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THE HOMOTOPY CONIVEAU FILTRATION
MARC LEVINE

ABSTRACT. We examine the “homotopy coniveau tower” for a
general cohomology theory on smooth k-schemes, satisfying some
natural axioms, and give a new proof that the layers of this tower
for K-theory agree with motivic cohomology.

We show how these constructions lead to a tower of functors on
the Morel-Voevodsky stable homotopy category, and identify this
stable homotopy coniveau tower with Voevodsky’s slice filtration.
We also show that the Oth layer for the motivic sphere spectrum
is the motivic cohomology spectrum, which gives the layers for a
general Pl-spectrum the structure of a module over motivic coho-
mology. This recovers and extends recent results of Voevodsky on
the Oth layer of the slice filtration, and yields a spectral sequence
that is reminiscent of the classical Atiyah-Hirzebruch spectral se-
quence.
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0. INTRODUCTION

The original purpose of this paper was to give an alternative argu-
ment for the technical underpinnings of the papers [3, 6], in which the
constructruction of a spectral sequence from motivic cohomology to
K-theory is given. As in the method used by Suslin [17] to analyze the
Grayson spectral sequence, we rely on localization properties of the
relevant spectra.

Having done this, it becomes clear that the method applies more
generally to a functor from smooth schemes over a given base field k
to spectra, satisfying certain conditions. We therefore give a general
discussion for a functor F : Sm;” — Spt from smooth k-schemes to
spectra, which is homotopy invariant and satisfies Nisnevic excision.

For such a functor, and an X in Smy, we construct the homotopy
coniveau tower

= EPY(X ) S EP(X, -) > ... = EO(X,-) ~ B(X)

where the E®) (X, —) are simplicial spectra with n-simplices the limit
of the spectra with support E" (X x A™), where W is a closed subset of
codimension > p in “good position”. This is just the evident extension
of the tower used by Friedlander-Suslin in [6]. One can consider this
tower as the algebraic analog of the one in topology formed by applying
a cohomology theory to the skeletal filtration of a CW complex. The
main objects of our study are the layers E®/P*1)(X, —) in this tower.

We begin by verifying the basic properties of the E® (X, —): ho-
motopy invariance, localization, and functoriality. This latter is ac-
complished by a generalization of the classical Chow’s moving lemma,
analogous to the procedure used for Bloch’s higher cycle complexes; in
order to use this method, we require that £ can be delooped at least
twice (in the sense of Pl-spectra), so that some form of push-forward
map is available.

We apply the method used by Kahn in [11] to replace the total
spectra |E®) (X, —)| with functors

E® . Sm}”> — Spt,

and similarly for the layers F (p/p+1)

We iterate these functors, and thereby find a simple description of
the layers. In this, a crucial role is played by the Oth layers (Q4.E)©/Y
of the T-loop space

(QBE)(X) = EX*(X x AP).
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Indeed, for W smooth, the restriction map
EYY(W)Y) — BV (kW)

is a weak equivalence, which enables us to, roughly speaking, extend
the functor E©/Y to all k-schemes as a locally constant sheaf for the
Zariski topology. One can then identify E®/P*1)(X) with the simplicial
spectrum EX/P*V(X| —) having n-simplices
EF" I Xn) = T (Q0E) (k).

s.l.
z€X @) (n)

Here X ®)(n) is the set of codimension p points of X x A", with closure
in good position.

Once one has this description of the layers, it is easy to compute
the layers for K-theory, as one can easily show that Q4K = K and
that K(°/Y(F) is canonically a K(Ko(F),0) = K(Z,0) for F a field.
This gives a direct identification of Ks(ﬁ./ P Jrl)(X ,n) with Bloch’s higher
cycle group zP(X,n), and thus the weak equivalence K®/P+1(X, —)
with 27(X, —).

After this, we turn to the P!-stable theory. The localization property
for the E® allows one to define a P!-spectrum $,€ for a P-Q-spectrum
E = (FEo, F1,...), by the formula

ETP) forn+p>0
Enip for n +p <0.

(0pE)n = {

Here we should note that a P1-Q-spectrum € := (Fy, E1, . . .) is, roughly
speaking, a sequence of functors £, : Sm;” — Spt satisfying homotopy
and Nisnevic excision, together with weak equivalences E,, — Qp1 E,, 11,
where the operation (p: is given by

(Qp E)(X) :=fib(E(X x P') — E(X x 00)).
This gives the stable homotopy coniveau tower
= Op1€ = 0 — = P = P E— . =€

We examine this tower for suspension spectra, and then for £ in the
subcategory S, SH (k) of SH(k). Our main results here are

1) For € in ¢ SH(k), the maps in the tower
(1) P
¢d5—>¢d,15—> o= E.

are all weak equivalences.

(2) For € in SH(k), ¢4€ is in B, SH (k).
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This allows us to make a comparison with Voevodsky’s slice filtra-
tion. In [20], Voevodsky constructs the tower

= fpr1€ = € — o= fo€ = L€ — ... =&

where the map f;€ — & is universal for maps F — & with F in
¥4, SH™ (k). We show that the canonical map

G — fa€

given by (2) is a weak equivalence, thus identifying the slice tower with
the stable homotopy coniveau tower.

Finally, we compute of the Oth layer oy in the homotopy coniveau
tower for the motivic sphere spectrum S, assuming that the base-

field k is perfect. The idea here is that the cycle-like description of
pe/rtl)

N (X, —) enables one to define a “reverse cycle map”

rev : HZ — 0¢S.

It is then rather easy to show that rev induces a weak equivalence after
applying the Oth layer functor oy again. However, since motivic co-
homology is already the Oth layer of K-theory, applying oq leaves HZ
unchanged, and similarly for oS, giving the desired weak equivalence
HZ ~ 0¢S. The analogous statement for the slice filtration in charac-
teristic zero has been recently proven by Voevodsky [22] by a different
method.

In any case, for a P'-spectrum &, each layer 0,€ is a HZ-module.
We thus have the objects 74 of DM(k) whose Eilenberg-Maclane
Pl-spectrum satisfies

H((m,E)[p]) = 0y
as HZ-modules. Here H is the the “Eilenberg-Maclane functor” from
DM(k) to SH(k). For E : Sm;, — Spt the 0th S'-spectrum of £ and
X € Smy, the spectral sequence associated to the homotopy coniveau
tower can be expressed as

By =HP(X, 7" &) = E_, o(X).

Here E is the completion of E with respect to the homotopy coniveau
tower. Under certain connectivity properties of F, one has F = E.

Using the bi-graded homotopy groups of a P!-spectrum, this gives
the weight-shifted spectral sequence

BB — WP(X, (+%,€) © 20) — E704(X).
For the K-theory P!-spectrum
K:=(KK,...),



6 MARC LEVINE

our computation of the layers K®/P+1) gives
I =Z(p)pl; p=0,%+1,%2,...,

and we recover the Bloch-Lichtenbaum, Friedlander-Suslin spectral se-
quence
EYT:=Hr9X,Z(—q)) = K_,—((X).

We have had a great deal of help in developing the techniques that
went in to this paper. Fabien Morel played a crucial role in nu-
merous discussions on the Al-stable homotopy category and related
topics. Conversations with Bruno Kahn, Jens Hornbostel and Marco
Schlichting were very helpful, as were the lectures of Bjorn Dundas and
Vladamir Voevodsky at the Sophus Lie Summer Workshop in Al-stable
homotopy theory. I would also like to thank Paul Arne Ostvar for his
detailed comments on an earlier version of this manuscript. Finally,
[ am very grateful to the Humboldt Foundation and the Universititat
Essen for their support of this reseach, especially my colleagues Hélene
Esnault and Eckart Viehweg.
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1. THE HOMOTOPY CONIVEAU TOWER

1.1. Presheaves of simplicial sets. Let sSets denote the category
of simplicial sets, and sSets* the category of pointed simplicial sets.
For a category C, we have the category sC of functors F' : C°? — sSets
(presheaves of simplicial sets), and s,C of functors F' : C°? — sSetsx
(presheaves of pointed simplicial sets).

We give sSets and sSetsx the standard model structures: cofibra-
tions are (pointed) monomorphisms, weak equivalences are weak equiv-
alences on the geometric realization, and fibrations are detemined by
the RLP with respect to trivial cofibrations; the fibrations are then ex-
actly the Kan fibrations. We let |A| denote the geometric realization,
and [A, B] the homotopy classes of (pointed) maps |A| — |B|.

We give sC and s,C the model structure of functor categories de-
scribed by Bousfield-Kan [4]. That is, the cofibrations and weak equiv-
alences are the pointwise ones, and the fibrations are determined by
the RLP with respect to trivial cofibrations. We let ‘HsC and Hs,.C
denote the associated homotopy cateogies.

1.2. Spectra. Let Spt denote the category of spectra. To fix ideas,
a spectrum will be a sequence of pointed simplicial sets Ey, F1, ... to-
gether with maps of pointed simiplicial sets €, : S'AE, — E,1. Maps
of spectra are maps of the underlying simplicial sets which are compat-
ible with the attaching maps €,. The stable homotopy groups 72 (E)
are defined by

7 (E) := lim [S™*" E,,].

The category Spt has the following model structure: Cofibrations
are maps f : F — F such that Ey — Fj is a cofibration, and for each
n > 0, the map

En+1 H Sl/\Fn_)Fn-l—l
SINEn
is a cofibration. Weak equivalences are the stable weak equivalences,
i.e., maps f : E — F which induce an isomorphism on ; for all n.
Fibrations are characterized by having the RLP with respect to trivial
cofibrations.

Let C be a category. We say that a natural transformation f : £ —
E’ of functors C°® — Spt is a weak equivalence if f(X) : E(X) —
FE'(X) is a stable weak equivalence for all X.

We use the following model structure on the category of functors
C? — Spt (see [9]): Cofibrations and weak equivalences are given
pointwise, and fibrations are characterized by having the RLP with re-
spect to trivial cofibrations. We denote this model category by Spt(C),
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and the associated homotopy category by HSpt(C). We write SH for
the homotopy category of Spt.

1.3. Simplicial spectra. For a spectrum FE, we have the Postnikov
tower

oo —— TSN ——————— oy —— -
E

with 7>y E — E the N — 1-connected cover of E, ie., sy — E is
an isomorphism on homotopy groups m, for n > N, and 7,(t>nE) = 0
for n < N. One can make this tower functorial in E, so we can apply
the construction 7>y to functors £ : C — Spt.

We have the category Ord with objects the finite ordered sets [n] :=
{0 <...<n}, n=0,1,..., and maps order-preserving maps of sets.
Let Ord<y be the full subcategory with objects [n], 0 <n < N.

Let E : Ord®® — Spt be a simplicial spectrum. We have the N-
truncated simplicial spectrum E<y : OrdY,, — Spt, the associated
total spectrum |E<y|, and the tower of spectra

Since taking the total spectrum commutes with filtered colimits, we
have the natural weak equivalences

~

hocolimyy |E<p| |E|

hocolimy ys 7>_ n|E<p| — hocolimy 7>_n|E]|.

When the context makes the meaning clear, we will often omit the
separate notation for the total spectrum, and freely pass between a
simplicial spectrum and its associated total spectrum.

1.4. The homotopy coniveau tower. We fix a base scheme S, and
let Smg denote the category of smooth S-schemes, of finite type over
S. We will assume that S is noetherian, of finite Krull dimension and
separated. We often write Spt(S) and HSpt(S) for Spt(Smg) and
HSpt(Smg).

We have the cosimplicial scheme A*, with

A" = Spec (Zlty, - . . ,tr]/th —1).
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The vertices of A™ are the closed subschemes v} defined by ¢; =1,¢; =0
for j # 4. A face of A" is a closed subscheme defined by equations of
the form ¢;, = ... =1t;, = 0.

Let £ : Smg — Spt be a functor. For X in Smg with closed
subscheme W and open complement j : X \ W — X, we let EV(X)
denote the homotopy fiber of j* : E(X) — E(X \ W) (in Spt). If we
have a chain of closed subsets W’ C W C X, we have a natural map
iwr s EW'(X) — EY(X) and a natural weak equivalence

(1.4.1)  cofib(iyrws : V' (X) — EW(X)) ~ EV\W (X \ W).

Here “cofib” means homotopy cofiber in the category of spectra.

For X in Smyg, we let Séf) (r) denote the set of closed subsets W of
X x A" such that

codimxp(WN(X x F)) >p

for all faces F' of A". Clearly, sending r to Sg?)(r) defines a simplicial
set Sg?)(—). We let X®)(r) be the set of codimension p points z of

X x A" with closure € S)(f) (7).
We let E®(X,r) denote the (filtered) limit

EW(X,r) = hocolim EW (X x A").
wes{® (r)

Sending r to E® (X, r) defines a simplicial spectrum E® (X, —). Since

Sgﬂrl) (r) is a subset of S;f) (r), we have the tower of simplicial spectra

(14.2) ... = EPY(X -) - EP(X ) — ... - EY(X, -),

which we call the homotopy coniveau tower. We let E®/PTD(X, —)
denote the cofiber of the map E®*V(X, —) — EP(X, ).
Our first axioms are:

Al. E is homotopy invariant: For each X in Smg, the map p* :
E(X) — E(X x Al) is a weak equivalence.

A2. E satisfies Nisnevic excision: Let f : X’ — X be an étale
morphism in Smg, and W C X a closed subset. Let W’ =
f~Y(W), and suppose that f restricts to an isomorphism W’ —
W. Then f*: EV(X) — EV'(X') is a weak equivalence.

]?eﬁnition 1.4.1. Let X be in Smg. The weight-completed spectrum
E(X)is

E(X) = holim EOP (X, ).
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Proposition 1.4.2. Suppose that E satisfies axiom 1. Then there is
a weakly convergent spectral sequence

(1.4.3) EYT = 7Lﬁoftz(E(Merl)(X7 -)) = Efpfq(X)

If E = 1>NE for some N, then E ~ E and the above spectral sequence
1s strongly convergent.

Proof. The spectral sequence is constructed by the standard process of
linking the long exact sequences of homotopy groups arising from the
homotopy cofiber sequences E?+Y) (X, —) — E®)(X, —) — /P (X,
The first assertion then follows from the general theory of homotopy
limits (see [4]).

For the second, suppose £ = 7>y E. We first show that the sequence
is strongly convergent.

By (1.4.1) and a limit argument, we have

Tu(BPP(X 1)) = lim (B W(X x A"\ W),
w'cw

where the limit is over W’ € S)(?H)(r), W e S)(?) (r). It follows that
T (BE®PD(X 7)) = 0 for m < N.

From the tower (1.3.1), we thus have the the strongly convergent
spectral sequence

E?b - 7T—a<E(p/p+1)(Xa _b)) = ﬂ—a—b(E(p/p+1) (Xv _))
Since ng)(r) = () for p > dim X + r, this implies that
7Lpin(p/JoJrl)(X’ —)=0

for p > —p — ¢ + dim X + N, from which it follows that the spectral
sequence (1.4.3) is strongly convergent.

Similarly, it follows that the natural map E©(X,—) — E(X) is
a weak equivalence. The simplicial spectrum E© (X, —) is just the
simplicial spectrum E(X x A*), e, r — E(X x A"). Since E is
homotopy invariant, the natural map

BE(X) — BE(X x A%

is a weak equivalence, completing the proof. O

1.5. First properties. We give a list of elementary properties of the
spectra E®) (X, —)

(1) Sending X to E® (X, —) is functorial for equi-dimensional (e.g.
flat) maps Y — X in Smyg.

-1
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(2) The pull-back pt : E®(X,~) — E®(X x A, —) is a weak
equivalence. The proof is the same as that for Bloch’s cycle
complexes, given in [1].

(3) Sending E to E® (X, —) is functorial in E.

(4) The functor E +— E® (X, —) sends weak equivalences to weak
equivalences, and send homotopy (co)fiber sequences to homo-
topy (co)fiber sequences.

Exactly the same properties hold for the layers E®/P+7),

2. LOCALIZATION

We now show that the simplicial spectra E®) (X, —) behave well with
respect to localization.

2.1. Stable homology of spectra. For a simplicial set S, we have
the simplicial abelian group ZS, with n-simplices Z.S,, the free abelian
group on S,. Let £ = {E,,¢, : ¥E, — E,;1} be a spectrum; we
take the F, to be pointed simplicial sets, and the ¢, to be maps of
pointed simplicial sets. Form the spectrum ZFE by taking (ZFE), =
ZE,, where Z¢, : YX(ZE), — (ZFE),.1 is the map induced by ¢,,
composed with the natural map X(ZFE), — Z(XE,). The natural
maps F, — ZF, give a natural map F — ZF of spectra; one shows
that this construction respects weak equivalence and taking homotopy
cofibers (hence also homotopy fibers). The stable homology H,(E) is
defined by H,(F) = m,(ZFE). Using the Dold-Thom theorem, one has
the formula for H,(FE) as

H,(E) =lim H, n(E,,),
where the maps ﬁner(En) — ~n+m+1(Em+1) are given by the compo-
sition
[ ~ T7 Prx r
Hyyn(En) = Hyyms1(BE,) — Hypma (Bnyr)-

The Hurewicz theorem for simplicial sets gives the following analo-
gous result for spectra:

Proposition 2.1.1. Let E be a spectrum which is N-connected for
some N € Z. Then m,(E) = 0 for all n if and only if H,(E) =0 for
all n.

Proof. Since both 7, and H, respect weak equivalence, and are com-
patible with suspension of spectra, we may assume that N > 1, and
that F is an Q)-spectrum, i.e., the natural maps F,, — QF,; are weak
equivalences. Then 7,(E) = Tim(Ey) for all m. Suppose H,,(E) =0
for all n; we prove by induction that 7, ,,(E,,) = 0 for all n and m.
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By assumption 7x1.,(E,) = 0 for all m, with N > 1. We may
therefore proceed by induction on n to show that m,4,,(E,) = 0 for
all n and m. Supposing that 7, m,_1(F,) = 0 for all m, the Hurewizc
theorem implies that the Hurewicz map 7,1 (FEy) — ~n+m(Em) is an
isomorphism for all m, and one easily checks that the Hurewicz map
is compatible with the limits defining H,, and m,. Thus, the maps
ﬁ[Mm(Em) — ~n+m+1(Em+1) are isomorphisms for all m; since the
limit is zero by assumption, this implies that H, ., (E,,) = 0 for all m,
whence 7,1, (E,,) = 0 for all m.

