Mixed Motiv es

Marc Levine’

Department of Mathematics
Northeastern Univ ersity
Boston, MA 02115

USA

marc@neu.elu

Summary . This isa rst version of the chapter on mixed motiv esfor the K -Theory

Handbook

Contents

1 INTro dUCtiON ... .o e e

1.1 MiXed MOtIVES . ..ottt e e e e e e e
1.2 Notations and COMVEMtIoNS . . . ..ottt et

2 Motivic COMPIEXES ..o

2.1 Weight-two COMPIEXES . . ..ot e
2.2 Beilinson-Lichtenbaum complexes.............ccoviviinenn...
2.3 Bloch'scyclecomplexes. ...
2.4 Suslin homology and Friedlander-Suslin cohomology .. ...........
2.5 Cubical versions. . ...

3  Abelian categories of mixed motives ......................

3.1 Background and conjectures . . ........ouiiiii i
3.2 Motivesby compatible realizations .............. ... ... .. ...
3.3 Motivesby Tannakian formalism ..............................

4  Triangulated categories of motiv es ........................

4.1 The structure of motivic categories...............cccoviiien...
4.2 HUber's construCtion .. ...ttt
4.3 Hanamura's CONStrUCtioON . ...ttt
4.4 Levine's CONStIUCHION . ...t et e e

? The author gratefully acknowledges the support of: the Humboldt Foundation

through the Wolfgang Paul Program and the NSF via grant DMS 0140445.



2 Marc Levine

4.5 Voevodsky's construction .. ....... ..o 52
5 Mixed Tate MOtV €S........coiiiiiiii e 58
5.1 The triangulated category of mixed Tate motives................ 58
5.2 The Bloch cyclealgebraand Lie algebra........................ 61
5.3 Categoriesarisingfromacdga ..............coiiiiiiii. 63
5.4 Categoriesof mixed Tate motives. ..., 69
5.5 Spitzwed's represeration theorem ............................ 71
6 Cycle classes, regulators and realizations .................. 74
6.1 CyclecClasses........oiiiiiiii i 74
6.2 Realizations . ....... ..ot 79
References .. ... o 83

1 Intro duction

1.1 Mixed motiv es

During the early and mid-eighties, Beilinson[Z] and Deligne [24] independertly
described a conjectural abelian tensor category of mixed motives over a given
base eld k, MM , which, in analogyto the category of mixed Hodge struc-
tures, should cortain Grothendieck's category of pure (homological) motives
asthe full subcategory of semi-simpleobjects, but should have a rich enough
structure of extensionsto allow oneto recover the weight-graded piecesof al-
gebraicK -theory. More speci cally, one should have, for eadh smooth scheme
X of nite type over a given eld k, an object h(X) in the derived category
DP(MM ), aswell as Tate twists h(X )(n), and natural isomorphisms

Hompoum ) (L h(X)(MIMD) Q= Kan m(X)™;

where K ,(X)(™ is the weight n eigenspacefor the Adams operations. The
abelian groups

Hy (X:Z(9) := Hompogum ) (1 h(X)()lp))

should form the universal Bloch-Ogus cohomology theory on smooth k-
schemesof nite type; as this theory should arise from mixed motives, it
is called motivic cohomology

This category MM | should on the one hand give a natural framework
for Beilinson's uni ed conjectures on the relation of algebraic K -theory to
valuesof L -functions, and on the other hand, give a direct relation of singular
cohomologyand the Chow ring. For this, conjecturesof Beilinson, Bloch and
Murre [74] suggesta decomposition (with Q-coe cien ts)

h(X)g= & h'(X)[ i]
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for X a smooth projective variety of dimension d over k, with the h'(X)
semi-simpleobjectsin MM Q. This yields a decomposition

H2(X;Q(n) = XL Extin, ', o@:h (X)(n));

since one expects H2"(X;Q(n)) = Ko(X)(™ = CH"(X)q, this would give
an interesting decomposition of the Chow group CH" (X )q. For instance, the
expected properties of the h'(X) would lead to a proof of Bloch's conjecture:

Conjecture 1.1. Let X beasmooth projective surfaceover C with H?(X;Ox ) =
0. Let A%2(X) be the kernel of the degreemap CH?(X) ! Z. Then the Al-
bansesmap x :A2(X)! Alb(X)(C) is an isomorphism.

The relation of the conjectural category of mixed motivesto various gener-
alizations of Bloch's conjecture and other fascinating conjecturesof a geomet-
ric nature, aswell asto valuesof L -functions, hasbeenwidely discussedn the
literature and we will not discussthesetopics in any detail in this article. For
some more details on the conjectured properties of MM ¢ and applications,
we refer the readerto [21, 52, 53, 75, 80, 81, 82, 103, as well as additional
articles in [104 and the article of Goncharov [35] in this volume.

The category MM | hasyet to be constructed. Howewer, in the nineties,
progresswasmadetoward the construction of the derivedcategoryD °(MM ),
that is, the construction of a triangulated tensor category DM (k) that has
many of the structural properties expected of D’(MM ). In particular, we
now have a very good candidate for motivic cohomologyH {, (X; Z(d)), which,
roughly speaking, satis es all the expected properties which can be deduced
from the existenceof a triangulated tensor category of mixed motives,without
assumingthere is an underlying abelian category whose derived category is
DM (k), or eventhat DM (k) has a reasonablet-structure.

In addition to the triangulated candidatesfor D°(MM ), there are also
constructions of candidatesfor MM ; these however are not known to have
all the desired properties, e.g., the correct relation to K -theory.

In this article, we will outline the constructions and basic properties of var-
ious versionsof categoriesof mixed motiveswhich are now available. We will
also cover in somedetail the known theory of the subcategory of mixed Tate
motives that is, the subcategory (either triangulated or abelian) generated
by the rational Tate objects Q(n).

We will make some mertion of the relevance of these construction for
the mod n-theory, the Beilinson-Lichtenbaum conjecturesand the Bloch-Kato
conjectures, but as these themes have been amply explained elsewhere(see
e.g.[32], [59]), we will not make more than passingreferenceto this topic.

The discussionof mixed Tate motivic categoriesin x5 is basedin large part
on a seminaron this topic that ran during the fall of 2002at the University of
Essenwhile | wasvisiting there. | would like to thank the participants of that
seminar, and especially Sviataslav Archava, Najmuddin Fakhruddin, Marco
Sdlichting, Stefan Muller-Stach and Helena Verrill, and for their lectures
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and discussions;a more detailed discussionof mixed Tate motivic categories
arising from this seminaris now in the processof being written. | would also
like to thank the Mathematics Department at the University of Essenand
especially my hosts, HeleneEsnault and Eckart Viehweg, for their hospitality
and support, which helped so much in the writing of this article.

1.2 Notations and conventions

If A( ) is a simplicial abelian group n 7! A(n), we have the assaiated (ho-
mological) complex A( ), with A( ), = A(n) andd, : A(n)! A(n 1) the
alternating sum

X .
d = ( 1YA(;)
j=0
wherethe ; arethe standard co-facemaps.

Welet C (Ab) denotethe category of cohomologicalcomplexes,bounded
below (+) or bounded above ( ). We let C (Ab) denote the category of
homological complexes,bounded below (+) or bounded above ( ). In both
categories,we have the suspensionoperation C 7! C[1], and cone sequences

ATl B! Congf)! A[l]

Thus, in the cohomologicalcategory (A[1])" = A"*! and in the homological
category (A[1]D)n = An 1. We extend thesenotations to the respective derived
categories.

For a sthemesS, we let Schs denotethe category of schemesof nite type
over S, Smg the full sub-categoryof smooth quasi-projective S-schemes. If
S = SpecA for somering A, we write Scha and Sma for Schspeca and
Sm SpecA -

For a noetherian commutativ e ring R, we let R-mod denote the category
of nitely generatedR-modules;for a eld F, we let F-Vec be the category
of vector spacesover F (not necessarilyof nite dimension). If G is a pro-
nite group, we let Qy[G]- mod denote the category of nitely dimensional
Qp-vector spaceswith a cortinuous G-action.

2 Motivic complexes

In this rst section, we beginwith a discussionof Bloch's seminalwork in the
weight-t wo case.We then give an overview of the conjecturesof Beilinson and
Lichtenbaum on absolute cohomology as a prelude to our discussionof mixed
motives and motivic cohomology After this, we describe two constructions
of theories of absolute conomology:Bloch's construction of the higher Chow
groups, and the Friedlander-Suslin construction of motivic complexes. For
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later use, we also give some details on assaiated cubical versions of these
complexes.

The relation of the Zariski cohomology of G, to Ko and K; was well-
known from the very beginning: the Picard group H (X zar; Gm) appears as
a quotient of the reduced K o and the group of global units H°(X zar; Gm)
is likewisea quotient of K 1(X), both via a determinant mapping. Hilbert's
theorem 90 says that H'(Xza;Gm) ! H'(Xet; Gm) is an isomorphism for
i = 0;1; the Kummer sequence

11 ! Gy "Gnp! 1

relates the torsion and cotorsion in H (Xet;Gm) to H (X; ). Rationally,
HY(X zar;Gm) and HO°(X;Gy,) give the weight-one portion of Ko(X) and
K1(X), respectively (the weight-zero portion of Kq is similarly given by
HO(X zar ; 2)).

The idea behind motivic complexesis, rather than arranging K -theory
by the K -theory degree,one can also collect together the piecesof the same
weight (for the Adams operations), and by doing so, one should be able to
construct the universal Bloch-Ogus cohomology theory with integral coe -
cients. For weight one, this is given by the cohomologyof the single sheafG,,
but for weight n > 1, one would need a complex of length at leastn 1.
Later on, the complexesassumeda secondaryrole as explicit represenativ es
for the total derived functors RHomp oy k)(1;h°(X )(n)), where MM is
the conjectural category of mixed motivesover k, seex3.1.

Our discussionis historically out of order, in that quasi-isomorphism of
Bloch's complexeswith the Friedlander-Suslin construction was only con-
structed after Voewvodsky intro duced the machinery of nite correspondences
[10Q and showed how to adapt Quillen's proof of Gersten's conjecture to this
setting in the courseof his construction of a triangulated category of mixed
motives.Howevwer, it is now apparant that one can deducethe Mayer-Vietoris
properties of the Friedlander-Suslin complexesfrom Bloch's complexes,and
conversely one can acheive a more natural functorialit y for Bloch's complexes
from the Friedlander-Suslinversion, without giving any direct relation to cat-
egoriesof mixed motives.

2.1 Weight-t wo complexes

Before a general framework emergedin the early '80's, there was a lively
developmert of the weight-t wo case,starting with Bloch's Irvine notes[8], in
which he related:

1. the relations de ning K, ofa eld F

2. the indecomposableK ; of F

3. the valuesof the dilogarithm function

4. the Borel regulator on K 3 of a number eld.
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Theserelations were made more preciseby Suslin'sintro duction of the 5-term
dilogarithm relation [88], [87], uniting Bloch's work with Dupont and Sah's
study [30] of the homology of SL, and the scissorscongruencegroup. Lichten-
baum [68], building on Bloch's intro duction of the relativeK , of the semi-local
ring F[tlia 1), constructed a length-two complex which computed the weight-
two portions of K, and K 3, up to inverting small primes. Theseconstructions
formed the basisfor the generalpicture, asconjecturedby Beilinson and Licht-
erbaum, aswell asthe later constructions of Goncharov [38], [39], Bloch [13]
and Voewvodsky-Suslin-Friedlander [100.

Blo ch's complexes

In [8], Bloch constructs 3 complexes:

(1) Let F bea eld. Let R(F) = F[tlia v, i.e., the localization of the poly-
nomial ring F [t] formed by inverting all polynomials P (t) with P(0)P (1) 6 0.
Let I (F) = t(1 t)R. We havethe relative K -groupsK , (R; 1), which ts into
a long exact sequence

il Kpar (R Ka(R; DD Kp(R)! Ky(R=I) !
Using the localization sequencen K -theory, we have the boundary map

KZ(R) ! x2 A} nf O;lg;k(x) )

x closed
composingwith K,(R;1)! K32(R) givesthe length-one complex
Ka(Ri1) ™™ ot nr0:1g:K(0) (1)
x closed
Bloch shows
Prop osition 2.1. There are canonical isomorphisms

ker@= K9 (F)
coker@= K,(F)

Here K (F) is the quotient of K 3(F) by the image of the cup-product map
Ki(F) 3! Ks(F).

To make the comparision with the other two complexes,one needsan
extension of Matsumoto's preseration of K, of a eld to the relative case:
For a semi-local PID A with Jacobsonradical J and quotient eld L, thereis
an isomorphism (cf. [101])

Ko(Aid)= 1+J) L =<f (1 f)jf21+Jd>:
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In particular, K,(R;1) contains the subgroup of symbolsf1+ | ;F g; taking
the quotient of (1) by this subgroup yields the exact sequence(assuming F
algebraically closed)

KP(F) | KaRil)
Tory(F ;F ) f1+1;F g’

F F I KyF)! O

(2) Let A(F) be the free abelian group on F nf0; 1g, and form the complex
AF)! F F

by sendingx 2 F nf0;1gto =x (1 x)2F F . By Matsumoto's
theorem, K,(F) = coker( ). Let B(F) be the kernel of , giving the exact
sequence

0! B(F)!' A(F)! F F ! KeF)! O

(3) Start with the exponertial sequence

exp 2 i

or z!t C rct! n

Tensorwith C (over Z), giving the complexC C ! C C and the exact
sequence

0! Ton(C;C)I C! C C! C C! L

The imageof Tor;(C ;C ) in C isthe torsion subgroup;let C bethe torsion-
free quotient, yielding the exact sequence

or crc crc c1!

To relate these three complexes,Bloch de nes two maps on A(C). For
x2 Cnf0;1g,let (x)2 C C bedened by
z
1 1 dt
= = + - —
(x) 5 log(l x) X 1 exp 2T, log(d t) .
In this formula, de ne
z t
dt
log(1 t):= —
0 t
and usethe samepath of integration for all the integrals. Bloch shaows that
(x) is then well-de ned and independert of the choice of path from 0 to x.
Extending to A(C) by linearity givesthe commutativ e triangle

i,

/ .
c C exp2 i id c C:

A(C)
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The secondmap :A(C)! K,(R(C);I(C)) is de ned explicitly by
xt? _
(t 18 xt2(t 1)'t

This all yields the commutativ e diagram

x):=f1

6" 2 K2(R(O); 1 (O)):

K 5(C)nd K2(R;l) tame
0 /Torfécéic ) /fli|6 g c H ¢ —JKa(c) —Jo

0——IB(C) IA(C) Ic ¢ —IK,(c)—Jo

0 /C /C C mlc C —/KZ(C) —/0

where and arethe mapsinduced by and

The dilogarithm
Composing with

multiplyI

C C real part ild R c id IogjjI R R R

yields the map D : A(C) ! R. On generatorsx 2 Cnf0;1g, D(x) is the
Bloch-Wigner dilogarithm
Z

X
D(x) = arg(l x)logjxj Im log(1 t)?:
0

Bloch shows how to relate D to the Borel regulator on K 3(C) via the map .
If F Cisanumber eld and one hasexplicit elemens in B(F) which form
a basisfor K 3(F)" | this givesan explict formula for the value of the Borel
regulator for K 3(F).

Example 2.2. Let F = Q( ), where = exp(%') and " is an odd prime.
An easy calculations shaows that [ '] is in B(F) for all i; one shows that
[ [ ¥2] maps to a basis of K3(F)q under . Using the explicit

i R mi
D(')=1Im e ;
m=1

Bloch computes:the lattice in R* V=2 generatedby the vectors
OCLO:5 DM DCL'C D2 b= e

hasvolume?2 ¢ 1D=2°3C =4 Q pad JL(2: ), where runs over the odd char-
actersof (Z=1Z) and L(s; ) := (n)n S is the Dirichlet L-function.
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The Blo ch-Suslin  complex

Suslin [87] re ned Bloch's construction of the complex A(F) ! F F by
imposingthe v e-term relation satis ed by the dilogarithm function:

b b+ = gl e

]

One chedks that this elemen goesto zeroin F "~ F , giving the complex

A(F)! °F )
with A(F) beingthe above-mertioned quotient of A(F), and (x) = x*(1 Xx).
Sincefx; yg= fy;xg tin K,(F), the cokernelof isstill K,(F); Suslinshovs

Prop osition 2.3. LetF beaninnite eld. Thereis a natural isomorphism
ker = KM (F)=8or(F ;F );

where Bori(F ;F ) is an extensionof Tori(F ;F ) by zZ=2.

Higher weight

The construction of the Bloch-Suslin complex (2) has been generalized by
Goncharov [38], [39] to give complexesC(n) of the form

Ac(N)! Ae(n 1) F ! Ag(n 2) 2F I :::
I A2 "2F ! "F

Theseare homological complexeswith  "F in degreen.

The groups Ag (i) are de ned inductively: Each Ag (i) is a quotient of
Z[F [ flg ]; denote the generator correspondingto x 2 F as[x];. Fori > 2,
the map ‘ ‘

Ac() "F 1 ARG 1) "M TME

sends[x]; to[xi 1 x” forx 6 0;1 and sends[0}, and [1 ] to O.
Ar(1) = F , with [x]; mapping to x 2 F and Ag (2) is the Bloch-Suslin
construction A(F) (set[0] = [1i = [1 ]i = Ofor i = 1;2). The map

AF(@ "PcF 1 "F

sends[x];* tox" (1 x)* forx6 0;1;1.
Tode ne Ag (i) asa quotient of Ag (i) := Z[F[ flg ]fori > 2, Goncharov
imposes\all rational relations": Let Bg (i) be the kernel of

Ae(i)! Ar(i 1) F
XI7H X1 x
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P
For ;n; [Xj (O] in Be (1) (i), t a variable, ead x; (t) de nes a morphism x; :
P! PL,andsoxj(a)2 F[ flg iswell-dened for all a2 F. Let R (i)
AEg (i) be the subgroup generatedby [0], [1 ] and elemerts of the form

X
n; [x; (1] n; [x; (O)];
j ]
with P i N [Xj (1)] 2 Be (1)(i), and setAg (i) := Ag (i)=Rr (i). One cheds that
this doesindeed form a complex.

The role of these complexesand their applications to a number of con-

jectures is explained in detail in Goncharov's article [35]. We will only men-
tion that the homology H,(C(n)) is conjecturedto be the weight n K -group
Kp(F)™M forn p 2n 1.
Remark 2.4. In addition to inspiring later work on the construction of motivic
complexes,Bloch's introduction of the relative K, to study K was later
picked up by Merkurjev-Suslin [71] and Levine [66] in their computation of
the torsion and co-torsion of K ' of elds.

2.2 Beilinson-Lic htenbaum complexes

In the early '80's Beilinson and Lichtenbaum gave conjecturesfor versionsof
universal cohomologywhich would arise as hypercohomology(in the Zariski,
resp. etale topology) of certain complexesof sheaves.The conjecturesdescribe
sought-after properties of theserepreserting complexes.

Beilinson's conjectures

In [5], Beilinson givesa simultaneousgeneralizationof a number of conjectures
on valuesof L -functions (seeKahn's article [56] for details). A major part of
this work involved generalizingthe Borel regulator using Deligne cohomology
and Gillet's Chern classesfor higher K -theory. He also states:

\It is thought that for any schemes§ic] there exists a universalcohomology
theory H) (X;Z(i)) satisfying Poincare duality and related to Quillen's K -
theory in the sameway asin topology the singular conomologyis related to
K -theory. H, must be closelyrelated to the Milnor ring".

The reader should note that, at this point, Beilinson is speaking of a
\univ ersal" cohomologytheory, but not \motivic" cohomology In particular,
one should expect that the rational versionH} (X; Q(i)) is weight-graded K -
theory, and the integral version is related to Milnor K -theory, but there is
as yet no direct connection to motives. In any case,here is a more precise
formulation describing absolute cohomology:

Conjecture 2.5 (Beilinson [6]). For X 2 Smy there arecomplexes za (r),
r  0,in the derived category of sheavresof abelian groupson X z5, (functorial
in X)) with functorial graded product, and
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(0) Zar (0) = Z, Zar (1) = Gm[ 1]

(1) zar(r) is acyclic outside [1;r] forr 1.

() zar(r) “Z=n= R ,"ifnisinvertible onX,where :Xe ! Xzar
is the change of topology morphism.

(3) gr"Kj(X) Q=H? "(Xzar; zar(r))q (or up to small primes)

(4) H'( zar(r)) = KPA-

HereKM is the sheafof Milnor K -groups, wherethe stalk KM, for x 2 X
is the kernel of the symbol map

KPR T soxw KT 4 (k(x):

Lic htenbaum's conjectures

Lichtenbaum's conjectures seemto be motivated more by the seart for an
integral cohomologytheory that would explain the valuesof L-functions. As
the “-part of these values was already seento have a close connection with
“-adic etale cohomology it is natural that thesecomplexeswould be basedon
the etale topology.

Conjecture 2.6 (Lic htenbaum [69, 67]). For X 2 Smy there are com-
plexes ¢ (r), r 0, in the derived category of sheaves of abelian groups on
Xet, (functorial in X) with functorial graded product, and

(0) et(0)=Z, e(1)=GCm[ 1]

(1) et(r) is acyclic outside [1;r] for r 1.

@) R 4(N=0

(3) e(r) “z=n= " if nisinvertible on X.

(4) gr K" = H2" (" (r)) (up to small primes), where K and H# (" e(r))
are the respective Zariski sheaves.

