SMOOTH MOTIVES

MARC LEVINE

ABSTRACT. Following ideas of Bondarko, we construct a DG category whose
homotopy category is equivalent to the full subcategory of motives over a base-
scheme S generated by the motives of smooth projective S-schemes, assuming

that S is itself smooth over a perfect field.
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INTRODUCTION

Recently, Bondarko [3] has given a construction of a DG category of motives over
a field k, built out of “higher finite correspondences” between smooth projective
varieties over k. Assuming resolution of singularities, the homotopy category of this
DG category is equivalent to Voevodsky’s category of effective geometric motives.
The main goal in this paper is to extend this construction to the case of motives over
a base-scheme S. For simplicity, we restrict to the case of a regular S, essentially
of finite type over a field, although many aspects of the construction should be
possible in a more general setting.

If S has positive Krull dimension, one would not expect that the motive of an
arbitrary smooth S-scheme be expressible in terms of motives of smooth projective
S-schemes. Thus, the category of motives we construct represents a special type of
motive over S. Since the Betti realization of our motives will land in the derived
category of local systems on 52" rather than in the derived category of constructible
sheaves, we call our category SmM oteH(S ) the category of smooth effective motives
over S. We have as well a version with the Tate motive inverted, SmMot(S). Both
SmMot°®(S) and SmMot(S) are constructed by taking the homotopy category of
suitable DG categories, and then taking an idempotent completion.

We were not able to construct directly a tensor structure on SmMot®T(S)
or SmMot(S). However, after passing to Q-coefficients, we replace our cubical
construction with alternating cubes, which makes possible a tensor structure on
DG categories whose homotopy categories are equivalent to SmM oteH(S )o and
SmMot(S)g (up to idempotent completion).

Our main comparison result involves the categories of motives DM Eff(S ) and
DM(S) constructed by Cisinski-Déglise. We construct exact functors

pF SmMot®™(S) — DM (S); ps : SmMot(S) — DM(S)
and we show

Theorem 1. Let k be a field. Suppose that S is a smooth k-scheme, essentially of
finite type over k. Then pg is a fully faithful embedding.

This of course implies that peslcf is a faithful embedding, but due to the lack of a
cancellation theorem in DM®T(5), we do not know if p&t is full.
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Our main technical tool is an extension of the Friedlander-Lawson-Voevodsky
moving lemmas to the case of cycles on a smooth projective scheme over a regular
semi-local base scheme B, with Op containing a field. This enables us to extend
the fundamental duality theorem for equi-dimensional cycles on smooth projective
varieties to smooth projective schemes over a regular semi-local base (over a field).
We pass from the semi-local case to an arbitrary regular base (over a field) by
making a Zariski sheafification; we were not able to extend the available techniques
beyond the semi-local case, so the Zariski sheafification is forced upon us. We do
not know if the duality theorem over a general base holds before making the Zariski
sheafification.

As hinted above, our interest in these constructions arose from our desire to
construct a refined realization functor on the subcategory of DM (S) generated by
smooth projective S-schemes. One example, given above, is that we should have a
realization functor

Rp : SmMot(S) — Db(Loc/S™"),

where Loc/S" is the abelian category of local systems of abelian groups on S",
refining the usual Betti realization of DM g, (S) into the derived category of con-
structible sheaves. Similarly, one should have realizations of SmMot(S) to the
derived categories of smooth [-adic étale sheaves on S or variations of mixed
Hodge structures on S*". By our main theorem, we can view the triangulated cat-
egory DTM(S) of mixed Tate motives over S as the full subcategory of SmMot(S)
generated by the Tate twists of the motive of S. Our construction of SmMot(S)
as the homotopy of a DG category (after taking an idempotent completion) gives
a similar DG description of DTM(S). Thus, we can hope to refine the realization
functors for SmMot(S) even further if we restrict to DTM(.S). This should give us
a Betti realization functor on DTM(S) to the derived category of uni-potent local
systems on S* an étale realization functor to relatively uni-potent étale sheaves
on S¢ and a Hodge realization to uni-potent variations of mixed Hodge structures
on S?". The paper of Deligne-Goncharov [?] and our work with Esnault [6], giving
constructions of the mixed Tate fundamental group for some types of schemes .S,
gave us the motivation for the construction of categories of smooth motives and
refined realization functors. As this paper is long enough already, we will postpone
the construction of these realization functors to a future work.