The proof that m,(F) = 0 for all n implies H,(E) = 0 for all n is
similar, but easier, and is left to the reader. O

2.2. The localization theorem. In this section, E will be a functor
E : SmY — Spt satisfying axiom 2.

Let X be smooth and essentially of finite type over S, and let j :
U — X be an open subscheme, with complement ¢z : Z — X. We let

Sﬁg)z(r) denote the subset of 8@(7") consisting of those W contained in
Z x A", Let S[(f/)x(r) be the image of S)(?) (r) in S[(f) (r) under (j xid)~t.

Taking the colimit of EW (X x A"™) over W € Sﬁg)z(r) and varying r
and p gives us the tower of simplicial spectra

. (Zp+1)(X7_>—> (Zp)(X7_>_>_>E(Zd)<X7_>:E(ZO)(X’_)’

where d is any integer satisfying d < codimy Z; for all irreducible com-

ponents Z; of Z. Similarly, taking the colimit over W € 557/))( (r) for
varying p and r gives the tower of simplicial spectra

.= EP)(Uy, —) - EP(Ux,-) — ... - EOUy, -).
We have as well the natural maps
i, EP(X,r) — E®(X,r), j*: E®(X,r) — EP(Ux,r),
L EP(Uy,r) — EP(U,r), j*: EP(X,r) — E®(U,r),
with j* = ¢ o j*.

Let E®/P+3)(—) denote the cofiber of the maps E®+9)(—) — E®)(-).
Since E satisfies axiom 2, we have the homotopy fiber sequences

EP(X,r) & EO(X,r) L5 EP(Uy, r)

E@P) (X, p) B 0t (X ) 2 gt 17y ).
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These give the homotopy fiber sequences of simplicial spectra
EY (X, ) i B0 (X, -) % EO(Uy, )
E(ZP/PJFS) (X,-) i, plp/pts) (X,-) ERR EWP)(Uy, —)

The localization theorem is

Theorem 2.2.1. Suppose the base-scheme S is a scheme essentially
of finite type over a semi-local DVR with infinite residue fields. Then
the maps

E(p)(UX, ) — E(p)(U, -)
E@PH) Uy, —) — E@PH)(U, —)

are weak equivalences

Proof. The second weak equivalence follows from the first by taking
cofibers.

For the first map, this result follows by exactly the same method
as used in the proof of [13, Theorem 8.10]. Indeed, to show that the
map E®(Uy,—) — E®(U,—) is a weak equivalence, it suffices to
prove the result with E®(— n) replaced by 75y E®(—,n) for all N,
and thus we may assume that E®(—, n) is N-connected for some N.
By the Hurewicz theorem (Proposition 2.1.1), it suffices to show that
E®(Uy,—) — E®(U, —) is a homology isomorphism. This follows by
applying [13, Theorem 8.2], just as in the proof of Theorem 8.10 (loc.
cit.). O

3. FUNCTORIALITY AND CHOW’S MOVING LEMMA
Fix a field k.

3.1. T-loop spaces and P!'-loop spaces.
Definition 3.1.1. For a functor £ : Sm;” — Spt, we let
QrE : Sm;® — Spt
be the functor
QrE(X) = E¥Y(X x P') = fib(BE(X x P') = E(X x (P'\0)).
Define the functor Qpi1 E by
QpE(X) :=fib(E(X x P) ™ B(X x ).
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Remarks 3.1.2. (1) If E satisfies axioms 1 and 2, so do QpF and Qpi E.
(2) The commutative diagram

E(X x P —5 B(X x (P'\ 0))

Fs

E(X xP') —=— E(X X 00)

gives us the homotopy fiber sequence
QrE(X) — QmuE(X) — fib(E(X x (P*\ 0)) = E(X x c0)).

res

If F satisfies axiom 1, fib(E(X x (P'\ 0)) — E(X x 00)) is weakly
contractible, hence the natural map QrE — OQp E is a weak equiva-
lence.

Fix a scheme X in Smj. We may restrict £ to Smy, giving the
functor Ex : SmY — Spt. If we have a closed subset Z of X, we have
the functor

(f:U—=X)— B O),
which we denote by EZ. If f : Y — X is a morphism in Smy, we have
the pushforward f, : Spt(Y) — Spt(X), defined by

fiF(U— X):=FUxxY).
Clearly, f. preserves weak equivalences, hence descends to
f. : HSpt(Y) — HSpt(X).

Lemma 3.1.3. Let i : Z — X be a codimension d closed embedding,
with X and Z in Smy. Suppose that E : Sm;” — Spt satisfies axioms
1 and 2, and that the normal bundle Ny x is triwial. Then a choice of
isomorphism ¢ : Nz x = Z X A? determines a natural isomorphism in
HSpt(X),

wy : BZ — i (Q}Ey),
natural in (Z, X, ).

Proof. By axiom 2, the inclusion A? — (P!)¢ induces a natural weak
equivalence
OLEZ(Y) — (Ez)"(Y x A).

Let s : Z — Ngzx be the zero-section. By taking a deformation
to the normal bundle, as in [16], FZ(X) is naturally isomorphic to
E*?)(Ny/x) in HSpt. The chosen isomorphism ¢ : Ny x = Z x A?
sends s(Z) over to Z x 0. As the deformation diagram is preserved by
pullback with respect to a smooth U — X, the result is proved. 0

This immediately yields
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Proposition 3.1.4. Let E : Sm;” — Spt be a functor satisfying az-
toms 1 and 2. Leti: Z — X be a codimension d closed embedding in
Smy, such that the normal bundle Nz x is trivial. Then for allp > 0
we have isomorphisms in SH.:

B (X, =) ~ (4 E)*(Z, )

BT V(X =)~ (QpE)0 (7, ),
where, for n < 0, we set (QLE)™ = (QLE)® and E®/"+Y = «. The
isomorphisms may depend on the choice of trivialization of Nz/x, but

are natural in the category of closed embeddings © with trivialization of
N;.

We also have

Corollary 3.1.5. Let X be in Smy, and let E be as in Proposi-
tion 3.1.4. For each N > 0, there is a spectral sequence

B! (E) = ®pexo Tpsg U BV PN (k(2), —)
= T BV (X ).

Proof. This follows from the localization property Theorem 2.2.1 and
Proposition 3.1.4 by the usual limit process. U

3.2. Push-forward. It will be useful to know that the simplicial spec-
tra E®) (X, —) satisfy the analog of “Chow’s moving lemma” for Bloch’s
cycle complexes zP(X, x). For this, we need an additional axiom.

A3. There is a functor E, : Smg — Spt satisfying the axioms 1
and 2 and a natural weak equivalence

o E — QA(Ey).

Remarks 3.2.1. (1) Suppose E satisfies axiom 3. Set Ey := E, E) =
QrFE,. Then we have weak equivalences

¢ B — QLE); d=0,1,2,

and a diagram of weak equivalences (for d = 2)

E—S5QLE,
X TPQ
02,

which is commutative in SH. In addition, Ey and F; satisfy axioms 1
and 2.
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(2) Letting Ry be the ring of global functions on X, we have the action

of GLg(Rx) on X x A4 fixing X x 0. Via €%, this gives an action of

GL4(Rx) (inHSpt(X)) on Ex, natural in X and stable in d (for d < 2):
g— V9 Ex — Fx.

In general, W9 is not homotopically trivial.

(3) We may replace E, Ey and E, with bifibrant models (in Spt(k)).
Then axiom 3 holds with “weak equivalence” replaced by “homotopy
equivalence” the diagram in (1) is commutative, up to homotopy, and
the map W9 in (2) exists as a homotopy equivalence in Spt(X).

Let s : T'— U be a closed embedding in Smy. We let E(U/T)
denote the fiber of the restriction map
i*: E(U) — E(T).
In particular, if W C U is a closed subset disjoint from 7', then, as
U\ W DT, we have the natural map
EV(U) — E(U/T).

Remark 3.2.2. Let i : P! — P? be the inclusion of a linear subspace.
Let ip : P — P4 be a complementary point and let V = P4\ P? D
P?=1. The linear projection from P° identifies V with the space of the
tautological line bundle O(1) on P?~!; since F is homotopy invariant
and satisfies Zariski Mayer-Vietoris, it follows that the restriction map
E(V) — E(P?1) is a weak equivalence. Thus, the map

E]P’O (Pd) N E(Pd/Pd_l)
is a weak equivalence.
Proposition 3.2.3. Let f : Y — X be a finite morphism in Smy,
which we factor as f = poi, wherei : Y — X x A? is a closed
embedding with d < 2, and p: X x AY — X is the projection. Suppose

that the normal bundle of i is trivial; let v : N; — Y x A% be an
tsomorphism. Then

(1) there is natural transformation in HSpt(X),

f* : f*EY - EX-

(2) Let Z — X be smooth, and let W CY X x Z be a closed subset.
Suppose that py : Y Xx Z — Z 1is étale on a neighborhood of
W, and W — W' := py(W) is an isomorphism. The map

F(2W EY(Y xx Z) — EV'(2)

induced by f. is an isomorphism in SH.
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(3) Suppose we factor p as pyopi, where p; : X x A? — X x Al is a
split projection of vector bundles over X and ps : X x At — X is
the projection. Suppose further that p; o1 is an embedding with
trivialized normal bundle, and that the induced split surjection
N; — Ny, i is compatible with the choice of trivializations. Then
using © or py o i gives rise to the same natural transformation

f

Proof. (1) Let p : X x A? — X be the projection. The embedding i
induces for each smooth Z — X an embedding iz : Y xx Z — Z x A%
Similarly, a fixed choice of trivialization ¢ : N; — Y x A? induces a
trivialization of N;,, natural in Z. Thus, by Lemma 3.1.3, we have the
isomorphism in HSpt(X)

pe(wyh)  fl(QFEa)y) — pel(Ba)xsena)-
Composing with f.e?, we have the isomorphism in HSpt(X)

U : f.BEy = pu((Ea)xynd)-

Fix homogeneous coordimates zy, . . . , 74 for P?, and identify A? with
the open subscheme z # 0 via the coordinates x;/xq,...,xq/xo. Let
Pi~! — P4 be the complement, and let P° — P4 be the point (1 : 0 :

: 0). For each smooth Z — X, we have the diagram (where ~
denotes a weak equivalence)

(3.2.1) (Eg)"**%(Z x A% & (By)Y*x%(Z x P9)
— By(Z x P 7 x PN & (B (Z x PY)
— QU(EN(Z) S B(2).
Let @4 : (Eg)Y*x%(Z x A?) — E(Z) be the resulting map in SH. As

the diagram (3.2.1) is natural with respect to X-morphisms 2’ — Z,
we have the map in HSpt(X),

P p*((Ed)§><Ad) — By,
with ®(Z) = @, for each Z — X in Smy. Setting
fe=®o VU

gives the desired map.
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Before proceeding to the proof of (2), consider a morphism g : 7' —
Z in Smy. Since f, is a natural transformation, the diagram

(3.2.2) E(Y xx 2) 22 B(2)

(idxg)*l lg*

/ !/
EY XXZ)mE(Z)
commutes.

To prove (2), we may assume Z = X. Let U C Y be a neighborhood
of W over which f is étale, and let W C Y xx U be the image of W
under the evident section U — Y xy U. From (3.2.2), we have the
commutative diagram

w
EW(Y) &) EW’ (U)

(idxg)*l Jg*

EV(Y xx U)— EV(U)

f(XOW

Since (id x g)* and ¢g* are isomorphisms (by axiom 2), we may replace
X with U; changing notation, we may assume that f admits a section
s: X — Y. Removing the complement of s(X), we may assume that
f Y — X is an isomorphism, so we may assume X =Y and f = idyx.

Translating by —i sends the embedding i : X — X x A? to the zero-
section. Since this translation sits in an A!-family of automorphisms
of X x A4, the automorphisms f(i), and f(0). of EW(X) agree (in
SH). Thus, we may assume that i is the zero-section. We thus have a
canonical identification of N; with X x A¢; composing with 1 defines
an element v € GLy(Rx).

Tracing through the definition of f, in case f =id, i: X — X x A¢
is the zero-section, and ¢ is a given trivialization of N;, we find that
fe =7 As U7 is an isomorphism, (2) is proved.

The assertion (3) follows directly from the definitions. O

Suppose for example that X is affine, X = Spec(R), and that YV
is embedded as a closed codimension one subscheme of X x A! =
Spec (R][t]), with chosen defining equation g(t). Assuming X and Y are
smooth over k, the differential dg gives a trivalization of the conormal
bundle of Y in X x A'. We let f(g). denote the push-forward defined
using this embedding ¢ and the induced trivialization of the normal
bundle N;.
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3.3. Chow’s moving lemma. We can now present the proof of the
moving lemma. First we show

Lemma 3.3.1. Let k be a field, X a smooth k-scheme of dimension
d over k, and x a point of X. Then there is a neighborhood basis for
x € X consisting of affine open subschemes U such that U admits a
closed embedding in A‘,f” with trivial normal bundle.

Proof. We may assume that X is affine, so X admits a closed embed-
ding in AY for some N. By the technique of Noether normalization,
X admits a finite birational morphism onto a hypersurface X C Az“
which is an isomorphism in a neighborhood of z; in particular, x ad-
mits a neighborhood basis consisting of affine open subschemes U of
2 which are isomorphic to a principal open subscheme X ¢ for some
f € klxy,...,x441) (where f = 0 of course contains the singular locus
of X).

Note that Spec (k[z1,...,2411][1/f]) embeds in A%™? as the hyper-
surface defined by z40f — 1 = 0. Clearly, this closed subscheme has
trivial normal bundle in A%*2. As X; € A%\ {f = 0} has trivial nor-
mal bundle (the conormal bundle is generated by dg, if ¢ is a defining
equation for X), it follows that X, C AZ“ has trivial normal bundle
as well. U

Definition 3.3.2. Let f : Y — X be a morphism of smooth k-schemes.
Let ng)(r) 7 be the subset of S§f) (r) consisting of closed subsets W C
X x A" such that (f x id)" (W) is in S¥)(r).

Replacing S)(f) (r) with ng) (r) s, we have the tower of simplicial spec-
tra

1 0
BN, -) = EP(X, ) == B (X, ) ~ B(X).

which maps to the tower (1.4.2). We let Ej(cp/p+r)(X, —) denote the
cofiber of EY (X, —) — EV(X, ).

We use the notations from [12, Moving Lemma]. We suppose that
k is an infinite field. Let X C Ai” be a smooth closed subscheme of
dimension d over k. We suppose that X has trivial normal bundle in
A%? and we fix a trivialization.

Let W be a cosimplicial closed subset of X x A**¥ and let W,
be the component of W in X x A”. We will always assume that
W, = (id x g)~"(W,,) for each face map g : A™ — A" m,n < N.
Thus, the complements U,, := X x A™\ W,, form an open N-truncated
cosimplicial subscheme of X x A*" and we may form the N-truncated
simplicial spectrum with supports EY (X x A*<N) as the homotopy
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fiber of E(X x A*<N) — E(U). We write EW(X,— < N) for this
N-truncated simplicial spectrum.

Also, if W' is another cosimplicial closed subset of X x A*<N_ with
open cosimplicial complement V| we write EV\W' (X \ W', — < N) for
the N-truncated simplicial spectrum EV\W'(V/).

We parametrize the surjective linear projections 7 : A2 — A? by
an open subscheme U of A%4+2),

Suppose that W, is in Sg) (n) for all n < N (for some fixed p). There
is an open subscheme Uy, of U parametrizing those  : A2 — A? with
the following properties

(1) mx : X — A? is finite.

(2) Write  x idxr (7 x idan(W},)) = V., and let W/ be the closure
of V,, \ W,,. Then W/ is in S)(?) (n) for all n < N.

(3) Set W := W,n\W. Then 7 xidx} (7 xidan (W) isin ST (n)
foralln < N

(4) m x idan is étale along W, \ W/ and

Wi, \ W7 22987 i (W, \ W)
is an isomorphism, for n < N.

For such a m, we let V' and W' be the N-truncated cosimplicial closed
subsets of X x A* with VN X X A" =V, WNXxA" =W/ n<N.

We will also write 7w for m X ida-

Lemma 3.3.3. Take 7 : A%2 — A? corresponding to a k-valued point
of Uy and let W" be an N-truncated cosimplicial subset of X x A*.
Suppose that

(1) W ==} (r(W")),

(2) m is étale along W\ W"

(3) m: WA\W" — (W \W") is an isomorphism (of reduced cosim-

plicial schemes).

Then the composition (which we denote by prw)

EV\WY (X \W" — < N)
= ETWVAWOAN 1(W"), = < N)
= EVYW(X\ W, — < N)
= EVWI(X\W" — < N)@ EV\WIW(X\ W’ - < N)
L, EV\WH X\ W", — < N)

is an isomorphism in SH. Here p is the projection, and the direct sum
decomposition of EV\W" (X\W", — < N) arises from the decomposition
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of V\ W" into disjoint closed subsets
VAW =W AW’ [V \ W uw”).
Proof. Note that Proposition 3.2.3, gives us the pushforward map
EVWH( X\ W — < N) Is ErWAWD (AL 7(W"), — < N).
The result then follows from Proposition 3.2.3(2) O
Note that, for 7 € Uy, the closed cosimplicial subset W defined by
W = m x idxn (7 X idan(W,, N W)))

satisfies the conditions of Lemma 3.3.3.
Let w, W and W” be as in Lemma 3.3.3. Let

ET WA\ m(W"), — < N) T EVYY(X\ W, — < N)

be the composition (in SH)

ETWWI AN\ m(W"), — < N)

= EW\WI X\ W, — < N)
Prl AW (X \W" — < N).

