HOMOLOGY OF ALGEBRAIC VARIETIES: AN INTRODUCTION
TO RECENT RESULTS OF SUSLIN AND VOEVODSKY

MARC LEVINE

1. INTRODUCTION

The recent series of papers by Suslin, Voevodsky, Suslin-Voevodsky and Fried-
lander-Voevodsky: [49], [50], [51], [52], [53] and [20], has developed a remarkable
new viewpoint in the study of algebraic cycles. A new “topology” defined by Vo-
evodsky, the gfh-topology, relates algebraic cycles to certain representing sheaves
for this topology, and thus allows a systematic application of the powerful meth-
ods of sheaf-theory in areas which heretofore have been approached by essentially
algebro-geometric or homotopy theoretic means. We hope to give here, not a full
overview, but rather a sample of these new techniques and the results they have
made possible. We will concentrate on the applications to the mod-n theory, for
which the most striking applications have as yet appeared.

2. HISTORICAL BACKGROUND

Let X be a CW-complex. The topological Ko (see [2], [3]) of X, K °P(X), is
defined as an abelian group via generators and relations: the generators are the
isomorphism classes [E] of complex vector bundles F — X, with relations given by
stable equivalence:

[E]=[F'|<= E®e" 2 E @e¢" for some n,

where e” is the trivial rank n bundle on X. For X a finite CW complex, this group
is also given as the homotopy classes of maps of X to the classifying space BGL¢
of the topological group

GL¢ := limGLy ¢,
N

where GLy ¢ is the topological group of invertible n by n matrices over C. The
higher topological K-theory of a finite CW-complex X can then be defined as the
homotopy groups of a function space:

K°P(X) := m,(Hom(X, BGLg)).
The filtration of X via its k-skeleta, together with Bott periodicity:

KPP (X) = K (X),
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gives rise to the Atiyah-Hirzebruch spectral sequence relating singular cohomology
and topological K-theory; this spectral sequence degenerates rationally, giving the
isomorphisms

K (X)®Q = @,H*(X,Q)
KU (X) ©Q = @, H* (X, Q).

The algebraic K of an algebraic variety X is defined as the abelian group with
generators the isomorphism classes [E] of algebraic vector bundles E on X, with
relations given by setting

[E] = [E'] + [E"]
if there exists an exact sequence

0—-F —FE—E'"—0.

If X is affine, all such exact sequences split, and one gets the same group by
imposing the relation of stable equivalence as in the topological case, but in gen-
eral, stable equivalence is a weaker relation (they agree, however, in the topological
setting). In fact, the algebraic K was defined (by Grothendieck) before the topo-
logical case, but the higher K-theory in the topological setting was defined before
the algebraic case.

Pursuing the analogy with the topological situation, Karoubi and Villamayor
[31] gave a definition of higher algebraic K-theory of a ring R by means of the
discrete group GL(R), where the topology of GL¢ is replaced by a certain simplicial
structure. As this idea is central to our whole discussion, we give a description in
a somewhat more general setting.

The algebraic version of homotopy is gotten by replacing the unit interval with
the affine line A'. Following this further, one considers the cosimplicial variety A*,
with n-cosimplices A™ given as the hyperplane in n + 1-space defined by the linear

equation
n
> ti=1.
i=0

If one takes the ¢; to be real numbers, with 0 < ¢; < 1, this is the usual n-simplex; as
the usual expressions for the co-face and co-degeneracy maps between the n-simplex
and the n — 1-simplex are linear functions of the t;, one obtains the structure of a
cosimplicial variety on A* by using the same formulas as in the real case.

Starting with the map

Al x AT — Al
(s,t) — st
one can construct a map
(2.1) H: Al x A* — (A x AF)01],

having the formal properties of a “homotopy” between the identity map on A! x A*
and the map

(x,t) — (0,¢).
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Now, suppose we have a functor (here Sch is the category of schemes)
F: Sch°® — Sets
We may form the new functor
(2.2) Fp,: Sch®? — Simplicial Sets
by
F,(X)=F(X x A™).

The simplicial set F},(X) then satisfies the homotopy property: by applying F to
(2.1), one shows that the natural map

Fi(X) — F(X x A")

is a homotopy equivalence on the geometric realization. Similarly, if we have a
functor

F: Sch’? — Ab
we may form the new functor with values in chain complexes
(2.3) Fyz: Sch® — C(Ab)

by taking the chain complex associated to the simplicial abelian group Fj. The
functor Fyy is also homotopy invariant: the natural map

Fiz(X) — Fup(X x AY)

is a quasi-isomorphism.
Now back to Karoubi-Villamayor K-thery. Suppose X is an affine variety with
ring of functions R. The group GLy(R) is the group of algebraic maps

X — GLN7

where GL is the open subscheme of affine N2 space defined as the locus where the
determinant function is non-zero. Replacing X with X x A* gives the simplicial
ring A, (R) with

An(R) = Rlto, ... ,ta]/(O_ti — 1)

Spec AL (R) = X x A™;
and the simplicial group GLy (AL (R)):
GLN (A, (R)) = Homg e (X x A", GLy).

One then takes the geometric realization |GLy(AL(R))| of this simplicial set,
passes to the limit over N, |GL(AL(R))|, and defines the Karoubi- Villamayor K-
theory of R by
One can extend this definition to an arbitrary scheme by a sheafification process.