(5) Fora eld F, H"( «(r)(F)) = KM (F).

The two constructions should be related by
rR et(r) = (r); e(r) = zar (r):

The relations (2) and (4) in Beilinson's conjecturesand (2), (3) and (5) in
Lichtenbaum's version are generalizations of the Merkujev-Suslin theorem
(the caser = 2); Lichtenbaum's condition (2) is a direct generalization of
the classicalHilb ert Theorem 90, and also the generalization for K, due to
Merkurjev and Suslin [72]. Theseconjectures,somewhatreinterpreted for mo-
tivic cohomology are now known as the Beilinson-Lichtenbaum conjectures
(see[32] and alsox2.4 for additional details).
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2.3 Blo ch's cycle complexes

In [13], Bloch givesa construction for complexeson X z5; which satisfy some
of the conjectured properties of Beilinson, and whoseetale shea cation sat-
is es some of the properties conjectured by Lichtenbaum. The construction
and basic properties of these complexesare discussedin [32]; we will use his
notations here, but restrict ourselves mainly to the caseof schemesof nite
type over a eld.

Cycle complexes and higher Chow groups

Fix a eld k. In [13], Bloch constructs, for each k-schemeX of nite type and
equi-dimensional over k, and ead integer g 0, a simplicial abelian group
n 7! z9(X;n). The assaiated homological complex z9(X; ) is called Bloch's
cycle complexand the higher Chow groups CHY(X ; n) are de ned by

CHIY(X;n) := H,(29%X; )):

We recall somedetails of this construction here for later use.
The algebaic n-simplexis the scheme

The vertexv' of " is the closedsubstiemede ned by tj = 0, 6 i. More
generally, a face of " is a closedsubstiemede ned by equationsof the form
ti, = :::=:::t, = 0. Welet v(n) denotethe setof verticesof "; sendingi to
v[' de nes a bijection , :n! v(n). The choiceof anindex i 2 n determines
an isomorphism " = A" via the coordinates to;:::;tj 1;ti+1;:::;tnh. Note
that ead faceF " isisomorphicto ™ for som n, wesetdimF ;=
m. Let R, denote the coordinate ring Z[to;:::;th]=( i”:o ti 1).
fg:n !P m is a map of sets,let g : Rn ! Ry be the map de ned
by g (tj) = i2g 1) i (so g (tj) = 0if i is not in the image of g). We
thus havethe map (g): "! M and this forms the cosimplicial scheme
I Sch. More generally, if X is a k-scheme, we have the cosimplicial
k-scheme X

De nition  2.7. For a nite type k-schemeX and integer n, let z,(X;n)
Zp+n (X ") be the subgroup generatedby integral closedsubstiemeW of
X " with

dimy W\ (X F) dimF + p:

for eadh faceF of .
If X is locally equi-dimensionalover k, let zP(X;n) zP(X ") be the
subgroup generatedby integral closedsubshiemeW of X N with

codimx ¢ W\ (X F) p:
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for eadh faceF of .
Forg:n! mamapin ,weletg :zy(X;m)! z,(X;n) bethe map
induced by
gw:=(@d 9 :Zpm(X ™)id g! Zp+n(X "):

If X is locally equi-dimensionalover k, the map g : zP(X;m)! zP(X;n)is
de ned similarly.

The assignmer
n 7! zy(X;n);
(@:n! m) 7' (g 1z(X;m) ! zp(X;n))

forms the simplicial abelian group z,(X; ). We let z,(X; ) denote the as-
saciated complex of abelian groups. If X is locally equi-dimensional over Kk,
we have the simplicial abelian group zP(X; ) andthe complexzP(X; ); if X
has pure dimensiond over k, then zP(X; )= zq o(X; ).

De nition  2.8. Let X be a k-schemeof nite type. Set
CHp(X;n) := n(zp(X; )) = Hn(zp(X; )):
If X is locally equi-dimenisonalover k, we set

CHP(X;n):= o(zP(X; )) = Ha(2°(X; )):

Elemen tary functorialities

The complexesz,(X; ) and groups CH,(X; n) satisfy the following functori-
alities:

1. Letf : Y ! X beapropermapin Schy. Then the maps(f id ») give
rise to the map of complexes
forzp(Y; ) zp(X; )

yielding f : CHp(X;n) ! CHp(Y;n). The mapsf satisfy the functorial-
ity (of) =g f for composableproper mapsf;g.

2. Letf : Y ! X bean equi-dimensionall.c.i.map in Schy with b er di-
mensiond. Then the maps(f id ) giverise to the map of complexes

forzp(X; )Y zZpea(Y; );

yielding f : CHp(X;n) ! CHp+q(Y;n). The mapsf satisfy the functo-
riality (of) =g f for composableequi-dimensionall.c.i.mapsf;g.
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Classical Chow groups
The groups CH(X; 0) are by de nition the cokernel of the map
00 o1 Zper (X511 Zp(X;0) = zp(X)

From this, one hasthe identity CHy(X;0) = CHp(X).

Remark 2.9. All the above extendsto schemesessetially of nite type over
k by taking the evidert direct limit over nite-t ype models. One can also
extend the de nitions to schemeove nite type over aregular baseB of Krull
dimension one : for X ! B nite type and locally equi-dimensional, the
de nition of zP(X; ) is word-for-word the same. The de nition of z,(X; )
for X a nite-t ype B-schemerequiresonly a reasonablenotion of dimensionto
replacedimy. The choicemadein [62] is asfollows: Supposethat B is integral
with genericpoint . Let p: W ! B beof nite type,with W integral. If the
generic b er W is non-empty, setdimW := dim, y W + 1;if on the other
hand p(W) = x is a closedpoint of B, setdim W := dimy ) W. In particular,
onehasa good de nition of the higher Chow groupsCH,(X; n) for X of nite
type over the ring of integersOf in a number eld F.

Fundamen tal prop erties and their consequences

We now list the fundamertal properties of the complexesz,(X; ).

Theorem 2.10. [Homotopy property [13]] Let X be in Schy and let
X Al X betheprojection. Thenthemap :zp(X; )! zpaa (X AL )
is a quasi-isomorphism,i.e., themap  : CHp(X;n)! CHpa (X Al;n)is
an isomorphismsfor n = 0;1;:::.
Theorem 2.11. [Localization [10]] Let X bein Schy, leti : W ! X bea
closal subschemeand j : U ! X the open complement X nW. Then the
sguen@

Zp(W: ) 1 z(X: ) (Ui )
induces a quasi-isomorphism

zp(W; ) ! Cone(zp(X; ) I zp(U; N[ 1l

Denition 2.12. Letf : Y ! X be a morphism in Schg, with Y and
X locally equi-dimensionalover k. Let zP(X;n);  zP(X;n) be the subgroup
generatedby irreducible W X "with 1W 2 zP(X;n)and1 Z 2 zP(Y;n)
for ead irreducible componert Z of (id f) (W). This forms a subcomplex
ZP(X; ) of ZP(X; ).

Theorem 2.13. [Moving Lemmal63, Part I, Chap.Il, x3.5]] Letf :Y ! X
be a morphism in Schy with X in Smy. SupmpseX is either ane or projec-
tive over k. Then the inclusion zP(X; ) ! zP(X; ) is a quasi-isomorphism.

Theseresults have the following consequences
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Ma yer-Vietoris

Let X bein Schy, U;V X open substhiemeswith X = U][ V. Then the
sequencegthe maps are the evident restriction maps)

zp(X; )P zp(U; ) zp(V5 ) U\ V)
givesa quasi-isomorphism
Zp(X; )1 Congzp(U; ) zp(V; ) ! zp(UN V; ) 16
This yields the usual long exact Mayer-Vietoris sequenceor the higher Chow
groups.
Functorialit y

Letf : Y ! X bea morphismin Schy with X 2 Smy and Y locally equi-

let U =\ Uy, dene V, similarly, and let f; : U, ! V; be the morphism
induced by f.

Form the Cech complexzP(U; ) asthe total complexof the evidert double
complex

iZP(Uis )Y g ZP(U\ Uy )t 2PN U )

and de ne zP(V; ) similarly. Replacing zP(U,; ) with zP(U,; );, yields the
subcomplexzP(U; )¢ of zP(U; ); the pull-backsf, yield the map of complexes

f zZPU; ) ! ZP(V; )

By the moving lemma (Theorem 2.13), the inclusion zP(U; ) ! zP(U; ) is
a quasi-isomorphism.We thus have the morphism f :zP(X; )! zP(Y; )in
D (Ab) de ned by the zig-zagdiagram

ZP(X; )t ZP(U; ) ZP(U; )¢ i Z°(V; ) ZP(Y; )

Oneshawsthat this makesthe assignmemn X 7! zP(X; )2 D (Ab)intoa
functor zP( ; ):Sm" ! D (Ab). In particular, X 7! CHP(X;n) becomes
a functor

CHP( ;n):Sm*! Ab:

Pro ducts

The cycle complexesadmit natural assaiative and commutativ e external
products
[xy 1zp(X5 ) zg(Y; ) ! Zpeg(XY5)
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in D (Ab); for X smooth over k, one has natural cup productsin D (Ab)
[x = [xx =2P(X; ) z29X; )1 ZPP9(X; ),

where :X ! X X isthe diagonal. The cup products make ,zP(X; )
an assaiative commutativ e ring in the derived category, with unit the fun-
damertal classl X 2 z°(X;0). In particular, this makes ,qCHP(X;q) into
a bigraded ring (commutativ e in the p-grading, graded-comnutativ e in the
g-grading), functorial in X.

One easily veri es the projection formula

p [ )= 1[p

for apropermapp:Y ! X in Smy.

The external products are essetially given by the usual external product
of cycles. Howevwer, as the external product of cycle on X " and a cycle
onyY M yields a cycleon X Y n M not acycleon X Y

n+mthe natural target of the external product is the total complex of the
double complex zp+ (X « Y; ; ), where zP(X  Y;n;m) is the subgroup
of Z°(X Y n ™) of cyclesin good position with respect to \bi-
faces"X Y F FO0 Onethen needsto map Totzp: (X «Y; ; ) back to
Zp+q(X «Y; ), in the derived category. There are two techniques for doing
this:

1. Usethe standard triangulation of " M into n + m-simplices
2. Show that the inclusion

Zorg(X kY5 )= Zpeg(X  «Y; ;0)  Totzp:gq(X «Y; ;)

is a quasi-isomorphism

Both thesetechniqueswork and give the sameproduct structure, seee.g.[64]
or [33] for details.

Pro jectiv e bundle form ula

For an invertible sheafL on X 2 Smy, we may choosea Cartier divisor D
on X with Ox (D) = L. SendingL to the classof D in CH(X;0) = CH}(X)
givesa homomorphism

c1: Pic(X)! CHY(X;0):

If E! X isalocally freesheafofrank n+ 1,andq: P(E)! X the assai-
ated P"-bundle Projo, (Sym E), we havethe tautological invertible (quotient)
sheafO(1) on P(E); let := ¢1(O(1)). CH (P(E); ) isa CH (X; )-module
viaq ;infact, CH (P(E); )isafreeCH (X; )-modulewith basisl; ;:::; ".
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Relation with K -theory

Once one has the projective bundle fomula, one can apply the technique of
Gillet [34] to give natural Chern classmaps

Cpg - K2g p(X)! CHY(X;29 p)
and a multiplicativ e Chern character
ch :K (X)o! pqCHP(X;0)q
We let K (X )® denote the weight p subspaceof K (X )q, i.e.
Kn(X)P = fx 2 Kn(X)q)j «k(x)=kP xforallk 2g;

where  is the kth Adams operation on K, (X).

Theorem 2.14 ([64], [10]). Let X bein Smy. The Chern character givesa
isomorphism
Kn(X)P I CHP(X;n)q:

Milnor K -theory
As a special caseof Theorem 2.14, we have the isomorphism
CH"(F;n) = K, (F)™

for F a eld. From work of Suslin [89], we know that the canonical map of
Milnor K -theory to Quillen K theory identies KM (F)q with K,(F)™. In
fact, one has

Theorem 2.15 (Nestorenk o-Suslin [76], Totaro [92]). Let F bea eld.
There is a natural isomorphism
KM(F) = CH"(F;n):
The casen = 1 is a special caseof the result in [13]:

Prop osition 2.16. Let X bein Smy. Sendinga unit u2 H9(X;0,) to the
subschemeglu  1)t; = u of X 1 de nes an isomorphism H%(X; Oy ) =
CHY(X;1). For n 6 1, CH}(X;n) = 0.

2.4 Suslin homology and Friedlander-Suslin  cohomology

We describe Suslin's construction of \abstract homology" for algebraic vari-
eties, and various modi cations. For further details on this construction, we
refer the readerto the article [42] in this volume.
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Finite cycles and quasi- nite cycles

De nition 2.17. TakeY in Smy and X in Schy.

(1) Let z, (X)(Y) bethe subgroupofz (Y X) generatedby integral closed
subshemesW Y X suchthat p; :W ! Y is nite and dominant over
an irreducible componert of Y.

(2) Let zg.n (X)(Y) be the subgroup of z (Y « X) generatedby integral
closed subshemesW Y X suchthat p : W ! Y is quasi- nite and
dominant over an irreducible componert of Y.

For a morphism f : Y°! Y in Smy, the morphismf id:Y% X !
Y « X is anl.c.i.-morphism; the niteness, resp., quasi- niteness conditions
imply that cycle-pull-badk giveswell-de ned homomorphisms

forzn (X)Y)! zn (X )(YO);f Y Zgin (X)(Y)! Zg:n (X)(Y);

making z, (X) and zq4; (X) into presheaesof abelian groupson Smy. It is
easyto seethat theseare in fact sheavesfor the etale topology on Smy.

Let F be a presheafof abelian groups on Smy. For Y 2 Smy, we may
apply F to the cosimplicial schemeY , giving the simplicial abelian group
F(Y ).

De nition  2.18. Let F be a presheafof abelian groups on Smy. (1) The
Suslin complex CSUS(F) is the complex of presheaes

Y 71 CSUS(F)(Y);

where CSUS(F)(Y) is the complex assaiated to the simplicial abelian group
F(Y ).
(2) For Y 2 Smy, write Zgs.y (q) for the (cohomological) complex of sheares
on Yzar
U7! Coq (Zg:n (AY))(U):
Nis

and Zgs(q) for the corresponding complex of sheavreson Smy .
(3) For X 2 Schy, and abelian group A, the Suslin homolagy of X , H SUS(X ; A)
is de ned by
HR'S(X; A) = Hn (C™%(zn (X)(K)  A)):
(4) For Y 2 Smy, the Friedlander-Suslin cohomola@y H Ps(Y; A(d)) is de ned

by
HEs(Y;A(Q) = HP(Yzar; Zrsy (@) A):

Remark 2.19. Let F be a presheafon Smy. The homology presheafon Smy
Y 7! Ha(CS(F)(Y))
is homotopy invariant, i.e., the natural map
P i HA(CSS(F)(Y)) ! Ha(CSS(F)(Y AY)
is an isomorphism. Seee.g.[100, Chap. 3, Prop. 3.6] for a proof.
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Comparison with the higher Chow groups

For

W 2 z4:n (AT)(Y ") %Y A "),
and F " a face, the intersection W\ (Y A9 F) is quasi- nite over
Y F, hence

codimy as W\ (Y A% F) q
Thus, we have inclusions
Zg:n (AN(Y ") Z%Y  A%n) zZ%(Y A% M),
giving the inclusion of complexes
¥ C (Zgin (AD)Y)! 2%(Y AT ):

Let Zg.v (g) be the sheafof (cohomological) complexeson Yz, assaiated
to the presheaf
u7zziqu A%2q9 )

The maps |} thus give the map of shearesof complexes
9 Zesy (@ ! Zeiiv (9)
The main result of this sectionis

Theorem 2.20 (Suslin [100, Chap. 6]). The map % : Zgsv(Q) !
Zg v (g) is a quasi-isomorphismfor all Y 2 Smy.

Corollary 2.21. LetY bein Smyg. Then 9 inducesan isomophism
HES(Y:Z(d) ! CHY(Y:2q p):

Proof of the corollary. By the Mayer-Vietoris property for the complexes
z4%U A% ), the natural map

Hog n(Z9Y A% ) ! H"(Yzar; Zeioy (9)

is an isomorphism for all n. By the homotopy property (Theorem 2.10), the
pull-back map
p :z%A% )! z%Y AY;)

is a quasi-isomorphism,so we have the isomorphisms
CHIY(Y;2q9 n) = Haq n(z%(Y; )) = Haq n(2%Y A% )):
Thus, we have isomorphisms

HEs(Y: Z() = HP(Yzari Zesyy (@) = CHY(Y;2q  p):
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The proof of Theorem 2.20 goes in two steps: First one uses Suslin's
technique [100, Chap. 6, Thm. 2.1] to show that C (zq. n (A%)(SpecF)) !
z9(A?; ) is a quasi-isomorphismfor F a eld. One may then useany one of
seweral versions of a result of Voewodsky, that for F a homotopy invariant
presheafwith transfers, O the local ring of a smooth point on a scheme of
nite type over k with quotient eld F, the map

F(O)! F(F)

is injective. One particular niceway to do this is the versiondueto Ojanguran-
Panin [79], which allowsoneto useafairly restricted form of transfers, namely:

1. Forf : X ! Y a nite separablemorphism in Smy, there is a homomor-
phismf :F(X)! F(Y).

2. Letf : X ! Y beasin (1), letip : D! Y be the inclusion of a smooth
divisor, and supposethat f :E:= X D! Disetale.Letig :E! X
be the inclusion. Then f i =iy f .

It is not hard, using the moving lemma (Theorem 2.13) to show that the
presheaf
Y 7! Hn(Cone( 1))

has the structure of a presheafon Smy with Ojanguran-Panin transfers; as
this presheafvanisheson elds, it followsthat 9 is a quasi-isomorphism.

Remark 2.22. Via Proposition 2.16 and Theorem 2.20, we have an isomor-
phism
u:Gm[ 1]! Zes(1)

in D (ShY'S(Smy).

The mod-n theory

Suslin and Voewodsky show in [86] that, for an algebraically closed eld k
and n prime to the characteristic of k, and for A a regular Henselianlocal k
algebrawith residue eld k, there is a natural isomorphism of complexes

Zrs(c)(SpecA) b Z=n= ,9)(SpecA)

(actually, this is only shown for k of characteristic zero, but using de Jong's
theory of alterations, the same argument works in positive characteristics).
This veri es part (3) of Lichtenbaum's conjectures?2.6.

The analogousconjecture, part (2) of Beilinson's conjectures 2.5, which
essetially assertsthe existenceof a natural isomorphism

HP(F;Z=n(g)) = H&(F; %)

for elds F nitely generatedover a chosenbase- eld k (not necessarilyalge-
braically closed)was shown in [90] and later in [33] to be equivalent to the
Bloch-Kato conjecture:
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Conjecture 2.23 ([17]). Let F bea eld, n aninteger prime to the charac-
teristic of F. Then the Galois symbol

Kg (F)=nt HE,(F; ,9

is an isomorphism.

K(';"_(F) to the cup product I(aq) [ :::[ I(aq), wherel(a) 2 HL, (F; n) is
the imageof a2 F under the Kummer sequence

HEy(FiGm) ' HE(FiGm)! HEa(F n):

This conjecture is known as the Bloch-Kato conjecture. One reducesdi-
rectly to the casen = ~ , * a prime. The case’” = 2 is also known as part
of the Milnor conjecture [73] proven by Voewvodsky [99], [98]. The caseof odd
" has beenrecertly reducedby Voevodsky [93] to results of Rost (as yet un-
published) on the construction and properties of so-called\generic splitting
varieties".

2.5 Cubical versions

One can also use cubes instead of simplices to de ne the various versions
of the cycle complexes.The major advantage is that the product structure
for the cubical complexesis easierto de ne, and with Q-coe cien ts, one can
construct cycle complexeswhich have a strictly commutativ e and assaiative
product. This approac is usedby Hanamura in his construction of a category
of mixed motives,aswell asin the construction of categoriesof Tate motives
by Bloch, Bloch-Kriz and Kriz-Mayy.

Cubical complexes

Let ( ;@ ') denotethe pair (A';f0;1g), and ( "; @ ") thg n-fold product
pf ( 1@ 1). Explicily, " = A", and @ " is the divisor (X = 0)+

i”:l (xi = 1), where x1;:::;Xn are the standard coordinates on A". A face
of " is afaceof the normal crossingdivisor @ ", i.e., a subshiemede ned
by equationsof the form t;, = 1;:::;t, = s, with the ; in f0; 1g. If a face
F hascodimensionm in ", wewrite dimF =n m.

For 2f0;lgandj 2 f1;:::;;ngwelet . : M 11 " be the closed

embedding de ned by inserting an in the jth coordinate. Welet ; : ™!

n 1 pe the projection which omits the jth factor.

De nition  2.24. Let X be in Schy. Let 2p(>(;n)Cb be the subgroup of
Zp+n (X ") generatedby integral subshbiemesW X " such that

dim¢W\ (X F) p+dmF;
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If X is equi-dimensional over k of dimension d, we write 2P(X;n)% for
24 p(X;n)° and extend to locally equi-dimensionalX by taking direct sums
over the connectedcomponerts of X .