Lemma 3.3.4. Let 71, W and W be as in Lemma 3.3.3. Then

id—7*om, : EVW/YX\W" - < N) - EV\W/(X\W" - <N)
is the zero map (in SH).

Proof. This follows directly from Lemma 3.3.3 and the definition of
. O

Theorem 3.3.5. Let k be an infinite field. Suppose E satisfies axiom
3. Let X € Smy be affine of dimension d over k. Suppose that X
admits a closed embedding into Ag” with trivial normal bundle. Then
for every p, the map

E](cp)(X, —) — E(p)(X, -)
18 a weak equivalence.

Proof. Since E satisfies axiom 3, E also satisfies axioms 1 and 2. We
replace [12, Lemma 9.3] with Lemma 3.3.4 and we can then repeat the
argument of [12, §9], replacing K-theory with E, to prove the desired
weak equivalence. O
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3.4. Norms in finite extensions. In order to extend Theorem 3.3.5
to the case of a finite base field k, we will need a result of Morel in the
Pl-stable homotopy category. For this reason, the extension to finite
fields will only be valid for a theory E that is the 0-spectrum of a
P!-Q-spectrum € = (Ey = E, Ey,...) (cf. §6 for this definition).

For a field F', we have the Grothendieck-Witt ring GW(F') with
augmentation dim : GW(F) — Z and augmentation ideal [(F) :=
ker dim.

Let FF — L be a separable field extension of degree mn; let f :
Spec L — Spec F' be the map of schemes. We fix an embedding
i : Spec L — Al and a defining equation g for i(Spec L). For X € Smp,
we thus have the embedding ix : X; — X x AL with defining equa-
tion g, giving the push-forward map f. : E(X;) — E(X) for each E
satisfying axioms 1-3.

Lemma 3.4.1. Let F be a field such that each element x € I(F) is
nilpotent. Suppose that E is the 0-spectrum of a P'-Q-spectrum & €
SH(F). Then, for X € Smpg, the map f.f*: E(X)[1/n] — E(X)[1/n]
is an isomorphism in SH.

Proof. We use the notation from §6. For an element v € L™, we have
the quadratic form ¢(u) on the F-vector space L defined by

(#,y) = Trpp(uzy).

This gives the class [t(u)] in GW(F). In particular, the defining equa-
tion g(z) for i(Spec L) gives the element dg/dx € L*, and the class
[t(dg/dx)] € GW(F).

£ is canonically a module for the sphere spectrum S, so it suffices
to prove the result for £ = S. By results of Morel [15] there is a ring
homomorphism p : GW(F) — Homgy(r(S,S), and f.f*: S — S is
given by p([t(dg/dx)]). Since t(dg/dx) has dimension n, this element
is invertible in GW(F)[1/n] by our assumption on F', hence f,f* is
invertible in Homsy(r) (S, S)[1/n]. O

Remark 3.4.2. For a finite field F, one has I(F)? = 0. Thus, via
Lemma 3.4.1, one can extend Theorem 3.3.5 to the case of a finite
base-field k, assuming that E is the O-spectrum of a P!-Q-spectrum
E € SH(k). Indeed, one uses the standard trick of passing to an
infinite pro-p extension k(p) and an infinite pro-q extension k(q) of k,
for primes p # ¢q. By Theorem 3.3.5 E](cn)(Xk(p), -) — E(”)(Xk(p), -)
and E}")(Xk(q), —) — EM(Xy,—) are weak equivalences, for X €

Smy,. By Lemma 3.4.1, this implies E}n)(X, —) — EM(X,—)is also a
weak equivalence.
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3.5. Nisnevic model structure. Let C be a subcategory of Smy; we
assume that, if f : Y — X is a smooth morphism in Smy and X and Y
are in C, then f is in Home(Y, X). In particular, the Nisnevic topology
is defined on C. Also, if F : C°® — sSetsx is a functor (i.e. a presheaf
of pointed simplicial sets on C), we have the associated Nisnevic sheaf
E : C? — sSetsx. Thus, if E : C° — Spt is a functor to spectra,

E:=((Ey,Ei,..) en:S"NE, — Enp1),
we may define the “associated sheaf” of spectra on C, E, by
E = (Ey, Ey,...),

with e, : S'A E,, — E;/l the map induced by ¢,. Finally, for a point
x € X, with X € C, and E = (Fy, F1,...) a sheaf of spectra on C, the
stalk of E at x, E,, is the spectrum (FEy,, F1g, . ..), where E,, is the
stalk of the sheaf of simplicial sets F,, at x.

Let Spty;(C) denote the category of functors E : C°° — Spt with
the following model structure: a map f : E — F is a cofibration
if f, : B, — F, is a cofibration in Spt for all x € X € C, a map
f:E — Fis a weak equivalence if f, : E, — F, is a weak equivalence
in Spt for all z € X € C, and the fibrations are characterized by having
the RLP with respect to trival cofibrations. We let HSpty;(C) denote
the associated homotopy category. For details, we refer the reader to
[9].

Additionally, we will need to extend these constructions to categories
of the form C x &, where S is the category associated to a partially
ordered set. We let Spty;(C x &) be the model structure on the cat-
egory of functors F : (C x §)°® — Spt for which a map f: F — F is
a cofibration (resp. weak equivalence) if f(s) : E(s) — F(s) is a cofi-
bration (resp. weak equivalence) in Spty;(C) for all s € S. Fibrations
are characterized by having the RLP with respect to trivial fibrations.

The categories C we will be mainly interested in are: Smy, Smy
for X € Smy, and the category Sm// X, which is the subcategory of
Smy with the same objects as Smy, and with morphisms f :Y — Z
the smooth X-morphisms. The partially ordered set we will use is the
natural numbers N, with its standard order.

Fixing an natural number p, we have the inclusion functor 7, : C —
C x N, inducing the functor i : Spty;s(C x N) — Spty;(C).

Lemma 3.5.1. The functor i, preserves cofibrations, weak equivalences
and fibrations.
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Proof. Since the cofibrations and weak equivalences are defined stalk-
wise, it is evident that i preserves both of these. To see that i) pre-
serves fibrations, let

ip* : Sptle(c) - SptNis<C X N)
be the functor with

(ipe E)(X,n) = {f(X) ior n=p

or n < p.
The necessary map (i, E)(X,n+ 1) — (i, E)(X, n) is the identity for
n > p and the 0 map for n < p. We make the evident definition of
ip«(f) for a morphism f in Spty(C). It is clear that i), is left adjoint
to 7, and that 4. preserves cofibrations and weak equivalences. Thus,
i,, preserves fibrations. ]

Let E be in Spty;(C X S), with C and S as above. Let Y be in C, and
assume that the operations X — X X, Y, f +— f xidy define a functor
XY :C—C. Set EY := Fo (XY xidg), i.e., EY(X,s) = E(X XY, s).

Lemma 3.5.2. Let ¢ : E — F be a fibration in Spty,(C x S)

(1) Let Y be in Smy. Then ¢¥ : EY — FY is a fibration.

(2) Let Y be in Smy. If E is fibrant then EY is fibrant.

(3) Let f : Z — Y be a monomorphism in Smy,.Then ¢¥ o f* :
EY — FZ is a fibration.

Proof. Taking Z = () in (2), we see that (1) follows from (3); (2) follows
from (1) taking F' = *,. For (3), consider two presheaves of sets A on
B on C x S. Setting BX(Y,s) := B(X x Y,s), we have the canonical
isomorphism

Hom(A, BY) = Hom(A x X, B),

where A x X is the product of A with the presheaf represented by
X. By naturality, this isomorphism extends to presheaves of spectra
on C x S (with A replacing x); let g : AA X — B denote the map
corresponding to g : A — BX.

Now let i : A — B be a trivial cofibration,and suppose we have a
commutative diagram

(3.5.1) A—— EY
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Now, ANZ - BANZ and ANY — BAY are trivial cofibrations. As
¢ is a fibration, we have a lifting o : B A Z — FE in the diagram

goid
AN g

|

B/\Z?F

Also, since f is a monomorphism, ANZ — AAY and BAZ — BAY
are cofibrations. Thus, we have themap §[[a: AAY [[4,, BAZ — E
and the trivial cofibration

A/\YHB/\Z—>B/\Y.

ANZ
Since ¢ : E — F is a fibration, § ][]« extends to a map BAY — E,
which gives a lifting in the diagram (3.5.1). O

Remark 3.5.3. In the categories Spt(C x S) and Spty;(C x S), there
are functorial fibrant replacement operations: E +— (ag : E — Egp).
In addition, for Y in Smy, and E in Spt(C x S) or Spty;(C x S), there
is a natural arrow from (EY)g, to (EY)fP:

(E,Y) = (vpy : (B g — (BY)™).

Let X be in Smy, Z C X a closed subset. Let E be in Spt(C x S)
for some C containing Sm//X, Ex the restriction to C/X x S§. We
let Exz: (C/X)® x & — Spt denote the functor (f : Y — X, s)
E(s)/ 7D (Y). Let j : P'\ 0 — P' and i : co — P' be the inclusions.

Lemma 3.5.4. Let p: X x P! — X be the projection.
(1) There are maps

L§,Z t Exxpizxo) — (QrE)x 2

LE?Z ip*(EXx[Pl,Zxo) — (QplE)X,Z-

which are natural in E and in (X, Z). In addition, if ¢ : (QrE)x 2
to(Qp1 E) x.z is the canonical map induced by the inclusion i : co —
P\ 0, then % , =15 4 0q.

(2) If E(s) is satisfies aziom 1 and 2 for each s € S, then 1k , and

B are weak equivalences
X,Z q .

Proof. If we have defined Lﬁ)’é 2, we just set er(’ 7 = LE; 7 0q. We drop the
S to simplify the notation.
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For f Y — X, p.(Exxpt zx0)(Y) is the homotopy fiber of the
restriction map

E(Y xP') — BE(Y xP'\ f1(Z) x0),

while (2p1 E)x z(Y') is the double homotopy fiber over the square
E(Y xP) — E((Y'\ f7(2)) x P!)
E(Yl>< o0) — E((Y'\ fl(Z)) X 00)

Thus, the canonical map

B(Y XP'\[1(2)x0) = B((Y\f " (2)) XPY) X 51 (7 xo0) B (Y X00)

defines the map LI; 2(Y).
For (2), if £ satisfies Zariski Mayer-Vietoris, then

{(Y\f7H(2)) xPLY x (P'\ 0)}
is a Zariski open cover of Y x P*\ f~1(Z) x 0. Thus, the canonical map
E(Y xP'\ f71(Z) x0)
— fib E(Y\ f742)) x P1)
|
B(Y x (P*\ 0) — E(Y \ /() x (P*\ 0))
is a weak equivalence. Now suppose that E is Al-homotopy invariant
(axiom 1). Then the inclusion ? x co —? x (P'\ 0) induces a weak
equivalence F(? x (P'\ 0)) — E(? x 00), hence a weak equivalence
E(Y xP'\ f71(2) x 0)
— fib E(Y\ f7Y42)) x PY)
:
E(Y x00) — E((Y \ f7Y(2)) x o).
O
3.6. Straightening a homotopy limit. Let I be a two-category. We
let Iy denote the underlying category. A continuous functor X : I —

Spc is an assignment i — X (i), 7 in I, X (i) in Spc, plus for each pair
of objects i, j, a map of simplicial sets

X : M(HOIH[(Z,])) — HOm(X(Z),X(])),
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compatible with the two composition laws for each triple ¢, jk in I.

For a 2-category I, and an object 7 of I we have the 2-category of
objects under i, i/I, with objects the morphisms ¢ — j, morphisms
fii—jtof :i— j apair (¢9,0) with g : j — j a morphism,
0 : gf — f a 2-morphism, and 2-morphisms 7 : (g,0) — (¢',0') a
2-morphism 7 : g — ¢’ such that § = ' o (7o f).

If i, 7 is a pair of objects of I, we may consider the category Hom; (i, )]
as a 2-category with trivial 2-morphisms, and we have the 2-functor

o:i/I x Homy(¢',1) —i'/I

defined as follows: send the pair of objects (f : i — j,g: ¢ — i) to the
object fg :i" — j of i'/I. Send the pair of morphisms ((h,0) : f —
f,mi9g—¢)to(h,(og)o (hfor)), and the pair of 2-morphisms
(p,id) to p. Taking nerves gives us the map of bi-simplicial sets

N (i/T) x N(Homy (i, 7)) — No(i'/1),

where N, (Hom;(7',7)) is the bi-simplicial set which is constant in the
second variable.

Suppose that I is a small 2-category. Noting that the nerve of a
two-category is a bi-simplicial set, we may form the homotopy colimit
of a continuous functor X : I — Spc by adapting the formula for usual
functors:

hoc?limX = HN**(Z/I) X X(1)/ ~
iel
where the relation ~ is given as the coequalizer over the two maps

Now(G/1) x No(Homy(j,4)) x X (1) =2 N (i/T) x X (i)

idon{

Naw(G/T) x X (5).

Here we make everything into maps of simplicial sets by diagonalizing
where necessary.

Let B be a small category. Form the 2-category FacB with as follows:
FacB has the same objects as B. A morphism b — o’ in FacB consists
of a sequence of composable morphisms

b=by Lob, B Iy —

where if some f; = id, we identify the sequence with the one obtained
by deleting f; (unless n = 1). Composition is just by concatenation.
We write such a sequence as f, x ... % f;. Given such a sequence,
we can form a new (shorter) sequence by changing some of the *’s to
compositions in the category B; this operations defines a 2-morphism.
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Thus, the category Homp,.p(b, ') is a partially ordered set with final
elements Hompg (b, b').

Lemma 3.6.1. Let F : FacB — Spc be a continuous functor. Suppose
that B has a final object *, and let i : F(x) — hocolimg,.p F' be the map
induced by the inclusion of x in FacB. Then i is a homotopy retract of
hocolimp..g F'; in particular, 1 is a trivial cofibration.

Proof. For b € B, we have the full sub 2-category b/ of b/FacB, with
objects the morphisms b — x in FacB. Let i, : b/* — b/FacB be
the inclusion. For each morphism f : ¥ — b in FacB, the func-
tor f* : b/FacB — b /FacB sends b/* to V//*, so we have the sub-
space hocolimp,.p F//* of hocolimg,.p F' generated by the subspaces
Nei(b/x) x F(b) of Nu(b/FacB) x F(b).

Sending a morphism b — ¥’ in FacB to the composition b — ¥’ N
x, where py : b — x is the canonical morphism in B, defines a
functor 7, : b/FacB — b/+. The morphism py defines a natural
transformation from id to i, o m,. Thus, we have the retraction r :
hocolimp,.g F' — hocolimpg,.p F/*, right inverse to the inclusion i
hocolimp,.p F'//* — hocolimp,.p F', and a homotopy of ri with the iden-
tity on hocolimg,.p F'.

Clearly ¢ : F(x) — hocolimg,.p F factors through hocolimp,.p F'/x;
in fact, the map F'(x) — hocolimpg,.p F'/* is a homeomorphism. Indeed,
the 2-category b/ has only the trivial 2-morphisms, and the underlying
category is Homp,ep(b, *). Thus, hocolimp,.p F'/* is the quotient of the
disjoint union of the spaces N,Homp,.5(b, *) X F'(b) by the evaluation
maps

N.Homp,.5(b, x) x F(b) — F(x),
as well as by the diagrams

o*xid

N Homp,p (b, *) x F(V') —— N, Homp,.z(', x) x F(V)

lidxa*

N.Homp,.5(b, *) x F(b)

for o : b — b a morphism in FacB. The functoriality of the eval-
uation maps shows that the relations of the second type are implied
by those of the first type, hence the map F'(x) — hocolimp,.p F' is a
homeomorphism. l

Suppose we have a continuous functor F' : FacB — Spc. Then, for
each b € B, we have the 2-category Fac(B/b), the continuous functor
F/b : Fac(B/b) — Spc, and the space CF(b) := hocolimpac(s/s) F/b.
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For a morphism ¢ : b — b in B we have the 2-functor g, : Fac(B/b) —
Fac(B/V') and the natural transformation id : F/b — F/b o g,. Since
(99" )« = g«g.., we thus have the functor

CF:B — Spc

The identity on b gives the inclusion of the trivial 2-category
to Fac(B/b), and thus the natural map ¢, : F(b) — CF(b). By
Lemma 3.6.1, we have

Lemma 3.6.2. ¢, : F'(b) — CF(b) is a homotopy retract.

Thus, the hocolim construction transforms a “functor up to homo-
topy and all higher homotopies” on B to a strict functor on B.

Let F': A — Spc be a functor from a small category A to simplicial
sets. We have the homotopy limit holim 4 F', which is natural in F', i.e.,
if # : F — G is a natural transformation of functors, we have the map
of cosimplicial spaces 6, : holimy F' — holim4 G, and 0,060, = (0o f’)..
If i : B — Ais a functor of small categories, we have the map of spaces
i* : holimy F' — holimg(F o 7), and (i 0 ¢')* = i"* o i*.

Let n be the category associated to the ordered set {0 <1 < ... <
n}. If F: A — Spc is a functor, we have the functor Fops :nx A —
Spc and the isomorphism

Hom (A", holim F') = holim F o ps.
A nx.A

Now suppose we have functors ¢; : B — A, j = 0,...,n, and natural
transformations 7 : i; 1 —i;, j = 1,...,n, ie., an n-simplex o in the
nerve of the functor category Func(B,.A). This yields in the evident
manner a functor (i.,0,) : n x B — A and a natural transformation
0 : (i, 0.) :— i, o py. Thus, we have the map

0. 0 (iy,0,)" : hoEmF — Hom/(A", ho}),imF 0 in);
taking the adjoint yields the map
F(o): A" x hoJlAimF — hollgimF O ip.
For g : m — n a functor we have the relation
09™ o F(0 0 g) = F(0) o A(g)

as maps A™ x holimy F' — holimg F o i,, where gra(m) . lg(m) — In 18
the composition of the natural transformations 67, j = g(m)+1,...,n,
and A(g) : A™ — A" is the canonical map.

