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THE HOMOTOPY CONIVEAU TOWER
MARC LEVINE

ABSTRACT. We examine the “homotopy coniveau tower” for a
general cohomology theory on smooth k-schemes and give a new
proof that the layers of this tower for K-theory agree with motivic
cohomology. In addition, the homotopy coniveau tower agrees with
Voevodsky’s slice tower for S'-spectra, giving a proof of a connect-
edness conjecture of Voevodsky.

The homotopy coniveau tower construction extends to a tower
of functors on the Morel-Voevodsky stable homotopy category, and
we identify this P!-stable homotopy coniveau tower with Voevod-
sky’s slice tower for P*-spectra. We also show that the Oth layer
for the motivic sphere spectrum is the motivic cohomology spec-
trum, which gives the layers for a general P!-spectrum the struc-
ture of a module over motivic cohomology. This recovers and ex-
tends results of Voevodsky on the Oth layer of the slice filtration,
and yields a spectral sequence that is reminiscent of the classical
Atiyah-Hirzebruch spectral sequence.
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0. INTRODUCTION

The original purpose of this paper was to give an alternative argu-
ment for the technical underpinnings of the papers [2, 4], in which the
constructruction of a spectral sequence from motivic cohomology to
K-theory is given. As in the method used by Suslin [19] to analyze the
Grayson spectral sequence, we rely on localization properties of the
relevant spectra.

Having done this, it becomes clear that the method applies more
generally to a presheaf of spectra on smooth schemes over a perfect
base field k, satisfying certain conditions. We therefore give a gen-
eral discussion for a presheaf of spectra F : Sm/k°® — Spt which is
homotopy invariant and satisfies Nisnevic excision.

For such a functor, and an X in Sm/k, we construct the homotopy
coniveau tower
(0.0.1)

= EPY(X, ) - EP(X, -) - ... - EO(X,-) ~ B(X)

where the E® (X, —) are simplicial spectra with n-simplices the limit
of the spectra with support EW (X x A™), where W is a closed subset of
codimension > p in “good position”. This is just the evident extension
of the tower used by Friedlander-Suslin in [4]. One can consider this
tower as the algebraic analog of the one in topology formed by applying
a cohomology theory to the skeletal filtration of a CW complex. The
main objects of our study are the layers E®/P*1)(X, —) in this tower.
We have discussed the functoriality of the E® (X, —) and the tower
(0.0.1) in [11]. The method used is a variation on the classical Chow’s
moving lemma, aided by Gabber’s approach to moving lemmas. The
results of [11] replace the total spectra |[E® (X, —)| with functors

E® . Sm/k — Spt,

and similarly for the tower (0.0.1) and layers E®/P*1; these results
require only that E is homotopy invariant and satisfies Nisnevic exci-
sion. The homotopy invariance of the E® (X, —) is also verified in [11].
The methods of [10] allows us to prove a localization property for the
homotopy coniveau tower.

We iterate the functors E® and thereby find a simple description of
the layers. In this, a crucial role is played by the Oth layers (Qb, E)(%/1)
of the p-fold P!-loop space 0, E, where

(Qp E)(X) :=fib[B(X x P') — E(X x o0)].
Indeed, for W smooth, the restriction map
E(O/l)(W) _ E(O/l)(k(W))
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is a weak equivalence, which enables us to extend the functor E/V to
all k-schemes as a locally constant sheaf for the Zariski topology. One
can then identify E®/P+Y)(X) with the simplicial spectrum ES(.’I'/pH) (X, —)
having n-simplices

EXE ) =TT (B (k(@)).

z€X(P)(n)

Here X ®)(n) is the set of codimension p points of X x A", with closure
in good position.

Once one has this description of the layers, it is easy to compute
the layers for K-theory, as one can easily show that Qp, K = K and
that K/ (F) is canonically a K(Ky(F),0) = K(Z,0) for F a field.
This gives a direct identification of K%/”*"(X, n) with Bloch’s higher
cycle group zP(X,n), and thus the weak equivalence K®/P*1)(X, —)
with 2P(X, —).

The natural setting for the homotopy coniveau tower is in the Morel-
Voevodsky homotopy category of S' spectra, SHgi (k). This is essen-
tially the category of presheaves of spectra on Sm/k, localized with
respect to the Nisnevic topology and A! weak equivalence. Voevodsky
[22] constructs the slice tower

= fo B — o — ... — foE=F

for B € SHgs1(k), where f,F — E is universal for maps of the form
24, F — E, in analogy with the classical Postnikov tower for spectra.
Our main result in this direction is the identification of this S!-slice
tower with our homotopy coniveau tower (for k an infinite perfect field).
The localization properties of the homotopy coniveau tower enable us
to show how the truncation functors f, commute with the P'-loops
functor:

Jny10Qp1 = Qpr o fr.

This in turn proves a connectedness conjecture of Voevodsky:

Conjecture 0.0.1. Let X% SHgi(k) be the localizing subcategory of
SHsi(k) generated by the presheaves L4 F, F € SHgi (k). If E is in
S4 . SHsi(k), then QpIp E is also in $¢,SHg (k).

After this, we turn to the P!-stable theory. Let SH(k) be the Morel-
Voevodsky stable homotopy category of P!-spectra over k. There is an
infinite P!-suspension functor

pi: SHgi (k) — SH(k)
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with essential image denoted SH® (k). Voevodsky defines the slice
tower

= fp1€ = € — o= fof = € — ... =&

in SH(k), where the map f;€ — & is universal for maps F — & with
Fin 24, SH (k).

The localization property for the E® allows one to define a P!-
spectrum ¢,& for a Pl-spectrum & := (Ey, Fy,...), by the formula

(0p€)n = B
This gives the stable homotopy coniveau tower
c = Opp1€ = O — = P€ — P E — ... = E.
We show that ¢,4€ is in ¥4, SH(k), and that the canonical map
Pal — fa€

is an isomorphism, thus identifying the slice tower with the stable ho-
motopy coniveau tower.

Finally, we compute of the Oth layer oy in the homotopy coniveau
tower for the motivic sphere spectrum 1, assuming that the base-
field k is perfect. The idea here is that the cycle-like description of

EPP(X| ) enables one to define a “reverse cycle map”
rev : HZ — ogl.

It is then rather easy to show that rev induces a weak equivalence af-
ter applying the Oth layer functor o again. However, since motivic
cohomology is already the Oth layer of K-theory, applying oq leaves
‘HZ unchanged, and similarly for o1, giving the desired weak equiv-
alence HZ ~ o¢l. The analogous statement for the slice filtration in
characteristic zero has been proven by Voevodsky [24] by a different
method.

In any case, for a P!-spectrum &, each layer 0, is a HZ-module. As-
suming that Voevodsky’s slice tower has a lifting to a natural tower in
Jardine’s category of motivic symmetric spectra [8], work of Roendigs-
Ostvar implies that the layers s,£ in the slice tower for £ are naturally
the Eilenberg-Maclane spectra of objects of the category of motives
over k, DM(k).

We thus have the objects 74 of DM (k) whose Eilenberg-Maclane
Pl-spectrum satisfies

H((mp€)p]) = op€.
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For £ : Sm/k — Spt the Oth S'-spectrum of £ and X € Sm/k, the
spectral sequence associated to the homotopy coniveau tower can be
expressed as X
Byt =HP(X, " E) = E_,_(X),

wheere F is the completion of F with respect to the homotopy coniveau
tower. Under certain connectivity properties of F, one has F = E.

Using the bi-graded homotopy groups of a P'-spectrum, this gives
the weight-shifted spectral sequence

EYY = HP(X, (7" ,&) @ Z(b)) = EPTT4(X).
For the K-theory P!'-spectrum
K=(KK,...),
our computation of the layers K®/P+1 gives
K =Z(p)lp); p=0,£1,£2,...,

and we recover the Bloch-Lichtenbaum, Friedlander-Suslin spectral se-
quence
EYT:=Hr9X,Z(—q)) = K_,—((X).

We have had a great deal of help in developing the techniques that
went in to this paper. Fabien Morel played a crucial role in nu-
merous discussions on the Al-stable homotopy category and related
topics. Conversations with Bruno Kahn, Jens Hornbostel and Marco
Schlichting were very helpful, as were the lectures of Bjorn Dundas and
Vladamir Voevodsky at the Sophus Lie Summer Workshop in A!-stable
homotopy theory. I would also like to thank Paul Arne Ostvar for his
detailed comments on an earlier version of this manuscript. Finally,
[ am very grateful to the Humboldt Foundation and the Universititat
Essen for their support of this reseach, especially my colleagues Hélene
Esnault and Eckart Viehweg.
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1. SPACES, SPECTRA AND HOMOTOPY CATEGORIES

1.1. Presheaves of spaces. Let Spc denote the category of spaces,
i.e., simplicial sets, and Spc, the category of pointed simplicial sets.
For a category C, we have the category Spc(C) of presheaves of spaces
on C, and Spc,(C) of presheaves of pointed spaces.

We give Spc and Spc, the standard model structures: cofibrations
are monomorphisms, weak equivalences are weak equivalences on the
geometric realization, and fibrations are detemined by the RLP with
respect to trivial cofibrations; the fibrations are then exactly the Kan
fibrations. We let |A| denote the geometric realization, and [A, B] the
homotopy classes of (pointed) maps |A| — |B).

We give Spc(C) and Spc,(C) the model structure of functor cate-
gories described by Bousfield-Kan [3]. That is, the cofibrations and
weak equivalences are the pointwise ones, and the fibrations are deter-
mined by the RLP with respect to trivial cofibrations. We let HSpc(C)
and HSpc,(C) denote the associated homotopy cateogies.

Note that Spc(C) and Spc,(C) inherit operations from Spc and
Spc,, for instance limits and colimits. In particular, in Spc,(C) we
have wedge product AN B := A x B/A x xUx* x B. We also have
the inclusions Spc — Spc(C), Spc, — Spc(C) as constant presheaves,
giving us the suspension functor on Spc,(C), YA := S' A A, and the
inclusion + : Spc(C) — Spc(C) by adding a disjoint base-point. These
operations pass to the homotopy category.

1.2. Spectra. Let Spt denote the category of spectra. To fix ideas,
a spectrum will be a sequence of pointed spaces Ey, E1, ... together
with maps of pointed simplicial sets €, : S' A E, — E,.;. Maps of
spectra are maps of the underlying spaces which are compatible with
the attaching maps €,. The stable homotopy groups 78 (E) are defined
by

7 (E) ;== lim [S™" E,,].

The category Spt has the following model structure: Cofibrations
are maps f : E — F such that Ey — Fj is a cofibration, and for each
n > 0, the map

En+1 Hsl/\En Sl A Fn - Fn+1

is a cofibration. Weak equivalences are the stable weak equivalences,
i.e., maps f : E — F which induce an isomorphism on 7 for all n.
Fibrations are characterized by having the RLP with respect to trivial
cofibrations.

Let Spt(C) be the category of presheaves of spectra on C. We use
the following model structure on Spt(C) (see [7]): Cofibrations and
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weak equivalences are given pointwise, and fibrations are characterized
by having the RLP with respect to trivial cofibrations. We denote
the associated homotopy category by HSpt(C). We write SH for the
homotopy category of Spt.

1.3. Notation. For a scheme B, Sm/B is the category of smooth
separated B-schemes of finite type. For a morphism f : Y — X in
Sm/B, and E € Spt(B), we write £(X/Y) for the homotopy fiber of
f*: E(X) — E(Y). Similarly, if (Z,z : B — Z) is a pointed B-scheme,
E(ZN(X]/Y)) is the homotopy fiber of z* : E(ZxX/ZxY) — E(X/Y).
In case j : U — X is an open immersion with closed complement W C
X, we write EY (X)) for E(X/U). We write X, for X ITSpeck/Spec k.

Given an £ € Spt(B) and a Y — B € Sm/B, we let E) denote
the presheaf EO)(Z) := E(Z xpY).

1.4. Nisnevic model structure. Fix a noetherian base-scheme B
and let C be a subcategory of Sm/B with the same objects as Sm/B
and containing all the smooth B-morphisms. In particular, the Nis-
nevic topology is defined on C.

For a point x € X, with X € C, and F = (Ey, F1,...) a presheaf of
spectra on C, the stalk of F at =, E,, is the spectrum (Fo,, E14, .. .),
where E,, is the stalk (in the Nisnevic topology) of the presheaf of
spaces F,, at x.

Let Spty;s(C) denote the model category with the same underlying
category and cofibrations as Spt(C), where a map f : £ — F is a
weak equivalence if fx : EI — Fx is a weak equivalence in Spt for
all z € X € C, and the fibrations are characterized by having the
right lifting property (RLP) with respect to trival cofibrations. We
let HSpty;(C) denote the associated homotopy category and write
Sptyi(B) = Spty(Sm/B), SHs(B) := HSpty(Sm/B). For de-
tails, we refer the reader to [7].

1.5. A'-local model structure. One imposes the relation of Al-weak
equivalence in SH4(B) by means of Bousfield localization applied to
the model category Spty;(B).

An object E € Spt(B) is called A'-local if the map E — E®")
induced by the projections Y x A' — Y is a weak equivalence in
Sptyi(B). Amap f: F — F' in Spty(B) is an A'-weak equivalance
if

£+ Homgy, () (£, E) — Homgy, (x)(F, E)
is an isomorphism for all Al-local E. Sptg:(B) is the model category
with the same underlying category and cofibrations as Spty;,(B), the
weak equivalences being the Al-weak equivalences, and the fibrations



THE HOMOTOPY CONIVEAU TOWER 9

determined by the RLP with respect to trivial cofibrations. The fact
that this is indeed a model category is discussed in [8].

We refer to Sptgi(B) as the category of S'-spectra over B. The
homotopy category HSptg: (B) is denoted SHg1(B).

1.6. Simplicial spectra. For a spectrum FE, we have the Postnikov
tower

oo —— TN —————— oy —— -
E

with 7>y E — E the N — l-connected cover of E, i.e., 7>yE — E is
an isomorphism on homotopy groups 7, for n > N, and m,(7>yE) =0
for n < N. One can make this tower functorial in F, so we can apply
the construction 7>y to functors £ : C — Spt.

We have the category Ord with objects the finite ordered sets [n] :=
{0 <...<n},n=0,1,..., and maps order-preserving maps of sets.
Let Ord<y be the full subcategory with objects [n], 0 <n < N.

Let £ : Ord®® — Spt be a simplicial spectrum. We have the V-
truncated simplicial spectrum E<y : OrdY), — Spt, the associated
total spectrum | E<y|, and the tower of spectra

Since taking the total spectrum commutes with filtered colimits, we
have the natural weak equivalences

~

hocolimyy |E< | |E|

NT }

hOCOthyM TE—N|E§M| — hOCOhHIN TE,N‘E‘.

When the context makes the meaning clear, we will often omit the
separate notation for the total spectrum, and freely pass between a
simplicial spectrum and its associated total spectrum.

2. THE HOMOTOPY CONIVEAU TOWER

2.1. The construction. We fix a noetherian base scheme S, separated
and of finite Krull dimension.
We have the cosimplicial scheme A*, with

A" = Spec (Zlty, . . . ,tr]/th —1).
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The vertices of A™ are the closed subschemes v} defined by ¢; =1,¢; =0
for j # 4. A face of A" is a closed subscheme defined by equations of
the form ¢;, = ... =1t;, = 0.

Let E € Spt(S) be a presheaf of spectra. For X in Sm/S with
closed subscheme W and open complement j : X \ W — X, we have
the homotopy fiber EY (X) of j* : E(X) — E(X \ W). If we have a
chain of closed subsets W/ C W C X, we have a natural map iy .
EV'(X) — EY(X) and a natural weak equivalence

(21.1)  cofib(iyr s : BV (X) — EV(X)) ~ EV\W' (X \ W).