Quillen gave another definition of higher algebraic K-theory, first for rings by us-
ing his plus-construction [38], then for arbitrary exact categories via his categorical
Q-construction [39]; this definition gained wide acceptance as the “correct” one in
the general setting. It turns out that, for a regular scheme X (the algebro-geometric
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version of a manifold), the Karoubi-Villamayor K-theory agrees with the Quillen
K-theory, although for singular schemes, the two definitions are not in general the
same.

In contrast with the topological case, the algebraic version of singular cohomol-
ogy, the so-called “motivic cohomology”, was not completely defined until some
fifteen years after the definition of algebraic K-theory. The first step towards the
full definition of motivic cohomology was, however, taken quite a bit earlier, aris-
ing in the 50’s with the construction of the Chow ring of algebraic cycles modulo
rational equivalence (see e.g. [56], [45], [8], [9], [7], [12] and [25]). What emerged
from these constructions was an algebraic homology-like theory built out of the
free abelian group on the algebraic subvarieties of X, the algebraic cycles on X.
Replacing the unit interval with the affine line as above leads to the relation of
rational equivalence, an algebraic version of homology. More precisely, a cycle is
rationally equivalent to zero if it is of the form

pry(W- (X x0) =W - (X x 1))

for W a cycle on X x A!, where pry is the projection on X, and - is the intersection
product (one requires that W contains no component of the form Wy x ¢, so that
the intersection product is defined). One then defines the Chow group of X as the
group of algebraic cycles modulo rational equivalence.

For smooth quasi-projective varieties, this homology-like theory has a cohomo-
logical flavor as well: the intersection of subvarieties extends to the intersection
product on the group of cycles mod rational equivalence, defining the Chow ring

CH*(X) := &,CH(X),

with the grading by codimension. In addition, the Chow ring admits functorial
pull-back maps

f*: CH*(X) — CH*(Y)
for arbitrary maps f: Y — X between smooth, quasi-projective varieties. Grothen-
dieck’s theory of Chern classes with values in the Chow ring [25], together with the
Grothendieck-Riemann-Roch theorem [7], gives the isomorphism

D eyt Ko(X) ®Q 2= ,CH)(X) @ Q.
q

The major inadequacy of both the algebraic Ky and the Chow ring is the lack
of good localization sequence, relating the theory for X, an open subscheme U,
and the closed complement Z := X \ U. Both theories have the beginning (or end,
depending on your point of view) of such a sequence; Quillen’s uniform definition
of the higher K-groups, together with his localization theorem (see [39]), filled this
gap on the K-theory side, giving the long exact sequence

= Kyp(Z) = Kyp(X) = Kp(U) = Kp1(Z) — ... = Ko(X) = Ko(U) — 0

(this is for X and Z smooth; there is a similar sequence in general).

The first successful definition of motivic cohomology was supplied by Bloch in
1985, with his construction of the higher Chow groups [4]. The idea is to make
sense of the algebraic cycles on the co-simplicial variety X x A*. The technical
problem here is that an arbitrary codimension ¢ subvariety of X x AP may not
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intersect a face X x AP’ in codimension q, and thus the intersection product with
this face is not defined; Bloch solves this by considering the subgroup generated by
subvarieties which do intersect all faces in the correct codimension. This gives the
homological complex Z9(X, ), with Z9(X, p) being the subgroup of the cycles on
X x AP just described, and differential given by the pull-back via the coboundary
maps in X x A* (i.e., intersection with the codimension one faces X x AP~! of
X x AP). The higher Chow groups are then defined as the homology

CHY(X,p) := Hy(29(X, %))
This extends the definition of the Chow ring CHY(X), via the identity
CH?(X) = CHY(X,0).

It wasn’t until around 1992 that the localization property for CHY(X, x) was
proved (see [5]), and this only for varieties over a field of characteristic 0. We do
know, however (see e.g. [32]), that there is a close relation between the higher
algebraic K-theory and the higher Chow groups of a variety X which is smooth
over a field, so the higher Chow groups do seem to be the “correct” groups for
motivic cohomology.

3. THE QUILLEN-LICHTENBAUM CONJECTURE.

Let X be a variety defined over C, X(C) the topological space of solutions to
the equations defining X. Passing from algebraic maps to continous maps defines
the comparison map from algebraic to topological K-theory

K28(X) — Ki°P(X(C)).

In general, this map is far from being an isomorphism. However, the situation seems
to get quite a bit simpler if one takes K-theory with mod n coefficients (defined via
mod n homotopy groups of the appropriate spaces):

K28(X;Z/n) — Ki°P(X(C); Z/n).

The so-called Quillen-Lichtenbaum conjecture asserts (in one of its forms) that this
map is an isomorphism for p > 2 dim¢(X).

One can extend this to varieties over more general fields as follows. Grothendieck
et al. [26] have defined the étale cohomology, HY (X,Z/n), of a scheme X, which
(for n invertible on X) has many of the formal properties of the mod n singular co-
homology of a space (see §5 for more information). In fact, the comparison theorem
of Artin gives a natural isomorphism between the étale cohomology HY, (X, Z/n)
of a scheme X defined over C, and the singular cohomology H?(X(C),Z/n) of
the analytic space of solutions X (C). Building on the methods of Grothendieck,
Friedlander [14], [15], and Dwyer-Friedlander [13] constructed an algebro-geometric
version of mod n topological K-theory, the étale K -theory K&(X;Z/n). There is an
Atiyah-Hirzebruch spectral sequence in the étale case as well, relating Hf, (X, Z/n)
and K¢(X;Z/n).