We apply these constructions to the following situation: Let 7 :
A — B be a functor of small categories. For each b € B, we have the
subcategory 7 1(b) of A consisting of objects over b and morphisms
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over idy; let 4, : 7 1(b) — A be the inclusion. A lax fibering of 7
consists of the assignment:

(1) for each morphism n : b — V' in B, a functor h* : 77 1(V/) —
771(b), and a natural transformation 6y, : i, o g* — iy

(2) for each pair of composable morphisms b Ly %y in B, a
natural transformation 9, : h*¢* — (gh)*

which satisfies

a) m(0(a)) =hfor h:b— 1 in B, and a € 7 (V).
b) for composable morphisms h : b — V', g : b — b, and for
a e (b)),

O4(x) 0 On(g* ) = Ogn(c) 0 Iy pn(cx).
¢) for composable morphisms b LN NN

Ungr 0 (g poh™) =g o (f*0tny).

Given a lax fibering (7 : A — B,* 6,19), we have the 2-functor s
from FacB® to subcategories of A by sending b to 7= 1(b), h : b — ¥/
in B to h*, and the 2-morphism h x g — hg to ¥, . If in addition we
have a functor F' : A — Spc, sending b to holim 1) F' o 4, extends to
a continuous functor

holim F' : FacB — Spc.

Indeed, for each h : b — ¥ in B, we have the functor h* : 771(b) —
771(b) and the natural transformation 6y, : i, o h* — 4. This induces
the natural transformation F'(),) : (F o) o h* — F o4y and thus the
map

holim F(h) := F(0),)« o (h*)* : holim F(b) — holim F (V).
For a formal composition h,, * ... * hy, we define
holim F'(hy, * ... % hy) = holim F'(h,,) o ... o holim F'(hy).

Using the 2-functor s and the properties of holim discussed above, we
see that holim F' extends to a continuous functor

holim F' : FacB — Spc.
Thus, we have the functor
Cholim F': B — Spc,

the trivial cofibration ¢, : (holim F')(b) — (Cholim F)(b) and retraction
7 ¢ (Cholim F')(b) — (holim F')(b) for each b € B.
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Remark 3.6.3. Suppose we have a subcategory iy : By — B of B
such that the restriction of ¥ to pairs of maps in By is the identity
transformation, i.e., the restriction of 7 to 771(By) — By is a strict
fibering. Then b — (holim F)(b) extends to a functor holim Fig, : By —
Spc. In general, the cofibrations 7, will not extend to a natural weak
equivalence holim Fjp, — Cholim F' o iy, but the retractions r, do: We
have the natural transformation

7B, : Cholim F' 03y — holim Fg,
with 7|5,(b) = 1y for b € By.

3.7. Functoriality. Using the results of the previous sections, we can
transform the operation X — E® (X, —) into a functor on Smy, along
the lines worked out by Kahn [11].

For each X € Smy, the operation Y +— E® (Y, —) defines a functor
E® //X on Sm//X. The tower

(3.7.1) .= EP(Y,-) = EP (Y, -) - ... = EO(Y, )
defines the functor (Y,p) — E® (Y, —) on Sm//X x N, which we denote
by E®//X.

Let p : Sm//k — Smy, be the inclusion.

Theorem 3.7.1. Suppose that E : Sm}® — Spt satisfies axziom 3; if
k is finite, assume that E is the 0-spectrum of a P'-Q-spectrum &€ €
SH(k). Then,

(1) For each p > 0 there is a functor E® : Sm;® — Spt, together
with an isomorphism

b : EW o p— E(p)//k;

in HSpt(Sm//k).
(2) There are natural transformations &, : E®) — E®=D 5 >0,
making the diagram

E® o p ¢—p> E(p)//k;

J J

E(P—l) e} p H E(pfl)//k

commute in HSpt(Sm//k).
(3) There are isomorphisms in HSpt(Smy,)

by (QE)PY = Qp(E®), p >0,
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intertwining the tmnsformations &1 and Qr(&,) (here we set
(QrEYY = (QrE) 9, ¢ = &). Similarly, there are isomor-
phisms in HSpt(Smk)

Py (1 B)P~Y — Qp(EP), p >0,

intertwining the transformations &,—1 and Qp1(€,). The diagram

(QTE) p—1) 4> QT(E p))

i |

(Qp E)P—1) - Qp (E(P))

commutes.

Additionally, the operation E — (E®) ¢, &,.1,) are natural in E, and
EW s q fibrant object in Spty;(Smy).

Proof. The construction is based on the similar construction due to
Kahn [11]. We give the details of the construction for the reader’s
convenience.

We have the category L£(Smy) (see [?]). Objects are morphisms
f X" — X in Schy, such that X’ can be written as a disjoint union
X' = X{]] X{ with f : X — X an isomorphism. The choice of this
decomposition is not part of the data. We identify f : X’ — X and
fIIp : X'J[X" — X if p : X’ — X is smooth, and we identify
fi: Xy — X and f5: Xo — X if there is an X- 1som0rphlsm X = X,.
We note that a choice of component X|| of X’ isomorphic to X via f
determines a smooth section s : X — X g .

A morphism ¢ : (fx : X’ — X) — (fy : Y/ — Y) is a morphism
g : X — Y in Smy such that there exists a smooth morphism ¢ :
X' — Y’ with fy o¢g = go fx. Using the smooth sections sy : X —
X', sy 'Y — Y’ one easily sees that this condition also respects
the identifications f ~ f][p for p smooth; obviously, this condition
respects the identification of isomorphisms over X or over Y. The
choice of ¢’ is not part of the data, so

HOH]C (Smy,) ((fX XI — X) (fy Y/ — Y)) C HomSmk(X, Y)

Composition is induced by the composition in Smy; this is well-defined
since smooth morphisms are closed under composition.

Lemma 3.7.2. Letg : (fx : X' — X) — (fy : Y/ = Y) be a morphism
in L(Smy). Then, for W € S}(f) (n)y, (gxidan) (W) is in Sg))(n)fx.
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Proof. Choose a component X of X’ for which fx : X) — X is an
isomorphism, and let s : X — X’ be the composition

—1

x5 xr e x.
Then s is a smooth section to fy : X’ — X, and we can factor g as
g= fyog os, with ¢ : X’ — Y’ smooth. Since (fy x id)~™' maps
Sx(/p '(n) v tO Sg)(n), by definition, and ¢’ o s is smooth, it follows that

W' = (g x idan) 1 (W) is in Sg’)(n). Similarly, since go fx = fy o ¢’
and

(fx xid) (W) = ((fx o g) x id)~" (W)
= ((g'0 fy) x 1) (W) = (¢’ x id) " ((fy x id) (W),

we see that W’ is in Sg) (n)f

X

O
Sending fx : X’ — X to X defines the faithful functor

7 L(Smy)°P — Sm;”.

We make £(Smy)°P a lax fibered category over Sm;” as follows: For
cach morphism f : X — Y in Sm’(ie. f:Y — X in Smy), let
[ YY) — 771(X) be the functor

oY =Y)=(fg][idy : Y]] X — X).
The map 0¢(g) : f*(g:Y' —=Y) — (¢:Y' —Y) in £(Smyg)® is the
opposite of themap f: (¢: Y —=Y) — (fg][idx : Y'[[ X — X); we
see that this latter is a map in £(Smy) by using the inclusion Y’ —
Y]] X as the required smooth morphism. Given maps f : X — Y
and f':Y — Z in Sm;”, and h: Z' — Z in L(Smy), set ¥ ¢ to be
the map
2= 2)) = (ff)(h: 2" — Z)

being the opposite of the map

(ffg]ids : 2’ [ X — X)

= (el ]Tiax -2 [V ][] x — X)

induced by the identity on X. One easily checks that this data does
indeed define a lax fibering.

Remark 3.7.3. It is easy to see that the restriction of £(Smy)® —
Sm;” to (Sm//k)°P is a strict fibering.
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We define the functor
EW(?, =), : £L(Smy)” — Spt
by sending (f : X’ — X) to the functorial fibrant model (in Spt)

E®(X,—); of EW(X,—);. Tt follows from Lemma 3.7.2 that this
really does define a functor. Let hE®(X) be the homotopy limit

hE(p)(X) = hol(in% E(p)(?, —)e.
(X

By the construction of the previous section, we have the functor
ChE® : Sm® — Spt,
X — ChEWV(X),

and for each X a trivial cofibration i, : hE®) (X) — ChE®(X) with

homotopy inverse the retraction r, : ChE®(X) — hE®(X).
For fixed X € Smy, we have the diagram

(3.7.2) hEW(X) —— ChE®(X)

Qpl
HMQQJ—EﬁE@@a_M

Using Remarks 3.6.3 and 3.7.3 one sees that this diagram defines a
diagram of functors on Sm//k:

(3.7.3) hE®) [[k «—— ChE® o p
qu{
E@/k—;%E@/k

rp and j, are pointwise weak equivalences. It follows from Theo-
rem 3.3.5 and Lemma 3.3.1 that g, is a weak equivalence in Spty;,(Sm//k) J
Thus, we have isomorphism in HSpty;,(Sm//k)

Tp ChEW o p — E® /L.

We may vary p yielding the functor ChRE®™ from Sm;” to towers of
spectra, i.e., a functor

ChE™ : (Smy, x N)°° — Spt.
Similarly, we have the functors

EY //k : (Sm//k x N)°P — Spt,
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etc., and the diagram (3.7.3) extends to
(3.7.4) hE® [/k +—— ChE® o p

|

) J e —— () 1
E® [k —— E® [k

We have the isomorphism (in HSpty;(Sm//k x N)) 7 : ChE™ o p —
E® J/k.

Let a : ChE™ — ChEgg) be the functorial fibrant replacement (with
respect to the Nisnevic model structure); set

EY .= ChE).

Let a : E® //k — ES;) J/k be the functorial fibrant replacement (with
respect to the Nisnevic model structure).

We claim that
(3.7.5)

a: EWJJk — B J/k is a weak equivalence in Spt(Sm//k x N).

Indeed, it follows from axiom 2 that E™) //k satisfies Nisnevic descent;
the same follows for Eg};) //k since this object is fibrant. As each object
in Sm//k x N has finite Nisnevic cohomological dimension, it follows
from the local-to-global spectral sequence that a weak equivalence in
Sptyi(Sm//k x N) between objects which satisfy Nisnevic descent is
a weak equivalence in Spt(Sm//k x N), whence the claim.

If we apply the functorial fibrant replacement g, (with respect to
the Nisnevic model structure) to the diagram (3.7.4), we thus have the
isomorphism in HSpt(Sm//k x N)

¢:E®op— EY k.
Let jx : X x (P'\ 0) — X x P! be the inclusion. The sequences

1
i +1 J 1
SY(r)y 2 ST (1) pria 2= SEE ) () i

and Lemma 3.5.4 yield the sequence of functors

(3.7.6) (e B)* k& 6ib(j) — (EC) Ik 2 (EO)O )k
and

(3.7.7) (1 B)D L fib(j7) — (B L (E@)F,

with ¢ and ¢ (Nisnevic) weak equivalences in Spty;(Sm//k x N). The
map ¢ gives a map of sequences ¢ : (3.7.7) o p — (3.7.6) which is an
isomorphism of sequences in HSpty;,(Sm//k x N).
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By definition, QpE® is the homotopy fiber of j* : (E®)F —
(E(*))Pl\o. Since E®) is homotopy invariant, QrE® — QmE® is
an isomorphism in HSpty;,(Smy, x N). Thus we thus have the isomor-
phism in HSpty;,(Smy; x N)

Y (QpE)F Y = Qi (EX).

Let E®), ¢, : E® op — E® //k and 1, : (Qp E)P~D — Qp E®)
etc., denote the restrictions of the evident objects and maps under
the appropriate inclusion functor 4, : C — C x N. By Lemma 3.5.1,
EW is fibrant, ¢, is an isomorphism in HSpty;(Sm//k) and v, is an
isomorphism in HSpty;(Smy). Since E® and E® //k both satisfy
Nisnevic descent, ¢, is an isomorphism in HSpt(Sm//k); similarly 1,
is an isomorphism in HSpt(Smy). The remaining assertions of (1)-
(3) follow directly from our construction, as does the naturality of

E = (E®), ¢, &), 1p). O
Remark 3.7.4. The isomorphism
Y (Qpr E) D — Qpi (BM)

in HSpty;(Smy x N) is natural in F in the following sense: There is
a diagram of weak equivalences in Spty;(Smy x N)

(Qpl E) (x=1)

A
(Qpr E)—D Qpi (EM)

with ¢/ and " natural in E, and with ¢ = " o ¢/~%.

For E € Spt(Sm;,) satisfying axiom 3, we let E®/?+7) be the cofiber
of the map E®+") — E®).

Corollary 3.7.5. Under the hypotheses of Theorem 3.7.1, for integers
p,7 > 0, there is a functor E®/P¥") © Sm{® — Spt whose restric-
tion to Sm//k is isomorphic to E®/Pt)(? —) . Sm//k°® — Spt in
HSpt(Sm//k). In addition
(1) The functor E/Y s birational: The restriction map
EOV (X)) — EOY(k(X))
18 a weak equivalence.
(2) The functor E©/Y) s rationally invariant: If F — F(t) is a
pure transcendental extension of fields (finitely generated over
k), then EC/N(F) — EO/M(F(t)) is a weak equivalence.
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Proof. The main statement and part (1) follows from Theorem 3.7.1.
For (2), fix an irreducible X € Smy, and let Z — X be a proper closed
subset. We have the localization fiber sequence

EYY(x ) = EOM(X, —) = EOV(X\ Z,-).

with E(Zo/l)(X, —) the cofiber of E(Zl)(X7 -) — E(ZO) (X, —). Since each
closed subset W C Z x A" has codimension at least one on X x A",

the map E(Zl)(X, n) — E(ZO) (X,n) is an isomorphism for each n. Thus

EYY(X,-)=0in SH and EO/V(X, —) — EO/D(X\ Z,—) is a weak
equivalence. (2) follows by taking limits.
For (3), the homotopy property implies that

EO(F,-) — BV (AL, -)

is a weak equivalence. Since E/V(AL —) — EO/V(F(t), —) is a weak
equivalence by (2), the result is proved. O

3.8. Supports. We now consider an extension to singular schemes by
taking the theory on a smooth scheme with supports. Let PSmy be
the category of pairs (X, W) with X € Smy, and W a closed subset of
X; a morphism f : (X,W) — (Y,W')isamap f: X — Y in Smy
with W O f~}(W’). We let PSmy(d) be the full subcategory with
codimy (W) > d.

For a functor £ : Sm;” — Spt we extend £ to PSm;” by sending
(X, W) to EW(X). For (X,W) in PSmy(d), let W° be the smooth
locus of W. Write W° as a disjoint union W% = W9(d) [[W°(> d),
where W9(d) has pure codimension d on X, and W°(> d) has codi-
mension > d on X.

Let £ : Sm;” — Spt be a functor satisfying axioms 1-3; if k is finite,
assume that F is the O-spectrum of a P!-Q-spectrum £ € SH(k).

Lemma 3.8.1. For (X, W) in PSmy/(d), there is a canonical isomor-
phism

oq: (BYHDW(X) = (7)Y (WO(d)).
in SH.

Proof. Let X° = X \ (W \ W%4d)). By the localization property for
E@/d+1) " the restriction

(E(d/d+1))W(X) _ (E(d/d+1))W0(d) (XO)

is a weak equivalence, so we reduce to the case X = X° W = W0%ad).
By considering the deformation to the normal bundle, we have a
canonical isomorphism

(B (X) 2 (BUH)Y ()
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in SH, where N is the normal bundle of W in X and W is included in
N by the zero section ig : W — N.

Let N° := N\ {io(W)} with projection ¢ : N° — W. Using Corol-
lary 3.7.5 and the localization property for E@ %1 again, the pull-back
by ¢ induces weak equivalences

(E(d/d+1))W(N) a, (E(d/d+1))N0(q*N)
(QE) D (W) L () /D (N).

Using the diagonal section § : N — ¢*N° C ¢*N as 1, we have a
canonical isomorphism

¢:q"N =N x AL

This in turn gives a canonical trivialization of the normal bundle of
io(N?) in ¢* N, hence a canonical isomorphism in SH

(E(d/d+1))N0 (q*N) o (Q%E)(O/l)(NO),

This completes the construction. O]

4. GENERALIZED CYCLES

We use the results of the previous sections to give an interpretation
of the layers in the homotopy coniveau tower. For this, we will need to
strengthen axiom 3 to

A4. Suppose the base-field k is infinite. Then there is a functor
E; : SmY’ — Spt satisfying the axioms 1 and 2 and a natural
weak equivalence

o: E— QL(E,).

If k is finite, we assume that E is the O-spectrum of a P'-Q-
spectrum.

Remark 4.0.2. Suppose FE satisfies axiom 4. Then E satisfies axioms 1-
3, and the functors E®) E®/P+7) also satisfy axioms 1-3. Indeed, if & is
infinite and £ = Q4. E,, then E® = Q2.((Q2 E,)®*?). Similarly, if F =
Ej is the 0-spectrum of a P!-Q-spectrum &€ = (Ey, Ey, .. .), then it will
be shown in §6 that the associated spectra E® and E®/P+7) also have
this property. Thus, by Theorem 3.7.1, we may iterate the operation
(®/P+1) " forming functors (E®/P+))@/ats) : SmP — Spt which satisfy
axioms 1 and 2.



THE HOMOTOPY CONIVEAU FILTRATION 39

4.1. The semi-local A*. We recall that A™ has the vertices vy, ..., vy,
where v; is the closed subscheme defined by ¢; = 0 j # 4. For a scheme
X, we let A (X) be the intersection of all open subschemes U C X x A"
with X x v; C U for all 4.