Here “cofib” means homotopy cofiber in the category of spectra.
For X in Sm/S, we let S)(?) (r) denote the set of closed subsets W of
X x A" such that

codimxr(WN(X x F)) >p

for all faces F' of A". Clearly, sending r to SEf)(r) defines a simplicial
set Sg?)(—). We let X®)(r) be the set of codimension p points z of

X x A" with closure z € S)(f) ().
We let E®(X,r) denote the (filtered) limit

E®(X,r) = hocolim EW (X x A").
wes (r)

Sending 7 to E® (X, r) defines a simplicial spectrum E® (X, —). Since

Sgﬂ) (r) is a subset of ng-’)(r), we have the tower of simplicial spectra

(2.1.2) ... = EPY(X -) - EV(X, -) - ... - E9(X, -),

which we call the homotopy coniveau tower. We let E®/PTD(X —)
denote the cofiber of the map E®*V(X, —) — EP(X, —).
Two properties of E that we shall often require are:

Al. E is homotopy invariant: For each X in Sm/S, the map p* :
E(X) — E(X x A') is a weak equivalence.

A2. E satisfies Nisnevic excision: Let f : X' — X be an étale
morphism in Sm/S, and W C X a closed subset. Let W' =
f~Y(W), and suppose that f restricts to an isomorphism W’ —
W. Then f*: EV(X) — EV'(X') is a weak equivalence.

Instead of A2, we will occasionally require the weaker condition:

A2, F satisfies Zariski excision: Let j : U' — X be an open im-
mersion in Sm/S, and W C X a closed subset contained in U.
Then j*: EV(X) — EW(U) is a weak equivalence.
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We introduce one final axiom to handle the case of finite residue
fields. Suppose we have a finite Galois extension k — k' with group G.
Given E € Spt(k), define n¢7*E by

8 B(X) == E(Xp)C,

where (=) denotes a functorial model for the G homotopy fixed point
spectrum. We have as well the natural transformation

™ : E — 181*E.

A3. Suppose that k is a finite field. Let & — k' be a finite Galois
extension of k with group G. Then after inverting |G|, the
natural transformation 7 : £ — 7¢7*E is a weak equivalence.

Remark 2.1.1. Tt is shown in [11, Corollary 9.4.2] that E satisfies A3 if
FE is the O-spectrum of some P'-Q-spectrum £ € Sptp: (k) (see § 8).

Definition 2.1.2. Let X be in Sm/S. The weight-completed spectrum
E(X) is
E(X) = holim E/P (X, -).
p

Proposition 2.1.3. Take E' € Spt(S), where S is a noetherian scheme
of finite Krull dimension.

(1) There is a weakly convergent spectral sequence
B = Wfpfq(E(p/erl)(X? —)) = E_p—(X).

(2) If E = >NE for some N, then the above spectral sequence is
strongly convergent and the canonical map E© (X, —) — E(X)
18 a weak equivalence.

(3) If E is homotopy invariant, the canonical map E(X) — E©(X, —)
1s a weak equivalence.

Proof. (1) The spectral sequence is constructed by the standard process
of linking the long exact sequences of homotopy groups arising from the
homotopy cofiber sequences

E(p“)(X,—) BN E(p)(X -) — E(p/p“)(X, -).

?

The first assertion then follows from the general theory of homotopy
limits (see [3]).

For (2), suppose £ = m>nyE. We first show that the sequence is
strongly convergent.

By (2.1.1) and a limit argument, we have

T (EPP(X 7)) = lim 7, (B (X x A"\ W),
w'cw
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where the limit is over W' € ngﬂ)(r), W e Sg) (r). It follows that
T (BEPPHD(X 1)) = 0 for m < N — 1.

From the tower (1.6.1), we thus have the the strongly convergent
spectral sequence

EMY = 1 (BPPH (X, b)) = 1_,_y(EPPTI (X, —)).
Since ng)(r) = () for p > dim X + r, this implies that
7Lpiq]_@(:0/10+1)(X’ —)=0
for p > —p—q+dim X + N + 1, from which it follows that the spectral
sequence (2.1.3) is strongly convergent. Similarly, it follows that the
natural map E© (X, —) — E(X) is a weak equivalence.

For (3) the simplicial spectrum E® (X, —) is just the simplicial spec-
trum F(X x A*), i.e, r+— E(X x A"). Since E is homotopy invariant,
the natural map

E(X) — BE(X x A%
is a weak equivalence, completing the proof. 0

Corollary 2.1.4. Take E € Spt(S), where S is a noetherian scheme
of finite Krull dimension. If E is homotopy invariant and E = 7>y E
for some N, then the homotopy coniveau tower (2.1.2) yields a strongly
convergent spectral sequence

(2.1.3) EP? = W—p—q(E(p/pH)(X, —)) = E_p—(X).
which we call the homotopy coniveau spectral sequence.

2.2. First properties. We give a list of elementary properties of the
spectra E®) (X, —)

(1) Sending X to E® (X, —) is functorial for equi-dimensional (e.g.
flat) maps Y — X in Sm/S.

(2) The pull-back p* : E®(X,-) — E®(X x A, —) is a weak
equivalence. The proof is the same as that for Bloch’s cycle
complexes, given in [1]. For details, see [11, Theorem 3.3.5].

(3) Sending E to E® (X, —) is functorial in E.

(4) The functor E +— E®(X, —) sends weak equivalences to weak
equivalences, and send homotopy (co)fiber sequences to homo-
topy (co)fiber sequences.

Exactly the same properties hold for the layers E®/P+7),
3. LOCALIZATION

We now show that the simplicial spectra E®) (X, —) behave well with
respect to localization.
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3.1. Stable homology of spectra. For a simplicial set S, we have
the simplicial abelian group ZS, with n-simplices Z.S,, the free abelian
group on S,. If S x is a pointed simplicial set, define Z(S,*), =
LS, | Lx.

Let E = {FE,, ¢, : XE, — E,;1} be a spectrum; we take the F, to
be pointed simplicial sets, and the ¢, to be maps of pointed simplicial
sets. Form the spectrum ZFE by taking (ZE),, = Z(E,, x), where Z¢, :
Y(ZE), — (ZE),4 is the map induced by ¢,, composed with the
natural map X(ZE), — Z(XE,). The natural maps F,, — ZE, give
a natural map F — ZF of spectra; one shows that this construction
respects weak equivalence and taking homotopy cofibers. The stable
homology H,,(E) is defined by H,(E) = m,(ZE). Using the Dold-Thom
theorem, one has the formula for H,(F) as

H,(E) = lim Hy o (Enn),

where H is reduced homology and the maps in the limit are the com-
position

[ ~ T7 P r
Hypn(En) & Hyym1(BE,) = Hyma (Bnya).

The Hurewicz theorem for simplicial sets gives the following analo-
gous result for spectra:

Proposition 3.1.1. Let E be a spectrum which is N-connected for
some N € Z. Then m,(E) =0 for all n if and only if H,(E) = 0 for
all n.

Proof. Since both m, and H, respect weak equivalence, and are com-
patible with suspension of spectra, we may assume that N > 1, and
that F is an ()-spectrum, i.e., the natural maps F,, — QF,,; are weak
equivalences. Then 7,(E) = 7, 4m(E.,) for all m. Suppose H,(E) =0
for all n; we prove by induction that 7, ,(E,,) = 0 for all n and m.

By assumption myy;,(Ey,) = 0 for all m, with N > 1. We may
therefore proceed by induction on n to show that m,4,,(E,,) = 0 for
all n and m. Supposing that 7,,_1(F,) = 0 for all m, the Hurewizc
theorem implies that the Hurewicz map 7,10 (Ep) — ~n+m(Em) is an
isomorphism for all m, and one easily checks that the Hurewicz map
is compatible with the limits defining H, and m,. Thus, the maps
Hyim(En) — Hyima1(Epyq) are isomorphisms for all m; since the
limit is zero by assumption, this implies that ﬁn+m(Em) = 0 for all m,
whence 7,1, (E,,) = 0 for all m.

The proof that 7,(E) = 0 for all n implies H,(F) = 0 for all n is
similar, but easier, and is left to the reader. U
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3.2. The localization theorem. Let X be smooth and essentially of
finite type over S, and let j : U — X be an open subscheme, with

complement i : Z — X. We let S)(g)z(r) denote the subset of S)(?) (r)
consisting of those W contained in Z x A". Let S[(]p/) X
S§§’) (r) in S(Up) (r) under (5 x id)~!. Taking the colimit of EW (X x A")
over W € S)(?’)Z (r) and varying r and p gives us the tower of simplicial
spectra

R E%D+1)(X’ _) - E(ZZ?)(X7 _) . E(Zd)(X’ —) = E(ZO)(X, _)7

where d is any integer satisfying d < codimx Z; for all irreducible com-
ponents Z; of Z. Similarly, taking the colimit of the E" (U x A") over

W e 3[9'7 «(r) for varying p and r gives the tower of simplicial spectra
.= EP(Uy, —) — EP(Uyx,—) — ... = EO(Ux, -).
We have as well the natural maps
i EP(X,r) — E®(X,r), j*: E®(X,r) — EP(Ux,r),
v E®(Uy,r) — EP(U,r), 7 : EP(X,r) — E®P(U,r),

(r) be the image of

with j* = ¢ o j*.

Let E®/P+5)(—) denote the cofiber of the maps E®+) (=) — E®)(-).
Supposing that E satisfies Zariski excision, we have the homotopy fiber
sequences

EP(X,r) &5 EO(X,r) 5 EP(Uy, r)

EPP (X, 1) B B (X, ) L Ber) (U ).
These give the homotopy fiber sequences of simplicial spectra

EP(X,~) & EW(X,~) £ EW(Uy, -)

EQ(X, =) & BOIr(X, —) S B (U, -)

The localization theorem is

Theorem 3.2.1. Let E be in Spt(S). Suppose the base-scheme S is
a scheme essentially of finite type over a semi-local DVR with infinite
residue fields. Then the maps

E(p)(UX, -)— E(p)(U, -)
E(p/p+s)(Ux, ) — E(p/p+s)(U, -)
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are weak equivalences

Proof. The second weak equivalence follows from the first by taking
cofibers.

For the first map, this result follows by exactly the same method
as used in the proof of [10, Theorem 8.10]. Indeed, to show that the
map E®)(Uyx,—) — E®(U,—) is a weak equivalence, it suffices to
prove the result with E®(— n) replaced by 7>, E® (-, n) for all m.
By the Hurewicz theorem (Proposition 3.1.1), it suffices to show that
E®(Ux,—) — EW(U,—) is a homology isomorphism. This follows
by applying [10, Theorem 8.2], just as in the proof of Theorem 8.10
(loc. cit.). For the reader’s convenience, we include a sketch of the
argument.

Let £ = (Ey, Ey,...) be a spectrum. Using the Dold-Kan corre-
spondence, we can identify the stable homology spectrum ZFE with
the complex formed by taking the normalized complex of the simpli-
cial abelian group Z(FE,, ) and then taking the limit over the bonding
maps Z(E,,*)[n] — Z(E,41,*)[n + 1]. Abusing notation, we denote
this complex also by ZF; for the remainder of the proof, ZE will mean
the complex, not the spectrum.

For W C U x A", we have the complex

Z(tsmE" (U x A"))

computing the stable homology of 7>, EV (U x A"). Taking the limit

of W € S[(]p)(r) or in S[(]p/)x

ZEﬁ,f)(UX, r), which compute the stable homology of 7>, E®) (U, r) and
TZmE(p)(Ux,T).

For W C I U x A", let W,, C U x A™ be the union of (idx g) (W),
as g : A" — A' runs over structure morphisms for the cosimplicial
scheme A. Using the usual alternating sum of the pullback by coface
maps id x 87 : U x A" — U x A" we form the double complex
n — Z7s, EV"(U x A™) and denote the associated total complex by
ZEY (U x A*). Thus the limit of the complexes ZEY (U x A*) over

W e S((]p) (r) or in Sgo/)x(r), r=1,2,..., computes the stable homology

(r) gives us the complexes ZE,(TIZ)(U, r) and

of the simplicial spectra n +— 75, E®)(U,n) and n +— 75, E®)(Ux, n).
We denote the limits of these complexes by ZEY (U)* and ZET(,f)(U )5,
respectively. It thus suffices to show that

1z LZEW (Ux)* — ZEW (U)*

is a quasi-isomorphism for all m.
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For W € S((]p)(T)y W' e S[(jpyx(r)’ let

wy 2 ZEV (U x A*) — ZEW(U)*

and
v ZEW' (U x A*) — ZE® (Ux)*
be the canonical maps.

Next, we construct another pair of complexes which approximate
ZEX (U)* and ZEX (Uyx)*. For this, fix an integer N > 0. Let OAN ¢
AN be the subscheme defined by t; = 0; for I C {0,..., N} let AV
be the face M;c;OAN. For I D J, let iz; : AN — AY be the inclusion.

Let ZSm/S be the additive category generated by Sm/S, i.e., for
connected X, Y, Homygm/s(X,Y) is the free abelian group on the set
of morphisms Homgy,/s(X,Y'), and disjoint union becomes direct sum.
We will construct objects in the category of complexes C'(ZSm/S).

Form the complex (AN, dAN)* which is @, 1=, 0AY in degree —n,
and with differential

d=" (AN, 0AN)T — (AN 9AN )T
given by d™" :=[]; ;- d;", where
dl_n : 3A§V — @J7 |J|:n_18A]}[

is the sum
n
;"= ing
j=1

where I = (i1,...,0,), 11 < ... < ip.

We also have the complex ZA*, which is A™ in degree n, with differ-
ential the usual alternating sum of coboundary maps.

The identity map on AY extends to a map of complexes

N ZA* — (AN, 0AN)[—NT;

)

the maps in degree r < N are all £idar. We can take the product of
this construction with U, giving us the complex U x (AY,0AY) and
the map of complexes

OV U x ZA* — U x (AN, 0AY)[~N]

For W € S((f))(N), form the complex ZE"Y (U x (AN, 0AYN)) by taking
B 11=nLTsm EVN=(U x AN~") in degree —n, using the differentials in
U x (AN, 0AN) to form a double complex and then taking the total
complex. We thus have the map of complexes

O ZEY (U x (AN, 0AN))[-N] — ZEY (U x A*).
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One shows that ®)* induces a homology isomorphism in degrees < N
(see [10, Lemma 2.6]).

Take W € Séf )(N). The main result of [10], Theorem 1.9, gives a
map of complexes
Uy - U x ZA* — U x (AN, 0AN)[-N]
and a degree -1 map
Hy : U x ZA* — U x (AN, 0AY)[—N]
with the following properties:
(1) dHy = Uy — OV,
(2) Write Uy, as a sum

with ¢« AV — 9AY = AN~ maps in Sm/S. Then
Uit (W) is in Sy (N — ).
(3) Write Hy as a sum

N
Hy = E g nijHijr
i=0 I,j |I|=i

with Hy;p o« A= — 9AY = AN maps in Sm/S. Then

Hi (W) isin 8P (N—i+1). EW' C Wy_;isin S (N—i),
then Hyj} (W) is in Sy (N =i+ 1).

Thus ¥y, induces the map of complexes
Uy, ZEW (U x (AN, 0AN))[-N] — ZEY(G, Ux)*
and Hy, gives a degree 1 map
Hiy : ZEY (U x (AN, 0AN))[-N] — ZE® (U)*

with
dH}y = 17 0 Uy — 1y 0 N

Furthermore, if W’ C W is in 8[(]’7)((]\7 ), then Hy, gives a degree 1 map
Hy - ZEY' (U x (AN OAN))[-N] — ZEP (Ux)*
with
dHp = U, — 1y 0 O
Since ®)* is a homology isomorphism in degrees < N and ZEY(,IL’)(U )
and ZE,(#)(UX)* are the limits of ZEW (U x A*) and ZE"' (U x A*),
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respectively, this shows that ¢z is a quasi-isomorphism, completing the
proof. O

Corollary 3.2.2. Let E be in Spt(k) satisfying Zariski excision; if k is
finite, we assume in addition that E satisfies aziom AS3. Letj : U — X
be an open immersion in Sm/k with complement i : Z — X. Then the
sequences of spectra

E@P (x| ) By g/t (x| ) I plrta g, )
extend canonically to distinguished triangles in SH.