The Quillen-Lichtenbaum conjecture then asserts that the natural map of mod-n
algebraic K-theory to mod-n étale K-theory of a variety X over a field k:

KY8(X;Z/n) — KX Z/n)
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is an isomorphism for p > 2dimy (X)) + c.d.(k), where c.d.(k) the mod n cohomolog-
ical dimension of the Galois group of k/k. Via the theory of Chern classes to étale
cohomology, this can be interpreted as stating that the Chern class maps induce
isomorphisms (for F' a field)

Z cqpt Km(FyZ/n) — @2q—p=mH£t(Fa Z/n(q)); 2q > p,

2q—p=m

for n prime to “small primes” (depending on m) and prime to the characteristic of
F.

We should mention here that the original conjecture of Quillen and Lichten-
baum (see e.g. [34]) concerned itself only with the K-groups and étale cohomology
of number rings, and that the conjecture stated above is a slight modification of
Conjecture 3.9 in [15].

Thus, one hopes for natural isomorphisms,

(3.1) HY(X,Z/n(q)) — HEZ (X, Z/n(q));  2q = p, q = dimg(X),

where HJ(X,Z/n(q)) is the mod-n motivic cohomology of a smooth k-scheme X;
at least provisionally, this can be defined via Bloch’s cycle complex as

Hﬁ(X, Z/n(q)) = Hoq—p(ZUX, %) Q Z/n).

One main result of Suslin and Voevodsky ([49] and [48]) is that, for varieties over
an algebraically closed field, such isomorphisms exist.

In fact, the major player in the proof is not Bloch’s cycle complex, but a homolog-
ical version introduced by Suslin (in a 1988 lecture at Luminy). The Suslin homol-
ogy of a scheme X is defined in terms of families of zero cycles on X, parametrized
by the co-simplicial scheme A*. There was no serious progress in the study or
application of Suslin homology until Voevodsky introduced his qfh-topology and
h-topology in 1992; this provided the needed breakthrough by allowing an inter-
pretation of the mod n Suslin cohomology (the dual of Suslin homology) as a
cohomology theory arising from sheaves on a Grothendieck site.

4. RELATIVE 0-CYCLES AND SUSLIN HOMOLOGY OF SCHEMES

A pointed topological space (X, *) freely generates a commutative monoid with
* acting as identity, the pointed infinite symmetric product Sp>° X, whose points
are the finite formal sums Zl x; with z; € X, modulo the relation

n-*—|—§ €T~ E Z;.
i i

If (X,x) is a connected CW complex, the theorem of Dold and Thom [11] shows
that Sp>° X represents the homology of X, via a natural isomorphism

T (Sp™X) = H,, (X Z).

One can mimick this in the algebraic setting. Rather than attempting to deal
with the infinite dimensional scheme Sp>° X, Suslin considers a functor which is
in principle the one represented by the group completion of Sp>°X. As in §2, one
replaces the topology on Sp> X induced by that of X with the simplicial structure
induced by A*.
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DEFINITION 4.1. Let X and S be k-schemes, with S smooth and irreducible. Define
the group Cy(S; X) to be the free abelian group on the subvarieties W of X x §
such that the projection po: W — S is finite and surjective (recall that a map
f:Y — Z is finite if f is proper and each fiber of f is a finite set). Set

Co(S; X) = Co(S x A™; X).

The group Cy(S; X) is covariantly functorial in X and contravariant in S; thus,
we may form the complex (see (2.2))

C(S;X) :=Co(S x A*; X) = Co(S; X)nz;
and the homology
H3"8(S; X) == Hp(C.(S; X)).
The groups H;i“g (S; X) are thus covariant in X and contravariant in S.

EXAMPLE 4.2. Take S = Spec k. Then H3™8(k; X) is the Suslin homology of X.
Sending X to H3"8(X;Z) := H3"8(k; X) defines the functor

H;"8(—;Z): Sch/k — Ab
Let Y be a smooth irreducible k-scheme, and define Cy(X)(Y') by
(4.1) Co(X)(Y) = ColY; X).

This defines the (contravariant) functor Co(X) on the category Sm/k of smooth,
finite-type k-schemes.

5. GROTHENDIECK TOPOLOGIES

Grothendieck topologies play a central role in the arguments of Suslin-Voevodsky;
we give here a brief overview. For more details see, e.g., [1], [35], [10], and [26].

