(q)

sendsweak equivalences to isomorphismsand homotopy �b er se-
quencesto homotopy�b er sequences. In caseB = Speck, k a �eld, the
assignmentE 7! E (q) de�nes a functor

?(q) : Spt (B (q) )� ! Spt (B):

?(q) sendsweak equivalences to isomorphismsand homotopy �b er se-
quences to homotopy�b er sequences.

Remark 7.4.5. In caseof an in�nite �eld, we have similar functor ?(q)

on the categorySpt (B (q) )�
2 of presheavessatisfying axiom 1, 2 and 3.2.

We also have naturalit y with respect to change in q. Take q0 > q,
giving us the functor � q;q0 : Sm=B(q0) ! Sm=B(q) , (Y; W) 7! (Y; W).
The inclusionof support conditionsS(q0)

X � S(q)
X givesthe natural trans-

formation

� q;q0(E) : (E � � q;q0)(q0)
sm ! E (q)

sm ;

natural in E, i.e., the natural transformation � q;q0 : ?(q0)
sm � � �

q;q0 ! ?(q)
sm.

We have the identit y

� q;q0 � (� q0;q00 � � �
q;q0) = � q;q00:
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Theorem 7.4.6. For q0 > q there is a natural transformation ~� q;q0 :
~?

(q0)
� � �

q;q0 ! ~?
(q)

extending � q;q0. For q00 > q0 > q, we have ~� q;q0 �
( ~� q0;q00� � �

q;q0) = ~� q;q00. In caseB = Speck, k a �eld, we havea natural
transformation � q;q0 : ?(q0) � � �

q;q0 ! ?(q) extending� q;q0, with the same
compatibility.

Proof. For each X ; C; e, we have the natural inclusionof support conid-
tions S(q0)

X ;C;e � S(q)
X ;C;e, giving the natural map

� X ;C;e
q;q0 : E (q0)(X ; � )C;e ! E (q) (X ; � )C;e

with � X ;C;e
q;q0 � � X ;C;e

q0;q00 = � X ;C;e
q;q00 . Thesemapsfeedthrough the construction

of ~E (q) and E (q) , respectively, to give the result. �

Corollary 7.4.7. The homotopyconiveau tower (2.5.1) extendsto the
tower

: : : ! ~?
(q+ r +1)

! ~?
(q+ r )

! : : : ! ~?
(q)

of functors Spt (B (q) )� ! Sec� (Sm=Bop; HSpt Nis=B) In case B =
Speck, k a �eld, the imageof the tower (2.5.1) in HSpt Nis(B ) extends
to the tower

: : : ! ?(q+ r +1) ! ?(q+ r ) ! : : : ! ?(q)

of functors Spt (B (q) )� ! Spt Nis(B ).

8. Equi-dimensional suppor ts

Over a base-schemeB of positive Krull dimension,especially in the
caseof mixed characteristic, it is often useful to consider an equi-
dimensional version S(q)

X =B of the support conditions S(q)
X . Thesehave

two main advantages:

(1) The support condtionsS(q)
X =B admit external products.

(2) The support condtionsS(q)
X =B admit an extendedfunctorialit y.

Fortunately, one needsto make only minor modi�cations to the argu-
ments usedfor the support conditionsS(q)

X to cover the equi-dimensional
case.In this section,we describe the equi-dimensionaltheory, and ex-
plain theseminor changes. We will not go into detail explaining the
applications (1) and (2) in this paper.

Of course,it would bebest if the two theoriesagreed.Unfortunately,
this is at present not known in the most important case,that of mixed
characteristic. For this reason,we needto present both theories.

We �x a noetherian base-schemeB.
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8.1. Basic de�nitions.

De�nition 8.1.1. Let X be in Sm=B.
(1) Let S(q)

X =B (p) � SX (p) be the set of closedsubsetsW � X � � p

such that

for all b2 B; Wb � X b � � p is in S(q)
X b

(p):

(2) Let C be a �nite set of irreducible closedsubsetsof X , e : C ! N
a function. Let S(q)

X =B;C;e(p) � S(q)
X =B (p) be the set of closedsubsets

W � X � � p such that

for all b2 B; Wb � X b � � p is in S(q)
X b;i �

bC;i �
b e(p):

It is clearthat p 7! S(q)
X =B;C;e(p) de�nes a support condition on X � � �

and that S(q)
X =B;C;0(p) = S(q)

X =B;; (p) = S(q)
X =B (p).

De�nition 8.1.2. Let E be a presheafof spectra on Sm=B(q) . We set

E (q) (X=B ; � ) := E S( q)
X =B (X � � � )

E (q) (X=B ; � )C;e := E S( q)
X =B ;C;e (X � � � )

We have as well the extensionsof x??:

De�nition 8.1.3. Take X 2 Sch=B and q 2 Z.
(1) The categoryX ==B (q) is de�ned to have objects (Y; W), with Y 2
Sm=B and W � X � B Y a closedsubsetsuch that

(Yb; Wb) is in X b=b(q)

for all b 2 B. A morphism (Y; W) ! (Y 0; W 0) is a B-morphism f :
Y ! Y 0 with W � f � 1(W 0).
(2) Let SX =B

(q) (p) � SX (p) be the set of closedsubsetsW � X � � p

such that

for all b2 B; Wb � X b � � p is in SX b
(q) (p):

(3) Let C be a �nite set of irreducible closedsubsetsof X , e : C ! N
a function. Let SX =B;C;e

(q) (p) � SX =B
(q) (p) be the set of closedsubsets

W � X � � p such that

for all b2 B; Wb � X b � � p is in S
X b;i �

b C;i �
be

(q) (p):
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8.2. The basic principle. The transfer of our main results to the set-
ting of equi-dimensionalsupport conditionsis basedon the obvious fact
that the support conditionsS(q)

X =B;C;e and SX =B;C;e
(q) arede�ned point-wise

over B , and thesesupport conditionsagreewith the support conditions
S(q)

X ;C;e and SX ;C;e
(q) , respectively, in caseB = SpecF , F a �eld.

Next, our two basicmoving operations: translation of An by An and
taking the conewith respect to a projection, are de�ned by \generic"
translations or generic projections. In order to make the necessary
genericextensionB(x) of B , we assumethat B = SpecA, A a noether-
ian semi-local ring. For polynomial variables x1; : : : ; xn , we let A(x)
be the localization of A[x1; : : : ; xn ] with respect to the mulitplicativ ely
closedsubsetof polynomialsf =

P
I aI xI such that the ideal of A gen-

erated by the aI is the unit ideal, and we set B(x) : SpecA(x). This
extendsour construction of x??.

With this notation, we have as in x?? the generic translation  x :
A1

B (x) ! An
B (x) ,  x (t) = t � x, which restricts to the generictranslation

 x;b : A1
b(x) ! An

b(x) for all b 2 B. Similarly, if X � An
B is a closed

subscheme, with X 2 SmB , satisfying the conditions (??), then we
have the genericlinear projection � X : X B (x) ! Am

B (x) , such that the
restriction � X b : X b(x) ! Am

b(x) remainsgenericfor all b2 B.

8.3. The main results. We concludethis sectionwith a statement of
the main results for equi-dimensionalsupport conditions, along with a
sketch of their proofs.

Prop osition 8.3.1 (Moving by translation). Let B be a semi-local
noetherian ring with in�nite residue �elds. Let C0 be a �nite set of
irr educible locally closed subsetsof An

B , e : C0 ! N a function and let
Y be in Sch=B. Let X = Y � B An , C = p�

2C0 and e = p�
2(e0). Take

E 2 Spt (X ==B (q) ). Then the map

E(q) (X=B ; � )C;e ! E(q) (X=B ; � )

is a weak equivalence.