The paper is organized as follows. We begin with a resumé of the cubical cate-
gory and cubical constructions. This is a more convenient setting for constructing
commutative DG structures than the simplicial one; we took the opportunity here
of collecting a number of useful results on cubical constructions that are scattered
throughout the literature. We also discuss a useful refinement of cubical struc-
tures involving the extended cubical category. This variation on the cubical theme
adds the cubical analog of the simplicial degeneracy maps; many of the most useful
results on cubical objects that arise in nature actually use the extended cubical
structure, so we thought it would be useful to give an abstract discussion.

The next section deals with various versions of Kapranov’s construction of com-
plexes over a DG category and the associated triangulated homotopy category. As
detailed verifications of the fundamental properties of these constructions are not
available in the literature, we thought it would be a good idea to give a complete
treatment of this useful construction, with the hope that our total signed contribu-
tion to the current level of sign errors would be negative.
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In section §4 we apply this machinery to the category of correspondences, en-
dowed with the algebraic n-cubes as a cubical object. This leads to our con-
struction of the DG category of higher correspondences, dgCorg, the full DG
subcategory dgPrCorg of correspondences on smooth projective §-scheme, the
Zariski sheafified version RT'(.S, dgPrCor S)7 the DG category of motivic complexes

ngmMot‘fgff = CY(RT(S, ngrCorS)), and finally the triangulated category of

smooth effective motives over .S, SmM oteH(S )s, defined by taking the idempotent
completion of the homotopy category K°(RT(S, dgPrCor)). We also define the Q-
version with alternating cubes, dgSmM otes%, which is a DG tensor category, leading
to the triangulated tensor category SmM oteH(S )o- Finally, we consider versions of
these categories, dgSmMotg, dgSmMotgq, SmMot(S) and SmMot(S)q, formed
by inverting the Lefschetz motive.

In §5 we state our main duality theorem for equi-dimensional cycles over a
semi-local base (theorem 5.4), as well as the the projective bundle formula (theo-
rem 5.5). We derive the consequences of these results for duality in the categories
SmMot®(S) and SmMot(S). In §7, we briefly recall some aspects of the definition
of the Cisinski-Déglise categories of motives over a base, DM (S) and DM (S),
define exact functors

P SmMot™(S) — DMCT(S)
ps : SmMot(S) — DM(S),
and prove our main result (corollary 7.13). Finally, in section §6 we prove our

extension of the Friedlander-Lawson-Voevodsky moving lemmas and give the proofs
of theorems 5.4 and 5.5.

1. CUBICAL OBJECTS AND DG CATEGORIES

1.1. Cubical objects. We recall some notions discussed in e.g. [13]. We intro-
duce the “cubical category” Cube. This is the subcategory of Sets with objects
n:={0,1}", n=0,1,2,..., and morphisms generated by

1. Inclusions: 7y ;c:n—n+1,e=0,1,i=1,...,n+1

nn,i,e(ylv e ,yn71) - (ylv ey Yi—1,6 Y4y e >yn71)

2. Projections: p,;:n—n—1,1=1,...,n.
3. Permutations of factors: (e1,...,€,) = (€x(1);- - -, €q(n)) for o € Sy.
4. Involutions: 7, ; exchanging 0 and 1 in the 7th factor of n.

Clearly all the Hom-sets in Cube are finite. For a category A, we call a func-
tor F : Cube® — A a cubical object of A and a functor F : Cube — A a
co-cubical object of A.

Remark 1.1. The permutations and involutions in (3) and (4) give rise to a subgroup
of Autgets(n) isomorphic to the semi-direct product F, := (Z/2)" x %,,, where ¥,
acts on (Z/2)™ by permuting the factors.