Grothendieck introduced the notion of a Grothendieck topology, and the associ-
ated category of sheaves for the topology, in the construction of étale cohomology,
the algebro-geometric replacement of singular cohomology. To form a topology on
a set X, one selects a collection of subsets of X, the open subsets for the topology,
subject to certain axioms. Grothendieck extended this notion by considering the
inclusion of an open subset as a special case of a morphism in a category, and
considering, for a category C, families of morphisms in C

fa:Us — X,

satisfying axioms which generalize the notion of an open cover.
More specifically, for each object U of C, one must define when a family of
morphisms

{Us = U |ae A}

in C is a cover of U; one requires
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(1) stability under base-change: if
{Uo—U|aec A}

is a cover of U, and V — U is a morphism in C, then the fiber product
U, Xy V exists for each «, and the famiy

{p2: Ua Xy V=V |a€ A}
is a cover of V,
(2) local determination: if
{Us = U | ac A}
is a cover of U, and if
V:={Vg—-U]|peB}
is a collection of morphisms in C, such that

{Ua xu Vg — U, | € B}

is a cover of U, for each a, then V is a cover of U.
(3) stability under composition: if

(Ua L5 U | a € A}
is a cover of U, and if
{Vﬂﬁ a|/6€Ba}

is a cover of U, for each «a, then

fa©ogap
i alat

{Vs U|BE€ By, ac A}

is a cover of U.
(4) each isomorphism
U —-U
forms a cover of U.

As category together with a Grothendieck topology is called a Grothendieck site.

We have actually defined above the notion of a Grothendieck pre-topology on C;
this suffices to define the primary objects of interest: presheaves and sheaves. A
Grothendieck pre-topology generates a Grothendieck topology, just as a basis for
a topology generates a topology, so we will freely confuse the two notions in what
follows.

One can view a topology in the usual sense on a set X as a Grothendieck topology,
by defining C to be the category formed by the inclusion maps V' — U among the
open subsets of X, and defining the covers of U C X to be collections

{Usy = U},

with

i.e., open covers of U.
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Conversely, if one has a Grothendieck topology on a category C, one can consider

the morphisms

fV-U
which occur in some cover { f,: U, — U} as an “open subset” of U. If the category
C has a final object X, and if each morphism V' — U occurs in some cover of U,
then one may consider the Grothendieck topology on C as a “Grothendieck topology
on X7, and the objects of C as the opens for the Grothendieck topology.

In the general case, a Grothendieck topology ¥ on a category C induces the
Grothendieck topology Tx on each object X of C by forming the category Cx of
maps U — X which occur in a cover of X, where a map (U — X) — (V — X) is
a commutative triangle

uv — VvV

NS
X

and using the covers in ¥ to define the covers in T x. The operation of restricting
to an object of C is like taking the induced topology on a subset of a topological
space. One can consider a Grothendieck topology on a category C as being defined
by giving a Grothendieck topology on X for each object X of C, with this assignment
being natural in X.

Once one has a Grothendieck topology % on a category C, one defines a presheaf
F (say of abelian groups) for the topology as a contravariant functor from C to Ab.
A sheaf is a presheaf F' that satisfies the sheaf axiom: if

{ia: Uy — U}

)

is a cover of U, then the sequence

F(ia) F(p1)
L. [[FU) ][ FUa xv Us)

[ F(p2) o,

0— F(V)

is exact. The category Shg of sheaves of abelian groups for the topology ¥ is then
an abelian category, so one can perform the usual operations of homological algebra
in this setting. If X is in C, using the topology ¥ x on Cx, one has the notions of
a pre-sheaf or a sheaf on X, giving the category of sheaves on X for the topology
%, Shg (X).

There is also the operation of sheafifying a presheaf, so one has in particular
the “constant” sheaf Ax on X for each abelian group A. As one has the canonical
isomorphism

Homgy, (x)(Zx, F) = F(X),

the groups Ext?(Zyx, F) are the higher derived functors of the global sections func-
tor; one can therefore define the cohomology of a sheaf 7 on X for the topology ¥
by

(5.1) HE(X;F) :Ethh.;(X)(ZX“F)'

EXAMPLE 5.1.

(1) The Zariski topology on a scheme X is a topology in the classical sense,
with opens being complements of algebraic subsets F' of X. One makes the
Zariski topology into a Grothendieck topology as described above.
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(2) For X a smooth scheme of finite type over an algebraically closed field
k, an étale map is a morphism i: U — X whose differential di, is an
isomorphism for all & points u € U. For example, if X is a smooth variety
over C, and f:Y — X is proper, then f is étale if and only if the map
of complex manifolds f(C): Y/(C) — X (C) is a covering space (necessarily
finite). More generally, if X is still over C, but not necessarily smooth, then
amap f:Y — X is étale if and only if, for each point y of Y, there are
neighborhoods U of y € Y(C) and V of f(y) € X(C) (in the C-topology)
such that f gives an isomorphism

f(O):U—-W.

We omit the general definition of an étale morphism.

The étale topology on a scheme X is given by taking the category of “opens
of X” to be the étale maps U — X (of finite type), and saying that a cover
of U — X is a collection of étale maps

{fa: U _)U}

such that
U= Uafoc(Ua)'

Using the methods discussed above, one has the étale cohomology of a
scheme X with coefficients in an étale sheaf F, HZ (X, F).

REMARK 5.2. Let x be a point of a variety X. The henselization X" of X at z
plays the role, for the étale topology, of a small neighborhood of x in X in the
classical topology. The henselization is gotten by taking the inverse limit over the
the collection of pointed étale map

(Y,y) — (X, 2).

For instance, if the base field k is algebraically closed, and x is a smooth k-point of
a smooth k-variety X of dimension d, then X/ is isomorphic to the henselization
(A of affine d-space at the origin.

The examples in 5.1 describe the so-called small site: giving a Grothendieck
topology for a single scheme X; giving a Grothendieck topology on the category
Sch/k of schemes over over a fixed base field k defines what is known as a big site.