Clearly the pull-back of cycles ;. : 2,(X;n)® I 2,(X;n 1)® and
;2N 1P 2(X;n)® arede ned. Welet z,(X;n)® be the quotient
X
Zo(X;n)® = 2(X;n)P= (2p(Xin D))
j=1

One easily cheds that

X _ X _
(Dt (1 Fhor2(Gm®l 2(X;n 1)
j=1 j=1
descendgo
dn 1 Zp(X;N)® 1 Z(X5n 1)
and that d, 1 dy = 0. Thus, we have the complex z,(X; )0, and for X
locally equi-dimensionalover k the complex zP(X; ).
We let Zgx (p)°® denote the shea cation of the presheafon X zo,, U 7!
(U AP; ), p
Replacing zP(X;n)® with zq. n (AP)(X M= jn=1 i Zg:n (AP)(X
" 1) and using the similarly de ned di erential, we have the cubical version
of Suslin'scomplex, C®(zq. n (AP)(X)) and the sheafof complexesZgs.x (p)°
on Xzar.

Cub es and simplices

The main comparisonresults are
Theorem 2.25. Let X bein Schg. (1) Thereis anisomorphismin D (Ab)

2p(X; )P = zp(X; );

natural with respect to at pull-back and proper push-forwad.
(2) There is a natural (in the same sense as alove) isomorphism in
D (Ab)
c:Cb(zq: n (AP))(X) = C (zq:n (AP)(X)):
The proof of (1) is givenin, e.g., [64, Thm. 4.7]; the sameargumert (in
fact somewhateasier)also proves(2).
This has asimmediate corollary:

Corollary 2.26. For X 2 Smy, there is an isomorphism in the derived
category of sheaveson X zo

Zeix (D = Zesix (0);
natural with respect to pull-back by mapsin Smy.
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Remark 2.27. Let f : Y I X be a morphism in Schy, with X and Y lo-
cally equi-dimensional over k. One can de ne the subcomplex zP(X; )§°

zP(X; ) asthe cubical version of the subcomplexzp(X; ) zp(X; ). The
argumert of [64, Thm. 4.7]mentioned above showsin addition that the isomor-
phism zp(X; )® = z,(X; ) inducesan isomorphismzP(X; ) = zP(X; )f,
and thus, in caseX is in Smy and is ane, the inclusion zP(X; )& !
ZP(X; ) is a quasi-isomorphism. Thus, sending X to zP(X; ) extends
to a functor

Z°(;)®:SmP! D (Ab):

This explains the naturalit y assertionin the above corollary.

Pro ducts

As already mentioned, the cubical complexesare corveniert for de ning prod-
ucts. Indeed, the simple external product of cycles(after rearrangingthe terms
in the product) de nes the map of complexes

[ xy 1 zp(X; )P zq(Y; )% 1 Zp+ g(X kY, )eP
Thus, we have a cup product
[x = x [xx :2°(X; )™ 290¢; )P0 2P79(X; )

in D (Ab), and the isomorphism of Theorem 2.25respectsthe two products.

Alternating  complexes

The symmetric group , acts on z,(X; n)°® be permuting the factors of .
Extending coe cien ts to Q, we let zy(X;n)A" be the subspaceof zy(X ; n)gb
on which " acts by the sign represeration, and let A : zp(X;n)f?b !
z,(X;n)At be the ( -equivariant) projection on this summand. One cheds
(see[11, Lemma 1.1]) that the dierential on z,(X; )gb descendsto give a
map

Atz (Xom)At Lz (Xn DAt

forming the subcomplex z,(X; )A" of z,(X; )&.

Lemma 2.28 ([64, Thm. 4.11]). Theinclusion zy(X; )At 1 z,(X; )@ is
a quasi-isomorphism,with inversethe alternating projection A 1 Zp(X; )°QID !
Zp(X; )Alt'

We may de ne an external product on the alternating complexesby

R = g Dxy 12P06 )M 290y )M 1 ZPRaX Y AT

This agrees(up to homotopy) with the product onz ( ; )gb.
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In particular, for X = Speck, we have the commutativ e, assaiative prod-
uct
[ Alt : Zp(k; )Alt Q Zq(k; )Alt | ZP* q(k, )Alt :

satisfying the Leibniz rule
d(a[ Alt b) — da[ Alt b+ ( 1)degaa[ Alt b:

We will seein x5.2 how the complexeszd(k; )A form a (graded) commu-
tativ e di erential gradedalgebraover Q, which may be usedto give a concrete
description of the category of mixed Tate motivesover k.

3 Ab elian categories of mixed motiv es

Wewill now proceedto examineframework proposedby Beilinson and Deligne
for a category of mixed motiv esin somewhatmore detail. Beforedoing so, how-
ever,wewill x someideasconcerningBloch-Oguscohomologyand Tannakian
categories.Having done this, we give a formulation of someof the hoped-for
properties of the abelian category of mixed motives, and then describe two
very di erent approachesto a construction. The rst, following Jannsenand
Deligne, attempts to de ne a \mixed motive" by its singular/ etale/de Rham
realizations. The second,due to Nori, rst considersthe ring of natural endo-
morphisms of the singular cohomologyfunctor on pairs of schemes,and then
de nes a mixed motive as a module over this ring (roughly speaking). As we
merntioned in the introduction, it is not at all clear what relation K -theory
hasto the cohomologytheory arising from these constructions.

We will not discussthe theory of \pure" motiveshereat all. As areference,
we refer the readerto the relevant articles in [104], aswell as[56, Section 3] in
this volume, wherein addition someof the material in this sectionis handled
in shorter form.

3.1 Background and conjectures

We formulate a version of Bloch-Ogus cohomology somewhatmodi ed from
the original de nition in [19]to t our purposes.We recall somenotions from
the theory of Tannakian categories,and then give a version of the properties
onewould like in an abelian category of mixed motives.

Blo ch-Ogus cohomology

Let () := . o (n) bea graded object in C(Sh** (k)) (with  (n) in
graded degree2n), together with a gradedproduct : () - ()! ()
in D(Sh* (k)). For X 2 Smy, we set

H"(X;m):= H"(Xzar; (m))
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and for W X a closedsubset, set
Hn;w (X;m) := Hy (Xzar; (M)):

We note that, if W W X are closedsubsetsof X 2 Smy, we have the
natural map
H%y (Xsm) t Hyo(X; m):

De nition  3.1. Wesay that ( ) de nes a Bloch-Oguscohomolay theory if

1. The product is assaiative and commutativ e in D (Sh*" (k)).

2. () is homotopyinvariant: p :H (X;m)! H (X A';m) is an iso-
morphism for all m.

3. () satises purity: Let W X be a closedsubset, with X 2 Smy. If
codimy W g for someinteger g, then H p;w (X;q) = 0for p< 2q.

4. () admits natural cycle classesLet W X be an irreducible closed
codimension q subsetwith X in Smy. Then there is a fundamental class
[W]2 H?, (X;q) satisfyig:

a) Naturality: Let z =p i NiW; bein z9(X), let W be the support of
z, and setcl(z) = ; ni[Wi] 2 HZ?W(X;q). Letf : Y ! X bea
morphism in Smy sud that f (W) has codimensiongon Y. Then

f(cl(2) = cl(f (2)) 2H (Y0

b) Gysin isomorphism Supposethat W X is a pure codimension q
closed subset, with X and W in Smy. Suppose that the inclusion
i : W ! X issplit by a smooth morphismp: X ! W. Then the

composition
HYw;m) A Hocm) T H2a00m + )
’ . ’ . ‘W ’
is an isomorphism.
¢) Products For X; 2 Smy, z 2 z%(X;) with support Wi, i = 1;2, we

have
cl(zi  zz) = picl(z1) [ pocl(z2)
in HZ?\}\,ZZq\j,Z(Xl K X2 + ).
5. Coecients : Forp: X ! Speck in Smy, X irreducible, the map
p :H%(Speck;0)! H%(X;0)
is an isomorphism.

The functor X 7! pqHP(X;0) is called the Bloch-Ogus theory on Smy
represental by (). The ring H°(Speck;0) is called the coe cient ring of
the theory

Remark 3.2, This notion of a Bloch-Ogus cohomology theory is somewhat
more generalthan that consideredby Gillet in [34], in that Gillet requires
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1. A structure map Gn[ 1]! (1) in D(Sh® (Smy)).
2. The complexes (n) should be in C* (Sh*®" (k)).

The existenceof the structure map (1) follows from the cycle classmap dis-
cussedn x6.1; seeRemark 6.4 for a precisestatemert. Allowing the (q) to be
unboundedforcesoneto take a bit more carein the de nition of the universal
Chern classeson the simplicial ind-schemeBGL, in that one needsto usethe
extenda total complexto dene (n)(BGLy):

Y
(N)(BGLN)™ = (M™ P(BGLn )p;
p o

and then take
(n)(BGL) = Ii’[ln (n)(BGLy):

Having madethis de nition, Gillet's argumert extendsword-for-word to allow
for (n) 2 C(Sh* (k)), giving a good theory of Chern classes

¢ Ko p(X) ! HP(X;0)

for a Bloch-Ogustheory in our sense.

Examples 3.3. The standard cohomology theories: singular cohomology -
adic etale cohomology de Rham cohomology and Deligne cohomology are
all exampleswhich can be t into the framework of the above. Also, motivic
cohomology represerted by  (n) := Zgs(n) (seex2.4), is an example.

Tannakian formalism

We use[22, 28, 83] as referencesfor this section.

Let F be a eld. An F-linear abelian tensor category A is called rigid if
there existsinternal Homsin A, i.e., for ead pair of objects A; B of A, there
is an object Hom(A; B) and a natural isomorphism of functors

(C 7' Homa (A C;B)) = (C 7! Homa (C;Hom(A; B))):

For example,the abelian tensor categoryof nite-dimensional F -vector spaces,
F-mod, hasthe internal Hom Hom(V; W) := V- W.

An F-linear rigid abelian tensor category A is a Tannakian category if
there exists an exact faithful F-linear tensor functor to F ®mod for some eld
extensionF % of F; such a functor is called a ber functor. If a b er functor to
F-mod exists, we call A a neutral Tannakian category.

The primary example of a neutral Tannakian category is the category
Repe: (G) of represertations of an ane group schemeG over F in nite di-
mensional F -vector spaces;the forgetful functor Rep: (G) ! F-mod is the
evidert b er functor. Note that, if A is the Hopf algebra (G;Og), sothat
G = SpecA, then Repe (G) isisomorphicto the category of co-represetations
of A in F-mod, co-rep: (A).
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Neutral Tannakian categoriesare of interest becausethey are all given as
categoriesof represenations: If A is a Tannakian category over F with b er
functor ! : A'! F-mod, then there is an ane group schemeG over F with
a canonicalisomorphism

G(F) = Aut(!)

and an equivalence of A with Rep (G) with ! going over to the forgetful
functor. G is canonically determined by A and ! , and di erent choicesof !
lead to isomorphic G's. G is called the Galois group of A.

The category of mixed motiv es

In [2] and [24], a framework for a category of mixed motivesover a base eld
k is proposed. There are many articles describing the consequencesf such a
theory, e.g., [21, 53, 75. We give here a quick description of the properties
one should expect in this category, derived from [2] and [24].

Conjecture 3.4. Let k be a eld. There is a rigid tensor category MM ¢
containing \T ate objects" Z(n), n 2 Z, and a functor

h:SmP! D°(MM )

such that

1. Setting Hy (X;Z(q)) := Extly,  (L;h(X) Z(g), the functor X 7!
pqHE (X;Z(Q)) is the universalBloch-Oguscohomologytheory on Smy.
2. Let be a Bloch-Ogustheory on Smy, and R : Sm;* | D(Ab) the
functor X 7! ~(q)(X), where ~(g)(X) is asin x3.1 the global sections
on X of a functorial asque model for (q). Then there is a \realization
functor"
< :MM ¢! D(Ab)

sudh that the induced map D°< : D°(MM ) ! D(Ab) yields a fac-
torization of R asDP<  R. Applying HP yields the canonical natural
transformation

HE (X;Z(@) ¢ HP(X;0)

given by (1).

3. In the Q-extensionMM ¢  Q, the full subcategory of semi-simpleobjects
is equivalent to the category M ¢ of homological motives over k, and for
ead X 2 Smy, the object h' (X)(q) := H'(h(X)) Q(q) isin M .

4. For X smooth and projective over k, there is a decomposition (not neces-
sarily unique) in D®(MM , Q)

h(X)g= 2™ X hi(X)[ il:
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5. Let :k! C,andlet <gpng; bethe reali_zation functor corresponding to
singular cohomologyH g, (X (C);Z(2 i)'), whereX (C) is the analytic
manifold of C-points of X ¢ C. Then the functor

H° <sng: :MM ¢ Q! Q-mod

is a b er functor, making MM ¢ Q a neutral Tannakian category over
Q. Also, if < is the realization functor correspondingto X 7! H (X «

k;Qi( ), then
H? < :MM ¢ Q! Q--mod

isa b er functor, making MM Q- a neutral Tannakian category over
Q.

6. For eacth object M in MM , there is a natural nite weight Itr ation
0o=wW, M WM i WM = M:

The gradedquotients gr,, M arein M i (after passingto the Q-extension).
For M = hi(X), the weight ltration is sert to the weight Itration for
singular cohomology respectively etale cohnomology under the respective
realization functor.

7. There are natural isomorphisms

H (X;Z(0) Q= Ko p(X)@:

Theseshould arise from a natural spectral sequenceof Atiy ah-Hirzebruch

type _
Eg'q = Hy& X;Z( ) =) K p q(X);

which degeneratesat E, after tensoring with Q.

Remark 3.5. Rather than limiting oneselfto motivesover a eld k, Beilinson
suggestsin [2] that one should look for a theory of \mixed motivic sheaves"
MM =S over a base-sbeme S, analogousto the category of say sheaes of
abelian groups or perverse sheases or constructible etale sheares, or mixed
Hodgemodules.In any case,onewould want to havethe Grothendiedk-Verdier
formalism of four functors f , f , f, and f', as well as a relation with K -
theory and the realization properties analogousto D°(MM ). However, as
suggestedby Deligne [21], one might ask rather for a triangulated tensor
category D(S) with at-structure whoseheart is the abelian category MM =S,
but without necesarily requiring that D?(MM =S) = D(S). Voevodsky [95]
has axiomatized the situation in his theory of \crossed functors”, and has
announceda construction of a category of mixed motivesover S which satis es
the necessaryconditions. As the theory is still in its beginning stages,we will
not discusstheseresult further.
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The motivic Galois groups

Suppose k admits an embedding : k! C, giving us the b er functor
F = H? <gpng over Q corresponding to singular conomology Let MotGal
bethe Galois group of the Tannakian categoryMM ¢ Q, and let MotGal° be
the Galois group for the semi-simplesubcategory M . Taking the assaiated
graded for the weight Itration de nes a functor MM ! My, and hence
a homomorphism MotGal;® ! MotGaly splitting the map induced by the
restriction functor MotGaly, ! MotGal}°. The map MotGaly® ! MotGal is
thought of as an analog of the map on the algebraic ;:

(X5 )b (X))

corresponding to the projection X = X (k! X for a scheme X over k.
The split surjection MotGal, ! MotGal}® yields the exact sequence

1! B! MotGal,! MotGal! 1;

B, isa connectedpro-unipotent algebraic group schemeover Q, encaling the
extensioninformation in MM .

One canrestrict to the category of mixed Tate motives TM , i.e., the full
abelian subcategory (of MM ¢ Q) closedunder extensionsand generatedby
the Tate objects Q(n), n 2 Z. The abelian subcategory TM ¢ of TM ¢ generated
by the Q(n)'s is equivalent to the category of graded nite dimensional Q-
vector spacesij.e., the category of represernations of G, in Q-mod. As taking
the assaiated graded for the weight ltration de nes an exact tensor functor
TMy ! TMy splitting the inclusion, we have the split surjection

GalTMg! Gn! 1

with kernel Uy a pro-unipotent algebraic group with G, -action. Since the
action of G, just givesthe information of a grading, we thus have an equiv-
alence of TM with the category of graded represerations of Uy on nite
dimensional Q-vector spaces.More about this in section5 on Tate motives.

3.2 Motiv es by compatible realizations

Building on Deligne's theory of absolute Hodge cycles[28], Jannsen[54] con-
structs an abelian category of \sim ultaneous realizations", as an attempt to
capture the idea of a mixed motive by looking at structures modeled on singu-
lar, de Rham and etale cohomology together with comparisonisomorphisms
betweenthesestructures. The known comparisonshetweensingular, de Rham
and etale cohomologyof a scheme X yields objects H"(X) in this category,
and a reasonableapproximation to a good catgory of motives is the sub-
abelian category generatedby theseand their duals. Deligne has also given a
construction from this point of view in [23], adding a crystalline componert
to the collection of realizations. The viewpoint of compatible realizations has
alsobeenusedin the setting of triangulated categoriesby Huber [48], seex4.2
for somedetails of this construction.
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The category of realizations

Let k be a eld nitely generatedover Q, k the algebraic closure of k. Let
Gk = Gal(k:k). Form the category of mixed realizations MR, with objects
tuples of the form H := (Hpr;H-;H ;11 . ;1+ ), with * running over prime
numbers, over embeddingsk! C and over embeddingsk! C, where

(8) Hpr is a nite dimensional k-vector spacewith an exhaustive decreasing
ltration F"Hpgr, and an exhaustive increasing ltration W, Hpg.

(b) H- is a nite-dimensional Q--vector spacewith a cortinuous Gg-action,
and an exhaustive increasing Gi-stable Itration W, H-.

(c) H is a Q-mixed Hodge structure: H is a nite dimensional Q-vector
spacewith an exhaustive decreasing ltration F" onH C, and an ex-
haustive increasing Itration W, on H inducing a pure Q-Hodge struc-
ture of weight m on gr'V H , i.e., there is a direct sum decomosition

OH ) C= pig=mHP
with H%P = HP:d and with
g F3H C= , HPY:
(d) 1., :H oC! Hpr «C isanisomorphism,identifying the F- and
W - Itrations.

e 1. :H Q! H-isanisomorphismidentfying the W- Itrations. In
addition, for eah 2 Gy, the diagram

Ho

H Qi'n
H\

commutes.

The various W - Itrations (resp. F- ltrations) are called weight Itrations
(resp. Hodge ltrations) and the isomorphisms| are called comparison iso-
morphisms

Morphisms H ! H%in MRy are (k; Q-; Q)-linear maps

(HDR;H‘;H )' (HO ;Hp;HO)
DR

respecting the various ltrations and comparisonisomorphisms.De ning the
operations componertwise, one has a tensor product, dual and internal Hom.
In addition, for H = (Hpgr;H-;H ), the weight- ltrations on Hpr;H-;H

are all compatible via the comparisonisomorphisms, so we have the functor
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W, : MR ! MRy
Wh((Hpr;H;H )) := (WnHpr; WhH-;WpH ):

From the exactnessof W, in the category of Q-mixed Hodge structures, it
follows that W, is exact.

Tannakian structure

The main structural result for MRy is

Theorem 3.6 ([54, Theorem 2.13]). MRy is a neutral Tannakian category
over Q.

In fact, the functor H 7! H for a singlechoiceof givesthe b erfunctor.

The category of mixed motiv es

Let (X;Y) be a pair consisting of a nite type k-scheme X and a closed
subsheme Y. For an embedding : k! C, let (X ;Y ) be the pair of
topological spacesgiven by the C-points of (X ¢ C;Y ¢ C), with the C-
topology. Let H"(X ;Y ;Q) be the singular cohomologyof the pair (X ;Y ).
Let HL(X;Y; Q") bethe Q- -etale cohomologyof the pair and let Hpr (X;Y)
be the deRham cohomology

Let X be a smooth quasi-projective k-scheme and take Y = ;. Give
H"(X ;;Q) the mixed Hodge structure of Deligne [26]. Give H[ (X) the
analogous weight and Hodge lItration: Take a smooth projective variety
X cortaining X as a denseopen subsdheme with normal crossing divisor
D := X nX at innit y. Onethen has

Hor (X) = HY(X; x (logD)):

The stupid ltration on the deRham complex , _ (logD) givesthe Hodge
ltration on Hpg (X) and the weight- Itration on  _ (logD) by number
of componerts in the polar locus of a form induces (after shift by n) the
weight- ltration  on HJg (X ). Similarly, we identify the dual of the relative
cohomology H 2™ X "(X,:D\; Q") with HI(X,;Q"); the skeletal Itration
on D induces the weight- Itration on H2%™ X "(X,;D,;Q) and thus on
He (Xy: Q).
The classicaldeRham theorem gives comparisonisomorphisms

li; tH'(X ;Q) C! Hpr(X) «C
and Artin's comparisonisomorphism yields
I, tHY(X Q) Q! HAX:Q):

Jannsenshows that setting
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H =H"(X ;Q)
HDR = HBR(X)
H- = HL(X,; Q)

with the above ltrations and comparison isomorphisms de nes an object
H"(X) in MRy, functorial in X, giving the functor

H" :SmP ! MRy

De nition  3.7. Jannsen's category of mixed motives by realizations over
k, IMM , is the smallest full Tannakian subcategory of MR cortaining all
the objects H"(X) for X smooth and quasi-projective over k. The objects
of IMM  are called mixed motives. The smallest Tannakian subcategory My
of IMM containing all objects H"(X) for X smooth and projective over Kk,
and closed under taking direct summandsis called the subcategory of pure
motives.

Remark 3.8. As mertioned above, Deligne [23] has also described a category
of motivesover Q by compatible realizations, adding a crystalline componert
to the list of possiblerealizations. This yields a category analogousto the cat-
egory MRq. However, Deligne gives no precise de nition of the subcategory
analogousto JMM q, saying that the objects should be those systemsof com-
patible realizations of geometric origin but explicitly leaving the de nition of
this term open.