We extend the standard sign representation of 3, to the sign representation

sgn: F, — {1}
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by
sgn(er, ... en,0) = (—1)2i “sgn(o).
Ezample 1.2. Let S be a scheme, set A} := Spec ¢ Ogly]. We set 0% := (AL)™. S,
acts on (% by permuting the factors. We let Z/2 act on A}Q by x +— 1 — z. This
gives us an action of F,, on (J"S.
Letting p,; : (AL)™ — AL be the ith projection, we use the coordinate system
(yla o ayn) on Dga with Yi *=YODPni-
Let e Dgfl — [O% be the inclusion
nn,i,e(yh cosYn—1) = (Y1, Yim1,6Yiy - Yn—1)
This gives us the co-cubical object n +— O0% in Sm/S.
A face of (0% is a subscheme F' defined by equations of the form
Yi, = €15,---,Yi, = €55 €5 S {07 1}
1.2. Cubical objects in a pseudo-abelian category. Let A be a pseudo-abelian
category, A : Cube® — A a cubical object. For e € {0,1}, let 7, ; : A(n) — A(n)
be the endomorphism py, ; on;,_4 ; ., and set
T = (id — ’/T:Ln) o...o(id — 7r71171).
Note that the 7f , are commuting idempotents, and that the subobject (id —

n,i
€
s

i) (A(n)) C A(n) is a kernel for 7,, ; .. Since A is pseudo-abelian, the objects
A(n)° := N, ker Mn-1,1 C A(n)

and
A(n)teen = Zp;,i(A(D)) C A(n)

are well-defined.
Let (A,,d) be the complex with A, := A(n) and with

n

dn = Z(—l)i(ﬁz,m - 77:;,1’,0) : An-i—l - An

i=1
Write Ag, Affgn for A° (n), Adesn (n), respectively.

The following result is the basis of all “cubical” constructions; the proof is ele-
mentary and is left to the reader.

Lemma 1.3. Let A: Cube® — A be a cubical object in a pseudo-abelian category
A. Then

1. For each n, m, maps A,, to Ag and defines a splitting
A = Adegn@AO.

2. dn(A5°) =0, du(4]) €AY,

Definition 1.4. Let A : Cube® — A be a cubical object in a pseudo-abelian

category A. Define the complex (A,,d) to be the quotient complex

A, /AL
of A,.

Lemma 1.3 shows that A, is well-defined and is isomorphic to the subcomplex
AS of A,. We often use cohomological notation, with A™ := A_,,, etc.
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1.3. Products. Suppose we have two cubical objects
A, B: Cube® — A
in a tensor category (A, ®). Form the diagonal cubical object A ® B by
A® B(n) := A(n) ® B(n)

and on morphisms by
A B(f) = A(f) @ B(f).

Let p}hm n+m—n, p72'7,,m : 1+ m — m be the projections on the first n and
last m factors, respectively. Let

UL's + A(n) ® B(m) — A(n+m) ® B(n+m)

be the map A(p;, ,,,) ® B(p2 ,,). One easily checks that the direct sum of the maps
U5 defines a map of complexes

(L1) Uap:A*©B — A B".

It is easy to see that we have an associativity property

(1.2) Uaes,c © (Ua,p ®ide+) = Ua pec o (idar ® Up,c)

but not in general a commutativity property.

1.4. Alternating cubes. Recall the semi-direct product F, := (Z/2)" x %, and
the sign representation Sgn : F,, — {£1}. If A is a pseudo-abelian category and M

an F,-module in A (i.e., we are given a homomorphism F,, — Aut4(M)), we let
M5g" be the largest subobject of M on which F), acts by the sign representation:

M := Nyep, ker((g — Sgn(g)idas).
Similarly, if ¥,, acts on M, we let M®8" be the subobject of M
M := Ngex,, ker((g — sgn(g)idar).

Let A : Cube® — A be a cubical object in a pseudo-abelian category A. For
each n =0,1,2,..., define the subobject A** (n) of A(n) by

AM(n) == A(n)™="
Similarly, let A%!*(n) := A(n)%s".

Lemma 1.5. 1. n+— A (n) defines a sub-cubical object of A.
2. n > A¥(n) defines a sub-complex of A..