Theorem 8.3.2 (Homotopy invariance). Let B be a semi-local noe-
therian ring with in�nite residue �elds, take X 2 Sch=B and E 2
Spt (X ==B (q) ). Then the map

p� : E(q) (X=B ; � ) ! E(q+1) (X � A1=B; � )

is a weak equivalence.

To prove thesetwo results, one just repeats the arguments of x??,
using the equi-dimensionalsupport conditions insteadof the onesused
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in x??. Sinceone only needsto verify the various properties of these
support conditions point-wise, the caseB = SpecF , F a �eld, applied
to the support conditions usedin x??, su�ces to prove all the results
we needfor the equi-dimensionalsupport conditions.

Finally, we have the main result in the equi-dimensionalcase:

Theorem 8.3.3. Let B be a regular noetherian separated scheme,let
X be in Sm=B, let C be a �nite set of irr educiblelocally closed subsets
of X , e : C ! N a function and q � 0 an integer. TakeE in Spt (B (q) ).

(1) Supposethat E satis�es axioms3:m for all m and axiom 4. Let
x be a point of X . Then there is a basis of Nisnevic neighborhoods p :
U ! X of x, dependingonly on x andX , suchthat E (q) (U=C; � )p� C;p� e !
E (q) (U=B; � ) is a weakequivalence. In particular, themapof presheaves

E (q) (X Nis=B; � )C;e ! E (q) (X Nis=B; � )

is a local weak equivalence.

(2) Supposethat B = Speck, k an in�nite �eld. Supposein addition
that E satis�es axioms 3:2 and let x be a point of X . Then there is a
basis of Zariski neighborhoods j : U ! X of x, depending only on x
and X , such that E (q) (U; � ) j � C;j � e ! E (q)(U; � ) is a weak equivalence.
In particular, the map of presheaves

E (q) (X Zar=B; � )C;e ! E (q) (X Zar=B; � )

is a weak equivalence.

(3) Supposethat B = Speck, k a �eld, that X is a�ne and that the
cotangentsheaf 
 1

X =k is a free OX -module. Supposein addition that E
satis�es axioms3:m for all m and axiom 4. Then the map of spectra

E (q) (X=B ; � )C;e ! E (q) (X=B ; � )

is a weak equivalence.

The proof of this result is accomplishedby usingthe argument of x??
and x??, in the caseof B = SpecF , F a �eld, and our basicprinciple,
to show that, with f : X ! Am

B (x) the generic�nite projection, we have

W 2 S(q)
X =B;C;e(p) =) W c is in S(q)

X =B;C;e� 1(p):

In addition, the map

X � � p n jW cj ! Am
B (x) � � p n f (jW cj)
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induced by f � id is �etale on a neighborhood of jWj n jW cj, and the
restriction

jWj n jW cj ! f (jWj n jW cj)

is an isomorphism. Once we have this, the argument used to prove
Theorem2.6.2provesthe equi-dimensionalanalogabove.

8.4. Functorialit y. Theorem 8.3.3 yields the same functorialit y for
the spectra E (q)(X=B ; � ) (over an arbitrary regular baseB, or even
over a categoryof such B) that we have for the spectra E (q) (X ; � ) in
caseB = Speck, k a �eld (Theorem 7.4.4), aswell as the naturalit y of
the homotopy coniveau tower.

Indeed, let V � Sch be a small category of regular separatednoe-
therian schemes.Form the categorySm=V with objects being Y ! B
in Sm=B with B 2 V, and morphisms(f ; f 0) : (Y ! B) ! (Y 0 ! B 0)
being a pair of morphisms f 0 : B ! B 0 in V and f : Y ! Y 0 a
morphismsof schemesover f 0.

For an integer q � 0, we have the category Sm=V(q) , consistingof
pairs (Y ! B ; W) with (Y ! B ; W) 2 Sm=B(q) , where a morphism
(Y ! B ; W) ! (Y 0 ! B 0; W 0) is a morphism (f ; f 0) : (Y ! B) !
(Y 0 ! B 0) in Sm=V, with f � 1(W 0) � W. Both Sm=V(q) and Sm=V
are �b ered over V by the evident forgetful functor, with �b er over
B 2 V being Sm=B(q) and Sm=B, respectively.

De�nition 8.4.1. The categorySpt (Sm=V) of presheavesof spectra
on Sm=V is the categoryof functors E : Sm=Vop ! Spt such that the
restriction of E to each �b er Sm=Bop is a presheaf(i.e. additive). The
caetgorySpt (Sm=V(q) ) of presheavesof spectra on Sm=V(q) is de�ned
similarly.

Using equi-dimensionalsupports throughout, we have the support
conditions S(q)

f =f 0 � SX =B(q) :

S(q)
f =f 0(p) = f W 2 SX =B(q) (p) j (f � id) � 1(W) is in SY =B0(q)g

We set E (q) (X=B ; � )f := E S( q)
f =f 0 (X � � � ), and we have the well-

de�ned pull-back

f � : E (q) (X=B ; � )f ! E (q) (Y; � ):

Using the evident analogof the de�nition of the collection C and the
function e from Lemma 7.3.4, this result extendsdirectly to the equi-
dimensionalsetting, for an arbitrary morphism f over a morphism f 0.
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9. The examples

In this section, we give conditions on a presheafof spectra E 2
Spt (B) which imply the axioms in x4.

Let E be a presheafof spectra on Sm=B. Recall the extensionof E
to Spt (Sm=B(q) by E(Y; W) := E W (Y) := �b (E(Y) ! E(Y n W)).
Note that this construction is compatible with the restriction functors
� q;q0 : Sm=B(q0) ! Sm=B(q) for q0 � q. Thus, it su�ces to considerthe
extensionof E to a presheafon Sm=B(0) , and so we neednot refer to
the codimensionof W in Y.

9.1. Lo calization. For W = ; , we have E ; (Y) = co�b(id : E(Y) !
E(Y)), hencewe have a canonical contraction of E ; (Y ). Let W 0 �
W � Y be closedsubsetsof Y 2 Sm=B. The Quetzalcoalt lemma
givesus the canonicalisomorphism

co�b( iW 0;W : E W 0
(Y) ! E W (Y)) �= E W nW 0

(Y n W 0)

which veri�es the localization axiom 1.

9.2. Nisnevic excision. We needto imposethis as an axiom:

(9.2.1)

Axiom II (Nisnevic excision). Let f : Y ! X be an �etale morphism in
Sm=B and W � X a closedsubset. Let W 0 = f � 1(W) and suppose
that f : W 0 ! W is an isomorphismof reducedschemes. Then f � :
E W (X ) ! E W 0

(Y) is a weak equivalence.

9.3. Push-forw ard. For the existenceof good push-forward maps,we
will needto �rst imposehomotopy invariance:
(9.3.1)

Axiom I (Homotopy invariance). For X 2 Sm=B the map p�
1 : E(X ) !

E(X � A1) is a weak equivalence.

We will alsoneedsomepreliminary notations and constructions.

9.3.1. T-loop spaces and P1-loop spaces. Let i : T ! X be a closed
embedding in Sm=B. For a functor E : Sm=Bop ! Spt , we let
E(X=T ) denote the �b er of i � : E(X ) ! E(T). If T is contained in
X n W for someclosedsubsetW of X , the commutativ e diagram of
restriction maps

E(X ) //E(X n W)

��
E(X ) //E(T)
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inducesthe map � T;W : E W (X ) ! E(X=T ).