Remarks 3.9. (1) Jannsenshows that the objects of IMM  are exactly the
subquotients of H"(U) H™(V)- for smooth, quasi-projective U and V over
k. In addition, JMM is stable under the functors W, and gr\V.

(2) For eah M 2 JMM , the weight- Itration W M is nite and exhaustive,
and the graded piecesgr)' M are all pure motives. Thus ead mixed motive
is a successie extension of pure motives. The category of pure motivesis
semi-simple.

(3) The method of cubical hyperresolutionsof Guillen and Navarro-Aznar [41]
extendsH" to a functor on arbitrary pairs of nite type k-schemes,sending
(X;Y) to the deRham/etale/singular cohomology

HP(X;Y) = (Hpr (X;Y)iHa (X Y; Q- H (X 1Y 5Q))

with the canonical mixed Hodge over Q/w eight Itration/ Q-mixed Hodge
structure givesan object in M. Also, for a triple (X;Y;Z), the connecting
morphism H"(X;Y) ! H"1(Y;Z) is a morphism in My.

3.3 Motiv es by Tannakian formalism

Let k be a subeld of C. For a pair consisting of a nite type k-scheme X
and a closedsubshiemeY , onehasthe singular homologyH (X (C);Y (C); 2),
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which we denoteby H (X;Y). Nori constructs an abelian category of mixed
motivesby consideringthe ring of all natural endomorphisms of the functor
(X;Y) 70 H (X;Y), with the additional requiremert that  should com-
mute with all boundary maps @ : Hi(X;Y) ! H; 1(Y;Z) for all triples
X Y Z. The external products in homology make this ring into a bi-
algebra; dualizing and inverting the resulting character corresponding to the
Tate object H?(P*; Z) yields a Hopf algebra . The category of co-modules
of mot In nitely generatedabelian groupsis then Nori's abelian category of
mixed motives.In this section, we give somedetails regarding this construc-
tion. Someof these results involve relations with the triangulated categories
of motivesconstructed by Voewvodsky; for the notations involved, we refer the
readerto x4.5.

Remark 3.10. Unfortunately, there are at presen no public manuscripts de-
tailing Nori's construction. We have relied mainly on [31], with some addi-
tional detail coming from [77]. Hopefully, one of thesewill soon be available
to the public.

A univ ersal construction

A small diagram D consists of a set of objects O(D) and for eat pair of
objects (p;q) a set of morphisms M (p;q) (but no composition law). If Cis a
category, arepresentationof D in C,F : D ! Cis givenby assigningan object
Fp of Cfor each p 2 O(D), and a morphism Fm : Fp! Fqin Cfor eath
m 2 M (p;q). For a noetherian commutativ ering R, we let R-mod denote the
abelian category of nite R-modules.

Example 3.11 Let H Schy be the diagram with objects the triples (X;Y;i),
where X is a k-scheme of nite type, Y a closedsubshiemeof X and i an
integer. There are two types of morphisms: for f : X ! X% a morphism
of k-schemeswhich restricts to a morphism of closed substiemesyY ! Y?°
(i.e. a morphism of pairs f : (X;Y) ! (X%Y?9), we have the morphism f
(X;Y;i) ! (X%Y%i). Foratriple (X;Y;Z) ofclosedsubshiemesX Y Z,
we have the morphism d: (X;Y;i)! (Y;Z;i 1).

Sending (X;VY;i) to Hi(X;Y) := Hi(X(C);Y(C);2), f : (X;Y;i) !
(X%Y%iyto f :Hi(X;Y)! Hi(X%YYandd: (X;Y;i)! (Y;Z;i 1)
to the boundary map @: H;(X;Y)! H; 1(Y;Z) in the long exact homology
sequenceof the triple (X (C); Y (C);Z(C)) de nes a represetiion

H :H Schy! Ab:

Rewersingthe arrow f to f : (X%Y%i) ! (X;Y;i) and changing d to
d: (X;Y;i)! (Y;Z;i + 1) givesthe cohomologicalversionH Schy and the
represertation

H :H Schy! Ab;

H ((X;Y:iD) = H'(X;Y) = H'(X(C); Y(C); 2).
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The main theorem regarding represerations of diagramsis

Theorem 3.12. LetT : D! R-mod be a representation of a small diagram
D. Then there is an R-linear akelian category C(T), a faithful exactR-linear
functor ff1 : C(T)! R-mod and a representation T : D ! C(T) suchthat

1. ffr T=T

2. T is universal: if A is an R-linear alelian category with a faithful exact
R-linear functor f : A! R-modandF :D ! A is arepresentationsuch
thatf F = T, then there is a unique R-linear functor L(F) : C(T)! A
suchthat the diagram

{{g(T) |
T{ IrfT
(@ "y
D L(F) tR-mod
t
EEI?E%EE- ttttttft
A

commutes.

The constructionof T: D !  C(T) follows the Tannakian pattern: Suppose
rst that D is a nite éet. Let End(T) bering of (left) endomorphism§9fT,
that is, the subset of p20(D) Endg (Tp) consisting of all tuples e = €

such that, for all m 2 M (p;q), the diagram

p

Tp"/Tq
€p

Tpﬁ/Tq

€q

a)mrmtes. It is clear that End(T) is a sub-R-algebra of the product algebra

p20(p) ENdr(TP); sinceead Tpisa nite R-moduleand D is nite, End(T)
is an R-algebra, nite asan R-module. We let C(T) be the category of nitely
generated End(T)-modules,and ff1 : C(T) ! R-mod the forgetful functor.
By construction, ead Tpis aleft End(T)-module by the projection End(T) !
Endgr(Tp), and each map Tm : Tp! Tqis End(T)-linear. This yields the
liting T:D ! C(T).

In general, we apply the above construction to all nite subsetsO(F) of
O(D), i.e., to all \ nite, full" subdiagrams F of D (where we usethe same
sets of morphisms M (p;q) for all F). If F F® D aretwo such nite full
subdiagrams, the projection

Y
Endgr(Tp) ! Endg (Tp)
p2 O(FO) p2O(F)
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yields a homomorphism End(T;e0) ! End(Tjr), and hencean exact faithful
functor C(Tjr) ! C(Tjro0). De ne

AT = m T,

nte F D

the forgetful functors C(T;e) ! R-mod and the liftings Tjr t together to give
ffr:CT)! R-modand T:D! C(T).

To prove the universality, it su ces to considerthe caseof a small abelian
category A with a faithful exact functor f : A! R-mod. Let D(A) be the
diagram assaiated to A, i.e., the objects and morphisms are the sameasA,
just forget the composition law. The above construction is obviously natural
in D, sowe have the commutativ e diagram

D D(F) ’D(A) id /

T F s

|
AT) ——o @y AP(A)

with F an exact R-linear functor. Nori shows that F is an equivalence;an
inverseto F yields the desiredfunctor O(T) ! A.

Ab elian categories of e ectiv e motiv es

We apply the universal construction to the represenations H and H .

Denition  3.13. Let k be a subeld of C. Let EHM(k) = CH ) and
ECM(k) = C(H )

Nori shows that these categoriesare independert of the choice of embed-
ding k C. The universalproperty of the C-construction yields faithful exact
functors

ECM(k) I MHS 3
ECM(k) ! Gal(k)-Rep
ECM(k) ! Period(k)

Here MHS is the category of mixed Hodge structures, Gal(k)-Rep is the cate-
gory of represertations of Gal(k=k) on nitely generatedabelian groups, and
Period(k) is the categoryof tuples (L; V; ; r ), whereL isa nitely generated
abelian group, V a nite-dimensional k-vector space, :L C! V (C
an isomorphism of C-vector spacesand r : V ! LV the Gau-Manin

connection, i.e. a Q-linear connectionwith r 2 = 0 and with regular singular
points at in nit y. Similarly, using Remark 3.9(3), the universalproperty yields
an exact faithful functor

ECM(k) ! IMM
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The basic lemma and applications

We have the functors H; from pairs of nite-t ype k-schemesto EHM(K); in
order to de ne the total derived functor

m : Schy ! Dp(EHM (K));

Nori shows that ane nite type k-schemeshave a type of \cellular decom-
position" which, from the point of cohomology looks like the usual cellular
decomposition of a CW-complex. Speci cally, the basicresult is

Theorem 3.14 ([78]). Let X be a nite type ane k-schemeof dimension
noverk C.LetZ X beaclosa subsetwith dmz n 1. Then there
exists a closal subsetY of X containing Z suchthat

1.dmY n 1
2. Hi(X;Y)=0fori 6 n
3. Hy(X;Y) is a nitely genemted akelian group.

Remark 3.15 Nori has mertioned to me that at the time of his proof of
Theorem 3.14, he was unaware that Beilinson had already proven this result
(actually, a stronger result, as Beilinson proves the above in characteristic
p > Oaswell) in [3, Lemma3.3],by adi erent argumert. He hasalsoremarked
that the samemethod was used by Kari Vilonen in his Harvard University
Masters' thesisto prove Artin's comparisontheorem.

To construct m, let X beanane k-schemeof nite type. Applying The-
orem 3.14 repeatedly, there is a Itration X of X by closedsubsets

=X 1 Xo it Xpn1 Xp=X

sudh that H;(X;;X; 1) = Ofori 6 j and H;(X;;X; 1) is a nitely gen-
erated abelian group for all j. Call such a ltration a good Itration of X.
Form the complex C (X ) with C;j = H; (X;;X; 1) and with dierential the
boundary map H; (X;; X; 1) ! Hj 1(X; 1;X; 2). This is clearly a complex
in EHM(K), and is natural in EHM(k) with respect to morphismsf : X | X0
which are compatible with the chosen Itrations X and X °.

Let lim, EHM(k) be the category of ind-systemsin EHM(Kk), and let
Ch(lim, EHM(k)) bethe categoryof chain complexesin lim, EHM(k) which
have boundedhomologyin EHM(k). Taking the systemof good Itrations X
of X (or equivalently, all Itrations) yields the functor

C :A (k)! Ch(im EHM(K)):

Passingto the derived categories

D(Ch(im EHM(K)))  Dp(EHM(k))

and using a Ced construction yields the functor
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m : Schy ! Dy(EHM (K)):

As a second application, replace the diagram category H Schy with
the diagram category H SchE of \good triples" (X;Y;i), i.e., those having
H;(X;Y) = Oforj 6 i,andlet EHM(k)°= C(H®), whereH®: H Schy ! Ab
is the restriction of H . He shows

Prop osition 3.16. The natural map EHM(Kk)°! EHM(K) is an equivalen@
of akelian categories

As applications of this result, Nori de nes a tensor structure on EHM(k)
by consideringthe map of diagrams:

:H Sch) H Sch! H Sch!
XGY)  (X%YY= (X WXOEX YL Y «XO:

and the represertation H H :H Sch) H Sch)! Ab Ab. This gives
the commutativ e diagram

H Sch? H Sch? —H sch?
H H H

Ab  Ab ——Iap
Noting that C(H H ) = EHM(k)® EHM(K)% the universal property of C
yields the exact functor
:EHM(K)®  EHM(K)°! EHM(k)®
via Proposition 3.16, this givesthe tensor product operation
:EHM(k) EHM(K) ! EHM(K):
Nori constructs a duality functor
_ EHM(K)°! ECM(k)°?
respecting the represenations H and H via the usual duality
Hom( ;Z):Ab ! Ab;
by sendinga good pair (X;Y;n) to (X;Y;n), noting that
HTY(X;Y) = Ha(X;Y)-
for a good pair (X;Y). This inducesan equivalenceon the derived categories
_ :Dp(EHM(K)) ! DP(ECM (K))P:

Finally, using Theorem 3.14, Nori shows that the restriction of C to Smy
factors through the embedding :Smyg ! Cor(k) (seex4.5 for the notation):
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Prop osition 3.17. LetW X Y beane ective nite correspndene, X,
Y in Smy and ane. ThenthereisamapW :C (X)! C (Y), satisfying
1. For a morphismf : X ! Y with graph ,f =
2.(W w9 =w wo

Using this result, Nori shows that the restriction of m to Smy extendsto

a functor
:DM S, (k) I DP(EHM (K)):

making
DM g (K)
Cor(k)%
DP(EHM( k))
commute.
Motiv es

For a nite subdiagram F of H Schy, let A(F) be the dual of End(H ; ¢ ):
A(F) := Hom(End(H j £); Z):
Let A be the limit
A= lim A(F):
F
The ring structure on End(H ; ¢) makesA(F) and A into a co-algebra(over
Z). Nori shaws

Lemma 3.18. EHM(k)? is equivalent to the category of left comadules M
over A, which are nitely geneated as akelian groups.

The tensor product on EHM(k)? inducesa comultiplication
End(H j |:) End(HJ |:0) ! End(H iF FO);

where O(F F9 is the set of triples of the form (X;Y;i) (X%Y%i9 for
(X;Y;i) 2 F, (X%Y%i% 2 FO This yields a commutativ e, assaiative multi-
plicaton A A! A, making A into a bi-algebra over Z.

Let Z(1) = H1(Gn), asan object of EHM (k). As a Z-module, Z(1) = Z. If
F isa nite diagram containing (Gm;;;1), then Z(1) isan End(H ; ¢ )-module;
sendinga2 End(Hj¢) to a 12 Z(1) = Z determinesan elemert

F 2 A(F) = Hom(End(H j ¢); 2):

The image of ¢ in A is independert of the choice of F, giving the elemen
2 A. Let A Dbethe localization of A by inverting
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Theorem 3.19. A is a Hopf algeba.
Let Gmot (k) be the corresponding a ne group-stheme SpecA .

De nition  3.20. Nori's category of mixed motivesover k, NMM( k), is the
category of represenations of Gt (k) in nitely generatedZ-modules, i.e.,
the category of co-modulesover A which are nitely generatedasan abelian
group.

Since Z(1) : NMM (k) ! NMM(K) is invertible, the functor
DM&,(k) ! DP(EHM (k)) extendsto

:DMgm(k) ! DP(NMM(k)): 4)

Similarly, the functors (3) and the functor ECM(k) ! JMM  extend to func-
tors on NMM .

There are a number of classicalconjecturesone can restate or generalize
using this formalism. For example, Beilinson's conjectureson the existenceof
an abelian category of mixed motivesover k with the desired properties can
be restated as

Conjecture 3.21 (restatemen t of Beilinson's conjecture). The functor
Q :DM§n(k)q! DP(EHM(K)q) is fully faithful.

The Hodge conjecture can be generalizedas

Conjecture 3.22. The functor hs : ECM(k) ! M H S inducesa fully faithful
functor NMM(K)q ! MHSq. Equivalently, the map from the Mumford-T ate
group MT to Gt (k) corresponding to hs gives a surjective map MT !
Gmot (K)o. Equivalertly, for all V in NMM (k), the map

Homymm k) (L: V) ! Homyps o(1; hs(V))

is surjective.

Supposethat k is nitely generatedover Q. Using the universal property
of NMM (k) with respectto p-adic etale cohomology one hasan exact functor
NMM(K) ! Qp[Gal(k=k)]-mod,;
equivalently, a homomorphism of Gal(k=k) to the Q,-points of Gmqt (k). The

Tate conjecture generalizesto

Conjecture  3.23. The image of Gal(k=k) ! Gmot (k)(Qp) is Zariski dense
in Gmot (K)q, - Equivalertly, let NMM(K)q, be the Qp-extension of NMM( k).
Then the functor

NMM(K)q, ! Qpl[Gal(k=k)]-mod

induced by NMM (k) ! Qp[Gal(k=k)]-mod is fully faithful.
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4 Triangulated categories of motiv es

One can attempt a construction of a triangulated category of motives, which
should ideally have the properties expected by the derived category of Beilin-
son's conjectural abelian category of mixed motives. In this direction there
are two essetially dierent approades: One, due to Huber, is via simulta-
neousrealizations, and the second(the approach used by Hanamura, Levine
and Voewodsky) builds a category out of someform of algebraic cycles or
correspondences.

The main problem in the secondapproac is that the composition of ar-
bitrary correspondencesis not de ned, unlessone passesto a suitable equiv-
alencerelation. If however, one imposesthe equivalencerelation rst (asin
Grothendiedk's construction) one would lose most of the extension data that
the category of motivesis supposedto capture. Thus, oneis forced to modify
the notion of correspondencein someway sothat all compositions are de ned.
Hanamura, Levine and Voevodsky all usedi erent approaciesto solving this
problem. The constructions of Levine and Voevodsky both lead to equivalent
categories;while it is not at presert clear that Hanamura's construction is
also equivalent to the other two (at least with Q-coe cien ts) the resulting
Q-motivic cohomologyis the same,and so one expects that this category is
equivalent aswell.

4.1 The structure of motivic categories

All the constructions of triangulated categoriesof motives enjoy somebasic
structural properties, which we formulate in this section. We give both a
cohomologicalas well as a homological formulation.

Let A be a subring of R which is a Dedekind domain. By a cohomolaical
triangulated category of motivesover a eld k with A-coe cien ts, we meanan
A-linear triangulated tensor category D, equipped with a functor

h:Sm! D

and Tate objects A(n), n 2 Z, with the following properties (we write f for
h(f)):

1. Additivity. h(X q Y) = h(X) h(Y).

2. Homotopy. The map p :h(X)! h(X A?) is anisomorphism.

3. Mayer-Vietoris. Let U[ V be a Zariski open cover of X 2 Smy, iy :
U\'Ww! Uiv:U\V!I V/ jy:U! Xandjy :V! X theinclusions.
Then the sequence

)

hex) 907 hy  hevy Q00 hun vy

extends canonically and functorially to a distinguished triangle.
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Kunneth isomorphism. For 2 D, write (n) for A(n). There are
assciative, commutativ e external products
[xxy :h(X)(n) h(Y)(m)! h(X «Y)(n+m)
which are isomorphisms.A(0) is the unit for the tensor structure. We let
[x :h(X) h(X)! h(X)
be the composition y [ x.x,where x : X ! X X isthe diagonal.

Remark 4.1. For the de nition of an A-linear triangulated tensor category;
we refer the readerto [70, Chapter 8A]

. Gysin distinguished triangle. For ead closedcodimension g embedding in

Smy, i : W ! X, there is a distinguished triangle

hW)( o) 2d1 ' h(X) T h(X nW)! hW)( d[1 2d]

which is natural in the pair (W; X). Herej : X nW ! X is the inclusion,
and \natural® means with respect to both to morphisms of pairs f
(WEX9 1 (W;X) suc that WCis the pull-back of W, as well as the
functoriality (i i2) = i1 i, for a composition of closedembeddings
in Smy. Also, if i : W I X is an open componert of X, then i is the
inclusion of the summand h(W) of h(X) = h(W) h(X nW).

. Cycle classes.For X 2 Smy, there are homomorphisms

clh: CHI(X) ! Homp (A(0): h(X )(Q)[2d]):

The mapscl¥ are compatible with external products, and pull-back mor-
phisms.If i : W ! X is a codimensiond closedembedding in Smy, and
Z isin CHY 9(W), then cli(i (Z)) =i cl9 9(2).

. Unit. The map cl®([Speck]) : A(0) ! h(Speck) is an isomorphism.
. Motivic cohomolay. For X 2 Smy, set

HP(X;A() = Homp (A(0); h(X )(a)lp]):

As aconsequencefthe above axioms, the bi-gradedgroup ,.qHP(X; A(Q))
becomesa bi-graded commutativ ering (with product [ x ), with HP(X; A(Q))
in bi-degree(p;29). The elemert cl°(1 X) is the unit.

. Projective bunde formula. Let E be a rank n + 1 locally free sheafon

X 2 Smy with assaiated P"-bundle P(E) ! X and invertible quotient
tautological sheafO(1). Let c1(O(1)) 2 CHY(P(E)) be the 1st Chern class
of O(1), and set

:= cl*(c (0(1)) 2 HZ(P(E); A(L)):
Letting  : h(X)( )[ 2i]! h(P(E)) bethe map ( [ pe Y q, the
sum

i o i h(X)( DL 21! h(P(E)
i=0
is an isomorphism.
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Remarks 4.2. 1t follows from (4) and (7) that A(n) A(m) is canonically
isomorphicto A(n + m), and thus we have isomorphisms

Homp(; )= Homp( (n); (n))

forall ; inDandalln2Z.

All the properties of h(X) induce related properties for H (X;A( )) by
taking long exact sequencesssaiated to Homp (A(0); ).

Using (5) and (9), one can de ne a push-forward map

foh(Y) ) 2d)! h(X)

for a projective morphism f : Y | X of relative dimension d. For this, one
factorsf asq i,withi:Y ! P" X aclosedembeddingandq:P" X ! X
the projection. We use(5) to dene i and let

q :h(P" X)! h(X)( n)[ 2n]

be the inverseof the isomorphism P ?:O i of (9) (with E= OQ”) followed
by the projection onto h(X)( n)[ 2n]. Onesetsf :=q i ,showsthat f
is independert of the choicesmadeand that (f g) = f g . For details on this
construction, see,e.g.,[63, Part 1, Chap. I11, x2].

Remark 4.3. To de ne ahomolgical triangulated categoryD of motivesover a
eld k with A-coe cien ts, onereplacesthe functor h with an additiv e functor

m:Smg! D

and denote m(f) by f . The properties (1)-(4) remain the same, reversing
the arrows in (2) and (3). The Gysin map i in (5) becomesi : m(X) !
m(W)(d)[2d].