For example, the étale topology on a scheme X is natural in X: if U — X is
étale, and f: Y — X is a morphism of schemes, then U xx Y — Y is étale. This
gives us the big étale site on Sch/k. The big Zariski site is defined similarly.

Now, suppose we have a sheaf F on Sch/k for some topology ¥. For a k-scheme
X, one can restrict F to X to give the sheaf Fx for the topology Tx, and the
cohomology H*(X, Fx), defined as in (5.1) as the Ext groups

H*(X, fx) = Ethh.zx(X)(ZXan)'

One can also define the cohomology on X entirely in the category Shg /k of sheaves
on Sch/k in the following way: Let

Homy(—, X): Sch/k°® — Sets
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be the functor represented by X
Y — Homg (Y, X).
Form the free abelian group on Homy(—, X), giving the presheaf
Z[Homg(—, X)]: Sch/k°? — Ab.

Let Zz(X) denote the sheafification of Z[Homy (—, X)] for the topology ¥. It follows
from the Yoneda lemma that there is an natural isomophism

(5.2) Hi (X, Fx) = Extg,, (x)(Zx, Fx) = Extgy, . /4 (Z2(X), F),

which is the interpretation of sheaf cohomology on X we wanted.

We shall see in the next section that two new topologies, both finer than the étale
topology, provide via (5.2) the link between mod n étale cohomology and Suslin
homology.

6. THE h-TOPOLOGY AND THE qfh-TOPOLOGY

Voevodsky’s gfh-topology allows one to use the machinery of sheaf cohomology in
the study of algebraic cycles; the h-topology is perhaps a more natural construction,
but the resulting sheaf cohomology is not so obviously related to cycles. As we shall
later see, the mod-n cohomologies in the h- and gfh-topologies agree, so the two
points of view complement each other.

We fix a base field k, and write Sch/k for the category of schemes of finite type
over k.

DEFINITION 6.1.

(1) Let f: X — Y be a map of k-schemes. f is a topological epimorphism if f
is surjective on points and if Y has the quotient topology, i.e., a subset U
of Y is open if and only if f~!(U) is open in X. f is a universal topological
epimorphism if, for each map of schemes Z — Y, the projection

ZXyX—>Z

is a topological epimorphism.

(2) The h-topology on Sch/k is the Grothendieck topology for which an h-cover
of Y is a universal topological epimorphism X — Y.

(3) the gth-topology on Sch/k is the Grothendieck topology for which a qfh-
cover of Y is a universal topological epimorphism X — Y which is quasi-
finite over Y (the inverse image of each point of YV is a finite set).

The following structure theorem gives a more concrete idea of the h-topology
and qfh-topology.
Theorem 6.2. i) Let V — Y be an h-cover. There is a refinement of V,

u —- V

NS
Y
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and a factorization of U — Y as

(6.1) v=[lu.Lx2z2%y

where p is a finite morphism, q is the blow-up of a closed subscheme of Y, and j is
a Zariski open cover. Conversely, each morphism U — Y which factors as in (6.1)
is an h-cover.

it) Let V. —'Y be a gfh-cover. There is a refinement of V,

u — V
NS
Y
and a factorization of U — Y as
(6.2) v=[JuLx 2y

where p is a finite morphism and j is a Zariski open cover. Conversely, each
morphism U — Y which factors as in (6.2) is a qfh-cover.

REMARK 6.3. i) Clearly the h-topology is finer than the gfh-topology. The qfh-
topology is finer than the étale topology.

ii) If the characteristic of k is zero, one may use Hironaka’s resolution of singularities
to show that each h cover of a k-scheme Y has a refinement U — Y with U smooth
over k. In characteristic p > 0, the recent work of de Jong [29] gives the same
result. This is certainly not the case for qth-covers, even of a smooth k-scheme.
This points out an important technical advantage of the h-topology over the qfh-
topology: every k-scheme is locally smooth in the h-topology, while only 0 and
1-dimensional k-schemes are locally smooth in the qfh-topology.

7. FAMILIES OF 0-CYCLES AND THE qfh—TOPOLOGY

We have seen in (5.2) that the sheafification Z(X) of the abelian group gener-
ated by the representing presheaf Hom(—, X) plays a central role in understanding
sheaf cohomology. We have the “family of 0-cycles on X” functor of example 4.1:

Co(X): Sm/kP — Ab
The gfh-topology links sheaf cohomology with algebraic cycles via

Theorem 7.1. Let p be the exponential characteristic of the base field k (p =
char(k) if char(k) > 0, p = 1 if char(k) = 0). The functor Co(X)[1/p] on Sm/k
extends uniquely to a qfh-sheaf (denoted co(X)) on Sch/k. Moreover, co(X) is
naturally isomorphic the “representing” qfh-sheaf Zgm(X)[1/p].

The map relating Zqm(X)[1/p] and Co(X)[1/p] is gotten by sending a morphism
1Y —-X

to the transpose of the graph in X x Y. The proof of first part of theorem 7.1 can
be divided into two steps: the first step consists in extending Cy(X)[1/p] to normal
schemes. This is accomplished in [48] by Galois-theoretic methods, and in [50] by a
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type of limit process, reminiscent of the method of Weil [56] for defining intersection
multiplicities. The extension from normal schemes to arbitrary schemes of finite
type is then a fairly formal process, using the fact that a reduced scheme of finite
type is a direct limit of normal schemes.