Remark 4.1.1. If X is a semi-local scheme with closed points z1, . .., T,
then Af(X) is just the semi-local scheme Spec Oxyan g, where S is the
closed subset {z; xv; |i=1,...,m, 7 =0,...,n}. In particular Aj(X)
is an afline scheme if X is semi-local.

For a scheme T, we let A{(T) denote the cosimplicial ind-scheme
n — AQ(T); if T is semi-local, then A}(T") is a cosimplicial semi-local
scheme. For F' a field, we write Ag . for Aj(Spec F)

4.2. Some vanishing theorems. We fix a functor £ : Sm;” — Spt.

Lemma 4.2.1. Suppose that E satisfies axiom 3; if k is finite, we also
suppose that E is the 0-spectrum of a P'-Q-spectrum. Let F = E® .
Sm{® — Spt with p > 0. Then for X in Smy, FOV(X, —) ~ .
Proof. Noting that F/V(X, —) ~ FO/1)(Speck(X), —), we reduce to
the case of a field K. In this case, we have FO/D(K, —) = EW(A} ).
Since each Af g is semi-local, we have the natural weak equivalences

—_

EP(Af ) — EO (Afg, =) ™ By (Do, —),

where C/Aj f is the disjoint union of the maps of faces Af'x — Af .

Thus, FO/V(K, ) is weakly equivalent to the total space of the
bisimplicial spectrum

(n,m) — E®(n,m),
where E®)(n,m) is the limit of the spectra with support
EY(AG ke xx AR),
as W runs over all closed subsets of Af r- X x AR satisfying:
codimFXp/(W NF x F/) > p
for all faces F" C AR, F' C Af k.
For each m, we have the restriction to a face (say the face t,,,1 = 0)
5 EW (= m+1) — EP(— m),
with right inverse given by pull-back by the corresponding codegener-
acy map
o EW (= m) — EW(— m+1).
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By the same argument as for the homotopy property for E® (X, —), one
shows that o* 0 0* is homotopic to the identity, hence 6* is a homotopy
equivalence.

Thus, the inclusion E®(—,0) — E®(— —) is a weak equivalence.
However, if W is an irreducible closed subset of Af ;- which intersects
all faces in codimension > p > 0, then in particular, W contains no
vertex of A ;. Since Ag - is semi-local with closed points the vertices,
this implies that W is empty, that is, E®(— 0) ~ %, proving the
result. U

Proposition 4.2.2. Suppose that E satisfies axiom 4, and let F' =
E® . Sm{® — Spt with p > 0. Then FW*Y ~ «x for all 0 < q < p.
Similarly, (E®/PHD)@/at) 5 for 0 < q < p.

Proof. We note that F' satisfies axiom 3, and if & is finite, F' is the
0-spectrum of a P'-Q-spectrum. Since the operation F s F(@/a+1) ig
compatible with taking homotopy cofibers, the second assertion follows
from the first.

For the first assertion, the case p = 1 is handled by Lemma 4.2.1; we
prove the general case by induction on p.

Note that, by Theorem 3.7.1(3), we have the weak equivalence in
Spt(Sm//k)

P QLF — (Q4E)P-9),
Thus, by our inductive assumption, we have

(QdTF)(q/qH) ~ %

for 0 < ¢ < p —d. By the localization spectral sequence (Corol-
lary 3.1.5), this implies that the restriction map

pla/a+1) (A™) — F(q/q+1)<AgK)

is a weak equivalence for 0 < g < p, for all fields K and for all n. Thus,
we have the isomorphisms in SH

F(Q/Q‘H)(K) o (F(q/qul))(O)(K’ ) = (F(Q/Q"Fl))(o/l)([(’ -)
for 0 < ¢ < p. Applying Lemma 4.2.1 to F', we have
(F(‘I/q+1))(0/1)(K, _) ~ %
for ¢ > 0, which completes the proof. O

Proposition 4.2.3. Suppose that E satisfies axiom 4, and let F' =
B/ SmiP — Spt with p > 0. Then F®*) ~ x for all r > 0.
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Proof. F*7)(X) is isomorphic in SH to the total space of the simplicial
spectrum F®+) (X, ). F®*)(X n) in turn is the limit of the spectra
with support £ (X x A™), where W is a closed subset of X x A" which,
among other properties, has codimension > p +r. By Lemma 3.8.1, it
follows that FP*7) (X, n) is weakly contractible, whence the result. [J

4.3. The main result.

Theorem 4.3.1. Let E : Sm;"® — Spt be a functor satisfying aziom
4. We have a natural isomorphism in HSpt(Sm_k)

(E®/p+(a/at)) o 0 for q # p,
E(p/p+1) for q = p.

Proof. The case q¢ # p follows from Proposition 4.2.2 and Proposi-
tion 4.2.3.
For the case p = ¢, let F = E®/?*)_ We thus have the natural map

Fw _, pO) ~ p _ p/p+l)

By Proposition 4.2.3, F®*D 22 0, so the above map descends to the

natural map
p/rtl) _, p) o~ p — pl/p+1)

We have the tower
pe/r+l) _, pe-1/p+1) _,  _, pO0/p+1) o (0)

with layers F(@/et) ¢ =0,...,p — 1. By Proposition 4.2.2, all these
layers are weakly contractible, so the map F®/P*) — FO) is an iso-
morphism, completing the proof. U

Corollary 4.3.2. Let E : Sm;” — Spt be a functor satisfying axiom
4. Let X be in Smy. Then E®/P*V(X) is naturally isomorphic in SH

to a the total spectrum of a simplicial spectrum Es(}f/ b H)(X ,—), with
1 ~
EFTV X = T (058) Y (k(x))
z€X(P)(n)
in SH.

Proof. By Theorem 4.3.1, E®/P*D(X) is isomorphic (in SH) to the
total spectrum of the simplicial spectrum n +— (E®/PFD)@/PHD(X n).
By Lemma 3.8.1, we have the isomorphism
(E(p/pﬂ))(p/pﬂ)(X’ n) = H (Q?E)(O/l)(k(m))y
z€X (@) (n)

in SH, as desired. O
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5. COMPUTATIONS

In this section, we consider a special type of theory E : Sm;” — Spt
for which the “cells” (b, E)®/Y are particularly simple, essentially,
that for a field F, (QF, E)/V(F) is a K (7, 0) with 7 = (20, E)(F)).
For such theories, we can define an associated cycle theory CH?(—; F/, n)
which generalizes the higher Chow groups of Bloch. We show that
K-theory is of this type, and thus recover the Bloch-Lichtenbaum/
Friedlander-Suslin spectral sequence as our homotopy coniveau spec-
tral sequence. This gives a new proof that this spectral sequence has
the expected Es-terms consisting of motivic cohomology. Motivic co-
homology itself is also of this form, and, being the associated cycle
theory of another theory, has a particularly simple spectral sequence.

5.1. Well-connected theories.
Definition 5.1.1. Let E : Sm;” — Spt be a functor satisfying axiom

4. We call E well-connected if

(1) for X € Smy and W C X a closed subset, EW(X) is -1-
connected.

(2) for F a field finitely generated over k, m,((QLE)/V(F)) =0
for n # 0 and all d > 0.

Remark 5.1.2. Suppose E satisfies part (1) of Definition 5.1.1. Since
QrE(X) = EX*%(X x Al), it follows that Q4E also satisfies (1) for all
d>0.

Lemma 5.1.3. Suppose E is well-connected. Let F be a field finitely
generated over k. Then the natural map

To((-E)(F)) — mo(%-B) YV (F))
is an isomorphism for all p > 0.

Proof. We give the proof for p = 0 to simplify the notation. Since
E(Af ) is -1-connected, we have the exact sequence

To( E(AS 1)) 220 my(B(AS 1) — mo(EO/D(F)) — 0.

Similarly, we have the surjections mo(E(A%)) — mo(E(Af ). Using
the homotopy property, we find that the natural map

P mo(E(F)) — mo(E(Ag )
is an isomorphism for all n, so the above exact sequence becomes

mo(E(F)) % mo(B(F)) 22 mo(EY/V(F)).
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5.2. Cycles. Let E : Sm;® — Spt be a well-connected theory. For
X € Smy; and W C X a closed subset, set

2w (X5 B) = @peximnmo( By (k(2))).

zCW
We write 2P(X; E) for 25 (X; E).

Let f :' Y — X be a morphism in Smy, and let W C X be a
codimension p closed subset such that f~!(7¥) has codimension p on
Y. Take € X?) with z € W, and let y € Y®) be a point in f~'(z).
We have the pull-back homomorphism

fapy  mo(QpE)(k(x))) — mo((QE)(k(y)))
defined as the sequence
mo((-B) (k(x))) = mo((U-E) D (k(x))) = mo((BP/PHD)*(X))
S m((BWP) (Y )) 5 g (B/P) (Spec Oy,,)
= mo((QE) "V (k(y))) = mo((-E) (k(y)))-
Taking the sum of the f Iy defines the pull-back
ooy (X5 B) — 270, (Y E)

which is easily seen to be functorial.
For X € Smy, we define the higher cycles with E-coefficients as

(X5 E,n) = lim  zp(X x A" E),
WGSE@(n)

forming the simplicial abelian group n — 2zP(X; E,n) and the associ-
ated complex 2P(X; E, ).

Definition 5.2.1. Let X be in Smy. The higher Chow groups of X
with E-coefficients are the groups

CHP(X; E,n) := H,(2P(X; E, %)).

5.3. Well-connectedness. In this section, we give an alternative de-
scription of this property.

We let Ord be the category with objects the finite ordered sets
n] := {0 <1< ... <n} and morphisms the order-preserving maps of

sets. Let Ord™ be the subcategory of injective maps. For a functor
E : Ord® — Ab, we have the complex E([n],0), with

E([n],0)-m = ®gfn—mi—n E([n —m]),
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and differential d_,, : E([n],0)_m+1 — E([n],d)_n the signed sum of
the maps

E(f)g:=E(f) : (E(ln —m+1]),9) = (E([n —m]), g o f);
filn—m]—[n—m+1 € Ord™,

where the sign is determined by the rule: Let {i; < ... < i1} =
]\ g([n —m +1]) and let ¢ € [n] be the element with

{ir <...<ima}U{i} =[n]\go f([n—m)]).
Then the map F(f) above appears with sign (—1)7, where i;_; < i < i;
(we set ig = —1).
We let E([n],0%)_,, be the quotient of E([n],d)_,, by the subgroup

Dy, g(0)20E([n —m]),

forming the quotient complex E([n],0"). One can identify FE([n],0")
with the complex with
E([n],07)-m = Bgn—ml-n E([n —m])
9(0)=0

and differential E([n],0")_,+1 — E([n],0%)_,, the signed sum of the
maps F(f), over f:[n—m] — [n—m+ 1] in Ord™ with f(0) = 0.

Finally, we let E, be the complex associated to the simplicial abelian
group E, ie., E, = E([m]) and d,, : Ey,+1 — E,, is the usual sum of
the maps (—1)'E(8;) : E([m+1]) — E([m]), 6; : [m] — [m+1] € Ord™
is the map which omits 7.

We extend these notions to functors E : Ord®® — C(Ab) be taking
the extended total complex of the evident double complexes.

Lemma 5.3.1. Let E : Ord®® — C(Ab) be a functor with E([n])
-1-connected for all n. Then there is an exact sequence

Ho(E(jn +1],0%)) 2% Hy(E([n], 8)) — Hy(NE) — 0

for alln > 0. If m — Hy(E(|m])) is the constant functor, then
Ho(E([n],0)) — H,(NE)
s an isomorphism.

Proof. The second assertion follows from the first. Indeed, the de-
generacy maps ol : [n] — [n — 1] (where o' is the unique surjective
order-preserving map f : [n] — [n — 1] with f(i) = f(i — 1)) define a
splitting of the complexes F([m],0"), giving the exact sequence

0 — Ho(E([n],0")) — Hu(E([n))) = @ H,,(B(fn — 1))).
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Thus, the assumption that m +— Hy(E([m])) is constant implies that
Hy(E([n],0%)) = 0.

The first assertion is an easy consequence of the Dold-Kan corre-
spondence, and is proved in, e.g., [12, ***]. d

Remark 5.3.2. Let E : Sm;” — C(Ab) be a functor, take Y in Smy,
and let D = >"" D; be a reduced strict normal crossing divisor on Y.
For I C {1,...,m}, let D; := N;e;D;, forming the m-cube of spectra
Taking the iterated homotopy fiber over this m-cube defines the relative
spectrum E(Y; D).

For Y = A%, we let 9 := A% be the divisor )" ,(¢; = 0) and let
O == 0TAL = Y (t; = 0). We have as well the restrictions to
OAG i, giving the spectra E(Af 1, 0) and E(Af ., 0%).

If Y : Ord — Sm, is a cosimplicial scheme, we may apply the
construction of this section to the composition F o Y°P : Ord®® —
C(Ab). If Y = A§ -, then we have the identities

(EoY)([n],0) = E(Aky,9)

(EoY)([n],0") = E(AF,07),
and (E oY), is the complex associated to the simplicial complex n +—
E(AG F)-

Proposition 5.3.3. Let E : Sm;” — Spt be a functor satisfying aziom
4. Then E s well-connected if and only if
To((QE)(AG -, 9)) = 0

foralln > 1, all d > 0 and all finitely generated field extensions F' of
k.

Proof. We have the spectral sequence
E;,q = 7Tp+q<Q%E>(Ag,F) = 7Tp+q(Q%E)(O)(F7 -).

Since 7, ((QUHE)(Af 1)) = 0 for m < 0, we have the exact sequence
410

To((QRE)(Ag ) —— mo((E)(F)) — mo((Q7-E) O (F, =) — 0.
As in the proof of Lemma 5.1.3, mo((Q}-E)(Af r)) = mo((Q4.E)(F)) and
d;” is the zero map, hence the map 7o ((Q%LE)(F)) — mo((QLE)O(F, —))i
is an isomorphism.

Thus, to prove the proposition, it suffices to show that, if F satisfies
axioms 1 and 2, then 7,(E/Y(F,—)) = 0 for all n > 1 if and only if
mo(E(Af g, 0)) = 0 for all n > 1.
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First, suppose that mo(E(A%g,0)) = 0 for 1 <n < N. We will show
that m,(E/V(F,—)) =0 for 1 <n < N.

We may assume by induction that 7,(E@/V(F,~)) = 0 for 1 <
n < N — 1. Using the Hurewicz theorem, it suffices to show that
Hy(EY/Y(F, —)) = 0. We have the fiber sequence

E(AG ,0)) = E(AG 5, 0)) — E(AGF,0)).
Thus, if mo(E(Af p, 0)) = 0 for 1 <n < N, it follows that
Tm(E(AR,,0)) =0
for m < 0. By the Hurewicz theorem again, it follows that
Ho(E(AY,,0)) =0.

Therefore, we may replace E with its homology localization ZF, and it
suffices to prove the analog of the proposition for a functor £ : Sm; —
C(Ab).

In this case, (under our assumption that E is -1 connected), the
Dold-Kan correspondence gives us the isomorphism

H,(NEYV(F)) = H,(E®V(F, -))
for all n. Also, by Lemma 5.3.1 and axiom 1, we have the isomorphism
Ho(E(A ) — Hy(NEYV(F)).

Thus Hy(E®Y(F,—)) = 0, as desired.

If 7, (EYV(F, —)) = 0for 1 < n < N, then we may assume by
induction that mo(E(Af -, 0)) = 0 for 1 <n < N — 1. Reversing the
above argument shows that m(E(A{y,d)) = 0, which completes the
proof. 0

Remark 5.3.4. The higher Chow groups of Bloch, CH?(X,n), are de-
fined without reference to an underlying cohomology theory E. Instead,
one uses the usual cycle groups

P(X) = GrexmZ

as the building blocks for the cycle complex 2zP(X, %), where the pull-
back map f* is defined via Serre’s intersection multiplicity formula.

The properties we have established for the spectra E®/P+D(X ),
namely: homotopy invariance, localization, extension to a functor, all
are based on the analogous properties for the complexes z?(X, —) (cf.
[1, 13, 12]). In the sequel, we will often identify z7(X,—) with the
associated simplicial Eilenberg-Maclane spectrum, so as to enable a
comparision with other simplicial spectra.
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5.4. The case of K-theory. We show that the K-theory functor K :
Sm; — Spt satisfies axioms 1-3, and is well-connected. In fact, we
will show that K is the O-spectrum of a P!'-Q-spectrum K € SH(k),
which covers the case of finite fields as well.

Proof. By Quillen’s theorem, we have the weak equivalence of K-theory
and G-theory for regular schemes. Thus, the homotopy invariance for
G-theory gives the homotopy invariance property for K-theory on Smy.
Quillen’s localization theorem yields the weak equivalence

KY(X)~G(W)

for W C X a closed subset, X € Smy, hence K-theory satisfies axioms
1 and 2.
Similarly, we have the weak equivalence

KXO(X x A% ~ G(X x 0) ~ K(X)

for X € Smy. Thus K_; ~ K, and we can take Ky = K. Thus K
satisfies axiom 3.

In the case of a finite base-field k, the same argument shows that the
sequence K := (K, K,...) with the above weak equivalence K ~ K_;
defines a P!'-Q-spectrum with 0-spectrum K.

For well-connectedness, property (1) of Definition 5.1.1 follows by
the localization theorem, since G-theory is -1-connected (for U C W,
the map Go(W) — Go(U) is surjective).