Proof. If k is infinite, this follows directly from the weak homotopy
fiber sequences

E(X, =) = BW(X, -) = EO(Ux, -)
E@IP) (x, _y B gl (x, —) I gl gy )

and Theorem 3.2.1. For k finite, one uses A3 and the existence of
infinite extensions of k of relatively prime power degree to reduce to
the case of an infinite field. 0

3.3. The de-looping theorem. Let Sm//S be the subcategory of
Sm/S with the same objects and with morphisms Homgp, s(Y,Y”)
the smooth S-morphisms Y — Y.

Definition 3.3.1. (1) For E € Spt(S), define the presheaf of spectra
QrFE on Sm/S by

QrE(Y) = Y%ty x P).

The same formula defines QrE in Spt(Sm//S) for E € Spt(Sm//S).
For E € Spt(X), we define the presheaf of spectra 2p1 £ on Sm/X by
QrE(Y) = fib[E(Y x P') =2 B(Y x 00)]

(2) For E € Spt(.S), define the functor Q1 E by
OpE(X) = E(P' A X, ) = fib(E(X x P') = E(X x 00)).

We use the same formula to define QmE € Spt(Sm//S) for £ €
Spt(Sm//S).
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Remarks 3.3.2. (1) If E is homotopy invariant and satisfies Nisnevic
excision, the same holds for QrFE and Qpi E.

(2) The commutative diagram

E(X x P —5 B(X x (P'\ 0))

Fs

B(X x P!) —= 5 B(X x o0)

gives us the homotopy fiber sequence
QrE(X) — QmE(X) — fib(E(X x (P'\ 0)) = E(X x o0)).

If Eis homotopy invariant, fib(E(X x (P'\ 0)) = E(X x o0)) is
weakly contractible, hence the natural map QrF — QmE is a weak
equivalence.

Besides the usual uses of localization (e.g., reducing problems to the
case of fields) the localization theorem tells us how to commute the
operation E +— E® (X, —) with the T-loops functor E +— QrE.

For W C Y a closed subset of some Y € Sm/S, and for E €
Spt(Sm//S), the spectrum with support (QrE)"(Y) is the iterated
homotopy fiber over the diagram

BEY xPY)— S E(Y \ W) x P1)

| J

E(Y x (P'\ 0)) — E((Y \ W) x (P'\ 0))

Similarly, the spectrum with support EW>0(Y x P!) is the iterated
homotopy fiber over the diagram

E(Y xP!) ——— E(Y x P*\ W x 0)

|

E(Y xP'\W x0) == E(Y xP'\ W x 0)

The evident restriction maps yield a map of the second diagram to the
first, and hence a canonical map of spectra

0V (Y): EVO>Y x P') — (QrE)Y(Y);

if E satisfies Zariski excision, then 6" (Y') is a weak equivalence, since
(Y\W)xP'UY x (P'\0) =Y x P'\ W x 0.
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Definition 3.3.3. For E € Spt(k), let E® //k be the presheaf on
Sm//k
Y — EP(Y, -),

and let E( Rl //k be the presheaf on Sm//k
Y — EP (Y xP',—).
The maps 6," (Y x A") yield the map in Spt(Sm//k)

pt _
O < By k= (@ E)0™ .
The sequence
EY (Y x P!, =) — EP(Y x P!, =) — E@(Y x (P'\ 0), —)
gives rise to the map in Spt(Sm//k)

75 By Ik — Qp(E@ [Jk)

Theorem 3.3.4. Suppose that E € Spt(k) satisfies Zariski excision.
Then the diagram

(PH)(p)
E) " Ik
% K
(QrE)*~ J/k Qr(E® [k)
defines an isomorphism in HSpt(Sm//k)

&+ (UE)"™ Ik — Qr(BEW) [fk)

Proof. By the localization theorem, 75 is a pointwise weak equivalence.
Since the map fg is a pointwise weak equivalence if E satisfies Zariski
excision, the result follows. O

4. FUNCTORIALITY AND CHOW’S MOVING LEMMA

Fix a field k. In this section, we discuss the extension of the presheaf

E® //k on Sm//k to a presheaf on Sm/k.

4.1. Functoriality Take F € Spt(k). Recall from the previous sec-
tion the presheaf E® //k, X — E® (X, —). Let p: Sm//k — Sm/k be

the inclusion.

Theorem 4.1.1. Suppose that E € Spt(k) is homotopy invariant and
satisfies Nisnevic excision; if k 1is finite, assume in addition that E
satisfies the axiom AS3. Then,
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(1) For each p > 0 there is a presheaf E® € Spt(k), together with
an isomorphism

bp: E® 0 p— EO Jk

in HSpt(Sm//k).
(2) There are natural transformations &, : E®) — E®=D 5 >0,
making the diagram

E® o p—"" s E®)

J J

E(p*l) e} p K E(p_l)//k

commute in HSpt(Sm//k).
1
(3) The presheaf E(]P )(p)//k and natural transformation
(IP )(P) //k—>E )(p—1) //k
extends as in (1) and (2) to a presheaf E((o) w0 ¢ Spt(k) and
natural transformation &, : EEH®) _, E((g))(p 2 , and the dia-

(0)
gram of Theorem 3.3.4 extends as in (2) to a diagram of weak

equivalences

()
E)

PR
(QpE)P=1 Qp(E®)

intertwining the transformations &,_1, 5((1(;)1)(17) and Qp(&y). Set-

ting ¢, =T ° 05", we have isomorphisms
Uy (QrE)P™Y — Qp(EW), p >0,

intertwining the transformations &,—1 and Qp(&,) (here we set
(QrE) Y = (QrE)9, £ =&).

The same result holds after replacing Qr with Qp:.
Additionally, E® is a bifibrant object in Spty, (Sm/k) and the opera-
tion E s (E®), Gps Eps Uyp) 1s natural in E and preserves weak homotopy
fiber sequences in Spty;s(k).

Proof. The theorem follows essentially from the main result of [11],
with some modifications and extensions.
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Let f: Y — X be a morphism in Sm/k. We have defined in [11,
§7.4] a homotopy coniveau tower on X adapted to f:

S E(p)(X7 _>f - E(p_1)<X7 _)f IR E(O)(X7 _>f

The simplicial spectrum E®) (X, —); is defined using the support con-
ditions ng-’)(n)f adapted to f:
SP(n); = {W c XxA" | W € 8 (n) and (f xid)" (W) € 8P (n)},
with
E®(X,n); := hocolim EV (X x A™).
Wes{ (n)s

We have also defined a category £(Sm/k) with objects morphisms
f:Y — X in Sm/k; the operation (f : Y — X)) +— X defines a faithful
functor £(Sm/k) — Sm/k, making £(Sm/k)°? a lax fibered category
over Sm/k°. In addition, sending f : Y — X to E® (X, —); defines
a functor E®(—); on £(Sm/k). Sending X to holim,—ix) E®)(—),
gives a lax functor from Sm/k°P to spectra, which is then regularized
to an honest presheaf by applying a type of homotopy colimit construc-
tion adapted from work of Dwyer-Kan (see [11, §7.3]). The bifibrant
replacement of this presheaf (for r the Nisnevic-local model structure
on Spt(k) gives the desired presheaf E®).

To make the whole homotopy coniveau tower functorial, replace the
presheaf category Spt(k) with Spt(Sm/kxN), where N is the sequence
category) — 1 — ... — n — .... Taking N to be discrete, the Nisnevic
topology on Sm/k induces a topology on Sm/k x N. We proceed
exactly as above, constructing a presheaf of spectra E® on Sm [k x N,
and then take E™ to be the functorial fibrant model for the Nisnevic-
local model structure. This defines the natural transformations &,.

The same approach, applied to the diagram in Theorem 3.3.4, gives
the natural tranformations 1), such that the whole package has the
desired compatibilities. O

Remark 4.1.2. If E € Sptgi (k) is fibrant, then E is homotopy invariant
and satisfies Nisnevic excision. It follows from the naturality in £ and
the fact that £ — E® preserves homotopy cofiber sequences that
the operations E +— (E®), bps €py Yp) descends to exact functors, resp.
natural transformations, on SHg1(k), at least if &k is an infinite field.
If k is a finite field, we can consider the full subcategory SHs: (k)fin
with objects those F which satisfy axiom A3. It is obvious that
SHgs1 (k)gn is a triangulated subcategory. In the case of a finite base-
field, we have the functors, resp. natural transformations, as above on

SHs1 (k)i
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A useful consequence of Theorem 4.1.1(3) is

Corollary 4.1.3. Take E € Spt(k) satisfying the hypotheses of Theo-
rem 4.1.1. Then the canonical map

E® L F
induces an isomorphism on taking pth loop spaces
QPEP QP E.

Proof. The composition 1 o ... o9, gives the isomorphism .E —
QB.E®); it follows from the explicit construction of ¥, on Qp(E®~ //k)
that the composition

PE—QEPY PR
is the identity. O

Remark 4.1.4. To state the next result, we need to describe how one
extends a presheaf E € Spt(k) to Zariski localizations of X € Sm/k.
Let S = {xy,...,2,} be a finite set of points in X, and let O be the
semi-local ring Ox g. We set

E(0O) = SCCOIBIéI)l( EU)

where U runs over open subschemes of X containing S. This defines
E(F) for F a finitely and separately generated field extension of k by
choosing a smooth model X with F = k(X).

Corollary 4.1.5. Under the hypotheses of Theorem 4.1.1, for inte-
gers p,r > 0, there is a presheaf E®/P+7) ¢ Spt(k) whose restric-
tion to Sm//k is isomorphic to E®/P+)(? —) . Sm//k°® — Spt in
HSpt(Sm//k). In addition

(1) The functor E®/V is birational: The restriction map
EOY (X)) — EOY k(X))
15 a weak equivalence.

(2) The functor E©/V) is rationally invariant: If F' — F(t) is a pure
transcendental extension of fields (finitely and separably gener-
ated over k), then EC/N(F) — ECO/V(F(1)) is a weak equiva-
lence.

Proof. The main statement follows from Theorem 4.1.1. For (1), fix an
irreducible X € Sm/k, and let Z — X be a proper closed subset. We
have the localization fiber sequence

Eg)/l)(X, S E(O/l)(X, -) = E(o/l)(X \ Z,-).
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with E(Zo/l)(X, —) the cofiber of E(Zl)(X7 —-) — E(ZO) (X, —). Since each
closed subset W C Z x A" has codimension at least one on X x A",

the map E(Zl)(X, n) — E(ZO) (X,n) is an isomorphism for each n. Thus

E(Zo/l)(X, —)=0in SH and BV (X, —) — EO/V(X\ Z, —) is a weak
equivalence. (2) follows by taking limits.
For (2), the homotopy property implies that

B, ) — B (a), )
is a weak equivalence. Since E(/V (AL, —) — EO/V(F(t), —) is a weak
equivalence by (1), the result is proved. O

4.2. The purity theorem. Using the functoriality of the E®), we can
extend the de-looping theorem to a version of the Thom isomorphism.

Fix a scheme X in Sm/k and an E € Spt(k). We may restrict £ to
Sm/ X, giving the presheaf Fx : Sm/X° — Spt. If we have a closed
subset Z of X, we have the functor

(f:U—X)— ETOW),

which we denote by EZ. If f : Y — X is a morphism in Sm/k, we
have the pushforward f, : Spt(Y) — Spt(X), defined by

[F(U— X):=FU xxY).
Clearly, f. preserves weak equivalences, hence descends to
f« : HSpt(Y) — HSpt(X).

Lemma 4.2.1. Let i : Z — X be a codimension d closed embedding,
with X and Z in Sm/k. Suppose that E : Sm/k°® — Spt is homotopy
invariant and satisfies Nisnevic excision, and that the normal bundle
Nz x s trivial. Then a choice of isomorphism ¢ : Nzx = Z X A?
determines a natural isomorphism in HSpt(X),

wy 1 B — i (Ey),
natural in (Z, X, ).

Proof. Using Nisnevic excision, the inclusion A? — (P')¢ induces a
natural isomorphism

QLE(Y) — (Ez)Y (Y x AY).
for Y — Z in Sm/Z. Letting E,;*°(— x A?) denote the presheaf
Y = (B2 x A,
we thus have the isomorphism
QLE, — (Ez) %= x A%).
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in Spt(2).

Let s : Z — Nz /x be the zero-section, p : Nz,x — Z the projection
and denote the presheaf on Sm/Z. Taking a deformation to the normal
bundle as in [14] gives a natural isomorphism of EZ with i, E*%) (N, x)
in HSpt. The chosen isomorphism ¢ : Nz/x = Z x A% sends s(Z) over
to Z x 0. As the deformation diagram is preserved by pullback with
respect to a smooth U — X, we actually have an isomorphism in
HSpt(X), proving the result. O

This immediately yields

Proposition 4.2.2. Let E : Sm/k°® — Spt be a homotopy invariant
presheaf satisfying Nisnevic excision. Leti : Z — X be a codimension d
closed embedding in Sm/k such that the normal bundle Ny, x is trivial.
Then for all p > 0 we have isomorphisms in SH.:

EP (X, =) = (245)* (2, -)
B (X, -) = (QE) P i(Z, ),
where, for n < 0, we set (QLE)™ = (Q4LE)© and E™/™) = x. The

isomorphisms may depend on the choice of trivialization of Nz/x, but

are natural in the category of closed embeddings © with trivialization of
N;.

We also have

Corollary 4.2.3. Suppose k is perfect. Let X be in Sm/k, and let E
be as in Proposition 4.2.2. For each N > 0, there is a spectral sequence

B! (E) = ®pextoTpsg G BV PN (k(2), )
= T BV (X ).

Proof. This follows from the localization property Corollary 3.2.2 and
Proposition 4.2.2 by the usual limit process. ([l

Finally, the birationality and rational invariance of E(/Y enable us
to prove an extended form of the purity isomorphism for the layers of
the homotopy coniveau tower. Let X be in Sm/k and let W C X be
a closed subset with codimxW > d. We let W° C W be the smooth
locus of W and W9d) € W° the union of those components of W?°
having codimension exactly d on X.

Corollary 4.2.4. Suppose k is perfect. LetW C X be a closed subset
of X with codimxW > d, and let U be a dense open subset of W°(d).
Then there is a canonical isomorphism

oq: (BWHDV(X) = (Q7.B) V().
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in SH.

Proof. Let X° = X\ (W\U). By the localization property for E(@/d+1)
the restriction

(E(d/d+1))W(X) _ (E(d/d+l))U<X0)

is a weak equivalence, so we reduce to the case X = X° W =U.
By considering the deformation to the normal bundle, we have a
canonical isomorphism

(E(d/dJrl))W(X) ~ (E(d/d+1)>W<N)

in SH, where N is the normal bundle of W in X and W is included in
N by the zero section 75 : W — N.

Let N° := N\ {io(W)} with projection ¢ : N® — W. Using Corol-
lary 4.1.5 and the localization property for E(¥/@+1) again, the pull-back
by ¢ induces weak equivalences

(B (N) L (BUHDN (g N)
() V(W) £ (QFE) (V).
Using the diagonal section § : N — ¢*N° C ¢*N as 1, we have a
canonical isomorphism
¢:q"N = NOx AL

This in turn gives a canonical trivialization of the normal bundle of
io(N®) in ¢* N, hence a canonical isomorphism in SH

(BUHD) (q"N) = () I (N°),

This completes the construction. 0

5. GENERALIZED CYCLES

We use the results of the previous sections to give an interpretation
of the layers in the homotopy coniveau tower.

5.1. The semi-local A*. We recall that A™ has the vertices vy, . .., v,,
where v; is the closed subscheme defined by ¢; = 0 j # i. For a scheme
X, we let Aj(X) be the intersection of all open subschemes U C X x A"
with X x v; C U for all i.