De�nition 9.3.1. For a presheafE : Sm=Bop ! Spt , we let


 T E : Smop
k ! Spt

be the presheaf


 T E(X ) := E X � 0(X � P1) = �b( E(X � P1) res� ! E(X � (P1 n 0)):

We let 
 P1 E be the presheaf


 P1 E(X ) := E(X � P1=X � 1 ):

We let � E : 
 T E ! 
 P1 E denote the natural transformation induced
by the maps� X � 0;X �1 : E X � 0(X � P1) ! E(X � P1=X � 1 ).

Remark 9.3.2. SupposeE satis�es Axiom I. Then � E is a weak equiv-
alence. Indeed, we have the isomorphismX � P1 n X � 0 �= X � A1

with X � 1 going to X � 0. Thus the map

� E (X ) : 
 T E(X ) = �b( E(X � P1) ! E(X � P1 n X � 0))

! �b( E(X � P1) ! E(X � 1 )) = 
 P1 E(X )

is a weak equivalence.

9.3.2. Delooping. The existenceof pushforward mapswill be a conse-
quenceof the \delooping axiom":
(9.3.2)

Axiom II I.d (d-fold delooping) Let d � 0 be an integer. There is a
functor Ed : Smop

B ! Spt satisfying the Axioms I and I I, and a natural
weak equivalence

� d : E ! 
 d
T (Ed):

Remarks 9.3.3. (1) Fix a d > 0 and supposeE satis�es Axiom II I.d.
Set E0 := E, and for 0 < i < d, E i := 
 d� i

T Ed. Then we have weak
equivalences

� d : E ! 
 i
T (E i ); i = 0; 1; : : : ; d



62 MAR C LEVINE

and a diagram of weak equivalences

E
� 1

//

� 2

... !!C
CC

CC
CC

CC

� m

��+
++

++
++

++
++

++
++

++
++

++
++

++

 1

T E1


 2
T E2

� 2

OO

...

� 3

OO


 d
T Ed

� d

OO

which is commutativ e in HSpt (B). In addition, the E i all satisfy
axioms I and I I. In particular axiom II I.d implies axiom II I.i for all
i � d, i � 0.

(2) Fix d > 0 as in (1). Letting RX be the ring of global functions on
X , we have the action of GLm (RX ) on X � Am , �xing X � 0. Via � m

X ,
this gives an action of GLm (RX ) (inHSpt (X )) on EX , natural in X
and stable in m (for m � d):

g 7! 	 g : EX ! EX :

In general,	 g is not homotopically trivial.

(3) We may replaceE, E1; : : : ; Ed with bi�bran t models (in Spt (B)).
Then axiom II I.d holds with \w eak equivalence" replacedby \homo-
topy equivalence" the diagram in (1) is commutativ e, up to homotopy,
and the map 	 g in (2) exists as a homotopy equivalencein Spt (X ).

Remark 9.3.4. SupposeE satis�es Axioms I and I I. Let i : Pd� 1 ! Pd

be the inclusion of a linear subspace. Let i 0 : P0 ! Pd be a com-
plementary point and let V = Pd n P0 � Pd� 1. The linear projection
from P0 identi�es V with the spaceof the tautological line bundle O(1)
on Pd� 1; since E is homotopy invariant and satis�es Zariski Mayer-
Vietoris, it follows that the restriction map E(V) ! E(Pd� 1) is a weak
equivalence.Thus, the map

E P0
(Pd) ! E(Pd=Pd� 1)

is a weak equivalence.

Remark 9.3.5. Suppose E satis�es Axioms I and I I. Applying the
Mayer-Vietoris property, we have a natural weak equivalence

E Z � 0(Z � (P1)d) ! (
 d
T E)(Z ):
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Let E be in Spt (B), and �x a schemeX in Sm=B. We may pull
back E to Sm=X, giving the functor EX : Sm=X op ! Spt . If we have
a closedsubsetZ of X , we have the functor

(f : U ! X ) 7! E f � 1 (Z )(U);

which we denote by E Z
X . If f : Y ! X is a morphism in Sm=B, we

have the pushforward f � : Spt (Y) ! Spt (X ), de�ned by

f � F (U ! X ) := F (U � X Y):

Clearly, f � preservesweak equivalences,hencedescendsto

f � : HSpt (Y) ! HSpt (X ):

Lemma 9.3.6. Let i : Z ! X be a codimension d closed embedding,
with X and Z in Sm=B. Suppose that E : Sm=Bop ! Spt satis�es
axioms I and II, and that the normal bundle NZ=X is trivial. Then
a choice of isomorphism � : NZ=X

�= Z � Ad determines a natural
isomorphismin HSpt (X ),

!  : E Z
X ! i � (
 d

T EZ );

natural in (Z; X ; � ).

Proof. By axiom II, the inclusion Ad ! (P1)d inducesa natural weak
equivalence


 d
T EZ (Y) ! (EZ )Y � 0(Y � Ad):

Let s : Z ! NZ=X be the zero-section. By taking a deformation
to the normal bundle, as in [17], E Z (X ) is naturally isomorphic to
E s(Z )(NZ=X ) in HSpt . The chosenisomorphism� : NZ=X

�= Z � Ad

sendss(Z ) over to Z � 0. As the deformation diagram is preserved by
pullback with respect to a smooth U ! X , the result is proved. �

Prop osition 9.3.7. Fix a d > 0 and supposeE satis�es Axiom III. d.
Let f : Y ! X be a �nite morphism in Smk , which we factor as f =
p� i , where i : Y ! X � Ad is a closed embedding, and p : X � Ad ! X
is the projection. Suppose that the normal bundle of i is trivial; let
 : N i ! Y � Ad be an isomorphism. Then

(1) there is natural transformation in HSpt (X ),

f � : f � EY ! EX :

(2) Let Z ! X be smooth, and let W � Y � X Z be a closed subset.
Suppose that p2 : Y � X Z ! Z is �etale on a neighborhood of
W, and W ! W 0 := p2(W) is an isomorphism. Let

f (Z )W
� : E W (Y � X Z) ! E W 0

(Z )
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be the map induced by f � . Then the composition

E W (Y � X Z)
f (Z ) �� � � ! E W 0

(Z )
f (Z ) �

� � � ! E f (Z ) � 1 (W ) (Y � X Z) ��! E W (Y � X Z)

is an isomorphismin SH . Here � is the projection induced by
the decomposition f (Z ) � 1(W) = W q W 00and the direct sum
decomposition of Lemma4.1.1.

Proof. (1) Let p : X � Ad ! X be the projection. The embedding i
inducesfor each smooth Z ! X an embedding i Z : Y � X Z ! Z � Ad.
Similarly, a �xed choice of trivialization  : N i ! Y � Ad inducesa
trivialization of N i Z , natural in Z . Thus, by Lemma9.3.6,we have the
isomorphismin HSpt (X )

p� (! � 1
 ) : f � ((
 d

T Ed)Y ) ! p� ((Ed)Y
X � Ad ):

Composingwith f � � d, we have the isomorphismin HSpt (X )

	 : f � EY ! p� ((Ed)Y
X � Ad ):

Fix homogeneouscoordinatesx0; : : : ; xd for Pd, and identify Ad with
the open subschemex0 6= 0 via the coordinates x1=x0; : : : ; xd=x0. Let
Pd� 1 ! Pd be the complement, and let P0 ! Pd be the point (1 : 0 :
: : : : 0). For each smooth Z ! X , we have the diagram (where �
denotesa weak equivalence)

(9.3.3)
(Ed)Y � X Z (Z � Ad) � � (Ed)Y � X Z (Z � Pd) ! Ed(Z � Pd=Z � Pd� 1)

� � (Ed)Z � P0
(Z � Pd) ��! (Ed)Z � 0(Z � Ad)

� � (Ed)Z � 0(Z � (P1)d) ��! 
 d
T (Ed)(Z ) � �

� d E(Z):