We de ne HP(X; A(q)) := Homp(M(X)( o) p];A(0)). The cycle classes
in (6) becomemapscl? : CHY(X) ! H?29(X;A(q)), with the samefunctorialit y
and properties asin (6) and (8). The projective bundle formula (9) becomes
the isomorphism

i1 o MX)(D[2i]! m(P(E);
i=0

One usesthe projective bundle formula to de ne a pull-back map
a :m(X)(n)2n]! m(P(E))

by setting g := . This allows one to de ne a functorial Gysin map f
m(X)(d)[2d] ! m(Y), for f : Y ! X projective of relative dimensiond, as
we de ned f in the cohomologicalsetting.

In short, the opposite of a cohomologicalcategory of motivesis a homo-
logical category of motives, after changing the signsin the Tate objects.
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De nition  4.4. Let D be a cohomologicaltriangulated category of motives
over k with A-coe cien ts. A duality on D is an exact pseudo-tensorfunctor
_:D! DO, together with maps :A(Q)! - , -1 A
for eadr in D, such that
1. Foreadh in D, ( id ) (id )=id and(id ) ( id )=
id _.
2. For each smooth projective X of dimensiond overk, h(X)- = h(X)(d)[2d]
and px) and p(x) are the compositions of pull-back and push-forward

for
Spec(k) X! x X kX

In the homological case,we just change(2) to
m(X)-=m(X)( d)[ 2d]

Remark 4.5. A duality on D is aduality in the usual senseof tensor categories,

that is, foreadh ; inD, - is an internal Hom object in D. In fact, the
map
Homp ( 7 )! Homp( ; - )
induced by sendingf : ! to the composition
= A(0) [ df
is an isomorphismfor all , and , with inversesimilarly constructed using

instead of . For details, see[63, Part 1, Chap. IV, x1]

De nition  4.6. Let D be a (co)homologicaltriangulated category of motives
over k, with coe cien ts in A. We say that D is a ne category of motivesif,
for each X 2 Smy there are homomorphisms

clP9:CHYX;29 p)! HP(X;A(Q)

satisfying:

1. cl?%9 = ¢[@

2. The maps cl”? are functorial with respect to pull-back, products and
push-forward for closedembeddingsin Smy.

3. The mapscl ** commute with the boundary mapsin the Mayer-Vietoris
sequencesor H ( ;A(q) and CHY( ;29 ).

4. The A-linear extension of cl”9,

clR9:CHYX;29 p) A! HP(X;A(9)

is an isomorphism for all X 2 Smy and all p;q.
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An overview

We give below sketches of four constructions of triangulated categories of
motives,due to Huber, Hanamura, Levine and Voevodsky. Huber's construc-
tion yields a cohomologicaltriangulated category of motives over k with Q-
coe cien ts, with duality. Hanamura's construction, assumingk admits res-
olution of singularties, yields a ne cohomological triangulated category of
motivesover k with Q-coe cien ts, with duality. Levine's construction yields a
ne cohomologicaltriangulated category of motivesover k with Z-coe cien ts;
the category has duality if k admits resolution of singularities. Voevodsky's
construction yields a ne homological triangulated category of motives over
k with Z-coe cien ts; the category hasduality if k admits resolution of singu-
larties. In addition, if if k admits resolution of singularties, Levine's category
is equivalent to Voevodsky's category.

4.2 Hub er's construction

Let k bea eld nitely generatedover Q. Huber's construction of a triangu-
lated categoryof mixed motivesover k [48] is, roughly speaking, a combination
of Jannsen'sabelian category MR of compatible realizations, and Beilinson's
category of mixed Hodge complexes[4]. In somewhatmore detail, Huber con-
siderscompatible systemsof bounded below complexesand comparisonmaps

((Cor;W ;F )(C;W );(C ;W );(C%W );(C%5W))
| :Cor «C! C°
1:c qcC! C°
19 :C oQ! C°
. :C ! C°
where

1. runs over embeddingk ! C and’ runs over prime numbers.

2. Cpr is aboundedbelow complexof nite dimensionalbi- ltered k-vector
spaces,with strict di erentials. W is an increasing Itration and F isa
decreasing Itration

3. C (resp. C%) is a bounded below complex of nite dimension Q-vector
spaces(resp. C-vector spaces),with decreasing ltration W and with
strict di eren tials.

4. CY (resp. C) is a bounded below complex of nite dimension Q--vector
spaces(resp. with continuous Gg-action), with decreasing Itration W
and with strict di erentials.

51,10 IQ and I-. are ltered quasi-isomorphismsof complexes (with
respect to the W - Itrations).

6. For eadth n, the tuple of cohomologies(H"(Cpr); H"(C:); H"(C )) with
the induced lItrations is an object in MRy, where we give H"(C ) C
the Hodge ltration induced from the F- Itration on H"(CpRr).
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7. The Gyx-module H"(C-) is mixed (we don't de ne this term here, see
[48, De nition 9.1.4]for a precisede nition. Roughly speaking, the G-
action should arise from an inversesystemof actions on nitely generated
Z=" -modulesand gr{j; H"(C-)) should be pure of weight m for almost all
Frobenius elemers in Gy).

Inverting quasi-isomorphismsof tuples yields Huber's triangulated tensor cat-
egory of mixed motives, Dyr (k).

The category Dyr (k) has the structural properties given in x4.1 for a
cohomologicaltriangulated category of motivesover k with Q-coe cien ts, and
with duality. In addition, the functor h : Sm_p! Dyr (k) extendsto smooth
simplicial schemesover k. This extension is important in the applications
given by Huber and Wildeshaus [51] to the Tamagava number conjecture of
Bloch and Kato.

4.3 Hanam ura's construction

We give a sketch of Hanamura's construction of the category D(k) as the
pseudo-alelianization of a subcategory D ,, (k); in [46] D(k) is constructed as
a subcategory of a larger category D¢ (k), which we will not describe here.

The basic object is a higher correspndene: Let X and Y be irreducible
smooth projective varieties over k. Let

HCor((X;n); (Y;m))@ := z™ Mdm X (x vy, g)At:

For irreducible W 2 HCor((X;n);(Y;m))2, W° 2 HCor((Y;m);(Z;1))° we
say that W® W is de ned if the external product W [ x vy z WC%isin the
subcomplex

I n+dim X +dim ¢ Y . Al
z K K (X Y Y Z' )idx Y idz

ZI n+dim g X +dim g Y(X Y Y Z; )Alt :

P P
In general,if W = = niw;, Wo= " m;W_C we say WO W is de ned if
W]-O W, is de ned for all i; j .
If WO W is de ned, we set

W% W:=px z ((dx v idz) W[x vy zW9

The de nition of the complex HCor is extended to formal symtols, i.e.
nite formal sums (X ;n ), by the formula

Y
HCor( (X ;n); (Y ;m)) = HCor((X ;n );(Y ;m)):

0 is the empty sum. We let 1 denote the formal symbol (Speck; 0).

IfK = (X ;n )isaformal symbol, wesetz’(K) := HCor(1;K). Thus,
29((X;n)) = z"(X; ). Weset(X;n)- := (X;dim¢X n) and extend to
formal symbols by linearity. Similarly, we de ne a tensor product operation
K L asthe bilinear extensionof (X;n) (Y;m):= (X ¢Y;n+ m).
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De nition  4.7. A diagramK = (K™;f™") consistsof formal symbolsK ™,
m 2 Z, together with elemeris f ™" 2 HCor(K";K™)" M™*1 'n < m sud
that:

1. For all but nitely many m, K™ = 0.

2. For all sequencesn; < ::: < mg the composition f Ms:Ms + ::: fM2:M1
is de ned.

3. For all n < m we have the identit y

X
( 1)m@m;n + fm;l fl;n =0
[
Here @is the di erential in the complexHCor(K"; K™) .

The yoga of duals and tensor products of usual complexesin an additive
categoryextendto giveoperationsK 7! K- and(K;L) 7! K L for diagrams;
we refer the readerto [63, Part 2, Chap Il, x1] or [46] for detailed formulas.

The diagrams(resp. nite diagrams) are objectsin atriangulated category
D (k). In order to describe the morphisms Homp,, ()(K;L), we need the
notion of a distinguished sulmomplexof zP(X; )AL,

De nition  4.8. Let X be a smooth projective variety. A distinguished sub-
complex of zP(X; )A' is a subcomplex of the form zP(X; ?“ for somepro-
jectivemapf : Y ! X in Schy, with Y locally equi-dimensional over k. If
K = (X ;n ) is aformal symbol, a distinguished subcomplex of z°(K ) is
a subcomplex of the form  z" (X ; ) ,with f :Y I X asabove.

Forf : (X;n)! (Y;m) in HCor((X;n);(Y;m)) , wesa that f is de ned
on a distinguished subcomplex z°((X;n))%:= z"(X; )Yiff isde ned for
all 2 z"(X; )°(where we identify z"(X; ) with HCor(1;(X;n)). This
notion extendsin the evidert mannerto f 2 HCor(K ;K 9 for formal symbols
K and K°

Let K = (K™;f™") be a diagram. A collection of distinguished subcom-
plexesm 7! z°(K ™)%is admissiblefor K if, for eac sequencem; < ::: < ms,
the correspondencef ™™= 1 ::: §M2™1 js de ned on z°(K M)? and maps
Z9(K™M1)0to zO(K Ms)0, If a collection m 7! zO(K ™) is admissible for K , we
de ne the corresponding cycle complex for K , z%(K ) by

2°(K)% = 2%k
with dierential d :z°(K)d 1 z9%K)I*1 given by
. X . X .
d = ( Do+ fr:
i i 0
Here @ is the di erential in z(K ) .

Lemma 4.9. For each formal symol K, there is an admissible collection
of distinguished complexes,and two di er ent choices of such admissible col-
lections, m 7! z%(K™)% and m 7! z%(K ™) result in canonically quasi-
isomorphic cycle complexesz®(K )? and z°(K )
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Thus, we may denote by z°(K ) the image of a z°(K)%in D(Ab).
De nition  4.10. Let K and L be diagrams. Set

Homp,, (ky(K;L) = H°(Z%(K- L)):

Unwinding this de nition, we seethat the complexz®(K- L) is built out
of the complexesHCor(K ™; L"), and soa morphism :K ! L isbuilt out of
higher corresppondences ™™ : K™ I L", which satisfy someadditional com-
patibilit y conditions. In particular, the composition of higher correspondences
inducesan assaiative composition

HomDﬁn (k)(l—; M ) HomDﬁn (k)(K X L) ! HomDﬁn (k) (K X M )

One mimics the de nition of the translation operator and cone operator
of complexes(this type of extensionwas rst consideredby Kapranov in the
construction of the category of complexesover a DG-category, see[58], [63]
or [46] for details).

Theorem 4.11 (Hanam ura, [47], [46]). The category D, (k) with the
alove structures of shift, cone sequen®, dual and tensor product is a rigid
triangulated tensor category.

\Rigid" meansthat, settingHom(K ;L) := K- L, the objectsHom(K ;L)
form an internal Hom object in D, (k).

De nition  4.12. The triangulated tensor category D(k) is the pseudo-
abelian hull of D, (k).

By the results of [1], D(k) hasa canonicalstructure of a triangulated tensor
category.

For X a smooth projective k-scheme, set Qx (n) := (X;n)[ 2n]; we write
Q(n) for Qspeck(N). More or lessby construction we have

Homp 1 (Q(0); Qx (MIM]) = Han m(z"(X; )™) = CH™(X;2n m)q: (5)
Sending X to Qx (0) := h(X) de nes a functor
h:SmPro j;* ! D(k);

where SmPro j, is the full subcategory of Schy with objects the smooth
projective k-schemes.

Remark 4.13 Supposethat k admits resolution of singularities, and let X be

a smooth irreducible quasi-projective k-scheme of dimensionn. Let X X

be a smooth projective k-scheme cortaining X as a denseopen subsdheme,

such that the copgplemen D := X nX is a strict normal crossingdivisor.
Write D = i”;l Di, with the D; irreducible. For | f1;:::;mg let

Dy :=\i2Dj,andlet DM = ;.. D; (50D = X).

Considerthe diagram (X ; X) :=
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(o™; n)t O™ YV pn+ 1)l it (O®; 1)1 (DO:0)
where the correspondence(D@W; )1 (DG D: i+ 1)is the signed sum of
inclusionsiy; Dy jg! Dy, jlj=1i 1,j 62, andthe signis( 1)" if there

are exactly r elemens i 2 | with i < j. Hanamura [44] shows that (X;X)
in D(k) is independent of the choice of X (up to canonicalisomorphism) and
that sendingX to Qx (0) := (X; X) extendsthe functor h on SmPro j, to

h:Sm ! D(k):
The identi cation (5) extendsto a canonicalisomorphism
Homp (k) (Q(0); h(X)(n)[m]) = CH"(X;2n  m)

for X 2 Smy.
Using the method of cubical hyperresolutions[41], Hanamura [44] extends
h further to a functor
h:Sch” ! D(K):
In any case,assumingresolution of singularities for k, the category D(k) is a
ne cohomologicaltriangulated category of motivesover k, with Q coe cien ts
and with duality.

Remark 4.14. In [45], Hanamura shows that, assumingthe standard conjec-
tures of Grothendieck along with extensionsby Murre and Soule-Beilinson,
there is t-structure on D(k) whoseheart H is a good candidate for MM . It
is not clear what relation H hasto say Nori's category NMM .

4.4 Levine's construction

Rather than using the moving lemma for the complexeszP(X; ) as above,
Levine adds extra data to the category Smy sothat pull-back of cyclesbe-
comesa well-de ned operation.

The category L (k)

De nition  4.15. Let L (k) be the category of pairs (X;f : X! X ) where

1. f is a morphism in Smy.
2. f admits a smooth sections: X ! X0

The choice of the section s is not part of the data. For (X;f : X%! X)
and (Y;g : YOI Y) in L(k), Homy () ((X;f);(Y;0)) is the subset of
Homsnm (X ;Y) consisting of thosemapsh : X ! 'Y sud that there exists a
smaoth morphism g: X %! Y%making

X oLlYo

f g

XT/Y
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commute. Composition is induced by the composition in Smy.

The condition that f : X°%! X admit a smooth section-is just saying
that X © admits a decomposition as a disjoint union X %= X§ X9 where f
restricted to X J is an isomorphism X J = X.

De nition  4.16. For (X;f : X%l X) 2 Smy, let z9(X); be the subgroup
of z9(X) generatedby integral codimensionq closedsubshiemesW X sud
that

codimyof (W) «

The basic fact that makesthings work is
Lemma 4.17. Leth:(X;f)! (Y;g) be a morphismin L(k). Then
1. h is denedon z9(X)s, i.e. for all W 2 z9(X)s,

codimyh Y(supp(W)) g
2. h mapsz9(X); to z9(Y),.

The proof is elemenary.

The category A mot (K)

We usethe cyclegroupsz9(X ); to construct a gradedtensor category A mot (K)
in a seriesof steps.

(i) A1(k) hasobjects Zx (n)¢ [m] for (X;f) 2 L(k), X irreducible, and n;m 2
Z. The morphism-groupsare given by
Homa, (k) (Zx (n)t [m]; Z(Y (n%g[mY)

Z[Homy iy ((Y;9); OX;EN1 if n=n% m=m°
0 otherwise.

We alsoallow nite formal direct sums,with the Hom-groupsde ned for such
sumsin the evidernt manner. The composition is induced from the composi-
tion in L(k). We write Zx (n); for Zx (n)¢ [0], Zx (n) for Zx (n)ig and Z(n)
for Zspeck(n). For p: (Y;m) ! (X;n) in L(k), we write the corresponding
morphismin Ai(k) asp :Zx (n)s ! Zy(m)g.

Setting Zx (n)y  Zy(m)g := Zx ,y(n+ m); 4 extendsto give A1(k)
the structure of a tensor category, graded with respect to the shift operator
Zx (n)t [m] 7! Zx (n)¢ [m + 1].

(i) Az(k) is formed from A1(k) by adjoining (as a graded tensor category)
an object and morphisms

[Z]: ! Zx (n);[2n]

for each Z 2 z"(X ), with the relations:
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. [aZ + bW] = a[Z]+ W]; Z; W 2 2" (X )¢, a;b2 Z.

p [Z]1=1[p (Z)]forp:(Y;9)! (X;f)inL(k)andZ 2 z"(X)s.

. The exchangeinvolution . : ! is the identit y.

Forz 2 z2"(X)s, W 22z™(Y)g, [Z] [W]=[Speck] [Z W]=[Z
W] [Speck] as maps ' Zx v(n+ m) 4[2n+ 2m].

AwWNR

(i) Amot (k) is the full additive subcategory of A,(k) with objects sums of
M Zx(n)t, m 0.

The categories D, (k) and DM (k)

Let CP(Amot (K)) be the category of bounded complexesover A et (k), and
K 2. (k) the homotopy category K P(A met (K)). KB (k) is a triangulated ten-
sor category, where the shift operator and distinguished triangles are the
usual ones. Note that one needsto modify the de nition of morphisms in
CP(Amot (K)) slightly to allow one to identify the shift in Ame (K) with the
usual shift of complexes(see [63, Part 2, Chap. Il, x1.2] for details). The
tensor product in Aot (k) makesk P, (k) a triangulated tensor category.

To form D2, (k), we localize K 2, (k); we rst needto introduce some
notation.

Let (X;f : X% X) bein L(k), let W X be a closed subset, and
j :U!l X bethe open complemen. De ne Z{ (n); by

zy/ (n); := Cone( :Zx () ! Zy(n)i,)l 1

wherefy : U%! U is the projection U x X°! U.If Z isin z"(X); andis
supported in W, thenj Z = 0, sothe morphism [Z]: ! Zx (n);[2n] lifts
canonically to the morphism

ZW . 1 zZ¥ (n)[2n]

(in CP(A(K))).

If Cis a triangulated category, and S a collection of morphisms, we let
dS 1] bethe localization of Cwith respect to the thick subcategory generated
by objects Cong(f ), f 2 S. If Cis a triangulated tensor category, let C[S 1]
be the triangulated tensor category formed by localizing C with respect to
the small thick subcategory containing the object Cone(f ), f 2 S, and closed
under X for X in C; S '] is a triangulated tensor category, called the
triangulated tensor category formed from C by inverting the morphismsin S.
We can extend these notions to inverting nite zig-zag diagrams by taking
the cone of the direct sum of the sourcesmapping to the direct sum of the
targets.

De nition ~ 4.18. Let D2, (k) be the triangulated tensor category formed
from K 2, (k) by localizing as a triangulated tensor category:

1. Homotopy. For all X in Smy, invert the mapp :Zx (n)! Zyx ai(n).
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2. Nisnevic excision. Let (X;f : X% X) bein L(k), andletp:Y ! X
be an etale map, W X a closedsubsetsuc that p:p *(W)! W isa

isomorphism. Then invert the map p : ZY¥ (n) ! 25 1(W)(n).

3. Unit. Invert the map [Speck] id : v 1 1=1.
4. Moving lemma. For all (X;f) in L(k), invert the map id : Zx (n); !
Zx (n)

5. Gysin isomorphism. Let g: P! X be a smooth morphism in Smy with
sections and let W = s(X) P. Let d = dimyx P. Invert the zig-zag
diagram:

Zx (A 2d Y Zp( O 2d]=1 Zp( d)[ 2d]
[Speck] id Zo( d) 2d] wi

=z¥ Fo “ z¥ P, T z¥);

fz¥ (di2d ze( O 2d]

where p : P! P P isthe diagonal.

Remark 4.19. Our description of D2, (k) is slightly dierent than that given
in [63], but yields an equivalert triangulated tensor category D2, (k). The

categroy Amot (k) described hereis denoted A%, (V) in [63].

The category DM (k) is now de ned as the pseudo-atelianization of
DE.: (k). By [1], DM (k) inherits the structure of a triangulated tensor cate-
gory from D2, (k).

Gysin isomorphism

Leti : W ! X be a codimensiond closedembedding in Smy. If i is split
by a smooth morphism p : X ! W, one usesthe Gysin isomorphism of
De nition 4.18(5)to dene i :Zw( d) 2d]! Zx(0); in generalone uses
the standard method of deformation to the normal bundle to reduceto this
case.

Dualit y

Assuming that k admits resolution of singularities, the category DM (k) has
a an exact pseudo-tensorduality involution _ : DM (k) ! DM (k)°P; for
smooth projective X of dimensiond over k one has

(Zx (n))- = Zx (d n)[2d]:

To construct _, the method of [63] is to note that, in a tensor category C, the
dual of an object X canbeviewedasatriple (X-; ; )with :1! X X-,
:X- X! 1,and with

( idx) (dx )=idx:
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In DM (k), for X smooth and projective of dimensiond over k, the diagonal
[ 1:11! Zx x(d)[2d] gives , and is the composition px x » Where
x - X I X X is the diagonal inclusion and px : X ! Speck is the
structure morphism. One then shows

Lemma 4.20 ([63, Part 1, Chap. IV, lemma 1.2.3]). Let D be a trian-
gulated tensor category, S a collection of objects of D. Supmsethat

1. There is a tensor category C suchthat D is the localization of K ?(C) (as
a triangulated tensor category.
2. Each X 2 S admits a dual (X-; ; ).

Then the smallest triangulated tensor sutrategory of D containing S, D(S),
admits a duality involution _ : D(S) ! D(S)°P, extendingthe given duality
on S.