Remark 5.1.1. If X is a semi-local scheme with closed points z1, ..., T,
then Af(X) is just the semi-local scheme Spec Oxyan g, where S is the
closed subset {z; xv; |i=1,...,m, 7 =0,...,n}. In particular Aj(X)
is an affine scheme if X is semi-local.
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For a scheme T, we let A{(T) denote the cosimplicial ind-scheme
n — AJ(T); if T is semi-local, then A}(T") is a cosimplicial semi-local
scheme. For F' a field, we write Ag . for Aj(Spec )

5.2. Some vanishing theorems. We fix a presheaf £ : Sm/k® —
Spt. For this section, we assume that E is homotopy invariant and
satisfies Nisnevic excision; if k is finite, we also suppose that F satisfies
the axiom A3. We note that these hypotheses pass to E®) and E®/P+7)
for all p,» > 0. Finally, we assume that k is perfect.

Lemma 5.2.1. Let F = E® : Sm/k® — Spt with p > 0. Then for
X in Sm/k, FO/V(X, —) is weakly contractible.

Proof. Noting that F(/V (X, —) = FO/Y(Speck(X),—) in SH (Corol-
lary 4.1.5), we reduce to the case of a field K. In this case, we have
FOM(K, =) = EW(Af ). Since each Af . is semi-local, and hence
affine, it follows from the construction of the functor E® in [11, §7]
that we have the natural weak equivalences of presheaves on Ord (i.e.
simplicial spectra)
[n = BP(A] ] 2= [0 BP(A% g, )],

where f,, : A — Af ¢ is the disjoint union of the inclusions of faces
Ag?K — AaK.

Thus, FO/V(K, —) is weakly equivalent to the total space of the
bisimplicial spectrum

(n,m) — E®(n,m),
where E®)(n,m) is the limit of the spectra with support
EY(Af k xx AR),
as W runs over all closed subsets of Af ;- xx AR satisfying
codimFxF/(W NF x F/) > p

for all faces F” C AR, F' C Af k.

For each m, we have the restriction to a face (say the face ¢,,,1 = 0)

5 EW(— m+1) — EP(— m),
with right inverse given by pull-back by the corresponding codegener-
acy map
" EPV (= m) - E®P (= m+1).

By the same argument as for the homotopy property for E® (X, —)

(see [11, Theorem 3.3.5]), one shows that ¢* o §* is homotopic to the
identity, hence ¢* is a homotopy equivalence.
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Thus, the inclusion E®(—,0) — E®(— —) is a weak equivalence.
However, if W' is an irreducible closed subset of Af ;- which intersects
all faces in codimension > p > 0, then in particular, W contains no
vertex of Af . Since Af j is semi-local with closed points the vertices,
this implies that W is empty, that is, E®) (—,0) is weakly contractible,
proving the result. U

Proposition 5.2.2. Let F = E® : Sm/k® — Spt with p > 0.
Then F@/atY) s weakly contractible for all 0 < ¢ < p. Similarly,
(E@/PHOY@/a+Y) s aeakly contractible for 0 < q < p.

Proof. Since the operation F' — F(@4t1) is compatible with taking
homotopy cofibers, the second assertion follows from the first.

For the first assertion, the case p = 1 is handled by Lemma 5.2.1; we
prove the general case by induction on p.

Note that Theorem 4.1.1(3) gives us the weak equivalence

Pt QLF — (Q4E)PD

in Spt(Sm//k). Thus, by our inductive assumption, (Q&F)@/a+D is
weakly contractible for 0 < g < p—d. By the Gersten spectral sequence
(Corollary 4.2.3), this implies that the restriction map

F@/a)(An) — pla/a+h) (A7 )

is a weak equivalence for 0 < g < p, for all fields K finitely generated
over k and for all n. Thus, we have the isomorphisms in SH

F@WarD () = (Pa/at) O (¢ ) = (pla/atDy O/ (fr )

for 0 < ¢ < p. Applying Lemma 5.2.1 to F, (F@/a+D)O/N ([ ) is
weakly contractible for ¢ > 0, which completes the proof. O

Proposition 5.2.3. Let F = E®/P*) . Sm/k°® — Spt with p > 0.
Then F®*7) s weakly contractible for all v > 0.

Proof. F?**"(X) is isomorphic in SH to the total space of the sim-
plicial spectrum F®*7) (X, —). F®*)(X n) in turn is the limit of the
spectra with support FW (X x A"), where W is a closed subset of
X x A" which, among other properties, has codimension > p 4+ r > p.
By Corollary 4.2.4, it follows that F®*7)(X n) is weakly contractible,
whence the result. 0

5.3. The main result.

Theorem 5.3.1. Let k be a perfect field. Let E € Spt(k) be a homo-
topy invariant presheaf satisfying Nisnevic excision; if k is finite, we
also assume that E satisfies the axiom A3. Take integers 0 < p < q.
Then
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(1) Applying the functor —@ to the canonical map E® — E in-
duces a weak equivalence
(E(p))(q) — @

in Spt(k).
(2) Applying the natural transformation — P — id to E@ induces
a weak equivalence

(E(q))(p) — E@

in Spt(k).
(3) We have a natural isomorphism in HSpt(k)
(E(Q/q'i'l))(p/p-i—l) ~ 0 fOT q # D,
E(/p+1) for q = p.

Proof. For (1), we apply —(@ to the tower
) e R )
giving the tower
(E(p))(q) - (E(p—l))q) -~ 5 EW@

with layers (E/7+1)@ r =0,...,p — 1, which all vanish by Proposi-
tion 5.2.3. For (2), we use the same argument, applying the tower of
functors
) 5 - i

to £ and using Proposition 5.2.2.

For (3), the case p > ¢ follows from Proposition 5.2.3. The same
argument as for (2), replacing £ with E@91) handles the case p < ¢
and shows that the map

(E(q/q+1))(q) —, pla/at1)

induced by applying the natural transformation —(@ — id to E(@/e+1)
is an isomorphism. Since (E(@+1)@+D) is weakly contractible, the
natural map (E@/71))@ — (pla/atD)@/a+l) js also an isomorphism,
completing the proof. O

Corollary 5.3.2. Let E : Sm/k°® — Spt be a presheaf satisfying
the same hypotheses as in Theorem 5.3.1 . Let X be in Sm/k. Then
E®/PHV (X)) s naturally isomorphic in SH to the total spectrum of a

simplicial spectrum E®P (X, =), with

E(p/pJ“l)(X,n)g H (Q5-E) D (k(x))

s.l.
z€X(P)(n)

i SH.
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Proof. By Theorem 5.3.1, E®/P*D(X) is isomorphic (in SH) to the
total spectrum of the simplicial spectrum n + (E®/PH))@P/PH(X pn).
By Corollary 4.2.4, we have the isomorphism

(E®/P+DY/P) (X ) = H Q8 EYOD (k(z)),
;EEX(p)(n)

in SH, as desired. O

6. COMPUTATIONS

In this section, we consider a special type of theory E : Sm/kP —
Spt for which the “cells” (QﬁlE’)(O/ ) are particularly simple, namely,
that for a field F, (Q5, E)/V(F) is a K (r,0) with 7 = mo((Q5, E)(F)).
For such theories, we can define an associated cycle theory CH?(—; E, n)
which generalizes the higher Chow groups of Bloch. We show that
K-theory is of this type, and thus recover the Bloch-Lichtenbaum/
Friedlander-Suslin spectral sequence [2, 4] as our homotopy coniveau
spectral sequence. This gives a new proof that this spectral sequence
has the expected Fs-terms consisting of motivic cohomology. Motivic
cohomology itself is also of this form, and, being the associated cycle
theory of another theory, has a particularly simple spectral sequence.

6.1. Well-connected theories.
Definition 6.1.1. Let E : Sm/k°? — Spt be a functor satisfying the
hypotheses of Thereom 5.3.1. We call E well-connected if

(1) for X € Sm/k and W C X a closed subset, E"(X) is -1-
connected.

(2) for F a field finitely generated over k, m,((QLE) /YD (F)) =0
for n # 0 and all d > 0.

Remark 6.1.2. Suppose E satisfies part (1) of Definition 6.1.1. Since

QrE(X) = EXX%(X x A), it follows that Q4E also satisfies (1) for all
d > 0, so E is well-connected if and only if Q% F is well-connected for
all d > 0.

Lemma 6.1.3. Suppose E is well-connected. Let F' be a field finitely
generated over k. Then the natural map

wo(QE)(F)) — mo((QE) YV (F))
s an isomorphism for all p > 0.

Proof. We give the proof for p = 0 to simplify the notation. Since
E(Af ) is -1-connected, we have the exact sequence

To( E(AS 1)) 2% m0(B(AS 1) — mo(E/D(F)) — 0.
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Similarly, we have the surjections mo(E(A%)) — mo(E(Afp)). Using
the homotopy property, we find that the natural map

p" i mo(E(F)) — mo(E(AfF))
is an isomorphism for all n, so the above exact sequence becomes
mo(E(F)) = mo(E(F)) = mo(B/V(F)).
O

6.2. Cycles. Let £ : Sm/k°® — Spt be a well-connected theory. For
X € Sm/k and W C X a closed subset, set

2w (X5 E) = @y xinmo(Qr E(K(x))).
ZCW
We write zP(X; E) for 25 (X; E).

Let f : Y — X be a morphism in Sm/k, and let W C X be a
codimension p closed subset such that f~!(7¥) has codimension p on
Y. Take z € X with z C W, and let y € Y®) be a point in f~1(z).
We have the pull-back homomorphism

Fye s mo(QpE) (k(x)) — mo(QE) (k(y))
defined as the sequence
mo(QE) (k(x)) = mo(Q.B) ' (k(x)) 22 mo(BPPH)7(X)
L ro(B@/P D)1 (y) 25 o (B®/PHD))(Spec Oy,
= 7o(QE) OV (k(y)) 2 mo( Q) (k(y))-
Taking the sum of the f7 Iz defines the pull-back
f7raw (X5 B) = 2y (Y3 E)

which is easily seen to be functorial.
For X € Sm/k, we define the higher cycles with E-coefficients as

(X E,n):= lim 25 (X x A" E),
wes® (n)

forming the simplicial abelian group n — zP(X; E,n) and the associ-
ated complex 2P(X; E, ).

Definition 6.2.1. Let X be in Sm/k. The higher Chow groups of X
with E-coefficients are the groups

CHP(X; E,n) = H,(2P(X; E, %)).
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Remark 6.2.2. The higher Chow groups of Bloch, CH?(X,n), are de-
fined without reference to an underlying cohomology theory E. Instead,
one uses the usual cycle groups

P(X) = OpexnZ

as the building blocks for the cycle complex zP(X, %), where the pull-
back map f* is defined via Serre’s intersection multiplicity formula.

The properties we have established for the spectra E®/P+1 (X, -),
namely: homotopy invariance, localization, extension to a functor,are
all based on the analogous properties for the complexes zP(X, —) (cf.
[1, 10, 9]). In the sequel, we will often identify zP(X,—) with the
associated simplicial Eilenberg-Maclane spectrum, so as to enable a
comparision with other simplicial spectra.

6.3. Well-connectedness. We give an alternative description of this

property.
Recall the category Ord with objects the finite ordered sets [n] :=
{0 <1 < ... < n} and morphisms the order-preserving maps of sets.

For each n, we have the n + 1-cube diagram with objects the injective
maps [m] — [n| in Ord, with m < n (plus the inclusion of the empty
set ) — [n]) and maps being commutative triangles of injective maps.
Denote this n + 1-cube by ([n],d). Similarly, we have the n-cube di-
agram of injective maps [m]| — [n] which send 0 to 0; denote this
by ([n],07). We have the evident inclusion i,y : ([n],07) — ([n],d).
Sending [m]| with m < n — 1 to [m + 1] by i + i + 1 defines the
functor 7, : ([n — 1],0) — ([n],07). We have as well the projections
T ([n],0) — Ord, 77 : ([n],0%) — Ord sending [m] — [n] to [m];
the maps ¢ — i + 1 from |[m] to [m + 1] gives us the natural transfor-
mation f, : T, 1 — M1 O Jp.

Let E : Ord®® — Spt be a simplicial spectrum. Define E([n],d) to
be the iterated homotopy fiber of E o, over the n+ 1-cube ([n],d) and
define E([n],0") similarly. The inclusion 7,, and natural transformation
E(f,) : Eom,y0j, — Fom,_; give rise to the homotopy fiber sequence

E(n],d) 2 E([n],8%) I B([n — 1], 9).

Similarly, for a functor £ : Ord®® — Ab, the diagram ([n],d) de-
fines an n + 1-dimensional complex E o 7, and we let E([n],0) be the
associated (homological) total complex (with E([n]) in degree 0). We
define E([n],0") similarly. We extend this construction to simplicial

complexes F : Ord®® — C(Ab) in the obvious way. Explicitly, for
E : Ord® — Ab, the the complex E([n],0) is:

E([n], 0)-m = ®gfn-mi—n E([n —m]),
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and differential d_,, : E([n],0)_m+1 — E([n],0)_n the signed sum of
the maps
E(f)g = E(f): (E(ln —m +1]),9) = (E([n —m]), g o f);
f:ln—m]—[n—m+1] € Ord™,
E([n],0")_., is the quotient of E([n],d)_,, by the subgroup

Dy, g)20E([n —ml),

Finally, for £ : Ord®® — C(Ab), let E, be the complex associated to
the simplicial abelian complex E,| i.e., E,, = E([m]) and d,, : E;,i1 —
E,, is the usual sum of the maps (=1)'E(5;) : E([m + 1]) — E([m]),
where 0; : [m] — [m + 1] € Ord" is the map which omits 7.

Lemma 6.3.1. Let £ : Ord® — C(Ab) be a functor with E([n])
-1-connected for all n. Then there is an exact sequence

Hy(E(In+1],0%)) =% Ho(E([n], 9)) — Hy(E.) =0
for alln > 0. If m — Hy(E(|m])) is the constant functor, then
Hy(E([n],0)) — Hn(E,)
s an isomorphism.

Proof. The second assertion follows from the first. Indeed, the de-
generacy maps oi" : [n] — [n — 1] (where o7 is the unique surjective
order-preserving map f : [n] — [n — 1] with f(i) = f(i — 1)) define a
splitting of the complexes E([m],0"), giving the exact sequence

>uEG) .,

0 — Hpn(E([n],07)) = Hu(E([n])) =—— &L Ha(E([n —1])).
Thus, the assumption that m +— Hy(E([m])) is constant implies that
Ho(E([n], 0%)) = 0.

The first assertion is an easy consequence of the Dold-Kan corre-
spondence, and is proved in, e.g., [10, Lemma 2.6]. O

Lemma 6.3.2. Let E : Ord®® — Spt be a simplicial spectrum. Sup-
pose that E([n]) is 0-connected for all n. Then the total spectrum |E)|
is weakly contractible if and only if mo(E([n],0)) =0 for all n > 0.

Proof. The strongly convergent spectral sequence
E?b =71 E([-b]) = 70| E|

shows us that |E| is O-connected. We may therefore replace £ with
ZE : Ord®® — C(Ab), and we need to show that Hy((ZE)([n],0)) =0
for all n if and only if Hy(E,) = 0.
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As in the proof of Lemma 6.3.1, we have inclusions H,,(E([n],0")) —
H,,(E([n])). In particular, Hy(FE([n],07)) = 0. The result now follows
directly from Lemma 6.3.1. O

Remark 6.3.3. Given E € Spt(k) and a cosimplicial k-scheme Y :
Ord — Sm/k, we can consider the simplicial spectrum E oY and
construct the spectra (EoY)([n],d), (EoY)([n],0"). We denote these
by E(Y([n]),0) and E(Y ([n]),0"), respectively.

For example, taking Y = A}, we have the spectra F(A%,9) and
E(A%g,0%).

We use a similar notation for a presheaf of complexes £ : Sm/k%P —
C(Ab).

Proposition 6.3.4. Let E € Spt(k) be a homotopy invariant presheaf
satisfying Nisnevic excision; if k s finite assume in addition that E
satisfies the axiom AS3. Suppose that E satisfies Definition 6.1.1(1).
Then E is well-connected if and only if

To((QE)(Af 5, 0)) = 0

for alln > 1, all d > 0 and all finitely generated field extensions F of
k.

Proof. We have the spectral sequence
Eziq = WP-H](Q%E)(AIS,F) —> Mg (QE) YD (F, ).