Let � Z : (Ed)Y � X Z (Z � Ad) ! E(Z ) be the resulting map in SH . As
the diagram (9.3.3) is natural with respect to X -morphismsZ 0 ! Z ,
we have the map in HSpt (X ),

� : p� ((Ed)Y
X � Ad ) ! EX ;

with �( Z ) = � Z for each Z ! X in SmX . Setting

f � := � � 	

givesthe desiredmap.
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Beforeproceedingto the proof of (2), considera morphism g : Z 0 !
Z in SmX . Sincef � is a natural transformation, the diagram

(9.3.4) E(Y � X Z)

(id � g) �

��

f � (Z ) //E(Z)

g�

��
E(Y � X Z 0)

f � (Z 0)
//E(Z 0)

commutes.
To prove (2), we may assumeZ = X . Let j : U ! Y be a Zariski

open neighborhood of W over which f is �etale, and let Ŵ � Y � X U
be the imageof W under the evident sectionU ! Y � X U. We have
the composition g := f � j : U ! X . From (9.3.4), we have the
commutativ e diagram

E W (Y)

p�
1

��

f � (X )W
//E W 0

(X )

g�

��
E Ŵ (Y � X U)

f � (U)Ŵ

//E W (U)

Since p�
1 and g� are isomorphisms(by axiom 2), we may replace X

with U; changing notation, we may assumethat f admits a section
s : X ! Y . Removing the complement of s(X ), we may assumethat
f : Y ! X is an isomorphism,sowe may assumeX = Y and f = idX .

Translating by � i sendsthe embedding i : X ! X � Ad to the zero-
section. Sincethis translation sits in an A1-family of automorphisms
of X � Ad, the automorphismsf (i ) � and f (0)� of E W (X ) agree(in
SH ). Thus, we may assumethat i is the zero-section.We thus have a
canonical identi�cation of N i with X � Ad; composing with  de�nes
an element 
 2 GLd(RX ).

Tracing through the de�nition of f � in casef = id, i : X ! X � Ad

is the zero-section,and  is a given trivialization of N i , we �nd that
f � f � = 	 
 . As 	 
 is an isomorphism,(2) is proved. �

Corollary 9.3.8. Let E be in Spt (B). If E satis�es Axiom III. d, then
the induced presheaf E 2 Spt (B (q) ) satis�es axiom 3:d for all q.

Remark 9.3.9. Morel and Voevodsky [17] have de�ned the A1 stable
homotopycategory over a base-schemeB, SH (B), in caseB = SpecF ,
F a �eld. The objects of SH (B) are called P1-spectra over B . In
addition, there is a 0th-spacefunctor

s0 : SH (B) ! HSpt (B);
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for E 2 SH (B), the presheafof spectra s0E satis�es axiom II I:d for all
d. In fact, there are functors sn : SH (B) ! HSpt (B), n = 0; 1; : : :,
and natural isomorphisms(in HSpt (B))

� n : snE ! 
 T sn+1 E:

In addition, each snE satis�es the axiomsI and I I. Thus we have weak
equivalencess0E ! 
 d

T sdE for all d, in the strong sensethat the com-
patibilit y of Remark9.3.3(1)holdswithout stoppingat some�xed stage
d.

Remark 9.3.10. The codimensionq cyclespresheafzq 2 Spt (B (q) ) also
satis�es the axioms1, 2, 4 and3:m for all m. For the localizationaxiom,
let W 0 � W � Y be closedsubsetsof Y 2 Sm=B with codimY W � q.
The sequence(of abelian groups)

0 ! zq
W 0(Y ) ! i � zq

W (Y)
j �

�! zq
W nW 0(Y n W 0) ! 0

is well-known to be exact, which veri�es the localization property for
the associated Eilenberg-Maclanespectra.

The Nisnevicexcisionproperty followsfrom the isomorphismof abelian
groups

f � : zq
W (X ) ! zq

W 0(Y)

for f : Y ! X �etale with W 0 = f � 1(W) and f : W 0 ! W an isomor-
phism.

The usual push-forward of cyclesfor proper morphismsgivesa well-
de�ned pushforward map f � : zq

W (Y) ! zq
f (W ) (X ) for f : Y ! X a

�nite morphism in Sm=B, without requiring any factorization of f or
any trivialization of a normal bundle; if f : W ! f (W) is an isomor-
phism then f � is alsoan isomorphism. Thus axiom 3:m is satis�ed for
all m.

If f : Y ! X has degreen, then f � f � is multiplication by n, which
veri�es axiom 4.

9.4. Finite �elds. We introduceone �nal axiom, to handle axiom 4.
Supposewe have a �nite �etale cover � : B 0 ! B , with B 0 embedded
asa principal divisor in A1

B ; choosea de�ning equationg for B 0. Then
for every X 2 SmB , B 0 � B X ! X is embedded in A1 � B X , with
de�ning equationp�

1(g). Thus, given E 2 Spt (B), we have the natural
transformation � (g) � : � � � � E ! E, as well as � � : E ! � � � � E.
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(9.4.1)

Axiom IV. Take E 2 Spt (B) which satis�es axiom II I.1. Let � :
B 0 ! B be a �nite �etale cover of B of degreen, embeddedin A1

B with
de�ning equationg. Then after inverting n, the natural transformation
� (g)� � � � : E ! E is a weak equivalence.

It is clear that Axioms II I.1 and IV imply Axiom 4. In the next two
sections,we describe two properties which imply Axiom IV.

9.4.1. Orientability.

De�nition 9.4.1. Suppose E 2 Spt (B) satis�es axiom II I.1. Call
E oriented if for each a�ne X 2 SmB and each closedY � A1 � X ,
�etaleand �nite over X , the push-forward natural transformation f (g) � :
f � E Y ! E X (as a morphism in HSpt (X )) is independent of the choice
of de�ning equation g for Y . If E is oriented, we denotef (g) � by f � .

The following result is proved in [?]

Lemma 9.4.2. Suppose that E satis�es axiom III.1 and is oriented.
Let X be in Sm=B and let Y � A1 � X be a principal closed subscheme,
�nite and �etale over X .

(1) Supposethat Y = Y1
`

Y2; write the projection f : Y ! X as
the union f = f 1 t f 2. Then

f � = f 1� + f 2� :

in HSpt (X ).
(2) Supposethat f : Y ! X is an isomorphism. Then f � f � = idE

in HSpt (X ).

Lemma 9.4.3. Supposethat B = SpecA with A a semi-local PID, and
that E satis�es axiom III.1 and is oriented. Let � : B 0 ! B and g be
as in axiom IV. Then � (g) � � � � : E ! E is multiplication by n; in
particular, E satis�es axiom IV.

Proof. We proceedby induction on n; we may supposethat B 0 is inte-
gral. For b 2 B, let gb denote the image of g 2 A[t] in k(b)[t]. Let b
be a closedpoint of B . If k(b) is in�nite, let hb 2 k(b)[t] be a monic
separablepolynomial having no roots (in �k(b)) in commonwith gb. If
k(b) is �nite and gb is irreducible, let hb = gb. If k(b) is �nite and gb is
not irreducible, let hb be a monic irreducible polynomial of degreen.
Let h 2 A[t] be a monic polynomial with image hb in k(b)[t] for each
closedpoint b.
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Let Y � SpecA[t; x] by the subschemede�ned by xh(t) + (1 � x)g(t)
and let B 0

1 � A1
B be the subschemede�ned by h with projection � 1 :

B 0
1 ! B . One easily checks that Y is smooth over B and that p1 :

Y ! SpecA[x] is �nite. By the homotopy invariance of E, it follows
that the maps

� (g)� � � ; � (h)� �
1 : E ! E

are the samein HSpt (B). Thus, we may assumethat gb is irreducible
for all closedpoints b2 B with k(b) �nite.