If k satis es resolution of singularities, the motivesZy (n), X smooth and
projective over k, n 2 Z, generateD®,, (k) asa tensor triangulated category,
sothe givenduality extendsto D2, (k), and then to the pseudo-atelianization
DM (k). As for Hanamura's category, the functor h : Sm” ! DM (k),
h(X) = Zx (0), extendsto

h:Schy’ ! DM (k);

assumingk satis es resolution of singularities.

Summing up, the category DM (k) is ne cohomologicaltriangulated cat-
egory of motives over k with Z-coe cien ts. DM (k) has duality if k admits
resolution of singularities.

4.5 Voevodsky's construction

Voewvodsky constructs a number of categories:the category of geometric mo-
tives DMgm (k) with its e ectiv e subcategory DM g, (k), as well as a sheaf-
theoretic construction DM ¢ , containing DM g, (k) as a full densesubcate-
gory. In cortrast to almost all other constructions, theseare basedon homol-
ogy rather than cohomologyas the starting point, in particular, the motives
functor from Smy to these categoriesis covariant.

To solve the problem of the partially de ned composition of correspon-
dences,Voewvodsky intro ducesthe notion of nite correspondences for which
all compositions are de ned.

Finite corresp ondences and geometric motiv es

De nition  4.21. Let X andY bein Smy. The group c(X;Y) is the subgroup
of z4m« X (X | Y) generatedby integral closedsubstiemesW X Y
such that

1. the projection p; : W ! X is nite
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2. the image p1(W) X is anirreducible componert of X .
The elemens of ¢(X;Y) are called the nite correspondencesfrom X to Y.
The following basiclemma is easyto prove:

Lemma 4.22. Let X, Y and Z bein Smy, W 2 c(X;Y), W°2 ¢(V;2).
Supmsethat X and Y are irr educible. Then each irr educible component C of
jWj z\ X jwYis nite over X (via the projection p;) and p;(C) = X.

It follows from this lemma that, for W 2 ¢(X;Y), W°2 ¢(Y;Z), we may
de ne the composition W° W 2 ¢(X;Z) by

W% W = p (pa(W) py(W9);

wherep; : X Y Z! Xandps:X Y «Z! Z arethe projections,
andp:jWwj Z\ X jwg! X | Z isthe map induced by the projection
piz: X kY kZ! X Z.The assaiativity of cycle-intersection implies
that this operation yields an assciativ e bilinear composition law

c(Y;Z2) oX;Y)! o(X;Z):

De nition  4.23. The category Cor(k) is the category with the sameobjects
as Smy, with

Homcor k) (X3 Y) = (X Y);
and with the composition as de ned above.

For amorphismf : X I Y in Smy, thegraph ¢ X (Y isinc(X;Y),
sosendingf to ; de nes a faithful functor

Smy ! Cor(k):

Wewrite the morphism correspondingto ; asf , andthe object corresonding
to X 2 Smy as[X].

The operation ¢ (on smooth k-schemesand on cycles) makes Cor(k)
a tensor category. Thus, the bounded homotopy category K °(Cor(k)) is a
triangulated tensor category.

De nition  4.24. The category DM g, (k) of e ective geometric motives is
the localization of K °(Cor(k)), asa triangulated tensor category, by

1. Homotopy. For X 2 Smy, invert p : X Al X

2. Mayer-Vietoris. Let X be in Smy, with Zariski open substiemesU;V
sucdhthat X = U[ V. Letiy:U\ VI U,iy:U\ V! V j,:U! X
andjy : V! X betheinclusions.Since(jy +jv ) (iv; iv )= 0,we
have the canonical map

congqU\ v Y U vp 9 Y X

Invert this map.
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To de ne the category of geometric motives,D M gm (k), we invert the Lef-
schetz motive. For X 2 Smy, the reduced motivesfX ] is de ned as

BX]1:= Cone(p :[X]! [Speck]):

SetZ(1) := f1][2], and set Z(n) := Z(1) " forn O.

De nition  4.25. The category DMgn(K) is de ned by inverting the functor
Z(1) on DM g, (k), i.e.,

Homp m g, (k) (X3 Y) = Iim HomDMgeM()(x Z(n);Y Z(n)):

Remark 4.26. In order that DMgnm(k) be again a triangulated category; it
su ces that the commutativit y involution Z(1) Z(1)! Z(1) Z(1) bethe
identit y, which is in fact the case.

Of course,there arisesthe question of the behavior of the evidert functor
DMgn(k) ! DMgm(k). Here we have

Theorem 4.27 (Voevodsky [97]). The functor DMg, (k) ! DM9M(k) is
a fully faithful emhkedding.

The rst proof of this result (in [100) usedresolution of singularities, but
the later proof in [97] doesnot, and is valid in all characteristics.

Sheaves with transfer

The sheaf-theoreticconstruction of mixed motivesis basedon the notion of a
Nisnevic sheafwith transfer.

Let X be a k-schemeof nite type. A Nisnevic coverU! X is an etale
morphism of nite type suc that, for each nitely generated eld extension
F of k, the map on F-valued points U(F) ! X (F) is surjective. This small
Nisnevic site of X, X is has underlying category nite type etale X -schemes
with covering families nite familiesU; ! X sudhthat q;U; ! X isaNisnevic
cover The big Nisnevic site over k, with underlying category Smy, is de ned
similarly. We let S (k) denotethe categoriesof Nisnevic sheavesof abelian
groups on Smy, and ShV'®(X) the category of Nisnevic sheareson X . For a
presheafF on Smy or X \;s, we let Fyis denotethe assaiated sheaf.We often
denoteH (Xnis;Fnis) by H (Xnis; F).

For a category C, we have the category of presheaesof abelian groups on
C, i.e., the category of functors C°* | Ab.

De nition  4.28. (1) The category PST(k) of presheaeswith transfer is the
category of presheaesof abelian groups on Cor(k). The category of Nisnevic
sheaveswith transfer on Smy., SV (Cor(k)), is the full subcategoryof PST(k)
with objects those F sud that, for each X 2 Smy, the restriction of F to
Xnis IS a sheaf.
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(2) Let F be a presheafof abelian groups on Smy. We call F homotopy
invariant if for all X 2 Smy, the map

p :F(X)! F(X AY

is an isomorphism.

(3) Let F bea presheafof abelian groupson Smy. We call F strictly homotopy
invariant if for all ¢ 0, the cohomology presheafX 7! H9(Xis; Fnis) iS

homotopy invariant.
The category ShV'® (Cor(k)) is an abelian category with enoughinjectives,
and we havethe derivedcategoryD (ShV'(Cor(k))). ForF 2 D (ShVs(Cor(k))),
we have the cohomologysheaf,H9(F ), i.e., the Nisnevic sheafwith transfer
assaiated to the presheaf

X 70 (kerdd: F9(X)! Fo*L(X)=d" Y(F9 1(X)):

De nition  4.29. The categoryDM € (k) isthe full subcategoryof D (ShNiS (Cor(k)))
consisting of those F  whose cohomology sheares are strictly homotopy in-
variant.

The localization theorem

The categoryDM ¢ (k) is a localization of D (ShNiS (Cor(k))). To shaw this,
one usesthe Suslin complexof a sheafwith transfers.

De nition  4.30. Let F bein ShV' (Cor(k)). De ne CSUS(F) to bethe shea -
cation of the complex of presheares

X7 (::! F(X MR nhr ot F(X));

where the di erentials are the usual alternating sum of restriction maps, and
F(X ")isindegree n.ForF 2D (ShV(Cor(k))), dene La:(F ) in
D (ShV(Cor(k))) asthe total derived functor of F 7! CSUS(F) .

ForF 2 C (ShNis (Cor(k))), welet FA' bethe shea cation of the complex
of presheavesX 7! F(X Al); the projection X A'! X de nes the natural

mapp :F! FA.

De nition  4.31. Let DA (ShNiS (Cor(k))) be the localization of the triangu-
lated category D (Sh™ (Cor(k))) with respect to the localizing subcategory
generatedby objects of the form Congp : F ! FAI).

Theorem 4.32 ([100, Chap. 5, Prop. 3.2.3]). (1) ForeachF 2 D (ShNiS (Cor(k))),
La:(F) isin DM€ (k). The resulting functor

La:D (ShVS(Cor(k))) ! DME (k)
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is exactand is left-adjoint to the inclusion

DM® (k)! D (ShVS(Cor(k))):

(2) The functor L1 des@ndsto an equivalen of triangulated categories
La: : D, (ShNS(Cor(k))) ! DM® (k):

This result enables one to make DM€ (k) into a tensor category as
follows. Let Zy (X)) denote the represenable Nisnevic sheaf with transfers
Y 7' c(Y;X). Dene Zy (X) Zy(Y) = Zu (X « Y). One shows that this
operation extendsto give D (Sh™®(Cor(k))) the structure of a triangulated
tensor category; the localizing functor L 1 then inducesa tensor operation on
D .. (ShV® (Cor(k))), making D ,,(Sh""*®(Cor(k))) a triangulated tensor cate-

gory.

Explicity, in DM € (k), this givesus the functor
m:Smyg! DM€ (k);

de ned by m(X) := CSYS(Zy (X)), and the formula

mX kY)=m(X) m(Y):

The embedding theorem

We now have the two functors

Smi 7 —/DMgn (k) (6)

Theorem 4.33. There is a unique exact functor i : DM g, (k) ! DM¢® (k)
[ ling in the diagram (6). i is a fully faithful emtkedding and a tensor functor.
In addition, DM g is densein DM ¢ (k).

Here\dense" meansthat every object X in DM ¢ (k) ts in adistinguished
triangle
i(A)! iB)! X! i(A)[1];

where the A and the B are in DM g,(k), and the direct sums exist in
DME€ (k).
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Applications of the embedding theorem

The embedding theorem allows one to apply sheaf-theoreticconstructions to
DM 9™ (k), with somerestrictions. As an example,the bi-functor RHom( ; )
onD (ShV®(Cor(k)) inducesan internal Homin DM ¢ (k) by restriction. One
then gets an internal Hom in DMy (k) (assumingresolution of singularities)
by setting

HoMp m g, (k) (A; B) == HOmMp et (g (A Z(n);B Z(n+ m)) Z( m)

for n;m su cien tly large. Also, using the embedding theorem, one has

Theorem 4.34. For X 2 Smy, there is a natural isomorphism

Homp w et (k) (M(X ); Z(A)IP]) = HEs (X5 Z(0)) = HP(Xnis s Zrs (9)):
From this, Theorem 4.27 and Corollary 2.21, we have

Corollary 4.35. For X 2 Smy, there is a natural isomorphism

Homp ., (k) (M(X); Z(9)[p]) = CHY(X;2q p):

Once one has this description of the morphismsin DMgnm, it follows eas-
ily that DMgn is a ne homological triangulated category of motives over
k with Z-coe cien ts, and that DMy, has duality if k admits resolution of
singularities.

Comparison results

We state the main comparisontheoremrelating Levine'sDM (k) and Voevod-
sky's DM 9™ (k). We note that replacing the functor m : Smy ! DMgyn(Kk)
with

h:SmP ! DMgn(K)
h(X) = Homp v, k) (M(X); 2)

changesD M gy, (k) from a homological category of motivesto a cohomological
category of motives.

Theorem 4.36 ([63, Part 1, Chap. VI, Theorem 2.5.5]). Let k be a

eld admitting resolution of singularities. SendingZx (n) in DM (k) to Homp i, (k) (M(X); Z(n))
in DMgm (k), for X 2 Smy, extendsto a pseudo-tensorequivalene of coho-

molagical categories over motives over k

DM (k) ! DM 9™ (k);

i.e., an equivalene of the underlying triangulated tensor categories, compatible
with the respective functors h on SmP.
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5 Mixed Tate Motiv es

Let G = Gal(k=k) for some eld k, and let °~ be a prime not dividing the
characteristic. In the category of continuous represertations of G in nite di-
mensional Q- -vector spaces,one has the Tate objects Q- (n); the subcategory
formed by the successie extension of the Tate objects turns out to contain
a surprising amount of information. Analogously, one has the Tate Hodge
structure Q(n) and the subcategory of the category of admissible variations
of mixed Hodgestructures over a base-sbemeB consistingof successie exten-
sionsof the Q(n); this subcategory givesrise, for example,to all the multiple
polylogarithm functions. In this section, we consider the motivic version of
theseconstructions, looking at categoriesof mixed motivesgeneratedby Tate
objects.

We begin with an abstract approach by consideringthe triangulated sub-
category of DMgm (k) Q generatedby the Tate objects Q(n). Via the Tan-
nakian formalism, this quickly leadsto the seart for a concrete description
of this category as a category of represerations of the motivic Lie algeba
or dually, co-represemations of the motivic co-Lie algebra. We outline con-
structions in this direction due to Bloch [11], Bloch-Kriz [18] and Kriz-May
[61], in which the motivic cycle algebg, built out of the alternating version of
Bloch cycle complex described in x2.5, plays a certral role. The work of Kriz
and May shows how all the represenation-theoretic constructions are related
and a theorem of Spitzwed [85] allows us to relate all theseto the abstract
construction inside DM g .

5.1 The triangulated category of mixed Tate motiv es

Since we now have a reasonablede nition of \the" triangulated category of
mixed motivesover a eld k, especially with Q-coe cien ts, it makessenseto
de ne the triangulated category of mixed Tate motivesasthe full triangulated
subcategory generatedby the (rational) Tate objects Q(n), n 2 Z. Sincethe
cohomologicalformulation has beenusedmost often in the literature, we will
do so as well. We will assumein this section that the base eld k admits
resolution of singularities, for simplicity.

Concretely, this meanswe replacethe functor m : Smy ! DM 9™ (k) with
the functor h: Smy® ! DM 9 (k),

h(X) := Hom(m(X); Z):

To give an exampleto x ideas,the projective bundle formula givesthe iso-
morphism

h(P") = [Z( i) 21
De nition 5.1. Let k bea eld. The triangulated category of Tate motives,

DTM (k), is the full triangulated subcategory of DM 9™ (k)°®  Q generated
by the Tate objects Q(n), n 2 Z.
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As the duality involution _ : DM M (k) I DM 9M(k)°P is an equivalence
of triangulated tensor categories,and Q(n)- = Q( n), we have a duality
involution on DTM (k), giving an equivalence

_:DTM(k)! DTM(K)-:

The weight-structure

The category DTM (k) admits a natural weight- Itration: Let DTM (k) , be
the full triangulated subcategory of DTM (k) generatedby the Tate objects
Z( m) with m n. This givesthe tower of subcategories

DTM(K) n DTM(K) nse1  ::: DTM(K)

Dually, let DTM (k)" be the full triangulated subcategory of DTM( k) gen-
erated by the Tate objects Z( m) with m > n.
The basic fact upon which the subsequenctconstruction restsis:

Lemma 5.2. For X 2 DTM (k) n, Y 2 DTM(k)™" , we have
Homprm k) (X;Y) = O

Proof. For generatorsX = Q( a)[s], Y = Q( DJt], a n < b, this follows
from

Homprim( k) (Q( )[s]; Q( DB)[t]) = Hompry( k) (Q;Q(a  Db)[t  s])
= CH? "(Speck;2(a b t+s) Q

which is zerosincea b< 0. The generalresult follows easily from this. t

By various methods (see, e.g., [65] or [57]), one can use the lemma to
show that the inclusion i, : DTM(k) , ! DTM(Kk) admits a right adjoint
rn : DTM(k)! DTM(Kk) . This givesus the functor

W, :DTM (k) ! DTM (K);

W, = i, rp, and the canonicalmap , : Wy X ! X for X in DTM( k).
One shaws as well that Cong( ) is in DTM( k)", giving the canonical dis-
tinguished triangle

WoX I X1 WX 1 WyX[1]

where W>" X := Cone(p).

Remark 5.3. As pointed out in [57], one can perfectly well de ne an integral
version DTM( k)z of DTM (k) as the triangulated subcategory of DM gm (K)
generated by the Tate objects Z(n). The argumernt for weight Itration in
DTM (k) works perfectly well to give a weight Itration in DTM( k).
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The t-structure and vanishing conjecture

One can ask if the Beilinson formulation for mixed motives holds at least
for mixed Tate motives.The rst obstruction is the so-calledBeilinson-Soule
vanishing conjecture (see[84)):

Conjecture 5.4. Let F bea eld. Then K,(F)(@ = 0if 29 pandp> 0.
Translating to motivic cohomology this says
Conjecture 5.5. Let F bea eld. Then HP(F;Q(g)) = 0ifp Oandg> O.

Sincewe have

Homprv( 1) (Q; Q(A)[p]) = HP(k; Q(a));

we nd arelation betweenthe vanishing conjecture and the structure of the
triangulated Tate category.

For example, if there werean abelian category TM( k) with DTM (k) equiv-
alert to the derived category D ®(TM( k)), in such a way that the Tate objects
Q(n) wereall in TM( k), then we would have

HoMom( k) (Q: QD = ExtBy 4 (Q: Q(@);

which would thus be zerofor p < 0.

Supposefurther that TM( k) is arigid tensor category, inducing the tensor
and duality on DTM (k), with functorial exact weight Itration W , inducing
the functors W, on DTM( k), and that taking the assaiated graded with
respect to W inducesa faithful exact functor to Q-vector-spaces

gV i TM(Kk) ! Vec:
Then, aseacy mapf : Q! Q(a), a6 Ohasgr f = 0, it follows that

Hommy k) (Q; Q(a)) = O

for g6 0 aswell.
In short, the existenceof an abelian category of mixed Tate motivesTM( k)
with good propertiesimplies the vanishing conjecturesof Beilinson and Soule.
There is a partial corverseto this, namely,

Theorem 5.6 ([65]). Letk be a eld, and supmsethat the Beilinson-Soule
vanishing conjectures hold for k. Then there is a t-structure on DTM (k) with
heart TM( k) satisfying:

1. TM(k) contains all the Tate objects Q(n). The Q(n) geneate TM(k) as
an alelian category, closal under extensionsin DTM( k).

2. The tensor operation and duality on DTM( k) restrict to TM( k), making
TM( k) arigid tensor category
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3. The funtors W, map TM( k) into itself, giving each object X of TM(k) a
functorial nite weight- Itr ation

0=Wy+a X WyX) 0 Wy(X)=X:

4. Taking assaiated graded for the weight- Itr ation gives a faithful exact

tensor functor
ngr : TM(K) ! Q-mod

to nite dimensional Q-vector spaces, making TM (k) a neutral Q-Tannakian

category.
5. There are canonical natural maps

p(X;Y) S Extly o O Y) ! Homoru 1) (X; Y [p])

for X;Y in TM(K). p(X;Y) is an isomorphism for p = 0;1, and an
injection for p= 2.

We will describe below a criterion for DTM (k) to be the derived category
DP(TM (k)).

Looking at part (4) above, the Tannakian formalism as explained in x3.1
givesan identi cation of TM(k) with the category of graded represerations
of a graded pro-unipotent a ne algebraic group over Q, or what amourts to
the samething, a graded pro-nilp otent Lie algebraover Q, called the motivic
Lie algeba. There have beena number of constructions of candidatesfor the
motivic Lie algebra, or the assaiated Hopf algebra, which we will discuss
below.

Remark 5.7. The works of Terasoma[91], Deligne-Gondarov [27], Goncharov
[37], [36], Goncharov-Manin [40] and others has drawn a close connection
betweenthe mixed Tate category and values of the Riemann zeta function,
polylogarithms and multi-zeta functions; due to lack of space,we will not
discusstheseworks here. Seethe article [35] in this volume for further details.

5.2 The Blo ch cycle algebra and Lie algebra

Denition 5.8. (1) Let F be a eld. A cdga (A ;d;) over F consists of

a unital, graded-commutative F-algebra (A := ,2zA"; ) together with a
graded homomorphismd=,d", d" : A" | A"*1 suc that
1.d"*t dh = 0.

2.d"" M@ b =da b+ ( 1)'a d"ba2 A", b2 A"

A is called connected if A" = 0for n < 0and A° = F 1, cohomolaically
connected if H"(A )= 0forn< 0and H°(A )= F 1.

(2) An Adams-gadel cdgais a cdgaA together with a direct sum decomposi-
tion into subcomplexesA = | oA (r) suchthat A (r) A (s) A (r+5s).
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An Adams-gradedcdgais (cohomologically) connectedif the underlying cdga
is (cohomologically) connected.

For x 2 A"(r), we called n the cohomola@ical degree of x, n := degx, and
r the Adamsdeyree of x, r ;= jX|.

Example5.9. Let k bea eld. Recallfrom x2.5the alternating cycle complexes
zP(k; )At with commutativ e assaiative product

[ATzP(k; ) 2%k ) zPra(k; ):

Bloch [11] has de ned the motivic cdgaover k, N, ( ), asthe Adams-graded
cdgaover Q with

Z"(k;2r m)At forr>0

N (r) = z0(k; 0)At (= Q [Speck]) forr = O

and product
CNG() NZ(s)! NP (r + s)
givenby [ A . The unit is 1 [Speck] 2 N °(0).
Remark 5.10. The Beilinson-Souk vanishing conjecture for the eld k is ex-
actly the statemert that N, ( ) is cohomologically connected.

Bloch de nes a gradedco-LiealgebraM ( ) = oM (r) asfollows: Start
with the cycle cdgaN. Let N? := |, oNO(r), andlet J N be the dif-
ferertial ideal generatedby n< oy N"(r) N2.Let N bethe quotient cdga
N =J . Bloch shows
Lemma 5.11. (1) The product 2N*! N2 is injective

(2) LetM g =fx2N'jdxisin 2N! N?2g. Then

dM °M °Nt NZ

(3) The mapd : M ! M ¢ makesM i into an Adams graded co-Lie
algeba over Q.