Since 7, ((QHE)(Af 1)) = 0 for m < 0, we have the exact sequence
dy°
To((UE) (A r)) == mo((QFE)(F)) — mo((QB) YV (F, -)) — 0.
As in the proof of Lemma 6.1.3, mo((QFE)(A§ »)) = mo((QFE)(F)) and
di’o is the zero map, hence the map

1o((QE)(F)) — mo((Q-E) D (F, —))

is an isomorphism.

Thus, to prove the proposition, we must show that 7, (E/V(F, —)) =
0 for all n > 1 if and only if mo(E(Af £, 0)) = 0 for all n > 1.

By assumption, the presheaf E is pointwise -1-connected. Let

TZIE — B

be the 0-connected cover of E (defined pointwise), giving us the fiber
sequence

TZIE — F — 7TOE
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We have already seen that moE(F) — moE(Ag ) is an isomorphism for
all n, and that

mo(E(Ag r)) = (m0E)(AG r) = mo(E(F)).

Similarly, ,,((moE)(Af ) = 0 for m # 0. Thus the weak homotopy
fiber sequence

(T21E)(Ag r) = E(Ag ) — (10E)((Ag r)
shows us that 7o(7>1F)(Af§ ) = 0 and
(T>1E)( #) = T E(Ag )

is an isomorphism for all m # 0. In particular, 7, (E®/Y(F,—)) = 0
for all n > 1 if and only if (151 F)(Ag r) is weakly contractible.
Similarly, 7, (7>1E)(A%g, ) — T E(A%, 0) is an isomorphism for
all m # —n. Thus, we are reduced to showing that (7>1E)(AG r) is
weakly contractible if and only if mo(7>1E) (A%, 9) = 0 for all n > 0.
This follows from Lemma 6.3.2. 7 U

6.4. The case of K-theory.

Theorem 6.4.1. The algebraic K-theory functor K : Sm/k — Spt
15 homotopy invariant, satisfies Nisnevic excision and satisfies axiom
A8. In addition, K is well-connected.

Proof. We use the basic results on K-theory and G-theory proved in
[16]. By Quillen’s resolution theorem, we have a weak equivalence
of K-theory and G-theory for regular schemes. Thus, the homotopy
invariance for G-theory gives the homotopy invariance property for
K-theory on Sm/k. Quillen’s localization theorem yields the weak
equivalence

KY(X) ~G(W)

for W C X a closed subset, X € Sm/k, hence K-theory satisfies
Nisnevic excision.

For axiom A3, let k C k' be a finite degree n field extension. We
have the pushforward map 7, : K(X x; k') — K(X) and pull-back
7 K(X) — K(X xj k') with m,7* = xn on the K-groups K,(X).
This readily implies A3.

For the well-connectedness, property (1) of Definition 6.1.1 follows
by the localization theorem, since G-theory is -1-connected (for U C W
open, the map Go(W) — G(U) is surjective).

For part (2), we use Weibel’s homotopy K-theory, K'H [25]. By
Vorst [20], the normal crossing divisor OAf » C Af  is Kj-regular,
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hence we have the isomorphism
K, (0AG p) = K Hy,(0AG £).

for n < 1. Since KH satisfies Mayer-Vietoris for unions of closed
subschemes, we have the weak equivalence of KH(Af r,d) with the
homotopy fiber of the restriction

KH(AG p) — KH(OAG r)
By the K;-regularity, we thus have the exact sequence
K1(Ag ) = Ki(0AG p) = Ko(AG g, 0) = Ko(Ag p) — Ko(9AG p).

AQ  is semi-local and affine, so let R be the ring of functions on Af
and I is the ideal defining OAf .. Since R is semi-local, the restriction
map GL(R) — GL(R/I) is surjective. Since Af p is affine, we have
surjections

GL(R) — Ki(Agr);  GL(R/I) — Ki(0AG r).
Also, Ko(R) = Z = Ko(R/I), so Ko(Afp,0d) = 0. Using Proposi-
tion 6.3.4, we see that K-theory is well-connected. O

Theorem 6.4.2. There is a natural isomorphism in SH
(X, ) K(p/erl)(X, -).
Proof. By Theorem 5.3.1, we have the isomorphism in SH
K(p/p+1)(X’ ) = (K(zo/zéﬂrl))(p/erl)(X7 -).
By Corollary 5.3.2, we have the isomorphism in SH
(K@Dl (X ) o H (2 K)OV (k(x)).

z€X(P)(n)
Since K is well-connected and Ko(k(z)) = Z, (Q5.K) %V (k(z)) is the

Eilenberg-Maclane spectrum K(Z,0). Thus, we have the weak equiv-
alence

(6.4.1) (KPPt (X n) 5 K(2P(X,n),0).

It remains to see that the two sides agree as simplicial spectra.

The map (6.4.1) is just the weak equivalence of (K ®/P+1))®/p+1) (X n)
with its Oth Postnikov layer. Thus, we need only see that 2P(X, —) and
mo (K P/PHDYP/PHI(X | ) agree as simplicial abelian groups.

For this, take x € X®(n). We have the natural map

G(T) ~ K¥(X x A") — (KPP e/ (X p)
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and, for each face map g : A™ — A", the commutative diagram

ToG(T) ——— mo(K®/PHP/rH) (X )

Q*J Jg*

710G (g7 HT)) —— mo( K @/PH)@E/pH) (X m)

Similarly, we have the surjection 7oG(z) — mG (k(2)), TG (g () —
710G (k(g7(Z))) and the identifications

oG (k(x)) = 2B(X x A™)

moG k(g™ (7)) = 2010y (X x A™)
Since the pull-back on cycles is defined via Serre’s intersection multi-
plicity formula and Serre’s vanishing theorem, we have the commuta-
tive diagram

oG (T) ——— 2B(X x A")

g*l L"*

TG g (7)) —— 21y (X x A™)

with surjective rows.

Putting these two commutative diagrams together with the weak
equivalence from Corollary 5.3.2 gives the functoriality of the weak
equivalence (6.4.1) with respect to the simplicial structure. U

6.5. Bloch motivic cohomology. Asin Theorem 4.1.1, one can make
the cycle complexes z?(X, %) functorial in X € Sm/k (see [11, §9]).
Specifically, there are fibrant complexes of Nisnevic sheaves on Sm/k,
2P whose image in the derived category of Nisnevic sheaves on Sm//k
is isomorphic to the functor

X — 2P(X, *).
Thus, for each X € Sm/k, we have the complex ZP(X),, with a natural
isomorphism ZP(X), = 2P(X, ) in Dy (X). The (shifted) homology
of ZP(X) is the Bloch motivic cohomology of X:
H"(X, Z(p)) = Hap-n(ZP(X)) = Hopn(2"(X, %)).

We consider X +— ZP(X) as a functor Z? : Sm/k°? — Spt by taking
the associated Eilenberg-Maclane spectrum. As in Theorem 4.1.1, the
localization theorem for the complexes 27( X, *) yields the natural weak
equivalences

ZP — Qp(2PH).



38 MARC LEVINE

Theorem 6.5.1. For each p > 0 and each g > 0 we have the isomor-
phism in HSpt(k)

(Zp>(Q/tI+1) o 0 forq#p
ZP for q = p.

Proof. From Theorem 6.4.2, we have the isomorphism in HSpt(k)
Zp o K(za/pH)7

giving the isomorphism in HSpt (k)
(Zp)(q/qH) o (K(p/p+1))(q/q+1)_

The result then follows from Theorem 5.3.1. O

7. THE SLICE TOWER FOR S!-SPECTRA

Voevodsky has defined the slice tower for both Pl-spectra and S'-
spectra. In this section, we look at the version for S'-spectra, and show
that the slice tower agrees with the homotopy coniveau tower. In this
section k will be a perfect infinite field.

7.1. The slice tower. We consider P! as a pointed space over k using
oo as the base-point. For a pointed space Z over k, we write Xp1 Z
for P! A Z and extend this notation to spectra over k in the evident
manner.

In analogy with a categorical construction of the classical Postnikov
tower, Voevodsky considers the localizing subcategory X%, SHg1 (k) of
the category SHgi (k) of S'-spectra over k generated by the P!-sus-
pensions X4, E for E € SHsi(k). This forms the tower of localizing
subcategories

CUHISHsi (k) C ShSHa (k) C ... C SpuSHei (k) = SHa (k).

The inclusion iq : ¢, SHe1 (k) — SHgi (k) admits a right adjoint ry :
SHsi(k) — X4 SHgi(k), and Voevodsky defines f; := igrq. For E €
SHg1 (k) this yields the natural tower

(7.1.1) coo— fo B — f4E — ... = FE

called the S'-slice tower. Clearly the map f;E — E is universal for
maps F' — E with F € 3¢, SHei (k).
Our main theorem is

Theorem 7.1.1. Suppose that k is a perfect infinite field. For E €
SHs1 (k) and d > 0 an integer, B is in 54, SHe1 (k), and the map ¢4 :
ED — f,E adjoint to the canonical map B — E is an isomorphism.
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7.2. The splitting. To prove Theorem 7.1.1, we first need to construct
a splitting to the canonical map k4 : B — E, in case E = X4, F for
some F' € SHgi(k). The construction relies on the de-looping theorem
3.3.4, as extended in Theorem 4.1.1(3).

The canonical map kg : E¥ — FE induces the map
Q(kq) : Q4L (ED) - QL E,

which is an isomorphism by Corollary 4.1.3.
Recalling that £ = EﬁilF , we have the canonical map

L F— QLY F = Q4L E,

adjoint to the identity on Eﬁ‘fﬂF. Taking adjoints again, the map
[Q(rq)] 7! o ¢ induces the map in SHg1 (k)

g B — E@
with kg 0 tg = id, giving us the desired splitting.
7.3. The proof of Theorem 7.1.1. We proceed by a series of lemmas.

Lemma 7.3.1. For E € X4, 8H g1 (k), the canonical map k, : B9 — E
s an isomorphism for all ¢ > d.

Proof. As E — E@(X, —) is compatible with filtered colimits in F, we
may assume that E = 3¢, F for some F' € SHgi (k). The splitting tg
defined above gives us the commutative diagram

E i / E
E@

Apply the functor (—)(p/p+1). By Theorem 5.3.1
(E(q))(p/erl) ~ ()

for 0 < p < ¢, hence E®/P+1) 22 ( for 0 < p < ¢q. Thus the layers in the
coniveau tower

are all zero, hence F@ — F is an isomorphism. 0

Lemma 7.3.2. Let W C Y be a closed subset of some Y € Sm/k.
Suppose that codimyW > d, and take E € SHgi(k). Then the map
()Y (Y) — EY(Y) induced by the canonical map foF — E is an
1somorphism.
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Proof. We proceed by descending induction on the codimension, start-
ing with codimension dim Y + 1. Since k is perfect, W admits a strat-
ification with smooth strata; this reduces us to the case of W C Y a
smooth closed subscheme of codimension d. Similarly, we may assume
that W has trivial normal bundle in Y.

We have the canonical isomorphism

T (B (V) 22 Homsy, oy (5°(Y/Y \ W), 57" E),

and a similar description of m,((f4E)" (Y)). By the Morel-Voevodsky
purity theorem [14, Theorem 2.23] and the triviality of the normal
bundle vy/y, we have the isomorphisms in SHg1 (k):
SX(Y/Y \ W) 2 S Th(vy)y = 52°(Sg W) =2 SE5C°W,
The universal property of f;FE — E shows that the induced map

Homsy, o) (S S5 W, 57" f4E)
— Homsy, () (Sh X7 W4, 5 7"E)
is an isomorphism, whence the result. O

Lemma 7.3.3. For E € SHg(k), and p > d, the map (fiE)®) —
E®) induced by applying —P) to the canonical map fsE — E is an
isomorphism.

Proof. Fix an X € Sm/k. Then (f;F)®(X) — E®(X) is isomorphic
to the map on the total spectra of the simplicial spectra

(faB)P(X, =) — EP(X, -).

Since
E®(X,n) = hocolim EY (X x A"),
wes (n)
and as all W in the limit have codimension > p > d, Lemma 7.3.2
shows that (f;E)®(X,n) — E®(X,n) is a weak equivalence for all n,
and hence (f;F)? (X, —) — E® (X, ) is a weak equivalence. O

Lemma 7.3.4. Take E € SHgi(k). Then E@ is in ¥4, SHe (k).

Proof. Clearly f,E is in ¢, SHg1 (k). By Lemma 7.3.1, (f,£)@ is in
¥4, SHsi (k) as well. By Lemma 7.3.3, the map (f3E)@ — E@ is an
isomorphism, hence E@ is in 34, SHa (k). O

Conclusion of the proof. Take E € SHg (k). By Lemma 7.3.4, E@ is
in 3¢, SHq1(k), giving us the map ¢ : E@ — f;E adjoint to x : BE@ —



THE HOMOTOPY CONIVEAU TOWER 41

E. Apply the natural transformation % : —(? — id to the commutative
diagram

E(d) BRARN i)
| A
JaE

giving us the map of commutative diagrams

w(D) K

(B@)@D 2 pa) oy
¢<d)l 4 LN d{ /
(faB)® JaE.

The maps @ : (E@)4) — E@ and & : (E@)d) — E@ are iso-
morphisms by Theorem 5.3.1. By Lemma 7.3.3, 7% is an isomorphism,
hence ¢ is also an isomorphism. By Lemma 7.3.1, & : (f4E)@ — f,E
is an isomorphism, so finally ¢ is an isomorphism. U

7.4. An S'-connectedness result. A well-known result in topology
states that if a pointed space X is n-connected, then so is Q2>X. The
analogous statement for SHgi (k) with respect to the P!'-suspension
and -loops functors was conjectured by Voevodsky [23]:

Conjecture 7.4.1. Let E be in SHgi (k). If E is in 34,SHei(k),
QpiEpi E is also in 2%, SHe (k).

This conjecture is a consequence of

Theorem 7.4.2. There is a natural isomorphism of endo-functors on

SHsl (k?)
Q]pl ©) fd+1 & fd @) Q]pl

Indeed, to prove the Conjecture, it suffices to show that p1 maps
YA SHe (k) to X¢SHgi (k) for all d > 0. This follows directly from
Theorem 7.4.2 and the fact that fgyq is the identity on S%'SHai (k)
and fy maps SHg1(k) to B¢, SHs (k).

The theorem is in turn an immediate consequence of the existence
of the natural isomorphisms ¢, : (—)(p ) fp from Theorem 7.1.1 and
the natural isomorphism of Theorem 4.1.1(3),

Qp1 o (=) = ()P 6 O
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7.5. The connectivity conjecture. The S!-connectedness result has
a consequence for Pl-spectra as well, which we state here even though
we will not recall the definition of the homotopy category of P!-spectra
SH(k) until §8.

There are adjoint functors
pi: SHei1(k) — SH(k)
pi : SH(k) — SHs: (k).
The connectivity conjecture is

Conjecture 7.5.1 ([23]). Let E be in X3, SHei (k). Then QREXE is

This conjecture is a direct consequence of the S'-connectedness con-
jecture 7.4.1, since Q29320 F is represented by the homotopy colimit (in
Spt(k)) hocolim,, .o Q5. X5 E. Thus, Theorem 7.4.2 yields a proof of

Conjecture 7.5.1.

8. THE P'-STABLE THEORY

We now pass to the setting of P!-spectra. In this section, we recall
the definition of the P!-spectra and the construction of the slice tower.
With the help of the de-looping isomorphism of Theorem 4.1.1(3), we
extend in the following section the homotopy coniveau filtration of S'-
spectra to a tower of Pl-spectra. The identification of the homotopy
coniveau tower with Voevodsky’s slice tower for Sl-spectra easily ex-
tends to a similar identification for P!-spectra. We conclude by show-
ing that the Oth slice of the sphere spectrum is motivic cohomology,
and describing consequences of these results for the Atiyah-Hirzebruch
spectral sequence.