We now repeat the sameconstruction, where hb is chosenso as to
factor ashb = lb � f b, with lb having degree1, and with hb and gb having
no roots in common. The only questionablecaseis if k(b) is �nite,
and then, sincegb is irreducible, we can take lb(t) = t and f b to be an
irreducible monic polynomial of degreen � 1. We choosel; f 2 A[t; x]
having respective imageslb and f b in k(b)[t] for each closedpoint b, and
let h = l � f .

Letting now Y � SpecA[t; x] be the subschemede�ned by xh(t) +
(1 � x)g(t) and B 0

1 � A1
B the subschemede�ned by h, we seeas above

that the maps� (g) � � � ; � (h)� �
1 : E ! E are the samein HSpt (B).

We have B 0
1 = B2

`
B ; let � 2 : B2 ! B be the projection. It follows

from Lemma 9.4.2and induction that

� � � � = � 2� � �
2 + id� id

� = � (n � 1) + id = � n:

�

9.5. P1-spectra. In casethe base-schemeB is SpecF for a �nite �eld
F , axiom IV is valid in caseE is the 0-spectrum of a P1-spectrum.
Without going into details, we let SH (F ) denotethe stable homotopy
category of P1-spectra over F (see [16] for details). An object E of
SH (F ) is a sequenceof objects En 2 Spt (F ), together with maps
� n : En ! 
 T En+1 . If all the En are are all �bran t objects in the
categorySpt (F ) (for the pointwisemodel structure), satisfy the axioms
I and I I, and the maps� n are point-wise weak equivalences,then E0 is
the 0-spectrum of E. If E is the 0-spectrum of someE 2 SH (F ), then
E satis�es the axiom II I.m for all m, but not a priori conversely.

9.6. Norms in �nite extensions. For a �eld F , wehavethe Grothen-
dieck-Witt ring GW(F ) with augmentation dim : GW(F ) ! Z and
augmentation ideal I (F ) := kerdim.

Let F ! L be a separable�eld extension of degreen; let f :
SpecL ! SpecF be the map of schemes. We �x an embedding
i : SpecL ! A1 and a de�ning equationg for i (SpecL). For X 2 SmF ,
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we thus have the embedding i X : X L ! X � A1
F with de�ning equa-

tion g, giving the push-forward map f � : E(X L ) ! E(X ) for each E
satisfying axioms1-3.

Lemma 9.6.1. Let F be a �eld such that each elementx 2 I (F ) is
nilpotent. Suppose that E is the 0-spectrum of a P1-
 -spectrum E 2
SH (F ). Then, for X 2 SmF , the map f � f � : E(X )[1=n] ! E(X )[1=n]
is an isomorphismin SH .

Proof. For an element u 2 L � , we have the quadratic form t(u) on the
F -vector spaceL de�ned by

(x; y) 7! TrL=F (uxy):

This givesthe class[t(u)] in GW(F ). In particular, the de�ning equa-
tion g(x) for i (SpecL) gives the element dg=dx 2 L � , and the class
[t(dg=dx)] 2 GW(F ).

E is canonically a module for the spherespectrum S, so it su�ces
to prove the result for E = S. By results of Morel [16] there is a ring
homomorphism� : GW(F ) ! HomSH (F ) (S; S), and f � f � : S ! S is
given by � ([t(dg=dx)]). Sincet(dg=dx) has dimensionn, this element
is invertible in GW(F )[1=n] by our assumption on F , hencef � f � is
invertible in HomSH (F ) (S; S)[1=n]. �

Corollary 9.6.2. Let F be a �nite �eld, E the 0-spectrum of some
E 2 SH (F ). Then E satis�es axiom IV.

Proof. For a �nite �eld F , onehas I (F )2 = 0. The result thus follows
from Lemma 9.6.1 �

10. Good compactifica tions

This sectionis dedicatedto proving the following result:

Theorem 10.0.3. Let B be a regular noetherian schemewith in�nite
residue�elds, and let � : X ! B be in Sm=B, with X equi-dimensional
over B . For each point x 2 X , there is a commutative diagram of
pointed schemes

(Y; x)
f //

q
��

(X ; x)

�
��

(B 0; q(x)) g
//(B ; p(x))

and a closed embedding i : Y ! An
B 0 suchthat

(1) f and g are �etale
(2) Y ! B 0 in Sm=B0
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(3) i satis�es (5.1.1)
(4) N i is trivial.

If B = SpecF , F a �eld, wemay �nd (Y; x) with f an open immersion
identifying Y with an a�ne open neighborhood of x, and with n =
dimB X + 2.

10.1. Families of curv es. Let d = dimB X . The �rst step is to com-
pactify a Zariski neighborhood of (X ; x) to form a family of curvesover
Pd� 1

B . We then try to �nd a good line bundle on the compacti�cation
which will contract undesirablecomponents.

Sincewe are allowed to passto a Zariski open neighborhood of x, we
may assumethat B is local, B = SpecO, and that p(x) is the closed
point bof B . Wemay alsoreplaceB with the maximal �etalelocal cover
B 0 ! B through which the map X ! B factors, so we may assume
that X ! B hasgeometrically irreducible �b ers.

For a commutativ e ring R and an ideal I � R, we let V(I ) denote
the closedsubschemeSpecR=I of SpecR. Similarly, if S is a gradedR
algebraand J � S a homogeneousideal, we let V(J ) denotethe closed
subschemeProj(S=J) of Proj(S).

De�nition 10.1.1. Let T be a B-schemeof �nite type, Y ! T a T-
scheme. We call Y a hypersurface over T if Y is 
at over T and there is
a locally freecoherent sheafE on T, a closedembeddingY � ProjT (E)
and integerd such that each t 2 T hasan openneighborhood j : U ! T
such that j � Y � ProjU (j � E) is the subscheme de�ned by a non-zero
sectionof OE(d) over ProjU (j � E).

Remark 10.1.2. A closedsubschemeY of P := ProjU (j � E) de�ned by a
sectionF 6= 0 of OE(d) over P is 
at over U if and only if for each point
u 2 U, the restriction i �

uF to Pu is non-zero. Indeed,TorOU
i (OY ; k(u))

is the i th homologysheafon Yu of the complex

OPu (� d)
� i �

u F
� � � ! OPu :

Lemma 10.1.3. There is a Zariski open neighborhood (U;x) of (X ; x),
an open immersion j : U ! �U and projective morphismsp : �U ! Pd� 1

B ,
q : �U ! Pd+1

B suchthat
(1) p has �b ers of dimensionone.
(2) �U is a hypersurface over Pd� 1

B .
(3) For each y 2 Pd� 1

B , the map qy : p� 1(y) ! Pd+1
k(y) is a closed

embedding.
(4) pjU : U ! Pd� 1

B is smooth.
(5) Let y = p(x). Then Uy is geometrically irr educible.
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Proof. The construction is more or lessstandard: We �rst show that
there is an open neighborhood of x in X which is isomorphic to an
open subschemeof a hypersurfaceV(F ) in Ad+1

B , 
at over B , i.e. F is
in O[X 1; : : : ; X d + 1] and F is not zeromodulo the maximal ideal m of
O.

For this, it su�ces to replacex with any closedpoint x0 of X in the
closure of x. Thus, we may temporarily assumethat x is a closed
point of X . Let mX ;x denote the maximal ideal in OX ;x . As the
�b er X b is smooth of dimensiond over k(b) , we can �nd d elements
�f 1; : : : ; �f d 2 mX b;x which generatemX b;x and form a regular sequence
in mX b;x . Lifting the �f j to elements f j 2 mX ;x , we have the regular
sequencef 1; : : : ; f d. As the morphism

�f := ( �f 1; : : : ; �f d) : SpecOX b;x ! Ad
k(b)

is �etale, the morphism

f := (f 1; : : : ; f d) : SpecOX ;x ! Ad
B

is also�etale. Note that f (x) is the origin 0b 2 Ad
b.