De nition  5.12. The category of Bloch-Tate mixed motivesover k, BTM ,
is the category of graded co-represetations of M ¢ in Q-mod, that is, the
categoryof nite-dimensional gradedQ-vectorspacesV( ) = V(r) together
with a graded, degreezero Q-linear map

VO M V()

satisfying the co-assaiativit y condition (id ~» ) = (@ id) as maps
V()! 2My V().
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BTM  cortains the Tate-objects Q(n), n 2 Z, where Q(n) is the vec-
tor spaceQ supported in degree n, with zero co-action . There is a map
HY(N (1) ! Extgny,(Q(0);Q(r)) by sending 2 Z1(N (r)) to the classof
the extension

0! Qr)! v ! QUO! o
whereV = Q(0) Q(r) asa graded Q-vector space,with co-action given
by
(ab) = (0;a):
One cheds that changing by a co-boundary doesnot a ect the extension
class.

5.3 Categories arising from a cdga

As wewill seebelow, the construction of mixed Tate motivesvia co-represetations
of the Bloch co-Lie algebra M i is reasonableonly under the so-called 1-
minimal conjecture. Bloch and Kriz [18] have given another construction of
a co-Lie algebra, and at the sametime the assaiated Hopf algebra, by using
the bar construction of N¢. Kriz and May [61] have given a construction of
a triangulated category, which derives more directly from the cdga Ny; in
caseNy is cohomologically connected,this triangulated category has a heart
which turns out to be equivalent to the category of graded co-modules over
the Bloch-Kriz co-Lie algebra.

Before we go into this, we discusssome of the general theory of the bar
construction of a cdgaand related constructions. We have taken this material
from [61].

The bar construction

We recall the de nition of the reducedbar construction of an augmerted cdga
:A ! kovera eld F of characteristic zero.Let A be the kernel of , and
form the tensor algebra

TcA = (nynm)A™ piin g A

with A"t ¢ ::: g A" in total degreepj nj m, together with a copy of
F in degreeO, corresponding to the empty tensor product, which we write
asF 1. Denote a decompmsableelemert of A"t ¢ ::: g A" in T, A as
[X1j:::jxm], Xj 2 A", and de ne the map d by

X P, . . ] .
d(fxaj:iixml) = (1) = 990D [xqjrijdxgjiiijXm]

X )
+ (Y [Xaj:ojxiXjenjiiijXml]:
i
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Setd(F 1) = 0. This forms the complex (B (A); d).
The shu e product

Xaj it Xm ][ Xn+r] oo jXm+n]
mint X L
= m sgn( )X @ X (nem)ls
where 2 .. rangesover all permutations with (1) < ::: < (n) and
(n+ 1)< :::< (n+ m), de nes aproduct on B(A), satisfying the Leibniz
rule with respectto d. The map

:B(A)! B(A) B(A)

. . xn . . . .
(xaj:zixmD) = Ixajooopxi] o [XisnjiiijXm]
i=0

(the empty tensor being 1) de nes a coproduct on B (A).

This all makes(B (A);d;[ ; ) into adi erential gradedHopf algebraoverk,
which is graded-comnutativ e with respect to the product [ . The cohomology
H (B(A)) is thus a graded Hopf algebra over k, in particular H°(B(A)) is a
commutativ e Hopf algebra over k.

Let | (A) bethe kernelof the augmertation H°(B(A)) ! k. The coproduct

onH (B (A)) inducesthe structure of aco-Liealgebraon A := | (A)=l (A)2.

Suppose A = ; oA (r) is an Adams-graded cdga over k. We give
B(A) the Adams grading B(A) = | ¢B(A)(r) where the Adams degree
of [Xqj:::jXm] IS X

iXaj:ijxmli= X
j

ThusHO(B(A)) = | oH?(B(A)(r)) becomesa graded Hopf algebra over Kk,

commutativ e as a k-algebra. We also have the Adams-graded co-Lie algebra
A= >0 a(r).

Remark 5.13 Let A be an Adams-gradedcdga over a eld F of character-
istic zero. The Adams grading makes G := SpecH?(B(A)) into a graded
pro-unipotent ane group-stheme (i.e., G comes equipped with an action

of Gn). Thus A is a graded nilpotent co-Lie algebra, and there is an
equivalenceof categoriesbetweenthe graded co-represetations of H °(B (A))

in nite dimensional graded F -vector spaces,co-rep- (H%(B(A))), and the

graded co-represemations of » in nite dimensional graded F -vector spaces,
co-rep-( a).

Weight lItrations and Tate objects

Let A be an Adams-gradedcdgaover a eld F of characteristic zero, and let
M = M (r) beagradedco-module for A, nite dimensionalasan F -vector
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space.Let W,M = | M (r). As p ispositively graded, W,M isa a-sub-
comodule of M. Thus, eadh M has a nite functorial weight lItration, and
the functor gry, is exact. We say that M has pure weightn if W,M = M and
Wn 1M = 0.

We have the Tate object F(n), being the 1-dimensional F-vector space,
concerirated in Adams degree n, and with trivial (i.e. 0) co-action F(n) !

A F(n). Clearly gr,,"M = F(n)2 for somea, soall objectsin co-rep: ( )
are successie extensionsof Tate objects. The full subcategory of objects of
pure weight n is equivalent to F-mod.

SendingM to gr, M = ,grjy M denes a b er functor

gry :co-rep-( a)! F-mod

making co-rep: ( a) a neutral F-Tannakian category.

The category of cell-mo dules

The approach of Kriz and May [61] is to de ne atriangulated categorydirectly
from the Adams graded cdga N without passingto the bar construction or
using a co-Lie algebra, by considering a certain type of dg-modules over N .
We recall someof their work here.

Let A beagradedalgebraovera eld F.Welet A[n] bethe left A -module
which is A™* " in degreem, with the A -action given by left multiplication.
If A ()= nrA"(r) is a bi-graded F -algebra, we let A<r >[n] be the left
A ( )-module which is A™*"(r + s) in bi-degree(m; s), with action given by
left multiplication.

De nition  5.14. Let A beacdgaovera eld F of characteristic zero.

(1) A dg-A-module (M ;d) consistsof acomplexM = M" with dieren-
tial d, together with a graded, degreezeromap :A ¢ M ! M which
makesM into a graded A -module, and satis es the Leibniz rule

da m)=da m+ ( 1)%%2% m; a2 A ;m2M ;

wherewe write a m for (a m).

2) If A = | oA (r) is an Adams-graded cdga, an Adams-graded dg-A-
module is a dg-A-module M together with a decomposition into subcom-
plexesM = (M (s)suchthat A (r) M (s) M (r+5s).

(3) An Adams-gradeddg-A-module M is a cell moduleif M is freeand nitely
generatedas a bi-graded A-module, where we forget the di eren tial structure.
That is, there are elemeris f 2 MM (rj), j = 1;:::;s, such that the maps
a7! a b inducesan isomorphism of bi-graded A-modules

P A<ri>[nj]! M:
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The deriv ed category

Let A be an Adams-gradedcdgaovera eld F, andlet M and N be Adams-
graded dg-A-modules. Let Hom(M;N) be the Adams-graded dg-A-module
with Hom(M;N)"(r) the A-module mapsf : M I N with f(M?2(s))
Na*(r + s), and di erential d de ned by d (m) = d(f (m)) + (  1)"*1f (dm)
for f 2 Hom(M;N)"(r). Similarly, let M N be the Adams-graded dg-A-
module

M N)'(r) = arb=ns+t=rM3(s) FNb(t);

with dierential dm n)=dm n+ ( 1)%®™m dn.
For f : M ! N a morphism of Adams-graded dg-A-modules, we let
Cone(f ) be the Adams-gradeddg-A-module with

Congf)"(r) :== N"(r) M"1(r)

and di erential d(n;m) = (dn+ f(m); dm). Let M [1] be the Adams-graded
dg-A-module with M [1]"(r) := M"*1(r) and dierential d, whered is the
di erential of M. A sequenceof the form

M T N1 Conef)! MI[1]

wherei and j are the evident inclusion and projection, is called a cone se-
quene.

De nition  5.15. (1) The category KCM(A) is the F-linear triangulated
category with objects the cell-A-modules M , morphisms

Homk (M;N) := H°(Hom(M;N))

with evident composition law, translation M 7! M [1] and distinguished tri-
anglesthose sequencessomorphic to a conesequence.

(2) The category DCM(A) is the localization of KCM(A) with respect to
quasi-isomorphisms,that is, invert the mapsf : M ! N which induce an
isomorphism on cohomologyH (M)! H (N).

We note that the tensor product and internal Hom of cell modules gives
KCM(A) and DCM (A) the structure of rigid triangulated tensor categories.
The following is a useful result (see[61, Proposition 4.2]):

Prop osition 5.16. Let : A ! AP be a quasi-isomorphism of Adams
gradal cdgas.Then induces an equivalene of triangulated tensor categories
DCM(A)! DCM(A9.
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The weight and t-structures

It is easyto describe the weight Itration in DCM(A). Indeed, let M =
jA<r j>[n;] be a cell A-module with basisflb g. The dierential d is de-
termined by X

dg = ah:

i
As A (r) = 0if r < 0,and d is of weight 0 with respect to the Adams grading,
it followsthat jbj jbjif & 6 0. We may thus set

with di erential the restriction of d. One shows that this givesa well-de ned
exactfunctor W, : DCM(A)! DCM(A), and anatural nite weight Itration

0=W, 1! WoM! i1 Wy (M WM =M

for M in DCM(A). Let F(n) be the \T ate object " A< n>.

For the t-structure, one needsto assumethat A is cohomologically con-
nected; by Proposition 5.16we may assumethat A is connected.Let :A! k
be the augmertation given by projection on A°(0), and de ne

DCM(A) o:=fM jH"(M A k)= 0forn> Og
DCM(A) ¢:=fM jH"(M A k)= 0forn< Og
H(A)=fM jH"(M A k)= 0forné Og

Oneshaowsthat this de nes at-structure (DCM (A) o; DCM(A) o) onDCM(A)
with heart H(A). Also, the F(n) are in H(A) and these generateH (A), oin
that the smallest full abelian subcategory of H(A) containing all the F(n)
and closedunder subquotients and extensionsis all of H(A).

The subcategory of H(A) consisting of objects of pure weight n is equiv-
alent to F-mod with generator the Tate object F( n), giving us the b er
functor

grw :H(A)! F-mod

which makesH (A) a neutral F-Tannakian category.

Minimal models

A cdgaA overa eld F of characteristic zerois said to be genealized nilpotent
if
1. As agradedF -algebra, A = Sym E for someZ-graded F -vector spaceE,
i.e., A= Eogqg Sym Eey. In addition, E, = 0forn 0.
2. E is an increasingunion of graded subspaces

o= ! E° ::: E™ i1 E
with dE" Sym E" 1.
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Note that a generalizednilp otent cdgais automatically connected.
Let A be a cohomologically connectedcdga. An n-minimal model of A is
a map of cdgas
s:Mf ng! A;

with Mf ng generalizednilpotent and generated (as an algebra) in degrees

n, such that s inducesan isomorphismon H™ for m n and an injection
on H"*1 . One shows that this characterizess : Mf ng! A, up to unique
isomorphism, so we may speak of the n-minimal model of A. Similarly, the
minimal model of A is a quasi-isomorphismMflg ! A with Mflg general-
ized nilp otent; we can recover Mf ng asthe sub-cdgaof Mflg generatedby

0o i nMflg . Wecall A n-minimal if Mf ng= Mflg . With the obvious
changes,we have all these notions in the Adams-gradedsetting.

Remark 5.17. In rational homotopy theory, the rational homotopy type corre-
sponding to acdgaA isaK ( ;1) if and only if A is 1-minimal, soa 1-minimal
cdgais often calleda K (' ;1).
Let A be a cohomologically connectedcdgawith 1-minimal model Mf 1g,

let QA = Mf 1g! with map @: QA !  2QA the dierential d : Mf 1g' !

2Mf 1g = Mf 1g?. Then (QA; @ is a co-Lie algebra over F. If A is an
Adams-gradedcdga, then QA becomesan Adams-gradedco-Lie algebra. We
can also form the co-Lie algebra 5 asin x5.3.

Putting it all together

In [6]] the relations between the various constructions we have presened
above are discussed.We recall the main points here.

Theorem 5.18. Let A be an Adamsgradeal cdgaover a eld F of character-
istic zem. Supmsethe A is cohomolaically connected.

(1) Thereis afunctor :DP(co-rep- (H°(B(A)))) ! DCM(A). respctsthe
weight Itr ations and sendsTate objects to Tate objects.  induces a functor
on the hearts

H( ) :corep- (HO(B(A)) ! H(A)

which is an equivalen@ of Iter ed Tannakian categories, respcting the ber
functors gry, .

(2) Let M 5 f1g be the 1-minimal model of A. Then there are isomorphisms of
graded Hopf algebas H°(B (A)) = HO(B(M Af1g)) and graded co-Lie algebas

QA= M,.f1ig= A:

(3) The functor is an equivalene of triangulated categoriesif and only if A
isaK( ;1) (i.e., A is 1-minimal).
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5.4 Categories of mixed Tate motiv es

We are now ready to apply the machinery of x5.3.

Tate motiv es as mo dules

De nition 5.19. Let k be a eld.

(1) The Bloch-Kriz category of mixed Tate motives over k, BKTM y, is the
category co-repy(H 9(B(Ny))) of graded co-represemations of the Hopf alge-
bra HO(B(Ny)) in nite dimensionalgraded Q-vector spacesgquivalertly, the
category co-repy( n, ) of graded co-represemations of the co-Lie algebra
in nite dimensional graded Q-vector spaces.

(2) The Kriz-May triangulated category of mixed Tate motives over Kk,
DT, is the derived category DCM(Ny) of cell modules over N.

Remark 5.20. One can show that, assumingNy is 1-minimal, the co-Lie al-
gebraM ¢ is QNg. In general,there is a map of co-Lie algebras

Ne ! M
and hencea functor
:BKTM ¢ = co-rep( n,)! co-repM ) = BTM:

Applying Theorem 5.18to the situation at hand, we have

Theorem 5.21. Let k be a eld. Supmse Nk is cohomolaically connected,
i.e., the Beilinson-Soule vanishing conjecture holds for k.

1. There is an exacttensor functor : DP(BKTM ) ! DTy, preservingthe
weight- Itr ations and sending Tate objects to Tate objects.

2. The functor induces an equivalen® of Iter ed Q-Tannakian categories
BKTM ¢ I H(Ny), respcting the ber functors gr,, .

3. The functor is an equivalene of triangulated categories if and only if
Ny is a K( ;1). In particular, if Ny is a K( ;1), then

Extherm , (Q QM) = HP(k; Q(q)) = Kzq p(k)!@
for all p and q.

The very last assertionfollows from the identities (assuming an equiva-
lence)

Extgery  (QQ(d) = Hompr , (Q; Q(a)[p])
HP(N (a))

HP(k; Q(q)):
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Remark 5.22 If the Beilinson-Souk vanishing conjecture fails to hold for k,
then there is no hope of an equivalenceof triangulated categoriesD ?(BKTM ) !
DT, asthe lack of cohomologicalconnectnessor Ny is equivalent to having
Hompr, (Q; Q(9)[p]) 6 O for someq> 0 and p< O.

It is not clear if the lack of cohomological connectnessof Ny gives an
obstruction to the existenceof a reasonablefunctor : DP(BKTM ) ! DTy

(say, with  (Q(n)) = Q(n)).

Tate motiv es as Voevodsky motiv es

The following result, extracted from [85, Theorem 2], shows how the Kriz-May
triangulated category servesas a bridge betweenthe Bloch-Kriz category of
co-modules, and the more natural, but also more abstract, category of Tate
motiv essitting inside of Voewvodsky's category DM gn.

Theorem 5.23. Letk be a eld. There is a natural exact tensor functor

which inducesan equivalene of triangulated tensor categoriesDT ¢ | DTM( k).
The functor is compatible with the weight Itr ations in DT and DTM (k).
If N is cohomola@ically connected, then induces an equivalen® of akelian
categories

H(Nk) ! TM(K):

Note that this givesa module-theoretic description of DTM( k) for all elds
k, without assumingany conjectures. This result also givesa context for the
K ( ;1)-conjecture:

Conjecture 5.24. Let k bea eld. Then the cyclecdgaNyg isa K ( ;1).

Indeed the conjecture would imply that all the dierent candidates for
an abelian category of mixed Tate motivesover k agree:If Ny is 1-minimal,
the Ni is cohomologically connected. By Theorem 5.23, the abelian cate-
goriesH (N) and TM( k) are equivalent, aswell asthe triangulated categories
DTy = DCM(Ng) and DTM( k). By Theorem 5.21, we have an equivalence
of triangulated categoriesDP(H (Ny)) and DTy, and H(Ny) is equivalert to
the Bloch-Kriz category BKTM k. By Remark 5.20,the gradedco-Lie algebras
QNg and M ¢ agree,so we have equivalencesof abelian categories

BTM(k) BKTM(k) TM(k) HDTy
and triangulated categories
D°(TM(K)) DTM (k):

All these equivalencesrespect the tensor structure, the weight Itrations and
duality.
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5.5 Spitzw eck's represen tation theorem

We sketch a proof of Thereom 5.23.

Cubical complexes in DM € (k)

To give a represertation of DT into DMy, it is conveniert to usea cubical
version of the Suslin-complexC .

De nition  5.25. Let F be presheafon Smy. Let CSP(F) be the presheaf

X
CPF)X)=F(X M= (X ™Y
j=1

and let C®°(F) be the complexwith di eren tial

xo ) X0 )
do= (1) F(j2) ( 1 'F(jo):
j=1 j=1

If F is a Nisnevic sheaf,then C°®(F) is a complexof Nisnevic sheaves,and
if F is a Nisnevic sheafwith transfers, then C°(F) is a complex of Nisnevic
sheares with transfers. We extend the construction to bounded above com-
plexesof sheares (with transfers) by taking the total complex of the evident
double complex.

For a presheafF, let CA' (F) Cﬁb(F)Q denote as above the subspace
of alternating elemeris with respect to the action of , on ", forming the
subcomplexCA (F)  C®(F)q. We extend this to boundedabove complexes
of presheavesas well.

The argumerts usedin x2.5 to compare Bloch's cycle complex with the
cubical version show

Lemma 5.26. Let F be a boundead alove complex of presh@veson Smy.

1. There is a natural isomorphism CSUS(F) = C®(F) in the derived cate-
gory of presh@aveson Smy. If F is a preshaf with transfer, we have an
isomorphism CSUS(F) = C°°(F) in the derived category D (PST(k)).

2. The inclusion CAt (F)(Y) C%(F)o(Y) is a quasi-isomorphismfor all
Y 2 Smg.

In particular, C°®(F) has homotopy invariant cohomology sheases,so we
have the functors '
c®:C (ShVS(k))! DM® (k):

CAt :C (ShMS(k))! DM®© (k) Q:
Taking the usual Suslin complex also givesus a functor
cSus:c (ShNS(k)) ! DM® (K):

and we thus have the isomorphism of functors CSYS I C% and CA |
(C*®)o.
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The cycle cdga in DM € (k)

We apply this construction to F = Zg., (AY9). The symmetric group 4
acts on this sheafby permuting the coordinates in A%, we let NJ"(q)
CA (Zq. n (AY) be the subsheafof symmetric sectionswith respect to this
action.

Lemma 5.27. The inclusion NJ"(q) CA% (Zq.n (A%) is an isomorphism
in DM® (k)

Proof. Roughly speaking, it follows from Theorem 2.25, Lemma 2.28 and
Lemma 5.26 that the inclusion

CA (Zg:n (AD(Y) ! Z9(Y A% A
is a quasi-isomorphismfor eadh Y 2 Smy. As the pull-back
Z90Y A% At 29y A9 At

is also a quasi-isomorphismby the homotopy property,  acts trivially on
Z9(Y A% HAT inD (Ab). u

For X;Y 2 Smy, the external product of correspondencesgivesthe asso-
ciative external product

CP(Zg:n (AN(X)  CR(Zg:n (APN(Y) L CRY  (Zgin (AP O)(X )

Taking X = Y and pulling badk by the diagonal X ! X ¢ X givesthe cup
product of complexesof sheaves

[ :C®(Zgn (AP) C®P(Zgn (AY)) ! C®(Zg n (APT9)):

Taking the alternating projection with respect to the and symmetric pro-
jection with respectto the A yields the assaiative, commutativ e product

NS NI"(@ ! NI"(p+ o)

which makes NJ™ = (N/"(r) into an Adams-graded cdga object in
C (ShVs(k)).

In particular, if aisin N,f’m(k), multiplication by a givesan endomorphism
a CNJTONGT.