Another crucial property of gfh-sheaves is that they admit transfers. Recall that
a map of schemes f: X — Y is finite if f is proper and quasi-finite (f~1(y) is a
finite set for each y € Y'). For instance, a finite extension of field K — L defines a
finite morphism Spec L — Spec K. If P is a presheaf on Sch/k, a transfer on P is
gotten by giving a map

fo/s = Tl"pi P(X) - P(S),

for each finite morphism p: X — S with X and S reduced and irreducible, and S
smooth. These maps should be compatible with pull-back in cartesian squares in a
sense which we will leave vague. Now, in the qfh-topology, each finite map X — S
is an open cover, and the sheaf axiom shows that, at least if X — S is Galois with
group of automorphisms G, taking the trace

Tr: P(X) — P(X)

xr—>§x9

geG

defines a map P(X) — P(S). The general case follows with a bit of additional
work.

8. THE h-TOPOLOGY AND THE RIGIDITY THEOREM

As the h-topology is finer that the gfh-topology, an h-sheaf also has transfers.
The crucial property of sheaves for the h-topology is expressed by the rigidity
theorem.

The original precursor of the rigidity theorem may be found on Roitman’s work
on zero-cycles. The work [42] considers the torsion subgroup of the group of zero-
cycles modulo rational equivalence on a smooth projective variety X over an alge-
braically closed field k, and the behavior of this group under the Albanese mapping:

ax: CHo(X) — Alb(X).

Here Alb(X) is the Albanese variety of X, a finite dimensional projective algebraic
group. Roitman [41], extending the work of Mumford [37] for surfaces, had shown
that the map ax has a “huge” kernel, assuming that X admits a global algebraic
p-form with p at least 2 (and that k = C). In contrast with this, Roitman shows
in [42] that ax induces an isomorphism on the torsion subgroups (prime to the
characteristic of k).

The main point in his argument is the rigidity result: Suppose we have a family
of zero-cycles on X, parametized by an algebraic curve C, which are n-torsion mod
rational equivalence, with n prime to the characteristic of k. Then the family is
constant mod rational equivalence. The argument is quite simple: Let C(k) be
the set of k-points of C' and let CHy(X),, be the n-torsion subgroup of CHgy(X).
Sending = € C(k) to the corresponding 0O-cycle gives the map

p: C(k) — CHo(X)n;
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one easily shows that p extends to a group homomorphism from the k-points of the
Jacobian variety

J(p): J(C)(k) — CHo(X)n.

Since k is algebraically closed, the group J(C)(k) is n-divisible, hence J(p) is the
zero map. Since J(C)(k) is generated by the differences & — y, where z and y are
k-points of C, this shows that p(x) = p(y) for all x,y € C(k). The fundamental
rigidity result, theorem 8.2 below, is essentially a formal version of this result;
various other extensions, with application to K-theory, had been given by Suslin
[46], [47], Gillet-Thomason [27] and Gabber [22].

DEFINITION 8.1. A presheaf F on Sch/k is called homotopy invariant if the map
P F(X) — F(X x A")

is an isomorphism for all X.

Theorem 8.2. Let F be presheaf on Sch/k which

(1) is homotopy invariant

(2) has transfers

(3) is m-torsion: nF(T) = 0 for all k-schemes T, where n is prime to the
exponential characteristic of k.

Let x be a smooth point on a k-variety X, X" the henselization of X at x (see
remark 5.2) and let

ip: Spec k — X!
be the inclusion. Then the map

ig: F(X!) — F(Spec k).

x

is an tsomorphism.

It follows from theorem 8.2 and remark 6.3 that the h-sheaf associated to a ho-
motopy invariant presheaf with transfers F and the the constant h-sheaf with value
F(Spec k) have the same n-torsion and n-cotorsion, assuming that k is algebraically
closed. This implies the fundamental cohomological rigidity theorem

Theorem 8.3. Let k be an algebraically closed field, and let F be a homotopy
invariant presheaf on Sch/k which admits transfers. Denote by Fy, the sheafification
of F for the h-topology. Then for all n prime to char(k), there is a canonical
isomorphism

Eth(]}h,Z/n) — Ext}y, (F(Spec k), Z/n).

REMARK 8.4. The proof in [49] assumes characteristic zero to allow the use of
resolution of singularities, which enables one to show that each k-scheme of finite
type admits an h-cover which is smooth over k; the result of de Jong noted in
remark 6.3 allows the proof to go through in arbitrary characteristic.
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9. CHANGE OF TOPOLOGY

Suppose we have two Grothendieck topologies on Sch/k, ¥ and ¥/, such that T
is finer than %', i.e., each cover in ¥’ is a cover in ¥.
We may take a sheaf for the topology ¥’ and sheafify it for the topology ¥,
defining the functor
i Sh‘f/ — Sh‘z

For example, we may compare the h-, qfh- and étale topologies,
Sch/ky - Sch/kqm > Sch/ke.
The main comparison result is
Theorem 9.1. Let F be an étale sheaf and let G be a qfh-sheaf on Sch/k. Then

Exty(F,Z/n) = Exty, (6" F, Z/n)
Exty (G, Z/n) = Exty (oG, Z/n)

The proof is fairly straightforward: the comparison of the étale and qfh cohomol-
ogy relies on the structure of gfh-covers (theorem 6.2(ii)) and some elementary facts
on finite covers of strictly hensel schemes. One then compares the h-cohomology
with étale cohomology, using the structure of h-covers (theorem 6.2(i)) and the
Kiinneth formula for étale cohomology.