By the presentation theoremfor �etalemorphisms[?, *] there are ele-
ments F; G 2 OAd ;0b

[X d+1 ] such that the localization (OAd ;0b
[X d+1 ]=F)G

is isomorphicto OX ;x (as an algebraover OAd ;0b
). We may assumethat

F and G are actually in O[X 1; : : : ; X d+1 ] and that the open subscheme
G 6= 0 of the hypersurfaceV(F ) in Ad+1

B is isomorphic to an open
neighborhood of x in X . SinceX b hasdimensiond over k(b), it follows
that F is not in m[X 1; : : : ; X d+1 ], sothe hypersurfaceF = 0 is 
at over
B . Changingnotation, we may assumethat X = V(F ) n V(G).

Let �F be the homogenizationof F to a homogeneouspolynomial
in O[X 0; X 1; : : : ; X d+1 ] and �X � Pd+1

B the subscheme de�ned by �F .
Clearly �X is a hypersurfaceover B which contains X as an open sub-
scheme. We extend � : X ! B to � : �X ! B .

Let P � Pd+1
b be a general P2 containing x. P will intersect �X b

transverselyat x; by Bertini's theorem [?, *], the intersection P \ X b

is geometrically irreducible for all su�cien tly generalP. For such a P,
let `b := P \ Pd

1 . We may chooseP so that `b \ �X b has dimension0;
let ` � Pd

1 be any P1
B with �b er `b over b. Then ` \ �X ! B is �nite.

For z 2 �X n `, let Pz be the P2 spannedby z and ` � (z) .
Let � : ~Pd+1

B ! Pd+1
B be the blow-up of Pd+1

B along `. The projection
Pd+1

B n ` ! Pd� 1
B with center ` de�nes a morphism � : ~Pd+1

B ! Pd� 1
B

making ~Pd+1
B into a Zariski locally trivial P2-bundleover Pd� 1

B , so~Pd+1
B =

ProjPd� 1
B

(E) for somelocally freecoherent sheafE of rank three on Pd� 1
B .
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Let ~X := � � 1( �X ), and let p : ~X ! Pd� 1
B bethe restriction of �. Since

` \ �X ! B is �nite, p is equi-dimenionsalwith �b ers of dimension
one. Also, �X � Pd+1

B is a hypersurfaceover B , so ~X � ~Pd+1
B is a

Cartier divisor on ~Pd+1
B . As p has�b er dimensionone,this implies that

~X � ~Pd+1
B is a hypersurfaceover Pd� 1

B .
By construction, p� 1(p(z)) = Pz \ �X for all z 2 �X n `. Thus, the

�b er p� 1(p(x)) admits an open neighborhood of x which is smooth
over k(p(x)) and is geometrically irreducible. Sincep is 
at, there is a
neighborhood U of x 2 ~X which is smooth over Pd� 1

B , and with �b er
Up(x) geometrically irreducible.

Also, the identit y p� 1(p(z)) = Pz \ �X implies that the projection
� : p� 1(y) ! Pd+1

y is a closedembedding for all y 2 Pd� 1
B . We may

thereforetake �U := ~X and q the restriction of � , which completesthe
proof. �

The next step is to construct a \n umerically contracting" invertible
sheafon �U. For a B-morphism T ! Pd� 1

B , we denotethe �b er product
�U � Pd� 1

B
T by �UT , and similarly useUT to denoteU � Pd� 1

B
T.

Lemma 10.1.4. Let T be a noetherian scheme. Let p : �U ! T be
a hypersurface over T with �b ers of dimension one, 0 a point of T,
x 2 �U0. Suppose

(a) There is an open neighborhood U of x such that p : U ! T is
smooth.

(b) There is a Cartier divisor D � U suchthat p : D ! T is �nite.
(c) The �b er U0 is geometrically irr educible.

Then there is a neighborhood V � U of x and an open neighborhood V0

of 0 2 T suchthat

(1) p(V) = V0,
(2) D \ p� 1(V0) � V ,
(3) the �b ers of p : V ! T are geometrically irr educible.

Moreover, there is a closed subset �U; � �U n V so that the �b er �U;
t is a

union of irr educiblecomponentsof �Ut and �Ut = �U;
t [ V t for all t 2 V0,

Proof. We may replaceT with any open neighborhood of 0. Since �U is
a hypersurfaceover T of relative dimensionone, we may assumethat
�U is a closedsubschemeof P2

T , de�ned by an F 2 H 0(P2
T ; O(d)) with

the property that i �
t F 6= 0 for all points i t : t ! T of T.

Let d1; : : : ; dr be be positive integerswith
P

j dj = d, and let Td1 ;:::;dr

be the subsetof T consistingof thosepoints t 2 T such that i �
t F factors



CHOW'S MOVING LEMMA IN THE A1-STABLE HOMOTOPY CATEGOR Y 73

in k(t)[X 0; X 1; X 2] as
i �
t F =

Y

j

Ft;j ;

with degFt;j = dj . Then Td1 ;:::;dr is a closedsubsetof T, asfollows from
the fact that the set of F 2 P(H 0(P2; O(d))) which admit such a fac-
torization is the closedsubsetgiven as the imageof the multiplication
map Y

j

P(H 0(P2; O(dj ))) ! P(H 0(P2; O(d))) :

Similarly, the setof t for which i �
t F admits such a factorization with the

Ft;j irreducible in k(t)[X 0; X 1; X 2] is an open subsetT irr
d1 ;:::;dr

of Td1 ;:::;dr .
Clearly the T irr

d1 ;:::;dr
form a strati�cation of T by locally closedsubsets.

Let V � U be an open subscheme. Then the set Red(V) of t 2 T
such that the �b er Vt is not geometricallyirreducible is a constructible
subsetof T. This follows from the remark above, noticing that t is not
in Red(V) \ T irr

d1 ;:::;dr
if and only if V (Ft;j ) � �U n V for all but at most

one index j , so Red(V) \ T irr
d1 ;:::;dr

is open in T irr
d1 ;:::;dr

.
Now let W be an irreducible closedsubsetof T containing 0. Let w

be the genericpoint of W. Denote the geometric�b er of �U ! T over
w by �U �w . We claim that there is a unique irreducible component �UD

�w
which hasnon-empty intersectionwith D.

Indeed, note that the hypotheseson �U ! T, U � �U and D are
preserved under arbitrary base-change (T 0; 00) ! (T; 0). Thus, we
may assumethat each irreducible component of �Uw is geometrically
irreducible and similarly for �U0. By assumption, there is a unique ir-
reducible component �UD

0 of �U0 with non-empty intersection with D,
namely, the closureof U0. Supposeare two components, �U1

w and �U2
w , of

�Uw which intersectD. Extend the specializationw ! 0 to a specializa-
tion of cycles �Ui

w ! Z i � �U0, i = 1; 2. Then both Z 1 and Z 2 intersect
D, so both Z 1 and Z 2 contain �UD

0 . Thus the cycle �Uw specializesover
w ! 0 to a cycle Z supported in �U0, containing �UD

0 with multiplicit y
at least two. This contradicts the smoothnessof U ! T.