8.1. Pl-spectra. We give three definitions to allow for some flexibility:

Definition 8.1.1. A P!-Q-spectrum &€ over X is given by

(1) A sequence (Ey, Ey,...), where E; € Spt(X) is a homotopy
invariant presheaf satisfying Nisnevic excision.
(2) Weak equivalences in Spt(X), €, : E, — Q3. Ep1, n=0,1...

Maps are maps of sequences respecting the maps in (2). We denote the
category of P1-Q-spectra over X by Spti (X).

For the next definition, we use the category Spc(X) of presheaves
of spaces over X.

Definition 8.1.2. A Pl-spectrum & over X is given by
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(1) A sequence (Ey, E,...), where each E; is a pointed space over
X.
(2) Maps of spaces over k, €, : ¥p1 E,, — F, 1, n=0,1...
Maps are maps of sequences respecting maps in (2). We denote the
category of Pl-spectra over X by Sptp: (X).

Finally, we have the category of (s, p)-spectra over X.

Definition 8.1.3. The category Spt; ) (X) has objects sequences £ :=
(Eo, Eq,...) of presheaves E,, € Spt(X), together with bonding mor-
phisms €, : ¥pE, — E,.1. Maps are sequences of maps in Spt(k)
respecting the bonding morphisms.

Clearly P!-Q-spectra over X form a full subcategory of Spt (s ) (X)-
If £ = (Fy, Ey,...) is a Pl-spectrum, a P'-Q-spectrum or an (s, p)-
spectrum, we have the suspensions

Y& = (Ey, By, ...) Y€ = (U Eo, Eo, By, .. ).

8.2. Model structure and homotopy categories. We recall the
category SH(k) and its relation to the three categories of spectra de-
fined above. For details, we refer the reader to [12, 13].

For an (s, p)-spectrum (&,¢€,) over k, the €, induce, for each Y €
Sm/k, the map

en(Y) : Ep(Y) = Epp1(EmYy).
For Y in Sm/k, we have the bi-graded stable homotopy groups
Top(E(Y)) = lim 75, (B (S5Y5)),

using the maps €,(—) for the transition maps in the inductive system
of homotopy groups. The 7; ,(£(Y')) form a presheaf of abelian groups
on Sm/k; we let ; ,(£) denote the associated Nisnevic sheaf.

A map f: & — F of (s,p)-spectra is called a weak equivalence if
f induces an isomorphism f, : 7 () — 7, (F) on the homotopy
sheaves. f is a cofibration if fy is a cofibration in Spty,(k), and for
each n > 0, the map

En H PIAFn_)Fn—H

PIAE,

is a cofibration in Spty;(k). The fibrations are characterized by having
the RLP with respect to trivial cofibrations. This gives us the model
category of (s, p)-spectra on Sm/k. The homotopy category is denoted
SH(k).
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If £ = (Ey, Ey,...) is a Pl-spectrum, we can form the associated
(s,p)-spectrum by taking the term-wise (simplicial) suspension spec-
tra (X°Fy, X°Fy,...). If &€ = (Ey, Ei,...) is a P-Q-spectrum, the
maps €, : B, — QpE, ; induce by adjointness the maps €, : P! A
E, — E,.1, forming the associated (s, p)-spectrum. Similarly, if £ =
((Eo, E1, . ..),€,) is an (s, p)-spectrum, we have by adjointness the maps
e B, — QpmE,,; if £ is fibrant, this forms a P!-Q-spectrum. Thus,
we may pass from P!-spectra to P!-Q-spectra by first forming the asso-
ciated (s, p)-spectrum, taking a fibrant model, and then using adjoint-
ness. We denote this functor by £ — €, €.

We can also take the simplicial O-spaces of an (s, p)-spectrum or a
PL-Q-spectrum, forming a P'-spectrum:

£ = (.E()7 El, .. ) = (hm Q;nEom, lim QTElma .. )

Here Q7" is the loop-space functor with respect to the simplicial struc-
ture.

Via these functors, the model structure on Spt; , (k) induces model
structures on the categories of P!-spectra and on P'-Q-spectra, and
gives a Quillen equivalence of these three model categories. In par-
ticular, we can consider Pl-spectra and P!-Q-spectra as objects in

Spt s, (k) or in SH(k).

Remarks 8.2.1. (1) The above definition of SH(k) is slightly different
than the one given by [13]. First of all, Morel uses the suspension
functor with respect to (A'\ {0},1), rather than (P', o0). Secondly,
the individual spaces occurring in the spectra FE, are required to be
sheaves of pointed simplicial sets rather than presheaves. Since (P!, 00)
is homotopy equivalent to S* A (A!\ {0},1), the two different choices
of suspensions lead to Quillen equivalent model categories, and as the
cofibrations and weak equivalences in the presheaf category are defined
stalk-wise, using presheaves or sheaves also yield Quillen equivalent
model categories. Thus, we may use the same notation SH(k) for the
homotopy category.

(2) We have the functor X35 : Sptgi (k) — Spt, ) (k), defined by send-
ing E to the sequence XX E = (E, X3, E, X2, E . ..), with the evident
bonding maps. g7 is a left Quillen functor, with right adjoint the
O-space functor £ — Qpi€, where

Opi€ = lim QnFE,
n—oo
if £ = (Ey, F1,...). In particular, this shows that a weak equivalence
& — F between fibrant objects in Spt, ,,(Sm/k) induces a point-wise

weak equivalence f,, : E, — F), on the various S!'-spectra.
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Examples 8.2.2. (1) Each X € Sm/k determines the P!-suspension
spectrum

YRX, = (X, Y X, Y2 X))
and the corresponding P'-Q-spectrum Q3,323 X, . For X = Speck, we
write Sy for Spec k. We have the P!-sphere spectrum
YRS = (S, Py, ..., 8880,
and the associated P'-Q-spectrum 1 := Q5 258 Sg.

(3) For X € Sm/k, let Cyc?(X) denote the set of effective cycles
W =>"nW;, n; >0, in (P')? x X, with each irreducible component
W; finite over X, and dominating some component of X. This defines
the Nisnevic sheaf X +— Cyc?(X). The reduced version is the quotient

d
Cye’ (X) 1= Cye(X)/ 3 pin(Cye™ (),

where p;, is the map induced by the inclusion p; : (P)¥! — (P!)?
defined by inserting oo in the ith spot.

We have the map P! — Cyc' defined by taking the graph of a map
f : X — P! Taking the product over X gives the map

—d —d ——d+d’
Cyc (X) A Cyc (X) — Cyc i (X),
which thus gives us the bonding morphisms
—d ——d+1
P! A Cyc (X) — Cye  (X)

This structure defines the P'-spectrum HZ; in characteristic zero, HZ
is represented by the symmetric powers of (P1)"? in the evident way.
The associated P'-Q-spectrum QpHZ is equivalent to the sequence

of Bloch motivic cohomology presheaves
(2%, 2, ..., 2%

with connecting maps the localization weak equivalences
ZP — QO ZPH

(see §6.5).

A direct map relating the two constructions is given as follows: Send
W € Cyc*(X x A™) to the cycle W € 24((P')? x X, n), which we then
restrict to W0 € 24(A? x X,n) (with Al = P!\ {oo}). This gives a
natural transformation

évycd(X x A*) — 2%(A% x X, %) ~ 24X, %),
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which gives the direct relation. That this map gives a Zariski-local weak
equivalence is proved by Voevodsky-Suslin [5] assuming resolution of
singularities, and in general by Voevodsky [21].

8.3. The stable homotopy coniveau tower. For a P'-Q-spectrum
E = ((Ey, Ey,...),€e), and integer p, set ¢,& := (Eép),Epr),...),
where the maps €; are given by the delooping weak equivalences of
Theorem 4.1.1(3)

6(d+p)
(Eg) P Xy (Qpr By ) @) Waipil, Qpr (BT,

Here we have chosen a lifting of ), to a map in Spt(k), which we can
do because Qpl(Ec(;_i:ip +1)) is fibrant and (Qp1 Egyq) @) is cofibrant.

Remark 8.3.1. By replacing E((ip ™) with the appropriate limit using the

natural transformations 6 of Thereom 4.1.1(3), we can use the natu-
ral transformations 7 of Thereom 4.1.1(3) to give a canonical lifting of
the 1,. We will assume that we have done this, so that the maps 1,
are now lifted to Spt(k), satisfying the compatibilities listed in Theo-
rem 4.1.1(3) in Spt(k) rather than in the homotopy category HSpt (k).

The natural maps E](.p ), E; define the map of P*-Q-spectra
o€ — E.

Recall that E™ = E© for n < 0.
We thus have the tower of P-Q-spectra

(8.3.1) coe 2 Op1€ = € = L= € — P E— .. = €.
We write ¢,/,.-€ for the cofiber ¢,,,.& — ¢, and o, for ¢,/,11E.
Remark 8.3.2. For ¢ > 0 and p > 0, we have the identity

Vg1 (pE) = bprgBp £

for ¢ > 0 and p < 0, we have this identity in “sufficiently large degree”;
in any case, a weak equivalence. Similarly, for ¢ < 0, the localization
weak equivalence

Q*Q(ET(Lm)) ~ E(m-HI)

Pl n+q

gives a natural isomorphism
21%1(%5) ~ ¢p+q21%>15
in SH(k).
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9. THE SLICE TOWER IN SH(k)

Voevodsky [22] defines the slice filtration in SH(k) just as it is de-
fined in SHg1(k), the main difference being that the filtration is infinite
in both the postive and negative directions.

Let SH(k) be the smallest localizing subcategory of SH(k) con-
taining all suspension spectra X33 Xy with X € Sm/k; this is the same
as the smallest localizing subcategory containing all the P!-suspension
spectra S5 E for E € SHg (k). For each integer p, let X5, SH (k)
denote the smallest localizing subcategory of SH(k) containing the P!-
spectra ¥2,€ for & € SH*™(k). Voevodsky remarks that the inclusion
ip : S0, SHM (k) — SH™(k) admits the right adjoint 7, : SH (k) —
Zfl’nSHeH(kz); setting f, := i, o r,, one has for each £ € SH(k) the
functorial slice tower

= fa1€ = fdl — o= o€ = [ — .. €&

As for the slice tower in SHg1(k), the map f,€ — & is universal for
maps F — &, F € X2, SH (k). The cofiber of f411€ — f4€ is denoted
Sdg.

Our main result is the identification of the slice tower with the stable
homotopy coniveau tower (8.3.1).

Theorem 9.0.3. Let k be a perfect field. For € € SH(k), ¢,€ is
in ZJ%ISHGHU{:), and the map ¢,€ — f,€ adjoint to ¢p,€ — £ is an
1somorphism.

The proof follows the same line as that of Theorem 7.1.1, and relies
on the lemmas used in that proof. We fix a perfect field k.

Remark 9.0.4. In discussing the S* slice tower, we required % to be an
infinite perfect field. The reason that we required k to be infinite was
to have the functor £ + E® defined for all fibrant £ in Sptg (k).
For a fibrant (s,p)-spectrum & = (Ey, E1,...) the presheaves E,, are

all O-spectra of a fibrant (s, p)-spectrum. In particular, the E, satisfy

axiom A3 in case k is a finite field, and hence the operation F,, — EP

is well-defined. Thus all the results of §7 can be applied in our setting
without requiring that k& be infinite.

9.1. The proof of Theorem 9.0.3.

Lemma 9.1.1. For £ € 2]%187'((16), the canonical map Ky : P& — &
s an isomorphism.

Proof. We may assume that £ = Z%E;‘{E for some £ € SHg1(k), i.e.,
writing € = (£, &1, .. .), we have &, = ng“dE, where X, F = Q' F
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for r < 0. Thus
$a€ = ((¢a€)o; (¢al)1; - - )
with (¢a€), = (SpYE)"+9. The canonical map (¢4€)n, — &, is by

Lemma 7.3.1 an isomorphism in SHg: (k) for all n, whence the result.
O

Lemma 9.1.2. Take a fibrant £ in Spt, ) (k), and write
(c: = ((Eo, El, o .),Gn : En — QplEn+1>
with each E, € Spt(k). For an integer n, write

fng = ((fn5>07 (fn(c:)la . ~)7
where f,€ is assumed to be fibrant in Spt (k). Let X be in Sm/k
and W C X a closed subset with codimxW > n + m for some integer
m > 0. Then the map
(fa)m (X) — By (X)
18 a weak equivalence.

Proof. As in the proof of Lemma 7.3.2, we may assume that W is a
smooth codimension m + n closed subscheme of X, with trivial normal
bundle v. We note that, if F = (Fy, F1,...) € Spt(, (k) is fibrant,
then
HOI’HS'H(k)(ZEﬁA — f) &= HOH]S'Hsl (k:) (ElﬂilA, Fp)

for all A in Spt(k) and all p > 0. Indeed, Fj is the O-spectrum Qg9 F.
Since gt and Qp7 are adjoint, our claim is verified for p = 0. For
general p, we have

HOHISHS1 (k)(E]Z;I A, Fp) = HOHISHS1 (k) (A, Qﬁil Fp)

and Fy = QF, F), since F is fibrant.
Taking A = ¥, W, , and using the universal property of f,& — &,
we find that

Homegsy, () (S5 "Wy, (fu€)m) — Homsyy, ) (S5 "W, Em)

is an isomorphism for all m > 0. But, as in the proof of Lemma 7.3.2,
a choice of a trivialization of v gives a natural isomorphism

Homss,, () (X "W, E) = EV(X)
for all fibrant E' € Spt(k), proving the result. O

Lemma 9.1.3. For £ € SH(k), and p > d, the map ¢,(fa€) — €
induced by applying ¢, to the canonical map fq€ — & is an isomor-
phism.
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Proof. If we write & = (Ey, E1, . ..), fa€ = ((fs€)o, (fa€)1,...), then

€ = (B EPD, )

opfal = ((FE), (£2E), ).

Using Lemma 9.1.2 and arguing as in the proof of Lemma 7.3.2, we see
that
(Fa€) 3™ (X ) — BT (X, n)

is a weak equivalence for all X € Sm/k and all m > 0. This yields the
desired result. O

Lemma 9.1.4. Take £ € SH(k). Then ¢4€ is in B, SH(k).

Proof. The proof is exactly the same as the proof of Lemma 7.3.4, using
Lemma 9.1.3 instead of Lemma 7.3.3. U

Theorem 9.0.3 is now proved exactly as was Theorem 7.1.1, using
Lemmas 9.1.1-9.1.4 in place of Lemmas 7.3.1-7.3.4.

10. THE SPHERE SPECTRUM AND THE HZ-MODULE STRUCTURE

In this section, we analyze the layer o1, and show that this spectrum
is isomorphic to the motivic cohomology spectrum HZ. By Proposi-
tion 11.1.2, this gives the 0,€ an HZ-module structure, and shows
that the Ej-terms in the homotopy coniveau spectral sequence (Propo-
sition 2.1.3) may be interpreted as generalized motivic cohomology.
Throughout this section, we assume that the base-field k is perfect.

10.1. The fundamental class of a system. We consider the follow-
ing situation: For each n > 0 we are given X,, € Sm/k and a closed
subscheme D,, C X,,. We have as well morphisms i, : X,, — X1,
n > 0, and an integer d > 0. We assume

(1) D, is smooth over k of pure codimension d in X,,.
(2) The diagram

D, — X,
Dn-‘rl ” Xn+l
1S cartesian.

This data gives us the following inverse system of spectra:

. (l(d/d+1))Dn+1(Xn+1) i (1(d/d+1))D”(Xn) -
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We will construct an element [D,] € holimn(léd/ d+1))D" (X,), which
is natural in the system (X, D,,), that is, given a map of systems

fot (Yo, En) = (X5, D)

such that the diagram
D,— X,
J e
E,—Y,
is cartesian, then we have fX([D.]) = [E.].
To construct [D,], we start with the system in Sm/k
Do % Dy s

Letting p, : D, — Speck be the structure morphism, we have the
system of maps of Nisnevic sheaves of pointed sets

Pn: Dy — Sy = Speck,

with pn+1 04, = p,. Taking X3° and composing with the canonical
maps in Spt(k)

ZfS,g — 1y — 1((30/1)
yields the map in Spt(k)

pp, : hocolim¥3°D,,, — 1(()0/1).