10. SUSLIN COHOMOLOGY OF ¢fh-SHEAVES

We now have all the main ingredients needed to relate Suslin homology and étale
cohomology: the representability theorem 7.1 and the rigidity theorem 8.3. Helped
along by the comparison theorem 9.1, a straightforward spectral sequence argument
completes the proof. It is technically useful to work in a somewhat more general
setting, working with an arbitrary presheaf rather than the constant presheaf Z.

Let F be a presheaf on Sch/k, and let X be in Sch/k. Applying F to the
cosimplicial scheme X x A* (as in §2) gives the simplicial abelian group F(X x A*),
and the associated (homological) complex F,(X):

Fn(X) = F(X x A™).

This forms the presheaves F,, on Sch/k, and the complex of presheaves F.. For an
abelian group A, set

Cy(F) := Fi(Spec k) = F(A")
H3m8(F A) .= H,(C.(F) oL A)
Hs*ing(]:7 A) := H*(RHom(C\(F), A)).

Let 7, qfh denote the gfh-sheaf associated to F,, and fqﬂl the gfh-sheaf associated
to F. We also write C,(F) for the complex of constant sheaves.

Theorem 10.1. Let k be an algebraically closed field, and let n > 0 be prime to
char(k). Let F be a presheaf on Sch/k which admits transfers. Then there is a
canonical isomorphism

H:ing(]:> Z/TL) = Ext:;fh(j:-th’ Z/n)



16 MARC LEVINE

Using theorem 9.1, and the fact that gfh-sheaves admit transfers (§7), theorem
10.1 implies

Corollary 10.2. Let F be a gfh-sheaf on Sch/k, with k algebraically closed. Then
there is a canonical isomorphism

H:ing(fv Z/’ﬂ) = Emt:’t(fv Z/n)
for all n prime to char(k).

Taking F = Zgm(X) and using theorem 7.1 and formula (5.2) gives the main
result:

Corollary 10.3. Let X be a scheme of finite type over an algebraically closed field
k, and let n be prime to char(k). Then there is a natural isomorphism

H*

sing

(X,Z/n) 2 HL(X,Z/n).

The proof of theorem 10.1 starts by considering the two spectral sequences

1P = Extly, (Fy)am, Z/n) = Ext?™(F.)am, Z/n),

113 = Bxtly, (Hy(F)qn). Z/n) = Bxt? U(F.)qm. /).

The comparison of gfh-cohomology and étale cohomology (theorem 9.1), and the
homotopy invariance of étale cohomology

Hyy (X, 7Z/n) = (X x AL, Z/n)
lead to a proof that the projections X x AP — X induces isomorphisms
Ethfh(]}qfth/n) = Ethfh((]}q)qﬂnZ/n)'

This implies the degeneration of the spectral sequence I at Eq, giving the isomor-
phism
Extam (Fam, Z/n) = Extyg, ((Fe)gm, Z/n).

By the homotopy invariance of the functors (2.3), the homology presheaf

Hq((}—*)qﬂl)

forms a homotopy invariant presheaf on Sch/k; the transfers for the gfh-sheaves
(Fy)qm give transfers for Hy((F.)qm). This allows one to use the comparison with
h-cohomology (theorem 9.1) and the rigidity theorem 8.3 to compare the spectral
sequence 11 with the spectral sequence

I1159 = Exth, (Hq(Fi(Spec k), Z/n) = Exth, *(F.(Spec k), Z/n),
giving the isomorphism

Ext’a, (Fx(Spec k), Z/n) = Extgg, ((F+)am, Z/n)

and completing the proof.
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11. SUSLIN HOMOLOGY AND BLOCH’S HIGHER CHOW GROUPS

To complete the discussion, it is necessary to relate Suslin homology and Bloch’s
higher Chow groups.

For X in Sch/k, and Y normal, let Zy(X)(Y') denote the free abelian group on
the subvarieties W of X x Y which are quasi-finite over Y. As in §4, sending a
smooth Y to Zy(X)(Y) defines a contravariant functor on Sm/k. Taking Y to be
the cosimplicial scheme A*, and taking the associated homological complex defines
the complex Z,(X), with

Z0(X) = Zo(X)(A").

Suppose X has pure dimension d over k. As a subvariety W of X x AP which
is quasi-finite over AP obviously has the proper intersection with all faces, there is
the inclusion of complexes

(11.1) Z.(X) — 24X, %).
Suslin [48] has shown

Theorem 11.1. Suppose that X is affine. Then the inclusion (11.1) is a quasi-
isomorphism.

Let CHY(X,p;Z/n) denote the homology
CHY(X,p;Z/n) = Hy(Z(X, ¥) @ Z/n) = Hy((Z(X, x) @ Z/n).
There is an analog of theorem 7.1:

Theorem 11.2. There is a unique extension of the functor Zy(X)[1/p] on Sm/k
to a qfh-sheaf zo(X) on Sch/k

Applying theorem 10.1 gives

Proposition 11.3. Letn be prime to char(k) and suppose X is affine of dimension
d over k. There is a natural isomorphism

CHY(X, % Z/n)" = H"(20(X),Z/n)" = Extly(20(X),Z/n).