Sincethe irreducible component �UD
�w is unique, this component must

be the base-extensionto �k(w) of a unique irreducible component �UD
w of

�Uw. Thusthere is a uniqueirreduciblecomponent �UD
w of �Uw intersecting

D, and �UD
w is geometrically irreducible. Let �U;

w be the union of the
other irreducible components of �Uw , and let �U;

W be the closureof �U;
w

in �U.
Let �U; be the union of the �U;

W , whereW runs over irreducible closed
subsetsof T containing 0. We claim that �U; is a closedsubsetof �U.
To seethis, take such a W and let w be the genericpoint. There is a
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unique sequenced1 � : : : � dr > 0 with
P

j dj = d and w 2 T irr
d1 ;:::;dr

.
There is thus an irreducible closedsubsetW 0 of T containing W such
that W 0 is the closureof an irreducible component of T irr

d1 ;:::;dr
; it su�ces

to show that �U;
W � �U;

W 0. This is clear, sinceour condition implies that
�U �w and �U �w0 have r irreducible components (counted with mulitplicit y),
hence �U;

w is in the closureof �U;
w0.

Let V1 = U n �U; . By our construction, the closure Red(V1) does
not contain 0. Thus, taking V = V1 n p� 1(Red(V1)), V0 = T n Red(V1)
provesthe result. �

For a B-morphism T ! Pd� 1
B , and a point t 2 T lying over p(x), we

let Ct denote the closureof the geometrically irreducible curve Ut in
�Ut .

Lemma 10.1.5. Let j : U ! �U, p : �U ! Pd� 1
B and q : �U ! Pd+1

B
be as in Lemma 10.1.3. There is a Nisnevic neighborhood (T; 0) !
(Pd� 1

B ; p(x)) and an e�ective Cartier divisor D � �U suchthat

(1) T is a�ne and D ! T is �nite and �etale
(2) D is supported in UT � �UT .
(3) x 2 D.
(4) Let L := O �U (D). Then L 
 OC0

�= OC0 (1).

Proof. Let H be a generalhyperplane in Pd+1
B containing q(x) and let

D := q� 1(H ). Choosing H su�cien tly general,we may assumethat
D \ Cp(x) is contained in U and that the intersectionis transverse.We
may alsoassumethat D intersectsthe entire �b er �Up(x) properly.

Thus there is a neighborhood U0 of p(x) in Pd� 1
B such that D \ �Uy

is �nite for all y 2 U0. Let D0 := D \ p� 1(U0), giving us the �nite
U0-schemep : D0 ! U0.

Let O bethe strict HenselizationOsh
U0 ;p(x) . SinceD\ Cp(x) is contained

in U and the intersectionis transverse,it follows that D0 � U0 Spec(O)
breaksup as a disjoint union

D0 � U0 Spec(O) = q w2 D \ C0
p( x )

Spec(O)
a

D00

whereD00\ Cp(x) = ; and the Spec(O) indexedby w 2 D \ Cp(x) is the
unique component Y of D0 � U0 Spec(O) with Y \ Cp(x) = w. We label
this component as Spec(O)w.

Let e = degPd+1 (q(Cp(x))). We thus have the section

s1 : Spec(O) ! Se(U=Pd� 1
B )
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with s1(y) =
P

w p� 1(y) \ Spec(O)w . Here Se(U=Pd� 1
B ) is the relative

symmetric product:

Se(U=Pd� 1
B ) := U � Pd� 1

B
: : : � Pd� 1

B
U=� e:

The zero-cycleD \ Cp(x) is de�ned over k(p(x)) and supported in
the smooth locus U, so the section s descendsto a section on the
Henselization

s0 : Spec(Oh
U0 ;p(x)) ! Se(U=Pd� 1

B ):

Since U is of �nite type, there is a Nisnevic neighborhood (T; 0) !
(U0; p(x)) such that s0 descendsto a section

s : T ! Se(U=Pd� 1
B ):

Thus the Cartier divisor D0 � U0 T � U � U0 T hasan open and closed
subschemeD such that we have the identities of cycles

D \ Ut = s(t)

for all t 2 T. SinceD0 is �nite over U0, D ! T is �nite.
Since

D � T Spec(O) = q w2 D \ Cp( x )
Spec(O);

D ! T is �etale over a neighborhood of 0; shrinking T, we may assume
that T is a�ne and D ! T is �etale, completing the proof. �

Lemma 10.1.6. There is an integer m0 suchthat L 
 m is generated by
global sections for all m � m0.

Proof. We retain the notation from Lemma 10.1.5. The base-scheme
T is a�ne, so write T = SpecA.

Let m > 0 be an integer. We have the standard sheafsequence

0 ! L 
 m� 1 � s� ! L 
 m i �
D� ! L 
 m 
 OD ! 0

which yields the long exact cohomologysequence

(10.1.1) 0 ! H 0( �UT ; L 
 m� 1) ! H 0( �UT ; L 
 m ) !

H 0(D; L 
 m 
 OD ) ! H 1( �UT ; L 
 m� 1) !

H 1( �UT ; L 
 m ) ! H 1(D; L 
 m 
 OD ) ! : : : :

Since D ! T is �nite and T is a�ne, D is a�ne as well. Thus
H 1(D; L 
 m 
 OD ) = 0 for all m � 0, and we thereforehave the tower
of surjections

: : : ! H 1( �UT ; L 
 m� 1) ! H 1( �UT ; L 
 m ) ! : : :
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Since �UT ! T is projective, the cohomologygroups H 1( �UT ; L 
 m ) are
�nitely generatedA-modulesfor all m, and hencethis tower is eventu-
ally constant, say

H 1( �UT ; L 
 m� 1) ��! H 1( �UT ; L 
 m )

for all m � m0.
Looking back at our sequence(10.1.1), we thus have the surjection

H 0( �UT ; L 
 m ) ! H 0(D; L 
 m 
 OD )

for m � m0. SinceD is a�ne, L 
 m 
 OD is globally generatedfor all
m � 0, henceL 
 m

x is generatedby global sectionsof L 
 m for all x 2 D
and m � m0. Sinces
 m generatesL 
 m

x for all x 62D, it follows that
L 
 m is generatedby global sectionsfor all m � m0, as desired. �

10.2. Finishing the pro of.

Prop osition 10.2.1. Let q : (X ; x) ! (B ; b) be smooth. Then there
is a Nisnevic neighborhood (X 1; x) ! (X ; x), an open immersion j :
X 1 ! �X 1, a smooth B-schemeT ! B and a projective B-morphism
p : ( �X 1; x) ! (T; 0) suchthat

(1) p hasgeometrically irr educible �b ers of dimension one.
(2) p � j is smooth.

Furthermore, �X 1 admits a �nite T-morphism �X 1 ! T � B P1.

Proof. Take U, q : �U ! Pd+1
B , (T; 0), � : ( �UT ; x) ! (T; 0), V and L as

given by Lemma10.1.5. By Lemma10.1.6,the sheafL 
 m is generated
by global sectionsfor somem > 0. As �UT ! T has�b ersof dimension
one,we may �nd two global sectionss0, s1 of L 
 m which generateL 
 m ,
after shrinking T. This yields the T-morphism

f := (s0 : s1) : �U ! T � B P1:

SinceL 
 m = O �U (mD), we may assumethat s1 is the canonicalsection
with divisor mD.

Let
�U

g //

f ##GG
GGG

GGG
GG

�X 1

h
��

T � B P1

be the Stein factorization of f .
By Lemma 10.1.4,we may shrink T and �nd an open neighborhood

V of x in UT containing D such the �b ers of V ! T are geometri-
cally irreducible. For t 2 T, we let Ct denote the closurein �Ut of the
geometrically irreducible curve Vt . We let C;

t denote the union of the
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remainingcomponents of �Ut . By Lemma10.1.4,[ t2 T C;
t forms a closed

subset �U;
T of �UT with D is supported in �UT n �U;

T .
Take t 2 T. SinceL 
 m = O �U (mD) and D is supported in �UT n �U;

T ,
f (C;

t )is a �nite subsetof t � P1, and so f ( �U;
T ) is a closedsubsetW

of T � B P1, �nite over T. On the other hand, L restricted to Ct has
positive degree,so the restriction of f to f t : Ct ! t � P1 is �nite.
Furthermore f (D) � T � (1 : 0). SinceC ;

t \ D = ; , f (C;
t ) doesnot

contain t � (1 : 0), hencef (D) \ W = ; . Shrinking V if necessary, we
may assumethat V � �U n f � 1(W).