For part (2), we use Weibel’s homotopy K-theory, K H. By Vorst
[18], the normal crossing divisor OA] p C Af o is Kj-regular, hence we
have the isomorphism

K, (047 1) = K H,(0A7 ).

for n < 1. Since KH satisfies Mayer-Vietoris for unions of closed
subschemes, we have the weak equivalence of K H(Af r,d) with the
homotopy fiber of the restriction

KH(A&F) - KH(aAg,F)
By the K;j-regularity, we thus have the exact sequence
Kl(Ag,F) - Kl(aAg,F) - KD(Ag,Fv 9) — KO(ASL,F) - KO(GAS,F)-
Since Af r is semi-local and affine, we have the surjection
GL(R) — GL(R/I)

where R is the ring of functions on Afp and [ is the ideal defining
OAf - Since A i is affine, we have surjections

GL(R) — Ki(Agp);  GL(R/I) — K1(9Ag p).
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Also, Ko(R) =Z = Ko(R/I), so
KO(ABL,FJ 9) = 0.
Thus K-theory is well-connected. 0
Theorem 5.4.1. There is a natural isomorphism in SH
(X, —) K(p/p“)(X, -).
Proof. By Theorem 4.3.1, we have the isomorphism in SH
K(p/p+1)(X’ ) = (K(ID/JDJrl))(p/JDJrl)(X7 -).
By Corollary 4.3.2, we have the isomorphism in SH

(K@) /vt (X ) o H (2 KOV (k(x)).

zeX (@) (n)

Since K is well-connected and Ko(k(z)) = Z, (Q5.K)/Y(k(x)) is the
Eilenberg-Maclane spectrum K(Z,0). Thus, we have the weak equiv-
alence

(5.4.1) (K@@ (X ) 2 K(2P(X,n),0).

It remains to see that the two sides agree as simplicial spectra.

The map(5.4.1) is just the weak equivalence of (K #/PH1))P/P+1(X n)
with its Oth Postnikov layer. Thus, we need only see that zP(X, —) and
mo(K®/PH)) /Pl (X ) agree as simplicial abelian groups.

For this, take € X®(n). We have the natural map

G(T) ~ K¥(X x A") — (KPP e/ (X p)
and, for each face map g : A™ — A" the commutative diagram

ToG(Z) —— mo(K /P w/p+1) (X )

g*l Jg*

10G(g71(z)) — WO(K(p/erl))(p/pH) (X, m)

Similarly, we have the surjection moG(Z) — mG(k(x)), T1oG(97 (7)) —
710G (k(g~(Z))) and the identifications

TG (k(z)) = 22(X x A")
TG (k(g7 (7)) = Zg-1(z) (X X A™)
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Since the pull-back on cycles is defined via Serre’s intersection multi-
plicity formula and Serre’s vanishing theorem, we have the commuta-
tive diagram

TG (T) ——— 28(X x A™)

Q*J lg*

TG (g~ () — Zﬁ—l(@(X x A™)

with surjective rows.

Putting these two commutative diagrams together with the weak
equivalence from Corollary 4.3.2 gives the functoriality of the weak
equivalence (5.4.1) with respect to the simplicial structure. U

5.5. Bloch motivic cohomology. As in Theorem 3.7.1 the method
of Kahn [11], one can make the cycle complexes 2P (X, *) functorial in
X € Smy,. Specifically, there are fibrant complexes of Nisnevic sheaves
on Smy, ZP, whose image in the derived category of Nisnevic sheaves
on Sm//k is isomorphic to the functor

X — 2P(X,2p — %).
Thus, for each X € Smy, we have the complex ZP(X)*, with a natural
isomorphism ZP(X)* = 2P(X,2p — %) in Dy, (X). The cohomology of
ZP(X) is the Bloch motivic cohomology of X:

H™(X,Z(p)) := H"(Z2"(X)) = Hap_n(2"(X, %)),

We consider X +— ZP(X) as a functor Z7 : Sm;” — Spt by taking
the associated Eilenberg-Maclane spectrum. As in Theorem 3.7.1, the
localization theorem for the complexes zP( X, *) yields the natural weak
equivalences

ZP — Qp(X22PH.

Theorem 5.5.1. For each p > 0 and each ¢ > 0 we have the isomor-
phism in HSpt(Smy,)

(Zp>(Q/tI+1) o 0 forq#p
ZP for q = p.

Proof. From Theorem 5.4.1, we have the isomorphism in HSpt(Smy)
ZP o - R (p/p )

giving the isomorphism in HSpt(Smy)
(zp)(@/atl) o 332 ( pe(p/pH1)y(a/at),

The result then follows from Theorem 4.3.1. O
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6. THE P'-STABLE THEORY

6.1. P'-spectra. We now pass to the setting of P'-spectra. For i :
Y — X aclosed embedding or open immmersion, and E : Sm;” — Spt
a functor, we write E(X/Y") for the homotopy fiber of i* : E(X) —
E(Y').This notation extends in the evident way to define E((X,z) A
(Y,y)) for pointed smooth k-scheme (X, z) and (Y,y), where F(X X
yVax xY) is the fiber of

E(X xyHm xY)— E(x xy)

In the same way, we have the spectrum E(A,(X;, x;)).

Given E : Sm;” — Spt, define O}, £ : Sm;® — Spt by

OLE(X) = B(P' A X,).
Note that, if E satisfies axioms 1 and 2, then the inclusion co —
P!\ {0} = A! defines weak equivalences
(QrE)(X) = BE((PY/P'\ {0}) A Xy) — QpB(X
We give two definitions to fix ideas:

Definition 6.1.1. A P-Q-spectrum £ on Smy, is given by
(1) A sequence (Ey, Ey,...), where E; : Sm; — Spt is a functor
satisfying axioms 1 and 2.
(2) Weak equivalences in Spt(Smy,), €¢; : E; — Q3. Ejq, 5 =0,1...
Maps are maps of sequences respecting the maps in (2). We denote the
category of P'-Q-spectra on Smy, by Spt (Smy).

In particular, if € is a P'-Q-spectrum on Smy, then each spectrum
E; satisfies axioms 1, 2 and 3.

For the next definition, we use the notion of a space over k in the
sense of Morel-Voevodsky [16]: recall that a space over k is a Nisnevic
sheaf of simplicial sets on Smy. Unless specifically mentioned, we will
consider P! as a pointed space over k using oo as the base-point. For
a pointed space Z, we write Yp T for P A Z.

Definition 6.1.2. A Pl-spectrum &£ on Smy, is given by
(1) A sequence (Ey, Ey, .. .), where each E; is a pointed space.
(2) Maps of spaces over k, ¢, : P ANE; — Ej1, 7 =0,1...
Maps are maps of sequences respecting maps in (2). We denote the
category of Pl-spectra on Smy, by Sptp: (Smy,).
If £ = (Ey, Ey,...) is a Pl-spectrum or a P!'-Q-spectrum, we have
the suspensions

Z%ﬂg = (El, EQ, .. ) 21;118 = (Q%mEo, Q%;lEl, .. )
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6.2. Model structure and homotopy categories. We recall the
category SH(k) and its relation to Definitions 6.1.1 and 6.1.2. For
details, we refer the reader to [14, 15].

Denote the category HSpty;(Smy) by SHs(k).

Consider the model category Spty(Smyg). Call an object E of
Sptyi(Smy) Al-local if the projections X x A — X induce a weak
equivalence (in Spty; (Smy)) E — EA'. Callamap f : E — F an
Al-weak equivalence if, for each Al-local Z, the map

f* . HomSHS(k)(F, Z) — HomSHS(k)(E, Z)

is an isomorphism. Note that a weak equivalence in Spty;(Smy) is
automatically an Al-weak equivalence. We have the Bousfield localiza-
tion of Spty;(Smy) with respect to the Al-weak equivalences, i.e.,
the model structure on Spty;(Smy) with the same cofibrations as
Spty(Smy), the weak equivalences the A'-weak equivalences, and the
fibrations determined by the RLP with respect to trivial cofibrations.
We denote this model category by Sptﬁils(Smk) and the resulting ho-
motopy category by SHA' (k).

We next consider the category of (s, p)-spectra on Smy. The objects
are sequences & := (Ey, Ey,...) of functors E,, : Sm;” — Spt, together
with connecting morphisms ¢, : P! A E,, — E, ;. Maps are sequences
of maps in Spt(Smy) respecting the connecting morphisms.

For an (s, p)-spectrum (&, €,), the ¢, induce, for each X € Smy, the
map

en(X)  Ba(X) = Enpr (P A X,).
For X is in Smy, we have the bi-graded stable homotopy groups
moo(E(X)) = lim 75, (B, (P A X)),

using the maps €,(—) for the transition maps in the inductive system
of homotopy groups. The 7; ,(£(X)) form a presheaf of abelian groups
on Smy; we let 7 ,(£) denote the associated Nisnevic sheaf,

A map f: & — F of (s,p)-spectra is called a weak equivalence if
f induces an isomorphism f, : 73 () — 7 ,(F) on the homotopy
sheaves. f is a cofibration if fy is a cofibration in Spty;,(Smy), and
for each n > 0, the map

Eun [[ P'AF. = Fun
PIAE,

is a cofibration in Spty;(Smy). The fibrations are characterized by
having the RLP with respect to trivial cofibrations. This gives us the



52 MARC LEVINE

model category of (s, p)-spectra on Smy, denoted Spt, , (Smy). The
homotopy category is denoted SH (k).

If &€ = (Ey, Ey,...) is a Plspectrum, we can form the associated
(s, p)-spectrum by taking the term-wise (simplicial) suspension spec-
tra (X:Fo, XiFy,...). If &€ = (Ey, Fy,...) is a P'-Q-spectrum, the
maps €, : B, — QpmE, ; induce by adjointness the maps €}, : P! A
E, — FE,.1, forming the associated (s, p)-spectrum. Similarly, if £ =
((Eo, E,...),€,) is an (s, p)-spectrum, we have by adjointness the maps
¢ E, — QpmE,; if £ is fibrant, this forms a P!-Q-spectrum. Thus,
we may pass from P!-spectra to P!-Q-spectra by first forming the asso-
ciated (s, p)-spectrum, taking a fibrant model, and then using adjoint-
ness. We denote this functor by & — Qz €.

We can also take the P! infinite loop spaces of an (s, p)-spectrum or
a PL-Q-spectrum, forming a P!-spectrum:

E= (Eo, E17 .. ) — (hm Q;nEOm, lim QTElm; .. )

5,p)

Here Q7" is the loop-space functor with respect to the simplicial struc-
ture.

Via these functors, the model structure on Spt, , (Smy) induces
model structures on the categories of P!-spectra and on P!-Q-spectra,
and gives a Quillen equivalence of these three model categories. In
particular, we can consider P!-spectra and P'-Q-spectra as objects in
Spt s, (k) or in SH().

Remarks 6.2.1. (1) The above definition of SH(k) is slightly different
than the one given by [15]. First of all, Morel uses the suspension
functor with respect to (A \ {0}, 1), rather than (P! co). Secondly,
the individual spaces occurring in the spectra FE,, are required to be
sheaves of pointed simplicial sets rather than presheaves. Since (P!, c0)
is homotopy equivalent to S* A (A!\ {0},1), the two different choices
of suspensions lead to Quillen equivalent model categories, and as the
cofibrations and weak equivalences in the presheaf category are defined
stalk-wise, using presheaves or sheaves also yield Quillen equivalent
model categories. Thus, we may use the same notation SH(k) for the
homotopy category.

(2) We have the functor X3¢ : Spti (Smy) — Spt s, (Smy), defined
by sending E to the sequence L5 F := (E,P'AE, .. .), with the evident
connecting maps. X} is a left Quillen functor, with right adjoint the
P!-infinite loop space functor £ — Q& where

Qpi€ = lim Qp E,

n—oo
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if £ = (Ey, F1,...). In particular, this shows that a weak equivalence
& — F between fibrant objects in Spt,, (Smy) induces a point-wise
weak equivalence f, : £, — F,, on the various S'-spectra.

Examples 6.2.2. (1) Each X € Smy, determines the P!-suspension spec-
trum

EED?X+ = (X+, 2]%»1X+, 21291X+7 .. )
and the corresponding P'-Q-spectrum QX2 X, . For X = Speck, we
write SY for Spec k,. We have the P'-sphere spectrum
YRSy = (S, P}, ... APy, L)
and the P'-Q-spectrum S := Q2% 5).
(2) For X € Smy, let Cyc*(X) denote the set of effective cycles
W => . nW; n;>0,in X x (P')¢ with each irreducible component

W; finite over X, and dominating some component of X. This defines
the Nisnevic sheaf X +— Cyc?(X). The reduced version is the quotient

Cyc' (X) = Cyc(X)/ > pia(Cye' (X)),

where p;, is the map induced by the inclusion p; : (PY)4t — (P1)¢
defined by inserting oo in the ith spot.

We have the map P! — Cyc' defined by taking the graph of a map
f: X — P! Taking the product over X gives the map

Cyc' (X) A Cye” (X) — Cyc" (X)),

which thus gives us the structure morphisms
—d ——d+1
P! A Cyc (X) — Cyc " (X)

This structure defines the P'-spectrum HZ; in characteristic zero, HZ
is represented by the symmetric powers of (P1)"? in the evident way.
The associated P!'-Q-spectrum, Q% HZ, is equivalent to the sequence

(20,222t .. nrzd
with connecting maps the localization weak equivalences
ZP — O Y?(2P),

A direct map relating the two constructions is given as follows: Send
W € Cyc’(X x A™) to the cycle W € 24(X x (P') n), which we then
restrict to W9 € 24(X x A% n). This gives a natural transformation

Cye' (X x A%) = 24X x A% %) ~ 24(X, %),
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which gives the direct relation. That this map gives a weak equivalence
is proved by Voevodsky-Suslin [7] assuming resolution of singularities,
and in general by Voevodsky [19].

6.3. The connecting map. Before defining the homotopy coniveau
tower on the level of Pl-spectra, we need a technical modification of
the functor E®),

Let £ = ((Eo, B, .. .),€) be a P1-Q-spectrum. Composing the con-
necting maps €, give us weak equivalences

. m
€nm - En — Qpi By,

Using the diagram of Remark 3.7.4, these maps give a natural tower of
weak equivalences

—_ e/~

S QmELTY - optprtel o B

If we then take the homotopy limit over this tower, with projection

—_

E7(1p) N E T(Lp) ,

then the map ¢, : EY - QplE,(LIfll) in HSpty;(Smy) lifts to the
map

Yy B — Qp EZY
in Spty, (Smy).
We will henceforth replace EP with a functorial bifibrant model of

EP so that we may assume that the maps Yy EY s Op ngll)

exist in Spty;(Smy), are natural in £, and are compatible with change
in p.

6.4. The stable homotopy coniveau filtration. For a P'-Q-spec-
trum € = ((Ey, By, ...),€,), and integer p, set ¢,& = (B, EP™ ),
where the maps ¢4 are given by the localization weak equivalence of
Theorem 3.7.1(3) (suitably refined as in §6.3)

€(d+p)
(Ed)(dﬂ?) AN (Q]}DlEd+1)(d+p) Rarant QW(E;T;Z)H)).

E](-p ), E; define the map of P*-Q-spectra
o€ — E£.

Recall that £ = E© for n < 0.
We thus have the tower of P-Q-spectra

(6.4.1) cii = Op1€ = 0 — L= P€ — P € — ... = E.
We write ¢,/,.-€ for the cofiber ¢,,,.& — ¢, and o, for ¢,/,11E.

The natural maps
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Remark 6.4.1. For ¢ > 0 and p > 0, we have the identity

Lpi (0pE) = GprgBp &
for ¢ > 0 and p < 0, we have this identity in “sufficiently large degree”;
in any case, a weak equivalence. Similarly, for ¢ < 0, the localization
weak equivalence

- m m+

Q]plq(Er(L )) ~ Ew(H-q g

gives a natural isomorphism

Ef{n(%f‘/’) ~ ¢p+q21%15
in SH(k).

7. SUSPENSION SPECTRA AND THE SLICE FILTRATION

In the Al-stable homotopy category SH(k), one has the smallest
localizing subcategory closed under colimits and containing all suspen-
sion spectra X3¢ X with X € Smy, denoted SH(k); we have as well
the various suspensions ¥%, SH® (k). Voevodsky [20] has defined a se-
quence of functors f, : SH(k) — SH(k) by using the right adjoint r,
to the inclusion i, : X2, SH (k) — SH(k): f, = i, or,. Concretely,
for £ in SH(k), one has a canonical map f,€ — &€ which is universal
for maps i,F — &, F € 32, SH (k). Additionally, one has the tower

= fa1€ = fdl — o= o€ = [ — .. &
defining the slice filtration of £. The cofiber of f;.1€ — f;€ is denoted
Sdg .
In this section, we analyze the filtration ¢, for suspension spectra,

and show that ¢, = f,. Thus, the stable homotopy coniveau filtration
agrees with the slice filtration.

7.1. A modified tower. For a P!-Q-spectrum &£, we define a modified
version gbﬁ*g of ¢,€.
For a functor £ : Sm;” — Spt, we have the associated functor E4"

with

EYM(X) = E(X x A"™).
If F = (Fy, Fy,...) is a P-Q-spectrum, define F2" to be the P'-Q-
spectrum

(Fo, FA L FM ),
with connecting maps given by

Ej(XXAj)

P}(X X A]) _— Q]%n j+1(X X AJ)
2 QL (X x AT x AY) = QL Fjq (X x AT,
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The pull-back maps p* : F(X) — E(X x A") define the natural
transformation
pot B — B
if F satisfies axiom 1, then p, is a weak equivalence. Similarly, we have
the weak equivalence

p: F— FY
Suppose that F satisfies axiom 3. We define a weak equivalence
6+ (e B)P)M" — Qi ((BVH)*T).

Let A° C Al x P! be graph of the standard open immersion A! — P!
with image P! \ co. We have the functors

F =X (QuE)P(X x A" x A%),
Fy =X s (BEPHD)XXAAY (o A" 5 Al x PY)
Fy =X — (Qu EPD)(X x A" x Al)
The projection A" x A — A" gives the isomorphism in HSpt(Smy,)
U (B R,

Using the defining equation X; — ¢t X, for AY, and the localization the-
orem for E*Y | we have the isomorphism in HSpt(Smy)

Vi By — .
Similarly, as A’°NA! x co = (), we have the isomorphism in HSpt(Smy,)
vy o Fy — Fj.
Thus, we have the isomorphism
bt ((Qn E)P)A" = Quu (BED),

in HSpt(Smy). Using the method of Theorem 3.7.1 and §6.3, we may
assume that the maps d,, are weak equivalences in Spty;,(Smy), natural
in £/, and compatible with change in n.