Here MV is the dual
MY := Homyg,,, (M, Z/n)

of a Z/n-module M.

The gfh-sheaves zo(X) are contravariantly functorial in X for open immersions,
and covariantly functorial for proper maps. If Y is a closed subscheme of X with
complement U, the following sequence

(11.2) 0 — 20(Y) — 20(X) — 20(U)

is easily seen to be exact. Letting Zo(X )y denote the h-sheaf associated to zo(X),
there is the

Lemma 11.4. The sequence
(11.3) 0— 20(Y), — 20(X)p — 20(U)p, — 0

induced from the sequence (11.2) is an exact sequence of h-sheaves on Sch/k.
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REMARK 11.5. As mentioned in §4, the Suslin homology of the functor Cp(X) is
an algebraic version of homology; the Suslin homology of the functor Zy(X) can
similarly be viewed as an algebraic version of Borel-Moore homology. In fact, recall
from theorem 7.1 that the functor Co(X)[1/p] extends to the gfh-sheaf ¢o(X) on
Sch/k. The h-sheaf é(—)n associated to the qgfh-sheaf cyo(—) satisfies a Mayer-
Vietoris property, giving the exact sequence

(11.4) 0—-UNV)L,— U ®éo(V)h— UUV), —0

By theorem 10.1, the sequences (11.3) and (11.4) give rise to a localization sequence
for the mod n Suslin homology H:"¢(Zy(—),Z/n) and a Mayer-Vietoris sequence
for the mod n Suslin homology H:""Y(—,Z/n) (assuming n prime to the charac-
teristic). In [50], modifications of the sequences (11.3) and (11.4) give rise to a
localization sequence for H3"8(Zo(—),Z) of Zo(—) and a Mayer-Vietoris sequence
for H""9(—,7) (assuming characterstic zero).

If X is proper over k we have

ZQ(X) = Co(X).
By theorem 9.1, formula (5.2) and corollary 10.2, we have the isomorphisms
(11.5) Ext,(20(X ), Z/n) = Hz (X, 7/n)

for X proper. Using the long exact Ext-sequence arising from the exact sequence of
lemma 11.4, and the corresponding long exact Gysin sequence for étale cohomology
with compact supports, one extends the isomorphism (11.6) to the isomorphism

(11.6) Ext! (%0(X)n, Z/n) = H* (X, 7Z/n)

to arbitrary X; here H} is the étale cohomology with compact suports.
With the help of (11.6), one arrives at the following comparsion of the mod-n
higher Chow groups, and étale cohomology for affine X:

Theorem 11.6. Let X be an affine variety over an algebraically closed field k, and
let n > 0 be an integer prime to char(k). Assume that ¢ > d := dim(X). Then
there is a natural isomorphism

CH'(X,p; Z/n) = HZXOYP (X, Z/n(d — q))".

The proof uses the homotopy property to replace X with X x A?~¢ which reduces
to the case ¢ = d; one then applies proposition 11.3 and the isomorphism (11.6).
Using Poincaré duality, theorem 8.3 implies

Corollary 11.7. Let X be a smooth affine variety over an algebraically closed field
k, and let n > 0 be an integer prime to char(k). Assume that ¢ > d = dim(X).
Then there is a natural isomorphism

CH!(X,p; Z/n) = Hy P (X,Z/n(q)).

The results 11.2 and 11.2 extend to quasi-projective X (resp. smooth quasi-
projective X) if char(k) = 0, using the localization property for the higher Chow
groups [5] and the analogous Gysin sequence for étale cohomology with compact
supports.
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12. EPILOGUE

We have not described the beautiful constructions and results in the fundamental
papers [50], [52] and [20], which form the foundations for many of the constructions
we have described. We omitted as well mention of the works on Lawson homology
and related topics [17], [18], and [16], which formed a large part of the motivation
for many of the constructions of [50] and [20]. We have also not described the
various constructions of triangulated motivic categories and motivic complexes, in
[23],]28], [34], [36], [53] and [33]. Presumably, the categorical constructions all lead
to equivalent categories and the complexes all yield equivalent cohomologies, but
this is at present not known.

More recently, Suslin and Voevodsky [51] have reduced the Quillen-Lichtenbaum
conjectures for motivic cohomology to the Bloch-Kato conjecture which asserts that
the Galois symbol on Milnor K-theory of a field F' defines an isomorphism

Ky (F)/n — HE,(F, i)

for all n prime to the characteristic of F. Relying on results of Rost [43], [44],
Voevodsky has given a proof of the mod 2 Bloch-Kato conjecture (see [54]), which
thus completely solves the mod 2 Quillen-Lichtenbaum conjecture for motivic coho-
mology. Using the Bloch-Lichtenbaum spectral sequence [6] relating K-theory and
motivic cohomology, Weibel [55] has shown how to compute the mod 2 K-theory
of Z; this has recently been extended by Kahn [30] to a computation of the mod
2 K-theory of all number rings, verifying that mod 2 algebraic K-theory agrees
with mod 2 étale K-theory for all number rings. There is a whole host of unan-
swered questions in the area of motivic cohomology and algebraic K-theory; the
new viewpoint offered by Voevodsky, Suslin and others will surely lead to further
breakthroughs.
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