It follows that the restriction of f to

~f : �U n f � 1(W) ! T � B P1 n W

is �nite. By the universal property of the Stein factorization, the re-
striction of g to �U n f � 1(W) is an open immersion, and thus the re-
striction of g to V is an open immersion. We have the morphism
p1 � f : �X 1 ! T.

Since g is surjective and the �b ers of p : �U ! T are connected,
it follows that Ct ! �X 1t is surjective for all t 2 T. SinceCt is geo-
metrically irreducible for all t, it follows that the �b ers of p1 � f are
geometricallyirreducible. We take X 1 := g(V) � �X 1; sinceg : V ! �X 1

is an open immersionand V ! T is smooth, X 1 ! T is smooth. Since
(V; x) ! (X ; x) is a Nisnevicneighborhood of (X ; x), the proof is com-
plete. �

We now proceedby induction.

Theorem 10.2.2. Let X ! B be a smooth B-schemeof relative di-
mension d, x a point of X . Then there is a Nisnevic neighborhood
(Y; x) ! (X ; x), a local, �etale B-schemeB 0 ! B , a projective B 0-
scheme� : �Y ! B 0 and an open immersion j : Y ! �Y suchthat

(1) �Y has geometrically irr educible�b ers of dimensiond.
(2) j (Y) is densein �Y .

Proof. We may assumefrom the start that B is local and that x lies
over the closedpoint b of B . If d = 0, then X ! B is �etale, so we
just take B 0 = Y = �Y = X . In general,assumethe result for X 0 ! B
smooth of dimension< d. By Proposition 10.2.1,we have a Nisnevic
neighborhood (X 1; x) ! (X ; x), a denseopen immersionj 1 : X 1 ! �X 1,
a smooth B-schemeV ! B and a �nite morphism f : �X 1 ! V � P1

such that p1 � f has geometrically irreducible �b ers of dimensionone
and p1 � f � j 1 is smooth. Let 0 = p1 � f � j 1(x).

We apply our induction hypothesis to (V; 0) ! (B ; b), giving the
Nisnevic neighborhood (V 0; 0) ! (V; 0), the denseopen immersion j 0 :
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V 0 ! �V 0 and the projective morphism � 0 : �V 0 ! B 0 with geometrically
irreducible �b ersof dimensiond� 1. Taking a base-changewith respect
to V 0 ! V , we may simply replaceV with V 0 and changenotation, so
we may assumethat V = V 0. In particular V ! B 0 has geometrically
irreducible �b ersof dimensiond� 1 and so �X 1 ! B 0 hasgeometrically
irreducible �b ersof dimensiond.

Sincef is �nite, f is projective, so there is a factorization of f as a
closedembedding i : �X 1 ! V � P1 � PN , followed by the projection
V � P1 � PN ! V � P1. Let �X c

1 be the closureof i ( �X 1) in �V � P1 �
PN , giving us the open immersion j c

1 : �X 1 ! �X c
1 and the projective

morphism p12 : �X c
1 ! �V � P1.

Form the Stein factorization of p12:

�X c
1

q //

p12 ##G
GGG

GGG
GG

�Y

h
��

�V � P1

Since �X 1 ! V � P1 is �nite, and �X 1 = �X c
1 � �V V, it follows that the

composition
�X 1 ! �X c

1 ! �Y

is an open immersionwith denseimage;we identify �X 1 with its image
in �Y . Let �Y ! B 0 be the composition

�Y ! �V � P1 ! �V ! B 0:

We claim that �Y ! B 0 hasgeometrically irreducible �b ers.
Indeed, it is easyto seethat each irreducible component of �Y domi-

natessomeirreducible component of B 0, and that the �b er of �Y ! B 0

over a generic point � 2 B 0 has pure dimension d over k(� ). Take
b0 2 B 0. By the upper-semi-continuity of the �b er dimension, each
irreducible component of �Yb0 has dimension � d over k(b0). Since
�Yb0 ! �Vb0 � P1 is �nite, each geometrically irreducible component P
of �Yb0 must have

dimk(b0) P = d:

Set �b0 := Speck(b0).
�V�b0 is irreducible of dimensiond� 1. Thus P ! �V�b0 � P1 is surjective

and the �b ersof P ! �V�b0 arepure dimensionone. The �b ersof �Y ! �V
agreewith the �b ersof �X 1 ! �V over V . Thus, if � is the genericpoint
of �V�b0, we have P� = ( �X 1)� , and hence( �X 1)�b0 is densein P. SinceP was
arbitrary, �Yb0 is geometrically irreducible. Taking Y := X 1 completes
the proof. �
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Proof of Theorem 10.0.3. Take (Y; x) ! (X ; x), j : Y ! �Y and �Y !
B 0 ! B asgiven by Theorem10.2.2. Shrinking Y if necessary, we may
assumethat the relative tangent bundle � Y=B0 is trivial.

�Y ! B 0 is projective, so there is a closedembedding i 1 : �Y ! PN
B 0.

Let W = �Y n j (Y). Since the �b ers of Y are densein the �b ers of
�Y, there is a hypersurfaceH � PN

B 0 over B 0 of su�cien tly high degree
m containing W and avoiding the point x. We may replaceY with
�Y n H ; taking the m-fold Veroneseembedding, we may assumethat
H = PN � 1

1 . The resulting closedembedding

i : Y ! AN
B 0 = PN

B 0 n PN � 1
1

satis�es the condition (5.1.1) sincethe �b ersof �Y are irreducible. Also,
the normal bundle N i is trivial in K 0(Y), sincewe have

[N i ] = [� AN
B 0=B0 
 OAN OY ] � [� Y=B0]:

SinceY is a�ne, this implies that N i � OM
Y is free for M su�cien tly

large. If we just re-embed PN
B 0 in PN + M

B 0 as a linear subspace,this will
changeN i by adding OM

Y , so the new normal bundle is free.
This completesthe proof of Theorem10.0.3except for the assertion

that we may take N = dimB X + 2 in caseB = SpecF for an in�nite
�eld F . In this case, every closed embedding i : Y1 ! AN

F of an
arbitrary a�ne neighborhood (Y1; x) � (X ; x) satis�es (5.1.1). Having
chosenone such Y1 and i , take a general linear projection � : Y1 !
Ad+1

F , d = dimF X so that � : Y1 ! �Y1 := � (Y1) is �nite and an
isomorphismover a neighborhood U of � (x). Let Y � U be an open
neighborhood of � (x) such that N �Y1 ! Ad+1

F
is trivial on Y. Shrinking Y

if necessary, we may assumethat Y = �Y1 n V(g) for somepolynomial
g 2 F [X 1; : : : ; X d+1 ].

Let f : Ad+1 n V(g) ! Ad+2
F be the closedembedding de�ned by

f � (X i ) =

(
X i for 1 � i � d + 1
g� 1 for i = d + 2

and let i : Y ! Ad+1
F be the composition Y ! Ad+1 n V(g) ! Ad+2

F .
We have the exact sequence

0 ! NY ,! Ad+1 nV (g) ! N i ! NAd+1 nV (g),! Ad+2 ! 0;

which splits sinceY is a�ne. SinceAd+1 n V(g) is a hypersurfacein
Ad+2 it has trivial normal bundle, henceN i is trivial.

�
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