3. Suppose 2 x id is invertible on all the objects A(n). Then the map A, — A
induces an isomorphism of complexes A*Alt — A2t

Proof. This is straightforward, noting that the degenerate subcomplex is killed by
the idempotent

n

1
7 | (1-m)
=1

where 7; is the involution in the 7th factor of n. O
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1.5. Extended cubes. We note that product makes Sets into a symmetric monoidal
category, and that Cube is a symmetric monoidal subcategory. Let ECube be
the smallest symmetric monoidal subcategory of Sets having the same objects as
Cube, containing Cube and containing the morphism

p:2—1
defined by the multiplication of integers:
u(1,1)) = 1; jala,b) = 0 for (a,b) # (1,1).

An extended cubical object in a category C is a functor F' : ECube®® — C.
Let F : Cube®® — A be a cubical object in a pseudo-abelian category. Let
NF(n) C F(n) be the subobject

NF(n) :=nNj_, ker(ni;i,o) NNy ker(n:,i,l)'
This defines the normalized subcomplex N F* of F*. Note that N F* is a subcomplex
of F(x)o.

Lemma 1.6. Let F' : ECube® — A be an extended cubical object in a pseudo-
abelian category A. Then the inclusioni : NF* — F(x)g is a homotopy equivalence.

Proof. Let

NMp . i, ker(myy ;o) NNy ker(ny: ;) forn — M > 2
" NFE™ forn—M <2

For each M, the subobjects N F, ¢ FY form a subcomplex NMF, of FY which
contains N F, and agrees with NF, in degrees n < M + 2. Since N-1F, = Ej, it
thus suffices to show that the inclusion

M. NMEp, - NM-1p,

is a homotopy equivalence, such that the chosen homotopy inverse p™ and chosen
homotopy h™ between i™ o pM and id satisfy:

(1) pM oM =id
(2) BM . NM-1F, | — NM-1F is the zero map for n < M
Indeed, in this case, the infinite composition

Mflo. 0

p=...pMop ..op

makes sense, as does the infinite sum

h:= E Yo iMoo pMopMTlo | pl.
M

The map p gives a homotopy inverse to ¢, with pi = id and h defines a homotopy
between ip and the identity. We proceed to define the maps p™ and hM.
Define the map ¢ : 2 — 1 by

g, y)=1-pl-2,1-y)=1-(1-2)(1-y).
For1<i<n-1,let g,; :n—n—1bethe map

qn,i(xl, e ﬁn) = (951,5527 e vxi—laQ(xi7xi+1),1'i+2a cee 7xn)'
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Then
(1.3) Qnyi © Mnyi,0 = Gn,i © Mnyit1,0 = idp—1

dn,i © Mn,i,1 = 4n,i © Mni+1,1 = Myl © Pn—1,i

i O e = Mn—1,j,e ©Gn-1,i—1 for1 <j <1

e Mn—1,j—1,e ©qn-1,; fori+1<j<n
Defining g;, ; = 0 for j <0 or j > n, this implies that, for ¢ > 1, the maps
M . - * *
Pn = id — qn,nfol © nnfl,nfM,O

define a map of complexes p™ : F! 2 — F 2 which restricts to the inclusion NMF, —
ES on NMF*, and maps NM-1p to NMF,. We let

pM . NM-1p - NMF,
be the restriction.
Let M : FY | — F° be the map (=1)"~Mgr . _pr_y- The relations (1.3) imply
that h restricts to a map
pM . NMA1R, | NMTE,
and, on Eg, we have

dp it 4 By dy

n+1 n
= (—1)n Mt Z(—l)JnZ,j,o O Gni1m—M — Z(—l)lqi@,nfol © Mp—1.1.0
i=1 =1
n—M-—1
= (=1~ M+t Z (=12 qnn—rr—1°Mm-140
J=1
n+1
+ (=1 M Z (=175 ©Mn—1,j-1,0
j=n—M+2

n
— (M Z(*l)lqz,n—M—l °My_1.1,0
=1

ok *
= qnn—-M-1"n—1,n—M,0
n

_1\n—M 1\ (A* * *
n,n— sm—M— ° n—1,7,
j=n—M+1

Since ;1 ;0 = 0on NM71E, for j > n—M+1, the h)’ give the desired homotopy.
O

Let F : ECube® — A be an extend cubical object in an abelian category .A.
Then we have the following description of H,,(NF}):

n * n *
iy kermy, ;0 NNiZy kermy g 54

* n+1 * n+1 *
nml,O[ﬂi:Q ker Mni0 NNzt ker nn,i,l]