Let Homgptk)(—, —) denote the Spt-valued Hom-functor. We have
the weak equivalences in SH:
Homgpt(k) (hocolim X3° D, 1(()0/1))

— holim Homgpei) (X5 D+t 1(()0/1))

— holim 180/1)(Dn).

Applying the extended purity theorem Corollary4.1.3, we have the iso-
morphisms

0/1 d/d+1
157 (Dy) — (1) (X)),
in SH, hence theisomorphism in SH

holim 15/7(D,,) — holim(1/D)Pn (X ).

n
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Putting these all together gives us the isomorphisms
7o (holim (144 Pr (X))

= 1o (Homspe (k) (hocolim X3°D,, 1(()0/1)»

= Homgpt() (hocglim YDy, 180/1)).
Thus, the map pp, yields the element
[D.] € mo(holim (1P (X))

as desired.
The naturality in the system X,,, D, follows from the naturality of
the de-looping weak equivalences.

10.2. The reverse cycle map. In this section, we show how to map
‘HZ back to the layer og1.
Let £ = (Ey,Ey,...), €, : B, — QmE,.1, be a P1-Q-spectrum.
Define the P'-Q-spectrum £*") as follows:
W) — (B B EAY L),

where ET(LM)(Y) = E,(Y x A"). We have the A'-weak equivalences

D Eqﬁ? — Eq(ﬁnlﬂ) induced by the projection p, : A" — A" on the
first n factors. The bonding maps R Efﬁ?l) are the composition
ny BM ny p* "

EW) 2, 0 ERY) I 0 BT

The maps 7 : £, — E® induced by the projections 7, : Y xA" - Y
clearly define an A'-weak equivalence 7* : £ — EA7).
We construct a map rev : HZ — 0¢1") by first constructing maps

revy : X HZg — (Jol)éAd)

in Spt(k), d > 1, which we then patch together to yield the map rev.

We first consider the case d = 1. Identify Sym™P! with P™ by
noting that the symmetric homogeneous functions on (P!)™ are the
same as the homogeneous functions in variables Xy, ..., X,,. Cyc' is
represented by the union

ﬁ Sym™P! = ]O_O[ P™
m=1 m=1

via the incidence subvariety D! C P! x P™. Dy, is defined by the
bihomogeneous polynomial )" X;T¢""T{"; evidently, D!, is smooth
over k. We identify A! with P!\ oo as usual.
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—1
Cyc is represented by the system of pointed (by oo) schemes

0 @ B g1 q
oo &% Sym'P! & Sym?P! & . 2 Sym™P™ I

G (Dowi) = 32;%i + 00,
via the system of incidence subvarieties D,, C A! x P™,
D,, :== D! NA' x Sym™P'.

Taking X,, = A! x P™, we have the system (X,,, D,,) satisfying the
conditions of the previous section (for d = 1), and thus the element

[D.] € moholim(1{"/?)Pm (A x Sym™P").
We have the “forget supports” map
(151/2))Dm (Xm) _ (15-1/2))Dm (Al % Symm]P’l) o 151/2)(‘&1 x Symm]Pﬂ)
Thus [D,] gives us the element
cyc'] € mo horlnim(lglm)(Al)(SymmIPﬂ).
Since the maps Sym™P! — Sym™™'P! are closed embeddings, the

induced maps in SHgi (k), X°Sym”P! — L°Sym™ P! are cofibra-
tions. Thus the canonical map

hocglim YeSym™ P! — co}im Y Sym™ P!
is a weak equvalence. We therefore have the isomorphisms
o ho&jm(lglm)(SymmPl)
=~ Homs g, () (hocn(zlim $°Sym™ P!, (151/2))(A1))

= I‘IOIHSHS1 () (Co}gm E?Symmpl’ (151/2))(A1))

—1
Since the presheaf ¥°Cyc is represented by colim,, X°Sym™P!, the
element [cyc'] € o holim,, (1{/2))@") (Sym™P') thus determines (up to
homotopy) the map

N —1
cyc1 12 7°Cye — (151/2))(A1)

—~—1 1
in Spt(k). Since Cyc = HZ, and (151/2))(A1) = (001)§A ) we have the
map we wanted:
1. g0 (A1)
rev : X°HZ, — (0pl); .
For d > 1, let W be in Cyc?(X). We first consider the case of semi-

local X, with a finite set of chosen points z1, ..., x,, to explain the idea
of the construction. Then P := U;W N (P})? x z; is a finite subset of
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(PY)?x X. Thus, there is a k-point * in P! (k) with |[W| C (P*\{*})¢x X,
i.e., W is a finite cycle on A? x X.

Choosing a general linear projection 7 : A — A!, we map W bira-
tionally to m.(W), and the set P isomorphically to 7(P). We have the
push-forward weak-equivalence

w180 (W)) = 10 (),

defined as follows: Choosing suitable coordinates on A gives an iso-
morphism A? =2 A' x A% for which 7 becomes identified with the
projection on A'. We may therefore embed A? as an open subset of
Al x (P41 Let 7 : Al x (P1)4~! — A! be the projection. We thus
have the weak equivalences

1V W) = ()M AT X) ~ (157 AT X (P
_ (1(d/d+1)) 1(\W*W|)(A < X x (Pl)d—1> -~ (1[()1/2))\W*W|(A1 X X)
= 15" (I W),

giving the definition of =,.

Thus, the class rev!(m. W) gives the class rev?(W) € 1(()0/1)(|W|).
This class is functorial with respect to restriction to the points zq ,. ..,
Ts.

To make this canonical, let K = k(PY)? let x € (P)4(K) be the
canonical point and let (P)% = (PY)4\ (P! \ {oo})?. There is a unique
isomorphism 1y : A}, — Pk \ * with ¢,(0) = (1:0), ¥y(1) = (1 : 1).
We let ¢g = (¢1)¢ : AL — (P14 be the resulting open immersion.
Let L D K be the field K(zy,...,74) and let 77, : A4 — Al be the
linear projection 7 (y1,...,va) = >, x;y;. We identify (P'\ {x})¢ with
A¢ via 1 without further reference to v». We note that L is a purely
transcendental extension of k.

Take X € Sm/k and let W € Cyc?(X) be an effective finite cycle,
q: (PH?x X — X the projection, WY = W, N A¢ x X. For each point
re X, WPNA? x xis dense in Wy, and 7, gives an isomorphism (of
reduced schemes) from |[W?|N A% x z to its image 7(|[W?|N A x z) in
Al x z.

We apply the results of Corollary 4.1.5 and Corollary 4.2.4, giving
us the sequence of isomorphisms in SH

(102.1)  @AYENI(EY! < X) =

~

(157D WLl((phyd ¢ X))
(147D WEIAY x X)
T (1) IVED (AL % X)
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Let Cycj 4(X) be the set of finite cycles on P! x X of the form

m.(W?) for some W € Cyc*(X), and let (/J\y/(:;d(X) be the quotient of
Cycy, 4(X) by the subset of cycles of the form m,(W?) for some W €
Cyc?(X) which is supported in (P*)% . This defines the presheaf Cycl ,
and quotient presheaf é\y/clL.d on Sm/k. Letting Cyc} be the presheaf
X + Cyc'(Xy), we have the natural inclusion ¢4 : Cyc} ; — Cycr. We
note that sending W C (P*)? x X to m.(W?) defines isomorphisms of
presheaves

7, : Cyc? — Cycl |
d

— —1
7. : Cyc — Cyc; 4

Define (175 (X, (P1)?) to be the limit
(1((1d/d+1))ﬁn(X, (Pl)d) _ hOCV?/lim(]_((id/d+1))W((]P)l)d % X)

as W runs over codimension d closed subsets of (P!)?x X finite over X,
such that each irreducible component of W dominates some component
of X. Sending X to (léd/dﬂ))ﬁn(X, (P')?) defines the presheaf

(157 )gu (2, (P1)?) : Sm/k — Spt.
Define (1((1d/d+1))(X, A?) similarly, replacing (P')? x X with A! x X and
W with WNA! x X; Al =P\ {oo}.
Let (179)4,(X, AY) L 4 be the limit

(151/2)>ﬁn(X7 A)pq = hocghm(lgl/z))D<Al x X1),
D

where now D runs over the closed subsets of the form 7 (|]WW}7]), where
W runs over all codimension d closed subsets of (P!)? x X, with the
finiteness and dominance conditions as above. Let (1(11/ 2))(X ,AY)p 4 be
the limit
(11?5 (X, A") 1.4 := hocolim(1{"/)P\P" (Al x X} \ D),
D>D’
where D is as above, and D’ runs over the closed subsets of the form

7(|[W?]), where W C (P'),, has codimension d — 1, with the finiteness
and dominance conditions as above.
Sending X to (151/2))ﬁn(X, A1) 4 defines the presheaf

(185 (?, P14 : Sm/E — Spt.
and the sequence of maps (10.2.1) gives us the isomorphism

7 (16 (7, (YY) — (187P)aa(?, AN g
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in SHgi (k). Similarly, we have the presheaves (151/2))(?,A1)L,d and
(1742, A?) and the weak equivalence

(1) 2, A1) = (1), AN L

in SHsl (k’)
View the element [cyc'] € 7o holim,, (11/%)®)(Sym™P?) as a map

[cye'] : colim DA x Sym™P' /(A" x Sym™P' \ D) — 12,
Each element W of Cyc; ,(X) gives us the element (W € Cyc(Xp),
and hence a morphism ¢y : X7 — Sym™P} for some m, with

W = (¢w x id)"(D,,).
Thus we have
idx ¢: A x X/(A' x X\ [W]) — A x Sym™P' /(A x Sym™P*\ D,,)

and hence we may compose ¢y X id with [éyc'], giving the map of
spectra

[eyc'] o (¢w x id) : BEA x X/(A' < X\ W) — 1{/?
This then defines the natural transformation

B3 Cyep (X) S5

Homspe( | olim  SFA < X/ (A1 x X\ W), 1§

WeCycy 4(X)

Composing with the natural map

Homgpe(  holim  YPA' x X/(A' x X\ [W]), lgl/Q))

WeCyc} 4(X)
= (137 (X, A1
we have thus defined the natural transformation
e B70yetq — (117)ia(? AL

Composing with the isomorphism 7, : Cyc? — Cyc; 4 gives the natural
transformation

cyep g1 50Cye? — (11P)gn(?2, AN 4.

Similarly, the natural transformation cyc; ; descends to the natural
transformation

. —d
Vg BCye — (11722, AY) L 4.
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Using the isomorphism 7% defines the natural transformation
—(d o1 d/d+1
CYCEZ) X Cyepg — (1((1/ " ))(?aAd)§

forgetting the supports and changing notation gives us the map we
wanted: )
revy : o HZg — (aol)((iA ).

10.3. The extension to a map in SH(k). There is a minor lack of

compatibility among the maps revy, which we need to correct to yield a

map of (s, p)-spectra. For this, we use a homotopy colimit construction.
Suppose we have (s, p)-spectra

£ = (E(),El, .. ), €p - Z]plEn — En+1
& =(E,FEi,...); € :YmE, - E

and maps
b En— E,
in Spt(k). We consider the sequence of closed embeddings
Al AV I A
with i, (v?) = v i = 0,...,n, where v} is the vertex t; =0, j #1,

of A" Let ) | |
E, :=hocolim ¥y, E; N A,

0<j<n
where the maps
SETE AN — ST A AT
in this diagram are idpiyn—s-1 A€;Aij. As the diagram PLASE 7 E; AN,
0 < j < n, is evidently a subdiagram of nglﬂEj AN 0<j<n+1,
we have the canonical map
gn . ]P)l N En i En+1,
forming the (s,p)-spectrum £. We have as well the canonical map
pn : E, — E,, giving the map of (s,p)-spectra p : € — &£, which
is evidently an A'-weak equivalence. Thus, in order to define a map
¢: & — & in SH(k), which assembles the given maps ¢, : E, — E/,
it suffices to extend the collection of maps ¢, to a strictly compatible
family of maps . ’
With this in mind, we proceed to the case of interest.

Proposition 10.3.1. The maps rev? give rise to a map rev : HZ —

(001)*) in SH(k).
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Proof. The connecting maps for (oo1)*")

d d
(001)5 — Qpi(ao1)4}y

are adjoint to maps
YA (001) 5 — (o018
which in turn are induced by the natural maps
pa: PHX) x (001)g(X x A%) — (001)ger (X x AT

defined by the following: Let f : X — P! be a morphism. The graph
of f gives the inclusions X x A9 — X x P! x A4, which then gives the
map

For (L)W (X x AD) = (1) TV (X x P! x A%,
Composing with the restriction
(1a4) @YD (X x PL x AY) = (1g40) VD (X x Al x AY)
and using the canonical weak equivalences
(1gy1) Y (X x P x A ~ (0p1) (X x AY)
(Las) G2 (X x AL x AY) ~ (001)asr (X x A%

completes the definition of py.
The connecting maps for HZ are induced by maps

P'(X) x Cyc!(X) — Cyc®™(X)

which are defined similarly, by taking the fiber product of a cycle W &
Cyc?(X) with the graph of a map f : X — P! to define the resulting
cycle Ty xx W € Cyc™ (X).

We need to see that the maps rev® are compatible with these con-
necting maps, up to a compatible family of A! homotopies, as explained
above.

For this, note that the projection py on the last d factors gives an
isomorphism of |I'y x x W/| with |[W|. Thus, the only difference between
pa(f x revd(W)) and revi(T'; x x W) arises in the use of two differ-
ent projections: my o py and w41, where my and m,,; are the generic
projections used in the definition of rev? and rev®+!.

Let Lgyn = K(x1,...,2411) be the field extension used to define
mqr1. Clearly, we can define a family of linear projections

. Ad+L 1 1 1
7Td71 . A X A07Ld+1 — A X A(]’Ld+1

d
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which agrees with 74 o pg at (1,0) and 7441 at (0,1), by making the
linear interpolation:
d

Ta1(Y1s - Ya1; bo, 1) = (to + 1) Z TiYi + iTar1Yar-
i=1

Using this family, the rational invariance of 1(()0/ 2 gives a homotopy
between 4(f x revd(W)) and revi™(I'; xx W). Indeed, recall the
canonical map

[c7¢'] : colim BP°A! x Sym™P! /(A x Sym™P' \ D,,,) — 1{/?),
and the semi-local n-simplicies Afj. The linear interpolation my; gives

us the effective divisor W' := (my1,id).(W x A}) on Al x X x A},
which is classified by a morphism

by : X X Ay — linrln Sym™ P!,
and hence the morphism
Al x X x AF/(AY x X x AF\ |[W)
O AT« Sym™P! /(A x Sym™P' \ D).
Composing with [¢yc'] yields the morphism
(5T o (o x id) : BFAL X X x A/(Alx X x A/ \ W) — 177

But by extended purity (Corollary 4.2.4), [éyc'] o (¢}, x id) extends
canonically to a morphism

[cvc!] o (o, x id) : TPA! x X x Al/(A' x X x A\ [WT]) — 1§/
Threading this extension through the same process as we used to define

Ad+1

revy yields the A'-homotopy for the two maps P AXHZy — (001)4,
in the diagram

revVd+i d+1
S2HZar1 1 (oo 1))

P' A SXHZy o (001)4"

Similarly, for each n, we construct by linear interpolation a family
of linear projections

. Ad+n n 1 n
7Td7n . A X A(]:Ld+n — A X AO,Ld+n
such that

Wd,n(vz‘) = Td+i © Pd+i © Pd+i+1 © - - - © Pd4+n—1,
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where v; is the vertex t; = 1, t; = 0, j # ¢. By the same process
as above, these give the higher A'-homotopies required to define the
desired map of P!-spectra. 0

10.4. The cycle class map. We denote the Bloch motivic cohomol-
ogy spectrum (Z° Z1 ...) by Z.

Lemma 10.4.1.