For €& = (Ey, B, ...) a P-Q-spectrum, we may thus form the P!-§2-
spectrum

04 € = (B, (B ™)™, (BET), )
with connecting maps given by the §,,.
Lemma 7.1.1. There are isomorphisms in SH(k)
&y €= BpE,

natural in € and compatible with change in p.



THE HOMOTOPY CONIVEAU FILTRATION 57

Proof. Let E : Sm;® — Spt be a functor satisfying axioms 1 and 2.
The inclusion of pairs 7y : (P!,0) — (A" x Al x P!, A" x A%) defined
by the 0-section P! — A™ x A x P! induces the map of functors

(X o BXE A (o A s AL YY) 2 (X s BXXO(X x PL))

which is easily seen to be a weak equivalence. One easily sees that this
gives us the desired isomorphism

i dh €= .
O

7.2. Suspension spectra. In this section, we define natural maps of
Pl-spectra

ZX . E]?;?X.i_ — QSOQESZESX.*.

Lx NN X, — o ORTNX,

In the construction, we note that the P'-) suspension spectrum
Q29329 X is a bifibrant object of Spt(Smy), so that each spectrum
(23 X1 )n(Y) is bifibrant, for each Y € Smy. In particular, each
map (23X )n(Y) — (QREXX4)m (W) in SH lifts (uniquely up
to homotopy) to a map (239359 X4 ), (Y) — (229225 X4 ) (W) in Spt.

To define tx, we map 3¢, X to ((Q;?E%?XQ&CO)M as follows: Let
j: A — (P1)? be the standard open inclusion identifying A? with the
open subscheme (P! —o00)?, and let T'y C (P1)4 x A? be the transpose of

the graph of j. Note that the projection I'y — A? is an isomorphism,
and the map

(Xo,l : X1,1’ . . 7X0,d7 X1,d;T1; e ’Td)
= (Xo,l : X1,1 - TlXO,la cee ,Xo,d, Xl,d - TdXo,d; le s >Td)

sends ((P1)? x A Ty) to ((PY)4,0%) x A?. Thus we have a weak equiv-
alence

(OB TN )o(X x T) = (QRERXLFTAX x (B x AT,

Since X x I'y is contained in X x (P!\ 0o0)¢ x A?, this weak equivalence
descends to a weak equivalence

(OB T X)X x Ta) S (QRTFXL)FT4(SE (X x AY),).
The projection X x I'y — X composed with the canonical map
X = X5 — (Zp Xy o

gives a section
ir € (QE X Xy )o(X x Ty),
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and thus gives the canonical section in (25555 X, ) (24, (X xA?),).
Composing with the natural map
(OB X4)7 (T (X x A%)4) — (IR X+) (Z (X x AY)L)
gives a canonical section
La € (TR X)W (5d (X x AYY,).

Replacing 'y with the point 0¢ € (P')?, the same procedure yields
the canonical section

tq € (QpiZp X+)( )(E$1X+)
By evaluation, ¢4 gives the natural transformation
Y = (V) s (ShX)(Y) = (88X )T (Y x A%,
and 4 gives the natural transformation
Y o 2a(Y) s (ShXL)(Y) = (5 X)) (7).
This gives us the two maps of functors on Smy
s Ty — (REE X))
T4 X, — (QRYI X)W,
Lemma 7.2.1. (1) The composition
EP1X+ = (RIS X+) — (T Ep X4 )
15 naturally homotopic to the canonical map EP1X+ — (R X )a
(2) The composition
ShXL 5 (QERXL)Y B (DX,
15 naturally homotopic to 4.

Proof. Via the defining equations for 0¢, we identify the normal bundle
of 0% in (P')? with the open neighborhood A? = (P! — c0)? of 0%. This
gives the canonical homotopy equivalence of ¥4, X with ((P')?/((P')%\
09)) A X, which leads to the sequence of weak equivalences

(QBTEE X4 )o(X) ———— (WWIF X)) (X x (B')7)

(X )a((PH/ (PN 09) A X )

}

(QEERX (54X )
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Since QX Y% X is the P-Q-spectrum associated to the P'-suspension
spectrum 27 X, it follows that the map
Homsspt(smy) (257 X+, (251557 X )o)

- HomHSpt(Smk)(ZgozngJr? (QI%?ZI?’?XJr)d)
induced by this diagram is just the standard map sending f to the map
induced by 4, f. Thus, the image of the canonical map XX, —
(T X4 ) is the canonical map L2°%%, X, — (Q2955 X )4. Refer-

ring to the definition of 74, this proves (1).
For (2), we have the map

o: A x Al — (PH? x A% x Al
defined by
O'(Tl, P ,Td;to,tl) = ((1 . toTl), ey (1 : ton);Tl, e ,Td;to,tl)).

This clearly defines the isomorphism A? = T for ¢; = 0, and the iso-
morphism A? 22 04 x A? for t; = 1. Letting I'(*) C (P})4 x A? x A® be
the image of ¢, and letting ¢(*) be the map

(ShX) x AT x AT = (55X,
constructed as ¢, we see that ¢(x) gives the desired homotopy. U

Lemma 7.2.2. The maps 1y and iy give rise to maps of P*-spectra
Ix : Xpi Xy — G Xpi X
Lx NN X 4 — P ONTN X,

Proof. We describe the case of tx; the argument for rx is similar, but
simpler, and is left to the reader.

Using the notation of the above section, and §7.1, we note that the
exchange of factors (P1)? x A? x Al x P! — (P1)4+! x A4*! gends the
subscheme I'y x A? isomorphically to I'g;;. From this, one easily traces
through the definitions to find that the diagram

idAe
P'A YL X, S P A (O35 X, )@

J J2

d+1 00 100 d+1
ZIP’—IF X+ Ldt1 (QWEPIXJr)EH—I )

commutes in HSpt(Smy).
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We have the connecting maps

QTN X )W (5d X x Ad)
“ (e (QFTRX I (SR X x AL

defining the spectrum ¢f Q5355 X (after evaluation on £, X ). We
have the classes

ta € (TR X )P (2d X x A?)
€ (QFEEX )TV (SN x AL
defining the maps
S X — (X))
tagn DX — (IR X))
To prove the lemma, it suffices to show that

(721) Ed(bd> = ld+1-

As everything is natural in X, we reduce to the case X = Speck.

In fact, the equation (7.2.1) will not be satisfied on the nose, due
to the fact that the definition of the ¢4 involved inverting some nat-
ural weak equivalences. It suffices, however, to verify the identity
(7.2.1) after tracing through the weak equivalences we used, as then
(7.2.1) will be satisfied up to a map which factors through a functor
A Sm;” — Spt with A(Y") contractible for each Y. This is sufficient
for constructing the desired map of P!-Q-spectra.

The map €4 is constructed by the localization theorem which gives
the isomorphism in SH

S (zd Ad) — (ST T AT (md Ad x A x PY)

Similarly, the section ¢4 is given by the isomorphisms in SH
Sa"(ZhA%) = So(Ta)
= So(k)
via the image of the section id € (S})(k) under the canonical map
(i) (k) — So(k).

The section ¢4, is defined similarly. Let p : I'y;y — 'y be the pro-
jection induced by the projection (P1)41 x A%+l — (P1)4 x A4 on the
respective first d factors, and let m; : I'y — Speck and 7441 : g1 —
Spec k be the structure morphisms.
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We note that, after the evident reordering of factors, we have I'y x
AY = T4y1. Thus, we have the commutative diagram of isomorphisms
in SH

So(k) —— So(La) ——— Sp¢(2¢, AL) ——— S (54, A%)
\‘p*l J{ led
Td+1
So(Tas1) — Sy (DELALTY) —— WD (ndr1pdHt),

which yields the necessary compatibility.

Lemma 7.2.3. The composition

SIX, S o ORTRX, S (0ETEX )
18 equal to the composition
YRNX, 5 OXNN X, BN (XN X, )4
in SH(k).

Proof. Using the compatibility we showed in the proof of Lemma 7.2.2,
one sees that the homotopies constructed in Lemma 7.2.1 give rise to
the desired homotopy of maps of P!-spectra. O

7.3. The layers of a suspension spectrum.

Theorem 7.3.1. Let X be in Smy. For each d > 0, the canonical map

(OFTEX 2 (TR X ),

is an isomorphism in SHy(k) for 0 < g < d.

Proof. The map 7x induces the map of P'-Q-spectra
X QR YE Xy — do(Qp X Xy )

such that the composition with the canonical map
kx : do(SpT X X ) — QpiXpi Xy

is the identity in SH(k).
Restricting to the dth spectra, we have the map in SH,(k)

1% (QRTHX,)g — (RTHX,)S
such that the composition with the canonical map
is the identity.
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Since the construction of E® is functorial in E, we have, for each
p > 0, the sequence of maps in SH,(k)

) ([Zo)(p/p+1)
_—

00 Y00 1 00 V00 d
QTR X )PP (3 X)) w/eeD)

Y (p/p+1)
) 00 J100 p/p
— (TR Xy ),

and the composition is the identity.
By Proposition 4.2.2, ((Q]‘;?Z]?D?XJF)EICI))(P/PH) ~ x for 0 < p < d,
hence

(RN )~

for 0 < p < d, which implies that ¢, is an isomorphism for 0 < ¢ < d,
as desired. 0

Corollary 7.3.2. Let X be in Smy, and let £ = Z%QH‘;‘{ZH%?X+. Then
the maps in the tower

¢d8—>¢d_15—>...—>5
are all weak equivalences.
Proof. We write

€= (Bo,Br,.. )i By = (QESEX)50a

Take g < dand 7 >0, 5 > —q. Then

(04); = (WERX )L,
By Theorem 7.3.1, the map

(¢4€); — E;

is a weak equivalence, whence the result. O

7.4. Comparison with the slice filtration. We can now show that
the homotopy coniveau tower for P!-Q-spectra agrees with Voevodsky’s
slice filtration. We assume that the base field k is perfect.

Let £ = (Ey, Fy,...) be a P1-Q-spectrum and let f,& — & be the
canonical map. Applying ¢, gives the map ¢,(f,E) — ¢,E.

Write the P'-Q-spectrum f,€ as

Jn€ = ((fnS)Oa (fng)ly .- )

The morphism f,£ — & gives us the sequence of maps (f,€)m — Em,
compatible with the connecting weak equivalences.
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Lemma 7.4.1. Let X be in Smy and W C X a closed subset with
codimxW >n+ m. Then the map

(fa€)m (X) — By (X)
1$ a weak equivalence.

Proof. We may assume that £ and f,£ are fibrant. For a pointed
simplicial Nisnevic sheaf A on Smy, we let L7 A denote the (s,p)-

spectrum with nth S'-spectrum Xg, (£°A4). ¥ p) A is a cofibrant ob-
ject in Spt ,\(Smy).
For a fibrant (s, p)-spectrum F := (Fy, F1,...), we have the identity

Homspt(sm)(smk)(g Y (S p)A .7:) HOmsptNiS(smk)(ZgoA, Fm)
Thus, for Y € Sm;, with closed subset T', we have the identity
Hommspu, s (5" S35 (VY \ T), F) = FE(Y).
Stratify W by closed subsets
@ZW_1CWQC...CWN:W
so that W; \ W;_; is smooth over k. Using the fiber sequences
EW (X) = EWH(X) — EFWer (X0 W)
(Fa)mH(X) = ([2E)mi(X) = (Sl V1 (X \ Wiy)
we reduce to the case of smooth irreducible W.

Similarly, we may assume that W has trivial normal bundle N in X.
Let d > n + m be the codimension of W in X. Then

Ey (X) = Homspe,, ,(smy) (Sei" S ) (X/ (X \ W), €),
and we have a similar description of (f,&€)W (X).
We have the homotopy equivalences
Sel" Doy (X/(X\W)) ~ S5 (N/ (N \ Ow)) ~ Sgi ™S, W
Since X" X7 ) (X/(X\W)) is cofibrant, and f,€ and £ are fibrant, the

(s.p)
unlversal property of f,€ — & yields the weak equivalance of function

spectra
Homspt, , (smy) (Xpi" X5 p) (X/ (XA W), fr€)
— Homspy,, , (smy) (Zpi B (X/ (XA W), E).

This weak equivalence of function spectra thus gives the weak equiva-
lence of spectra

(fa€)m (X) — By (X),
completing the proof. O
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Lemma 7.4.2. The map ¢,(f,€) — $,€ is a weak equivalence for all
p = n.

Proof. Fix an X in Smy. On the mth spectra (for m > —p), the map
map ¢,(fn€) — ¢,€ yields the map

(fal) (X)) — EZT™(X).

Recall that Ef,erm)(X ) is equivalent to the simplicial spectrum

q— EPT™(X ¢):= hocolim EY (X x AY).
wesPt™ (q)

In particular, the W in S§?+m)(q) have codimension > p+m > n+m.

We have a similar description of ( f,,€ ),(ﬁer) (X). Thus, by Lemma 7.4.1,

the map (f,&)%™™(X) — E¥™(X) is a weak equivalence for all
m. O

Lemma 7.4.3. For &£ in EﬁlSHeﬁ(k;), 0p€ — £ is a weak equivalence.

Proof. The suspension spectra E]‘;lQ%‘{E%{XJF, d > p, are dense in

Y2, SH(K), so it suffices to prove the result for such spectra. This is
proven in Corollary 7.3.2. U

Lemma 7.4.4. Let € be a P'-Q-spectrum. Then the spectrum ¢,& is
in X0, SH (k).

Proof. 1t follows from Lemma 7.4.3 that ¢,(f,€) is in 2, SH® (k). By
Lemma 7.4.2, the map ¢,(f,€) — ¢,€ is a weak equivalence, which
verifies our assertion l

Theorem 7.4.5. Let £ be a P'-Q-spectrum, p an integer. Then the
natural map ¢,€ — & factors canonically through the map f,& — &,
and induces a weak equivalence

BpE ~ [,E.

Proof. By Lemma 7.4.4, ¢,€ is in ZﬁlSHeH(k;). In particular, the map
¢p€ — & factors uniquely through f,€ — &, giving the morphism
h:o,€ — fr€.

We apply ¢, to the diagram

¢p54>8

1 e

€ —— €&,
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giving

GppE —— ¢,

¢phJ( lid
Op € — o€
Ik,
where r : ¢, f,€ — f,& is the canonical map. Since f,£ and ¢,€ are in
i SH(k), the maps i and r are weak equivalences, by Lemma 7.4.3.

The map j is a weak equivalence by Lemma 7.4.2, so ¢,h is a weak
equivalence. Since the diagram

GpdpE —— ¢,

¢>phJ’ lh

Opfo€ —— [,€

commutes, h is a weak equivalence.

U

Let X be in Smy, and let € be in X2, SH¥ (k). By Lemma 7.4.3, we
have the map in SH(k)

g & — 0.
Applying the functor o, to ¢¢ gives
op(@e) : 0p€ — 0p(0,E).
Corollary 7.4.6. The map o,(¢¢) is a weak equivalence.

Proof. 1t is obvious that s,(s,€) — s,€ is an isomorphism; by Theo-
rem 7.4.5, the same holds for o). 0

7.5. Products. Let £ and & be P'-Q-spectra. The canonical maps
¢ — & and ¢,,E" — &' induce the map p : € N o, — ENE'.
By Lemma 7.4.4, ¢,€ is in X2, SH (k) and ¢,,& is in S SH (k),
hence ¢,€ A ¢,,E is in S SH (k).
Applying ¢, 1., to p and using Lemma 7.4.3, we have the diagram

Brtm (1)

¢n+m(¢n5 A ¢m5/) - ¢n+m(8 A 8’)

inw‘»ml

€ N P’
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with 4,1, a weak equivalence. Thus, we have the multiplication
Pnm = OnE N P& — Prm(E A 8’)

One checks that the p., , are associative in SH(k) and are compatible
with respect to increasing n and m. In particular, we have

Proposition 7.5.1. Let £ be a P'-Q-spectrum. Then 0, is a oS-
module:
ten : 00S N op€ — 0,E.

Proof. This follows from the above discussion applied to the canonical
S-module structure on &. 0

8. THE SPHERE SPECTRUM AND THE HZ-MODULE STRUCTURE

In this section, we analyze the layer oS, and show that this spectrum
is weakly equivalent to the motivic cohomology spectrum HZ. By
Proposition 7.5.1, this gives the o, an HZ-module structure, and shows
that the Fj-terms in the basic spectral sequence (Proposition 1.4.2)
may be interpreted as generalized motivic cohomology. Throughout
this section, we assume that the base-field k is perfect.

8.1. The reverse cycle map. In this section, we show how to map
‘HZ back to the layer oS.
We construct a map rev : HZ — oS by first constructing maps

revy : HZg4 = (/J\y/cd — (00S)q

in Spt(Smy), which we then patch together to yield the map rev.

In the discussion below, if E = ((Ey, Ey,...),S' ANE, — E,41) is a
spectrum, we write x € E to indicate an element x in the 0-simplicies
of the simplicial set Fy, equivalently, a morphism of spectra:

z:2°8% 5 F.

We first consider the case d = 1. Cyc' is represented by the union

ﬁ Sym™P! = ]O_O[ P™
m=1 m=1

via the incidence subvariety D,, C P! x P™. D,, is defined by the
bihomogeneous polynomial Y 7", X;Ty""T7"; evidently, D,, is smooth
over k.