H,(NF,) =

From this description, we see that the symmetric group S, acts on H,(NF,)
through the permutation action on n and the action o — id x F(o) on F(n+1).
Via lemma 1.6, this gives us an S,-action on H,, (F}).
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Proposition 1.7. ' : ECube® — A be an extended cubical object in an abelian
category A. Suppose that the Hom-groups in A are Q-vector spaces. Then the
inclusion
Fflt N F*
is a quasi-isomorphism.
Proof. Since the Hom-groups in A are Q-vector spaces, the natural map
H* (Falt) N H* (F)alt

is an isomorphism. Thus, we need only show that the symmetric group S,, acts on
H, (F,) by the sign representation.
Fix an element in Z,(NF)) representing a class [z] € H,(NF,), i.e.
77:1—1,1',5(2) =0
for all ¢ and for ¢ = 0,1. Let 7 : n — n be the permutation exchanging the first
two factors. Let h,, : n+ 1 — n be the map
hn(x17x27 T3y .- 7xn+1) = (ZCQ, q(xlu 1'3),.’1;4, R 7-75n+1)7

and let b:= h}(z). Then

hn O Mn,1,0 = id

hn o nNn20(®1, .., 20) = (0,q(z1,22), 73, ..., 2p) =

hn OMn,3,0=T

Rr © M j.0 = Mn—1,j—1,0 © hp—1 for j > 4.
Similarly, hy 01 j1 = Np—1,47,1 © fn,; for some j' and some map f,; :n —n—1.
Thus

db=z+71%(2)
proving the result. O
1.6. Cubical enrichments and DG categories. For a complex C € C(Ab), we
have the group of cycles in degree n, Z"C and the cohomology H"C. For complexes
C,C’, we have the Hom-complex Hom¢ap)(C,C")*, with
Homc(Ab)(C, C/)n = HHomAb(C'p, Cln+p,
P
with differential
derof i=doro f—(=1)%% fode.
We have as well as the group of maps of complexes Home (ap) (C, C') := ZOHomeaw) (C, C')*.
For us a DG category is simply a category enriched in complexes of abelian
groups, possessing finite direct sums. Concretely, for objects X, Y in a DG category
C, one has the Hom complex Home(X,Y)* € C(Ab), and for X,Y,Z in C, a
composition law
ox,v,z : Home(Y, Z)* @ Home(X,Y)" — Home(X, Z).

The map ox y,z is a map of complexes; equivalently, we have the Leibniz rule:

d(fog)=df og+ (-1)%% fodyg.
One has associativity of composition and an identity morphism idx € Home (X, X)°
with didx = 0.
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For a DG category C, one has the additive category Z°C, with the same objects
as C and with
Homzoc(X,Y) := Z°Home (X, Y).
We also have the homotopy category H°C, the additive category with the same
objects as C and with
Hom goc(X,Y) := H'Home(X,Y).

Clearly each DG functor F : C — C’ induces functors of additive categories H'F :
HC — H°C' and Z°F : H°C — Z°C’, making H° and Z° functors from DG
categories to additive categories.

Definition 1.8. Let C be an additive category. A cubical enrichment of C is a

functor
Hom : C°° x C x Cube®® — Ab

together with an associative composition law
oxv,znm : Hom(X,Y,n) @ Hom(Y, Z,m) — Hom(X, Z,n+m)
such that
(1) Hom(X,Y,0) = Hom¢(X,Y). Also,idxox y,— =idand —oyy., oidy =
(2) ?ﬁe maps oxy,zn,m give rise to a map of complexes
ox,y,z : Hom(X,Y)" @ Hom(Y, Z)* — Hom(X, Z)"
which descends to a well-defined map of complexes
ox,y,z : Hom(X,Y)" @ Hom(Y, Z)* — Hom(X, Z)*.
(3) The assignment (X,Y) —: Hom(X,Y)* defines a DG category C* and the
identity of (1) defines a functor of DG categories C — C*.
Definition 1.9. Let n — [O" be a co-cubical object (denoted [0*) of a tensor
category (C,®) such that (I is the unit object with respect to ®.
A co-multiplication §* on [J* is a morphism of co-cubical objects
50" — O* @ O,
where " ® O* is the diagonal co-cubical object n — O" ® 00", which is
(1) co-associative: (6* ®@idg«) o 6* = (idg+ ® §*) o §*.