A replacemen t for Ny

Let
Nk(A)(r) := (' (A";2r  n)At)sym;

wheresym meansthe symmetric subspacewith respectto the [-action onA'
by permuting the coordinates. Taking the external product and the alternating
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and symmetric projections de nes an Adams-gradedcdga Ny (A ). We have
the evidert inclusion
iTNIT(k) ! NK(A);

and the pull-back via the maps  : A" ! Speck de nes
“Ng ! Nk(A )Z

As above,i and  are both quasi-isomorphismsof cdgas.Thus, we have the
equivalenceof triangulated tensor categories

DTy := DCM(Nx) DCM(Nk(A )) DCM(NZ™(k)):

The functor DT ¢! DMgm (K)o

We are now ready to de ne our represenation of DTy := DCM(Ny) into
DMgm(K)q. Let N = N2™ (k). We actually de ne a functor

:DCM(N)°!' DMgm(K)q

where DCM(N )% is the category of cell-N -modules with a choice of basis. As
this is equivalent to DCM(N ), which in turn is equivalent to DT y, the functor
su ces for our purposes.
Let M = ;N m; beacell N-module, with basisf m;g and di erential d
given by X
dm; = aj mj:
I

Encoding d asthe matrix (a; ), the condition d? = 0O translates as
(&) (&)= (daj); (7

where da; is the dierential in N. Let (M;d) be the complex of sheaves
iNJ™(rj)In;1 j, where j is a formal basis elemert. The dierential in
(M ; d) characterized by

X

and the requiremert that satisfy the Leibniz rule
(@ j)=da j+( )™®a ()

for a a local section of ngm(r,- )Inj]. The matrix equation (7) ensuresthat
2 = 0, giving a well-de ned object of DM ¢ (k).
If f :M ! N is amorphism of cell N -modules, , we choosebasesf m; g
for M andfn;gfor N, ,Eetf jgandf jgbethe corresponding baﬁesfor (M)
and (N). If f(m;)=,fjn;,thendene (f)by (f)( ;)= ;fj.
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One easily cheks that  respectstensor products, the translation functor
and cone sequencesso yields a well-de ned exact tensor functor

: DCM(N 2™ (k)°! DMgm(K)q:

By construction, (Q(n)) is the object NJ2™(n) of DMgm(k)q, Which by
Lemma 5.26 and Lemma 5.27 is isomorphic to CSS(Zq.n (A"))o = Q(n)
in DMgm(k)q. Furthermore, we have

Hompr, (Q(0); Q(n)[m]) = H™(Nk(n)) = CH"(k;2n  m);

which agreeswith  Hompmy «) (Q(0); Q(n)[m]); it is not hard to seethat
induces the identity maps betweenthese two Hom-groups. Since the Q(n)'s
are generatorsof DTy, it follows that s fully faithful, since DTM (k) is
generated by the Q(n)'s, is therefore an equivalence. This completesthe
proof of the represeration theorem 5.23.

6 Cycle classes, regulators and realizations

If one usesthe axioms of x3.1 for a Bloch-Ogus cohomologytheory, motivic
cohomology becomesthe universal Bloch-Ogus theory on Smy. The various
regulators on higher K -theory can then be factored through the Chern classes
with valuesin motivic cohomology Pushing this approac a bit further gives
rise to \realization functors" from the triangulated category of mixed motives
to the category of sheavesof abelian groupson Smfa’. In this section, we give
a sketch of these constructions. Seealso the article of Goncharov [35] in this
volume.

There are other methods available for de ning realization functors which
we will mertion as well.

6.1 Cycle classes

We x aBloch-Oguscohomologytheory on Smy. In this section,we describe
how one constructs functorial cycle classes

cl*? : CHYX;2q9 p)! HP(X;0);

and describe someof their basic properties. We refer to x3.1 for the notation.

Relativ e cycle classes

The main point of the construction is to usethe ptlgity property of to extend
the cycle classesto the relative case.Let D = = [, D; be a strict normal
crossingdivisor on someY 2 Smy, that is, for ead subsetl  f1;:::;mg,
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the substhiemeD, := \ j,,; D; of Y is smooth over k and of pure codimension
jlj on Y. We include the casel = ; in the notation; explicity D. = Y.

Let =( ) bea asque modelfor ( ), e.g.,for eadh X 2 Smy, ~(n)(X) is
the complex of global sectionsof the Godemert resolution of the restriction
of (n) to Xz ; in particular, we have

H™(X;0) = H(T(a)(X)):

Let ~(q)(X ;D) bethe iterated shifted coneof the restriction mapsfor the
inclusionsD; ! X, that is,if m= 1,D = D4, then

“(a)(X;D) = Coneip : “(a)(X)! T(a)(D) [ 1]
and in general, ~(g)(X ;D) is de ned inductively as

X 1 i X 1
~(@(X;D) = Cone ~(A)(X; D) ' ~(@(Di;  Di\ Dy) [ 1

i=1 i=1

One can alsode ne ~(g)(X ;D) as the total complex assaiated to the
m-cube of complexes

78 ~(a)(Dy);

from which one seesthat the de nition of ~(qg)(X ;D) is independert of the
ordering of the D;. De ne the relative cohomologyby

H (X;D;0 :=H (7(q)(X;D)):

For W X a closedsubset, we have relative cohomologywith supports,
de ned as

H w(X:D;0) = H (™ (a)(X;D));
where

“W(g)(X;D)= Conej : ~(g)(X;D)! ~(q(X nW;j D) [ 1],

andj : X nwg X is the inclusion.

Let D°=  [_, D? be a SNC divisor on X containing D. Let z9(X )po
denotethe subgroupof z9(X ) generatedby integral codimensionq subshiemes
W sudh that

codimpo(W\ Df) q

forall I f1;:::;rg, and let z9(X ; D)po denote the kernel of the restriction

map b

29(X)po ! m, z9(D)):

If W X is aclosedsubset, let zj, (X ;D)po be the subgroup of z4(X ;D)po
consisting of cyclessupported in W ; we write zy, (X ;D) for z, (X;D)p.
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P
Lemma 6.1. LetW X be aclosa subset,D = ™, D; a strict normal
crossingdivisor on X 2 Smy. Let A be the ring H°(Speck; 0).

1. If codimp, (W\ D) > qgforall I, thenH ., (Y;D;q) = 0. If codimp, (W\
D) qforalll,thenH ,,(Y;D;q) = 0forall p<2q

2. Supmwsethat codimp, (W\ D) qfor all I. Then the cycle classmap cl
de ne an isomorphism

cl:z3 (X;D) A! H2(X;D;q):

Proof. For m = 0, (1) is just the purity property of De nition 3.1(3). The
property (5) and the Gysin isomorphism (4)(b) of 3.1 give the isomorphism
of (2) for W smooth, and one usespurity again to extend to arbitrary W. In
general, one usesthe long exact cohomology sequencesassaiated to a cone
and induction on m. t

Higher Chow groups and relativ e Chow groups

Identifying the higher Chow groups with \relativ e Chow groups", making
a similar identi cation for -cohomology and using the relative cycle map
completesthe construction. p
Form 0, let @ and } be the SNC divisors [, (ti = 0) and
i”:Ol(ti = 0) on X " respectively. For a commutativ e ring A, we have
the higher Chow groups with A-coe cien ts

CHY(X;n;A) := Hy(29%X; ) A):
De ne motivic cohomologywith A-coe cien ts, HP(X; A(q)), by
HP(X;A(Q) = CHY(X; 29 pA):
Lemma 6.2. There is an exact seqguen@

rest, ., =0

z9(X n+l. ;ﬂ)@Z“ A !
z9(X @) A!' CHYX;n;A)! O

Proof. By the Dold-Kan theorem [29], the inclusion of the normalized sub-
complex
Nz(X; )b z9%X; )

is a quasi-isomorphism.SinceN z%(X ; n) = z9(X " %) with dierential
res, ., o . 29(X n+t. ;‘("1)@2+1 Iz9(X " Ya

the result follows. u
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Lemma 6.3. Let X bein Smy. Then H (X ", %0 = 0for all gand
there is a natural isomorphism

HP(X @9 =H" "(X;9
Proof. This follows from the homotopy property of and induction onn. t

We can now de ne the cycle classmap
CHIO;m;A) W HZ " (x g
where A is the coe cien t ring H ° (Speck; 0); we then have
cl®P T HP(X;A(@) ! HP(X;0)
by cl%? := cl92q p).
Indeed, from Lemma 6.1, we have natural isomorphisms
29X @) A=ImHM (X @9
w
Zq(X n+l : ;1(+1 )@+1 A = |'|m H 2(.ZIW O(X n+l : ;+1 'q)
we
whereW runs over codimensionq closedsubsetsof X ", \in good position"
with respectto the facesof ", and W °runs over codimensionq closedsubsets

of X n+1 \in good position" with respectto the facesof "*!.\F orgetting
the supports" givesmaps

imH, (X ™@:g! HYX @0

w

|imH2?Wo(X n+1; ;1(+1;q)! H2q(x n+1; ;1(+1;q)
WO

Putting thesetogether and using and Lemma 6.2 and Lemma 6.3 givesthe
desired cycle classmaps

cl%n) : CHI(X;n;A) ! H? "(X:q):
Remark 6.4. With a bit more work, one can achieve the maps cl*? as maps
cf:Zes(@) “Al (0 ®)

in D(Sh? (k)), compatible with the multiplicativ e structure. Using Re-
mark 2.22, we have the structure map

b u:Gn[ 11! (@)

promisedin x3.1.

For additional details, we refer the reader to [33] ([33] considerscl® as a
map from the cycle complexesZg (q) instead, but one can easily recover the
statemerts made above from this).
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In any case,we have:

Theorem 6.5. Fix acoe cient ring A. Motivic cohomolay with A-coe cients,
H ( ;A()), asthe Bloch-Ogustheory on Smy representel by Zrs( ) - A,
is the universal Bloch-Ogus cohomolay theory with coe cient ring A, in the
senseof De nition 3.1.

Remark 6.6. With minor changes,the cycle classesdescribed here extend to
the caseof scheme smooth and quasi-projective over a Dedkind domain, for
example, over a localization of a ring of integersin a number eld, using the
extension of the cycle complexesdescribed in Remark 2.9. For instance, we
have cycle classes

cl%P 1 HP(X;Z=n(q)) := CHI(X;29 p;Z=n)! HE(X;Z=n(q))

for X I Spec(Og [1=n]) smooth and quasi-projective, F a number eld.

Explicit form ulas

The abstract approach outlined above doesnot lend itself to easy computa-
tions in explicit examples, except perhaps for the caseof units and Milnor
K -theory. Goncharov explains in his article [35] how one can give a fairly
explicit formula for the cycle classmap to real Deligne cohomology;this has
beenre ned recertly in [59] and [60] to give formulas for the map to integral
Deligne cohomology Although this seard for explicit formulas may at rst

seemto be merely a computational convenience,in fact such formulas lie at
the heart of someimportant conjectures, for instance, Zagier's conjecture on
relating values of L-functions to polylogarithms [102.

Regulators

The classical caseof a regulator is the Diric hlet regulator, which is the co-
volume of the lattice of units of a number eld under the embedding given
by the logarithm of the various absolute values. The term \regulator" now
generallyrefersto a real-valued invariant of someK -group, especially if there
is somelink with the classicalcase.

The Diric hlet construction was rst generalizedto higher K -theory of num-
ber rings by Borel [20] using group cohomology and was later reinterpreted
by Beilinson [5] as a lattice co-volume arising from a Gillet-t ype Chern class
to real Deligne cohomology In the context of the cycle classmaps described
above, we only wish to remark that it is easyto show that Gillet's Chern class
Ko p(X) ! HP(X;Qq) factors as

Kaq o0 T HPOGZ(@) T HP(X;0):

for () a Bloch-Oguscohomologytheory.
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6.2 Realizations
Extending the cycle class map

In this section, we describe the method used by Levine [63, Part 1, Chap.
V] for de ning a realization functor on DM (k) assaiated to a Bloch-Ogus
cohomologytheory  (see[63, Part 1, Chap. V, Theorem 1.3.1]for a precise
statemert, but note the remark below). We retain the notation of x6.1.

Remark 6.7. There is an error in the statement of [63, Part 1, Chap. V,
De nition 1.1.6and Theorem 1.3.1]: The graded complex of sheavesF should
be of the form F = 4 2zF (), not qgeoF (0), asit is stated in loc. cit.. In
De nition 1.1.6,the axioms (ii) and (iii) arefor q 0, whereasthe axiom (iv)
is for all qi; and axiom (v) is for all g. | am grateful to Bruno Kahn for
pointing out this error.

One would at rst like to extend the assignmen Zx (g) 7! ~(g)(X) to a
functor
< :DM (K)! D(Ab):

There are essetially two obstructions to doing this:

1. In DM (k), we have the isomorphism

Zx (@) Zy(d) = Zx v(q+ );

but there is no requiremert that the external products for  induce an
analogousisomorphismin D (Ab),

T(a)(X) " @)(Y) = @+ DX Y):

In fact, in many naturally occuring examples,the above map is not an
isomorphism.

2. The object () = 4 (o) is indeed a commutativ e ring-object in the
derived category of sheaveson Smfa’, but the commutativit y and asscia-
tivit y properties of the product may not lift to similar properties on the
level of the represeriing complexes ~(g)(X).

To avoid these problems, one considersa re nement of a Bloch-Ogus the-
ory, namely a geometric cohomologytheory on SmE [63, Part 1, Chap. V, Def.
1.1.6],where ? is a Grothendied topology, at leastas ne asthe Zariski topol-
ogy, having enoughpoints (e.g., the etale, Zariski or Nisnevic topologies).Let
A be a commutativ e ring and let Sh,"i(Smk) be the category of sheavesof A-
moduleson Smf:. Esserially , a geometriccohomology is given by a graded
commutativ e ring object “( )= g2z "(q) in C(Shi (Smy)), sudh that

1. All stalks of the sheares "(g)" are at A-modules.
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2. For X in Smy, let px : X ! Speck denote the projection. Then for X
and Y in Smy, the product map

Rpx ("(@ix) “Rpy ("(@Div)! Rpex v ("(@+ dix v)

is an isomorphismin D(Sh;"\ (Speck)).
3. Let Sm',i ! Smfar be the change of topology morphism, and let
(n):= R "(n). Then ():= . o (n) denes a Bloch-Ogus coho-
mology theory on Smy, in the senseof x3.1.
4. Let 1 denote the unit in Shy(Speck) and [Speck] : 1 ! "(0)jspeck
the map in D(Sh,"i (Speck)) corresponding to the cycle class [Speck] 2
H O (Speck; 0). Then [épeck] is an isomorphism.

Examplesof suc theoriesinclude: de Rham cohomology singular cohomology
etale cohomologywith mod n coe cien ts.

Having madethis re nement, oneis able to extendto assignmen Zx (q) 7!
Rpx (A(q)jx) to a good realization functor:

Theorem 6.8 ([63, Part 1, Chap. V, Thm. 1.3.1]). Let beagemetric
cohomolay theory on Smf:, and let A := H9(Speck;0). Then sendingZy (0)
to Rpx (A(q)jx) extendsto an exact pseudo-tensorfunctor

< :DM (k)a ! D(Sh}(Speck)):

Here Sh,'i (Speck) is the category of sheavesof A-moduleson Speck, for the
?-topology. DM (k)a is the extensionof DM (k) to an A-linear triangulated
category formed by taking the A-extension of the additive category A mot (k)
and applying the construction usedin x4.4 to form DM (k) (this is not the
sameasthe standard A-extensionDM (k) A if for instanceA isnot at over
Z).

The rough ideais to rst extend the assignmen

Zx (@ 7' Rpx ("(@)jx)

to the additive category Amet (k) A (notation asin x4.4) by sending the
cyclemap [Z]: ! Zx (d)[2d] to arepresenativ e of the cycle classwith sup-
ports in codimension g for the cohomologytheory . The lack of a canonical
represerativ e createsproblems, so we replace Aot (k) with a DG-category
Amot (k) for which the relations among the cycle maps [Z] are only satis ed
up to homotopy and \all higher homotopies". Proceedingalong this line, one
constructs a functor

<O KP(Amet (k) A) ! K (Sh (Speck)):
Onethen \forgets supports" in the theory and passego the derived category

<K KP(Amet (k) A)! D(Sh;(Speck)):
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Now let DP(Amot (K)  A) be the localization of K°(Ane (k) A) asa
triangulated tensor category, formed by inverting the same generating set
of maps we usedto form DP(A e (k) from K P(A e (K)). The Bloch-Ogus
axioms for  imply that <K extendsto a functor on DP(A e (K)  A); one
then extendsto the pseudo-akelian hull of D°(Ame (k)  A) and provesthat
this pseudo-alelian hull is equivalent to our original category DM (k)a .

Remark 6.9. We take this opportunity to correct an error in [63], pointed out
to us by Bruno Kahn: In [63], we only required that a geometric cohomology
be non-negatively graded: "( ) = q0 (). This of courseleavesnowhereto
sendZyx (q) for q< 0, sothe full Z-grading, as described above, is required.

Remark 6.10. Although theories such as Beilinson's absolute Hodge coho-
mology, Deligne cohomology or "-adic etale cohomologydo not t into the
framework of a geometric cohomologytheory, the method of construction of
the realization functor does go through to give realization functors for these
theories as well. We refer the reader to [63, Part 1, Chap. V, x2] for these
constructions.

We would liketo correct an error in our construction of the absolute Hodge
realization, pointed out to us by Pierre Deligne: In diagram (2.3.8.1), pg. 279,
de ning the object D[X; X], the operation Dec is improperly applied, and
the functor px.x), (top of page278)is incorrectly de ned. To correct this,
one changespx.x) by rst taking global sectionsas indicated in diagram
(2.3.6,8),and then applying the operation Decto all the induced W - ltrations
on the global sections.One alsodeletesthe operation Decfrom all applications
in the diagram (2.3.8.1) de ning D[X; X]. With thesechanges,the construc-
tion goesthrough as described in [63].

Hub er's metho d

Huber constructs realizations for the rational Voewvodsky category DM gm (K)q
in ([49, 50]) using a method very similar to the construction usedby Nori to
prove Proposition 3.17. The idea s the following: Supposethe base eld is C.
Let W ! X bea nite dominant morphism, with X 2 Smy, and W and X
irreducible. Let WO! X be the normalization of X in the Galois closure of
k(W)=k(X), let G = Gal(k(W9=k(X)), and let C (X) denote the singular
cochain complex of X (C) with Q-coe cien ts. Then G actson C (W9, and in
fact the natural map C (X)! C (W9 givesa quasi-isomorphism

C (X)! C (W9S;

where C (W9€ is the subcomplex of C (W9 of G-invariant cochains. Also,
since we have Q-coe cien ts, there is a projection :C (W9 ! C (W9C,
Thus, one can de ne the pushforward w-x :C (W)! C (X) asthe com-
position in D* (Q-mod)

R

C(W)%! c w9yt c (w9 cC (X)
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}yhere p: W%l W is the projection and d is the degreeof p. Now, if W =
i NiW, isin Cor(X;Y), we have the map

W :C (Y)! C (X)
P
in D* (Q-mod) de ned asthe sum ; n;W; , whereW, is the composition

W =X

c ) "I cw) I C (X)

where w, =y : W; ! Y isthe evident map.
Re ning this to give maps on the level of complexes,the assignmen X 7!
C (X) extendsto a functor

Rsing : Cor(C)g’ ! C*(Q-Vec);

the properties of singular conomologyasa Bloch-Ogustheory imply that Rsing
extendsto an exact functor

<sing : DMgm(C)q ! D" (Q-mod):

Two essetial problems occur in this approach:

1. For many interesting theories  (e.g. de Rham cohomology), even though
there are extensionsof  to complexeson all reduced normal quasi-
projective k-schemes,it is often not the casethat (g)(X)!  (q)(W9C
is a quasi-isomorphism,as was the casefor singular cohomology

2. It is not so easy (even in the caseof singular cohomology)to re ne the
map w=x 10 give a functorial map on the level of complexes.

Huber overcomesthese di culties to give realizations for singular coho-
mology, as described above, as well as for Q--etale cohomology and rational
Deligne cohomology

Nori's realizations
Using the functor (4) (seejust below De nition 3.20)
:DMgm(k) ! DP(NMM( k));

and the universal property of the category NMM( k) (derived from the univer-
sal property of ECM(k)), one hasintegral realization functors from DM g (k)
for: singular cohomology "-adic etale cohomology de Rham cohomology and
Beilinson's absolute Hodge cohomology Thesedo not seemto have beenused
at all in the literature up to now, so we hope that a good version of Nori's
work will appear soon.
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Blo ch-Kriz realizations

We conclude our overview of realizations by briey discussingthe method
usedin [18] for constructing realizations of the Tate category BKTM . Denote
the motivic Hopf algebraH?(B (Nk)) by mot (k) (seeDe nition 5.19 for the
notation).

One can considerfor instance the category of continuous Gy := Gal(k=k)
represerations M in nite dimensional Q--vector spaces,suc that M has
a nite lItration W M with quotients gry M being given by the nth power
of the cyclotomic character. This forms a Tannakian Q--category, classi ed
by an Adams-gradedHopf algebra ¢~ (k). Thus, in order to de ne an etale
realization of the category BKTM ¢ = co-rep( mot (K)), it suces to give a
homomorphism of Hopf algebras

et - mot (K)! ety (K):

Using a modi cation of the cycle-classmethod discussedin x6.1, they show
that the cycle classmap (8), for ( ) = Q--etale cohomology can be re ned
to giverise to such a homomorphism ¢, and hencea realization functor

et - BKTM ¢! co-rep( et (K)) ! Q- [Gk]-mod:

It would be interesting to comparethis realization functor with the onegiven
by Spitzwed's represernation theorem and Nori's realization functor.
A similar method yields a description of real mixed Hodge structures asthe
Tannakian category of co-represemations of an Adams graded Hopf algebra
Hdg over R, and a realization homomorphism

Hdg - mot (! Hdg -

Again, it would be interesting to compare this with Nori's approadc, and to
seeif the re ned cycle classesof [59, 60] allow one to give a more explicit
description of pqg .
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