The structure map D,, — Spec k determines the canonical map (of
presheaves of sets) D, — S°. This in turn determines the canonical
element 1p, € S%(D,,). Composing with the canonical map ¥>°5° —

S(()O/l) gives the section 1p, € Sg)/l)u) m)-
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By taking bifibrant models, we may assume that S(()O/ 1)(Dm) and

(Sgl/ 2))Dm (P! x P™) are bifibrant spectra, so the Thom-space isomor-

phism
S0 (D) = (S172)P (B x P™)

in S’H lifts to the weak equivalence

Th: SYY(D,,) = (S{/2)Pm (P! x P™).
Applying Th to 1p,, € S(()O/ 1)(Dm) gives us the element

19m e (S{/2)Pm (P! x P,
Similarly, we have the “base-point”
1 € (S{/2)>(Pt).

Let i, : Sym™P! — Sym™"'P!

o, @+ o0o. We have
(id X )" (Dimt1) = Dy + 00 x P™.

be the map sending Y ", z; to

We have the isomorphism in SH
(851/2)>DmUOOXPm (Pl xP™) (Sgl/Q))Dm (Pl XPm)@(Sgl/Q))OOXPm (Pl me))I
and, via this isomorphism, the identity of maps in SH

(id X im)* (1Pm+1)

(8.1.1) 3700 GO (851/2))Dmu<>o><]P’m (Pl % ]Pym)

Dm * oo m
®p;, (17°) (851/2))DmUoo><IP (]Pl « ]P)m)7
where p : P! x P™ — P! is the projection.
Let (S1?)4, (X, P1) be the limit

(ST (X, PY) = hocolim(S{/?)P (P! x X)
D

as D runs over all codimension one closed subsets of P! x X which are
finite over X and such that each irreducible component of D dominates
a component of X.

As the pull-back of divisors gives an isomorphism

H Homgp,, (X, P™) = Cyc'(X),

m=1

we may send Cyc'(X) to (S{/?)ga(X,P') by sending f : X — P™ to
f*(1Pm). This gives us the natural transformation of functors Sm,” —
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Spt
cyc! == H cycl : XCyc! — (Sgl/Q))ﬁn(?,IP’l).
n=1

Since all the supports D defining (Sgl/ 2))ﬁn(X ,P!) are codimension

one, we have the natural map
(817 ) (X, BY) — (817) V(X x PY);

restricting to X x (P'\ {oo}) and “forgetting supports” gives the map
of functors Sm;* — Spt

(81" )an(2,BY) — (§]7) V(2 x A1) — S22 x AY),
which sends the portion of (S!"/?)g, (X, P!) supported on X x oo to the
base-point. Composing this map with cyc! gives the maps
oy, : DN — (SR
We have the map
L 2 22°Sym™ P! — ¥°Sym™ P!
induced by “adding 00”; let X°Sym*P! denote the resulting homotopy

colimit. As (Sﬁ””)“ is fibrant in Spt(Smy), the identity of maps
(8.1.1) implies that the maps cyc.., descend to the map

Wl : E?OSyIn*]P’1 — (Sgl/Q))Al.

1
As the evident map : X®°Sym*P! — Y *Cyc is a weak equivalence of
cofibrant objects in Spt(Smy,), cye! descends to

_ 1
cyc : ¥°Cyec — (851/2))A1.

Finally, since Zgo(/?;cl — 'HZ; is a weak equivalence among cofibrant
objects in Spth. (Smy), and (Sﬁ””)“ is fibrant in Spti:, (Smy), the
homotopy class of cfjfcl extends, uniquely up to homotopy, to the map
in Spt(Smy),

rev' : HZ, — (S§1/2>)A1 = (0oS)A.

For d > 1, let W be in Cyc?(X). We first consider the case of semi-
local X, with a finite set of chosen points x4, ..., z,, to explain the idea
of the construction. Then P := U;W N (P})¢ x x; is a finite subset of
(PY)9x X. Thus, there is a k-point * in P! (k) with |[W| C (P'\{*})?x X,
i.e., W is a finite cycle on A x X.
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Choosing a general linear projection 7 : A — A', we map W bira-
tionally to 7. (W), and the set P isomorphically to 7(P). We have the
push-forward weak-equivalence

m SV (W) = sy (lmw)),

defined as follows: Choosing suitable coordinates on A gives an iso-
morphism A? = A' x A?! for which 7= becomes identified with the
projection on A'. We may therefore embed A? as an open subset of
Al x (PH)?=1 Let 7 : Al x (P1)4"1 — Al be the projection. We thus
have the weak equivalences

SV (W) = (SEYHFNWIX x Ad) ~ (SEH)WI(X x AL x (Y)Y
_ (S(d/d—i-l)) “L(|mW)) (X x Al x (P1)41) ~ (S((]l/Q))ImW\(X x Al
= 8" (Im. W),

giving the definition of m,.

Thus, the class rev!(m W) gives the class revd(W) € Séo/l)(|W|).
This class is functorial with respect to restriction to the points zq , ...,
Ts.

To make this as canonical as possible, take X € Smy. Let ¢ :
(P1)? x X — X be the projection. Let x be the generic point of P},
K = k(PY), and let (Pl)%. = (P} )7\ (P — {+})"

Let W be a finite cycle, let U = Xg \ ¢(|W|x N (P%)%) and let
Wo = (P})4 x UNWg. Then W is a finite cycle over U.

Let L D K be the field of coefficients of the generic affine-linear map
7 (PY\ {x})¢ — A, together with choice of affine-linear isomorphism

(8.1.2) P\ {x})? = A" x A%!

over A'. Then for each point x € X, there is a unique point zx € U
lying over z, and 7 gives an isomorphism from W, N (PL)4 x xp, to its
image 7(W, N (P} — {*})¢ x 1) in A! x 2.

We now apply the results of Corollary 3.7.5 and Lemma 3.8.1, giving
us the sequence of isomorphisms in SH

(8.1.3)  (SY/H)WI(PY x X) = (S§Y)Wel(PY)! x X))
= (S TIWEN(PYY % U)
Ty (S WED ()
= (8 VI (xy).
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Define (Séd/d+1))ﬁn(X, (PY)?) to be the limit
(87" V)an(X, (P1)*) = hocolim(S{" )™ ((B')! x X)

as W runs over codimension d closed subsets of ((P!)?x X, finite over X,
such that each irreducible component of W dominates some component

of X. Sending X to (S{*™))4, (X, (P1)4) defines the functor
(SWHINY (7, (PYY) : Sm — Spt.
Let (S{"?)gn(X,PY) 1 4 be the limit

(ST (X, PY) 1,4 := hocolim(S{/?)P (P! x Xy,),
D

where now D runs over the closed subsets of the form 7 (|]WW}?]), where
W runs over all codimension d closed subsets of (P!)? x X, with the
finiteness and dominance conditions as above.

Sending X to (S§1/2))ﬁn(X, P!, 4 defines the functor
(S (7, P g - SME® — Spt.
and the sequence of maps (8.1.3) gives us the weak equivalence
A (S )an (2 B = (817 (7P 1.
in SHA (k).

Replacing (Sgl/ 2 )en(?,P1) .4 with the functorial bifibrant model in
Spt4: (Smy), and changing notation, we may assume that the func-
tor (S1?)gu(?,P1) 4 is bifibrant. Similarly, we may assume that
(SWWHIYLL (7, (PY)4) is bifibrant. Thus, (7)1 lifts to the weak equiv-
alence in Spt(Smy)

mt s S (1P g — (8 ) (7, (B,

We perform the same construction to Cyc?. Let Cyc}l ,(X) be the
set of finite cycles on P! x X, of the form m.(W?) for some W €

Cyc?(X). Thus, we have the functor Cycy, : Sm;” — Sets, the
natural transformation

cych : Cyek g — (81 (7, PY) 1

and the natural isomorphism

T, : Cyc? — CyclLd.
We thus have the natural transformation

cyc? : ¥°Cyct — (Sgd/dH))ﬁn(?, (PHY9)
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defined by

cyc? :==mtocycl om,.

Following cyc? with the restriction to X x (P*\ oo)? and then the map
“forget supports” gives the map

c’yvcd : E?Oégf/cd . (S((id/dJrl))Ad,
which by universality extends to
rev? . HZq — (00S)4".
8.2. The extension to a map of P!-spectra.

Proposition 8.2.1. The maps rev(X) give rise to a natural map of
Pl-spectra rev : HZ — (0oS)*".
Proof. The connecting maps for (oS)*”

(00S)4" — Q1 (00S)a},

are adjoint to maps
ACH'I

P! A (UOS)gd — (00S) 41
which in turn are induced by the natural maps
Va : PHX) X (00S)a(X x A% — (00S)a41(X x AT

defined by the following: Let f : X — P! be a morphism. The graph
of f gives the inclusions X x A? — X x P! x A? which then gives the
map

Fot (S) WD (X x AY) = (Sypy) YD (X x P! x A%,
Composing with the restriction
(Sap) VD (X x PL x AY) = (Sgur )TV (X x Al x A%)
and using the canonical weak equivalences
(Sgy1) V(X x P! x AY) ~ (00S)g(X x A?)
(Sas) V(X 5 Al x AY) ~ (06S)asr (X x A%

completes the definition of y.
The connecting maps for HZ are induced by maps

P'(X) x Cyc*(X) — Cyc®™(X)
which are defined similarly, by taking the fiber product of a cycle W &€
Cyc?(X) with the graph of a map f : X — P! to define the resulting
cycle I'y xx W € Cyc*™(X).
We need to see that the maps rev® are compatible with these con-
necting maps, up to a compatible family of homotopies.

d
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For this, note that the projection pg on the last d factors gives an
isomorphism of |I'y x x W/| with |W|. Thus, the only difference between
Ya(f x revi(W)) and revi™ (T'; x x W) arises in the use of two differ-
ent projections: my o pg and w41, where w4y and m,,; are the generic
projections used in the definition of rev? and rev®+!.

Let Lgi1 be the field extension used to define m4y;. Clearly, we can
define a family of linear projections

Td,1 - (IP)I - {*})d X A(1),Ld+1 — Al x A(I)Ldﬂ

which agrees with w4 0 pg at (0,1) and 74,1 at (1,0), by making a lin-
ear interpolation. Similarly, we may interpolate between the different
isomorphisms

(P' — {x})¥" = A" x A?
used to construct the pushforward .

Using this family, via the rational invariance of Séo/ 1), gives a homo-
topy between ¥y(f x revd(W)) and rev?™(T'y x x W).

Similarly, for each n, we construct by linear interpolation a family
of linear projections

Tan o (P1— {x})3 x A&Ld% — Al x A&Ldm
and isomorphisms
(P! — {x})#n =2 Al x Ad+n—]
such that
Tan (Vi) = Tati © Pati © Pd+it1 © - © Pagn—1,
where v; is the vertex t; = 1, t; = 0, 7 # 4. These give the higher
homotopies required to define the desired map of P!-spectra. 0
8.3. The cycle class map. We denote the Bloch motivic cohomology
spectrum (Z° 2221 .. ) by ©Z.

Lemma 8.3.1.

0 forq#p

YEXZ ~
Ta=p {ZﬁlEZ forq=rp

Proof. By Remark 6.4.1, it suffices to prove the case p = 0. This follows
directly from the identification

HZ ~ (2°, %221 ..)
and Theorem 5.5.1. O
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The canonical map S — X Z thus induces the map
cl:0pS — 02 Z ~ XZ.
On the zero-spaces, this is a natural transformation
el S(()O/l) — 20

Note that Z9 is the constant sheaf Z (for the Zariski topology) on Smy.
By the naturality of cl, and the explicit description of the dth space

S&d/dﬂ) of 0¢S given by Corollary 4.3.2, we find that, for X € Smy,
ol ST (X ) o 24X, )

is induced by the map on n-simplices

T sowe) 2L 1 =z

z€X (D) (n) z€X (D (n)

Replacing Z4(X) with Z4(X x A?), we have the modified spectrum
Y Z4 | and the map cl: 0f'S — N Z4".

8.4. 0oS and HZ.
Theorem 8.4.1. The maps cl and rev are weak equivalences.

Proof. We first consider the composition 1:

*

¥XS) — HZ =% ofS.
Looking at the dth spaces gives the map

*

ZﬁfnS,g - (UO S)d,
i.e., a section
pa € S{/TV (5L AL).

It follows directly from the definition of rev? that py is the same, after
composing with canonical weak equivalences, as the map ¢4(Speck).
Thus, by Lemma 7.2.1 and Theorem 7.3.1, ¥(X) is homotopic to the
composition

LSpeck

SRX | = go(RTRX ) = 00 TFEX )

where p is the canonical map. Passing to P'-Q-spectra and applying
oo thus gives the weak equivalence (Corollary 7.4.6)

o (TR X) M oy (00 (TR X)-

We now consider the composition ¢(X):

HZ(X) 2% 62'S(X) S 524 (X).
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From the explicit description of cl given in §8.3, we see that ¢(X) is
given by the map (on the dth space) which associates to a cycle W on
X x A" x (PY)? the restriction to X x A" x A% This map is the weak
equivalence described above in Example 6.2.2(2). O

Corollary 8.4.2. Let £ be a P'-Q-spectrum. Then there is a natural
‘HZ-module structure on o,&.

Proof. This follows from Theorem 8.4.1 and Proposition 7.5.1. U

9. THE MOTIVIC ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE

We collect our results on the homotopy coniveau spectral sequence.
For the results on DM (k) and SH(k) we use in this section, we refer
the reader to the lectures of Morel [14, 15| and Voevodsky [21].

9.1. 'HZ-modules and DM. We have the “big” triangulated tensor
category of motives DM(k), containing the triangulated category of
effective motives DM (k). There is an “Eilenberg-Maclane” functor
H:DM(k) — SH(k)
sending DM (k) to SH(k), and a “Suslin homology” functor
hs : SH(k) — DM(k),
which is left adjoint to H and sends SH (k) to DM (k). We denote
the unit object of DM (k) by Z. There are canonical isomorphisms
H(Z) = HZ, hs(S) = Z. Thus, for each M € DM(k), H(M) comes
with an HZ-module structure, and we have a natural isomorphism
HOHIS'H(k) (S, H(M)) = HOHI'DM(k) (Z, M)
Consider the following
Conjecture 9.1.1. Let £ be a P'-Q-spectrum with an HZ-module
structure. Then there is an object ME of DM(k) and an isomor-

phism of HZ-modules ¢ : € — H(ME). The isomorphism class of
ME is unique.

An approach to a proof of this conjecture, for k a field of charactistic
zero is sketched in [21].

9.2. The spectral sequence. In this section, we assume that Con-
jecture 9.1.1 holds.

Definition 9.2.1. Let & = (FEy, E1,...) be a P'-Q-spectrum. Define
the object m4& of DM(k) by

& = M(0,E)[—pl.
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We have the functor
m : Smy — DM(k),
m(X) = hs(QpEp Xy ).
For an object M of DM(k) and X € Smy, we have the motivic
cohomology
H"(X, M) := Hompam (m(X), M[n]).
We have the natural isomorphism
H™ (X, M) = Homgp ) (1 Xp1 Xy, X, "H(M)).
Theorem 9.2.2. Let £ be a P'-Q-spectrum, let E : Sm;" — Spt be the

Oth spectrum of € and let X be in Smy. Then the homotopy coniveau
spectral sequence for E(X) is

By =HP(X, 7" &) = m_p o B(X).
Proof. The Fi-term is given by
EP =1, (EPPTI(X)).
Also E®/P*Y s the Oth spectrum in 0,(£), so we have
T_pq(BPPTV(X)) = Homsp (27755 X4, 0,(€))
= Homp k) (m(X)[=p — ql, m (€)[p])
= H**(X, k().

As the transformation (p,q) — (p+r,q —r+1) sends (2p+ ¢, p) to
(2p+q+r+1,p+r), we can reindex to form an Es-spectral sequence
by replacing H**¢ with H? and 7% with =" :

A

EyT =HP (X, 7" (£)) = m_p_E(X).

To aid in concrete computations, we use:
Lemma 9.2.3. We have an isomorphism in DM (k):
M€ = g (Bpr €) © Z(p)[pl-

Proof. The functor H is a tensor functor and there is a canonical weak
equivalence

H(Z(q)[2q] © M) ~ X H(M).
where Z(q) is the Tate object in DM (k). Thus, if F is an HZ-module,
we have the canonical isomorphism

M(ELF) = Z(q)[2q) @ M(F).
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By Remark 6.4.1, we have the canonical isomorphisms in DM (k)
g€ = M(0pr€)[—p — q] = M(0p+q( Yp Xp €))[=p — d]
M(Ep104(3plE))[—p — d]

= M(o ( pi €)) ® Z(p)[p —

o (Zpi €) © Z(p) p]-

IIZ

O

So, for example, if £ is the K-theory P!-Q-spectrum K := (K, K, .. .),
then 3§, IC = K, and 0o/C = HZ. Thus 7 (K) = Z and

™ (K) = m (K) @ Z(p)[p] = Z(p)[p]-
Remark 9.2.4. Note that this identity does not rely on Conjecture 9.1.1,
rather, we have the isomorphism

H(m, (K)[p]) = oK
by direct computation.

Thus, our FEs-spectral sequence is the Bloch-Lichtenbaum, Fried-
lander-Suslin spectral sequence [3, 6]

Ep = H™ (X, Z(—q)) = K_p(X).
Remark 9.2.5. The P1-Q-spectrum ¢oK:
oK = (K, KW K® )
gives an explicit model for P!-connected algebraic K-theory.

As a second example, we recall that, for £ € SH(k), X € Smy, we
have the bi-graded homotopy groups

Eap(X) == Homgy ) (XS5, %X, €).
Letting F(b) be the Oth spectrum of ¥5,&, we thus have the identity
Euo(X) = Taran(E(D)(X)).
Thus we have the spectral sequence
B = BP(X, 7, (S516)) = 7y f(BO)(X)) = E-prynolX).
Via Lemma 9.2.3, we have
HP (X, 74 (S E)) = HP(X, 7, (€) @ Z(D)[b])
= H (X, 7", (€) ® Z(b)).

Thus, making the translation (p, q) — (p—b,q¢—0b), we have the spectral
sequence

B! = HP(X, 7", (8) @ Z(b)) = EPTr0(X).
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