0 forq#p
X Z ~ » 2
Y Z forq=p

Proof. By Remark 8.3.2, it suffices to prove the case p = 0. This follows
directly from the identification

O HZ = (2°, 2, ..)
and Theorem 6.5.1. ]

The canonical map 1 — Z thus induces the map
cl:ogl - 02 = Z.

On the zero-spaces, this is a natural transformation

cl”: 180/1) — 20,

Note that Z° is the constant sheaf Z (for the Zariski topology) on
Sm/k.

By the naturality of cl, and the explicit description of the dth space
1((1d/d+1) of op1 given by Corollary 5.3.2, we find that, for X € Sm/k,

o 1YW (X 2y S (X )

is induced by the map on n-simplices
c 0
[T 1k 2= I 2
z€X () (n) z€X () (n)
Replacing Z4(X) with Z4(X x A9), we have the modified spectrum
Y24 and the map cl : O'(()A*)]. — Z(A9),
(A%)

10.5. 091 and HZ. The map rev : HZ — o, ’1 extends canonically

to the map on the associated P'-Q-spectrum rev : Q5 HZ — aéA*) 1.

Theorem 10.5.1. The maps cl : U[()A*)]_ — ZW) and rev : U HZ —

o(()A*)l are isomorphisms in SH(k).
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Proof. We first consider the composition 1):

2259 & HZ XY 601,

Looking at the dth spaces gives the map
Yo ShSY = (08" 1)a,
i.e., an element
P € Wo(léd/d+l)(2$1Ai))~

After correcting by the A'-homotopies defined in Proposition 10.3.1,
we can compute 1, as follows: Let 6 C (P')? x A? be the transpose
of the graph of the standard inclusion A? — (P!)?. We have the de-
looping isomorphism (in SH)

(léd/dﬂ))a((Pl)d % Ad) o~ 1(()0/1)(5»
Also, since § N (P})% = (), the canonical map
d/d d/d
(1" (ShAL) — @) () x A7)

is an isomorphism. We have as well the canonical map § — Speck,
which gives the canonical element [§] € mo(SY(d)). The canonical map
¥XSY — 1" with the above isomorphisms, the element [§] yields the
element [§](@/4+1) ¢ WO((lﬁld/dH))‘S(E%lAi))). Forgetting supports, the
element [§](%/4+Y) maps to pg.

We can go through the same procedure, replacing § with the em-
bedding 0¢ x A — (P14 x A?, giving us the element [0% x A%](@/d+1)]
in ﬂo((léd/dJrl))‘;(Z%lAi))), and, after forgetting supports, the element
P, € Wo(lgd/dﬂ)(E%lAi)). The graph of the map

v AT AN — (PYHYY y(ay, .z t) = (L tay), .., (tng))

similarly gives an element [1] € mo(157**1 (¢, A x AL)) which defines
an A'-homotopy between p, and p)}, i.e. pg = p).
On the other hand, we have the canonical map 1 — 01, which on

the dth spectrum level is the canonical map rq : %, 5) — 1£ld/d+1),
which is the adjoint to the canonical element 1 € 7'('0(1(()0/ 1)(k)). It is
clear from this description that p/; is the element of 71'0(1&(1/ dﬂ)(E%1 S
corresponding to kg, after pull-back by X¢,A? — %4, S Therefore,
after identifying (aéA*)l)d with (0g1)4 by this pull-back, ¥4 = k4. Thus
the canonical extension of ¥ to 1/; cogl — O'(()A*)l is the weak equivalence
given by projecting X x A* — X.
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We now consider the composition ¢(X):
HZ(X) % 0 71(x) & 289(X),

From the explicit description of cl given in §10.4, we see that ¢(X) is
given by the map (on the dth space) which associates to a cycle W on
X x A" x (PY)? the restriction to X x A" x A% This map is the weak
equivalence described above in Example 8.2.2(2). Thus the extension
of ¢ to ¢ : Qs HZ — Z*") is an isomorphism in SH (k). O

Corollary 10.5.2. Assume Conjecture 11.1.1. For each & € SH(k)
there is a natural HZ-module structure on s,&.

Proof. The unit 1 — HZ lifts canonically to the unit 1¥ — HZ in
Spt3i (k). By Proposition 11.1.2, 5,& has the structure of a so1>-
module, while by Theorem 9.0.3 and Theorem 10.5.1 the unit induces
an equivalence of the category of so1*-modules with HZ-modules. [

11. THE MOTIVIC ATIYAH-HIRZEBRUCH SPECTRAL SEQUENCE

We collect our results on the homotopy coniveau spectral sequence.
For the results on DM (k) and SH(k) we use in this section, we refer the
reader to the lectures of Morel [12, 13] and Voevodsky [23], as well as
the papers of Ostvar-Roendigs [15, 17] and Spitzweck [18]. Throughout
this section, we are assuming the validity of Conjecture 11.1.1 described
below.

11.1. Products. Let £ and & be P'-Q-spectra. The canonical maps
fn€ — & and [, — &' induce the map p: fLEA f,& — ENE'. [L,E
is in ¥ SH (k) and f£,,€ is in DSH(k), hence f,& A f,,E is in
S SHE (k).

Applying fnom to p and using the universal property of f, .., we
have the diagram

Frim(FnE A fnl) T8 e (ENE
i"“"l
fal N finl'
with 7, ., a weak equivalence. Thus, we have the multiplication

Hnm - fRE A fmg, - fn—i-m(g A 5,)

One checks that the p, . are associative in SH(k) and are compatible
with respect to increasing n and m. Passing to the layers, we have the
functor @,, on SH(k) and associative, graded natural transformation

Ui s - BnsSn A DpSy — Bpsp 0 A.
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Jardine [8] has defined a model category of symmetric spectra over
k (with the stable model structure), Sptg: (k). The objects are similar
to those in the category of P!-spectra, i.e., sequences of presheaves of
spectra (FEy, Ey,...) on Sm/k, with bonding maps P! A E,, — E, 1,
with the extra data of a symmetric group action ¥, x E,, — FE,, such
that the composite bonding maps (P')"? A E,, — E,, are X, X 3,-
equivariant. Forgetting the symmetric group actions defines the functor
Spt3 (k) — Sptp: (k) which induces an equivalence on the homotopy
categories SH> (k) — SH(k).

The advantage of the category Sptyi (k) is that it admits a well-
defined smash product, which gives Spt: (k) the structure of a tensor
category with unit the symmetric sphere spectrum 1*. In particular,
one has for each ring-object £ € Sptﬂzn (k) the catgory of £-modules in
Spt3i (k). Jardine also shows that the motivic cohomology spectrum
HZ has a canonical lifting to a ring-object HZ € Spt3: (k), giving the
category of HZ-modules. Recently, Ostvar-Roendigs [15] have shown
that the homotopy category of the category of HZ-modules is equiva-
lent to the so-called “big” category of motives over k, DM (k).

In this regard, we make the following working assumption or conjec-
ture:

Conjecture 11.1.1. The functor ®,s, and natural transformation
[x) on SH(k) lifts to a functor ®,s, on Spty (k) to graded objects
in Sptpi (k) and a natural transformation
Mo & DnSn A DpSp — Dpsp 0 A.
of bi-graded functors Spty: (k) ® Spty (k) — Spts (k).
Assuming this conjecture, we have

Proposition 11.1.2. For £ € SH(k), s,€ has a canonical structure
of an sol-module.

Proof. We may represent £ by £ € Sptyi (k). The result then follows
from the above discussion applied to the canonical 1*-module structure
on £. O

11.2. HZ-modules and DM. Following [15], we have the big trian-
gulated tensor category of motives DM (k), containing the triangulated
category of effective motives DM (k). There is an Eilenberg-Maclane
functor

H:DM(k) — SH(k)
sending DM (k) to SH(k), and a “Suslin homology” functor

hs : SH(k) — DM(k),
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which is left adjoint to H and sends SH® (k) to DM (k). We denote
the unit object of DM(k) by Z. There are canonical isomorphisms
H(Z) = HZ, hs(1) = Z.

Theorem 11.2.1 (Ostvar-Roendigs). Via the equivalance of SH>(k)
with SH(k) given by the forgetful functor, the Eilenberg-Maclane func-
tor identifies DM (k) with the homotopy category of HZ-modules in
Spt¥ (k).

This, together with Theorem 9.0.3 and Proposition 11.1.2, yields:
Corollary 11.2.2. For each n there is a functor
M(o,) : SH(k) — DM(k)
and a natural isomorphism H o M(o,,) = o,.
11.3. The spectral sequence.

Definition 11.3.1. Let £ be a P!-Q-spectrum. Define the object e
of DM(k) by
& = M(0,E)[~p].
We have the functor
m : Sm/k — DM(k),
m(X) = hs(UETHX,).
For an object M of DM (k) and X € Sm/k, we have the motivic
cohomology
H"(X, M) := Homp(m(X), M[n])
and the natural isomorphism
Hn(X, M) = HomSH(k)(QI?D?EI%?XJm EQnH(M>>
Theorem 11.3.2. Let £ be a P-Q-spectrum, let E : Sm/k°P — Spt be

the Oth spectrum of € and let X be in Sm/k. Then (after re-indexing)
the homotopy coniveau spectral sequence for E(X) is

EYY =HP(X, 7" &) = m_p o E(X).
Proof. The Fi-term is given by
EPY =g, J(EPPT(X)).
Also E®/P*D s the Oth spectrum in 0,(£), so we have
W—p—q(E(p/pH)(X)) = Homsy i) (5,755 X1, 0,(E))
= Homp mry (m(X)[—p — q], 7 (E)[p])
= (X, 7h(E)).
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As the transformation (p,q) — (p+ 7,9 —r+ 1) sends (2p + ¢, p) to
(2p+q+7r+1,p+r), we can reindex to form an Es-spectral sequence
by replacing H**4 with H” and 7# with 7",

By =P (X, 7" () = 7 E(X).

To aid in concrete computations, we use:
Lemma 11.3.3. We have an isomorphism in DM (k):
Thigl = T (5pE) @ Z(p)[p)-

Proof. The functor ‘H is a tensor functor and there is a canonical weak
equivalence

H(Z(q)[2q] ® M) ~ SLH(M).

where Z(q) is the Tate object in DM (k). Thus, if F is an HZ-module,
we have the canonical isomorphism

M(Z5 F) = Z(q)[29] @ M(F).
By Remark 8.3.2, we have the canonical isomorphisms in DM (k)
Z+q5 M(Up-l-qg)[_p - Q} = M(Up+q( ) 1;1[)5))[_ - Q]

= M(E5104(357E))[—p — 4]
= M(o ( # €)@ Z(p)p — g
= (S E) @ Z(p)[pl-

0

So, for example, if £ is the K-theory P!-Q-spectrum K := (K, K. . .),
then X1, K = K, and 00K = HZ. Thus 7((K) = Z and

m(K) = 5 (K) @ Z(p)[p] = Z(p)[p)-

Remark 11.3.4. This identity does not rely on Conjecture 11.1.1, rather,
we have the isomorphism

H(my () [p])

12

oK
by direct computation.

Thus, our FEs-spectral sequence is the Bloch-Lichtenbaum, Fried-
lander-Suslin spectral sequence [2, 4]

EY? = H (X, Z(—q)) = K_,_,(X).



THE HOMOTOPY CONIVEAU TOWER 65

Remark 11.3.5. The P-Q-spectrum ¢oK:
oK = (K, KW K® )
gives an explicit model for P'-connected algebraic K-theory.

As a second example, we recall that, for £ € SH(k), X € Sm/k, we
have the bi-graded homotopy groups

Eap(X) = Homgy ) (X PT5, %X, €).
Letting £(b) be the Oth spectrum of $%,&, we thus have the identity
Ea,-5(X) = Map2p(E(b)(X)).
Thus we have the spectral sequence
Byt = HP(X, 7 (ZhE)) = m_pg(B(0)(X)) = E_pgman—(X).
Via Lemma 11.3.3, we have
HP (X, 74 (Sp ) = HP(X, 7, (€) @ Z(D)[b])
= HP (X, 7", (€) ® Z(b)).

Thus, making the translation (p, ¢) — (p—b, g—b), we have the spectral
sequence

EYY = HP(X, 7", (E) @ Z(b)) = EPTT4(X).

REFERENCES

[1] Bloch, S., Algebraic cycles and higher K -theory, Adv. in Math. 61 (1986), no.
3, 267-304.

[2] Bloch, S. and Lichtenbaum, S., A spectral sequence for motivic cohomology,
preprint (1995).

[3] Bousfield, A., Kan, D., Homotopy limits, completions and localizations.
Lecture Notes in Mathematics, 304. Springer-Verlag, 1972.

[4] Friedlander, E. and Suslin, A., The spectral sequence relating al-
gebraic K-theory to motivic cohomology, preprint, July 16, 2000,
http://www.math.uiuc.edu/K-theory/0432/index.html.

[5] Friedlander, E., Suslin, A. and Voevodsky, V., Cycles, Transfers and Mo-
tivic Homology Theories, Annals of Math. Studies 143, Princeton Univ.
Press, 2000.

[6] Goerss, P. G. and Jardine, J. F., Localization theories for simplicial presheaves,
Canad. J. Math. 50 (1998), no. 5, 1048-1089.

[7] Jardine, J. F., Stable homotopy theory of simplicial presheaves, Canad. J.
Math. 39 (1987), no. 3, 733-747.

[8] Jardine, J. F., Motivic symmetric spectra Doc. Math. 5 (2000), 445-553.

[9] Levine, M. Mixed Motives. Math. Surveys and Monographs 57, AMS, Prov.
1998.

[10] Levine, M. Techniques of localization in the theory of algebraic cycles, J. Alg.
Geom. 10 (2001) 299-363.



66 MARC LEVINE

[11] Levine, M. Chow’s moving lemma and the homotopy coniveau tower, preprint
2005.
http://xxx.lanl.gov/abs/math.AG /0510201

[12] Morel, F. Al-homotopy theory, lecture series, ICTP, July 2002.

[13] Morel, F. Al-homotopy theory, lecture series, Newton Institute for Math.,
Sept. 2002.

[14] Morel, F. and Voevodsky, V., Al-homotopy theory of schemes, Inst. Hautes
Etudes Sci. Publ. Math. 90 (1999), 45-143.

[15] Ostvaer, P.A., Rondigs, O. Modules over motivic cohomology, preprint 2005.
http://www.math.uni-bielefeld.de/ oroendig/

[16] Quillen, D.Higher Algebraic K-theory I, in Algebraic K-Theory I, Lect.
Notes in Math. 341(1973) 85-147 .

[17] Ostvaer, P.A., Rondigs, O. Motivic spaces with transfer, in preparation.

[18] Spitzweck, M. Operads, Algebras and Modules in Model Categories and Mo-
tives, Ph.D. thesis (Universitdt Bonn), 2001.

[19] Suslin, A., On the Grayson Spectral Sequence, preprint, August 19, 2002,
http://www.math.uiuc.edu/K-theory /0588 /index.html.

[20] Vorst, T., Polynomial extensions and excision for K1, Math. Ann. 244 (1979),
no. 3, 193-204.

[21] Voevodsky, V., Motivic cohomology are isomorphic to higher Chow
groups, preprint, December 17, 1999, http://www.math.uiuc.edu/K-
theory/0378/index.html.

[22] Voevodsky, V., Open problems in the motivic stable homotopy
theory, I, preprint, March, 2000, http://www.math.uiuc.edu/K-
theory/0392/index.html.

[23] Voevodsky, V., A possible new approach to the spectral sequence for
algebraic K-theory, preprint, March, 2001, http://www.math.uiuc.edu/K-
theory/0469/index.html.

[24] On the zero slice of the sphere spectrum, preprint, December 19, 2002,
http://www.math.uiuc.edu/K-theory/0612/index.html.

[25] Weibel, C. A. Homotopy algebraic K-theory, in Algebraic K-theory and al-
gebraic number theory (Honolulu, HI, 1987), Contemp. Math., 83, 461-488,
Amer. Math. Soc., Providence, RI, 1989.

DEPARTMENT OF MATHEMATICS, NORTHEASTERN UNIVERSITY, BOSTON, MA
02115, USA

E-mail address: marc@neu.edu