5
(2) co-unital: (0° 2O, o gmo £ o = idgo where p is the unit isomorphism
for ®.
(3) symmetric: Let t be the commutativity constraint in (C,®). Then tg« g« o
0 = o*.

Given a co-multiplication on a co-cubical object [1*, define
Hom(X,Y,n) := Home(X x OY),
giving us the cubical object n — Hom(X,Y,n) of Ab; we denote the associated
complex by Hom(X,Y)*. The co-multiplication gives us the map of cubical objects
éxyv.z : Hom(Y, Z,*) @ Hom(X,Y, *) — Hom(X, Z, *)
sending f: X ® 0" - Y and g : Y ® 0" — Z to the composition

X yegmreor By oo 4 2
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Using the cup product map (1.1), the map 6x,y,z gives rise to the map of complexes
ox,v,z t Hom(Y, Z)" ® Hom(X,Y)" — Hom(X, Z)"
by
Ox.v.z = 9X,v,Z © UHom(Y,Z), Hom(X,Y)-

The following proposition is proved by a straightforward computation.

Proposition 1.10. Let 0" : Cube — C be a co-cubical object in a tensor cate-
gory C, with a co-multiplication §. Then (X,Y,n) — Home(X x O™ Y), with the
composition law oy y defined above, defines a cubical enrichment of C.

We denote the DG category formed by the cubical enrichment described above
by (C,®,0*,4d), or just (C,0*) when the context makes the meaning clear.

Suppose now that, in addition to the assumptions used above, the Hom-groups
in C are Q-vector spaces; we call such a category Q-additive. We may then define
the alternating projection

alt : Home (X x O™, Y) — Home (X x O, )™t

by applying the idempotent In the rational group ring Q[F,] corresponding to the
sign representation.

Definition 1.11. Suppose that C is Q-additive. Define the sub-DG category
(C,®,0%,6) of (C,®,0*%,5), with the same objects as (C,®,0*,§), and with
complex of morphisms given by the subcomplex

Home(X,Y,n) .= Home (X x O",Y) € Home(X,Y,n).
The composition law is defined by the composition

Home (Y, Z)™™* @ Home (X, Y)™™ 2 Home (X, Z)* 2% Home (X, Z)™

Proposition 1.12. Let [J* : Cube — C be a co-cubical object in a tensor category
C, with a co-multiplication §. Suppose that (0* extends to a functor

0" : ECube — C
and that C is Q-additive. Then the natural inclusion functor
(C, D*)alt N (C, D*)

is a homotopy equivalence of DG categories, i.e., for each pair of objects X,Y €
Obj(C,O0%)¥ = Obj(C,O*), the inclusion

Hom(X, V)™ — Hom(X,Y)*
is a quasi-isomorphism (see definition 2.31 for the general case).

Proof. This follows immediately from proposition 1.7. g
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1.7. Tensor structure. There is a natural tensor structure on the DG category
(C,®,0%, ), which we now describe.
Given f: X xO" =Y, f/: X' xO" = Y’, define
fRg: XX o0 Y Y’

as the composition

, gy 1A®8, , n o
XX O — XX U"eU

Tx/,0On

P xeOreX o0 2L vy
Assuming that C is Q-additive, we define f ®7 g by applying the alternating pro-
jection:
feng:=(f®g)o (dxgx ®altnin).
Proposition 1.13. Let C be a Q-tensor category, 0% a co-cubical object of C and
§: 0 — O0®0 a co-multiplication. Then ((C,®,0%,0)* ®g) is a DG tensor

category, with commutativity constraints induced by the commutativity constraints
in C.

Proof. One checks easily that the integral operation ® satisfies the Leibniz rule:
A(f@g) = 0f@g + (1) f @ Og.

Let 8y : O™ — 0" ® A™ denote the composition (p"" @ py™) 0 §™ ™. Let
i : O — OV be the map induced by the alternating idempotent in Q[Fx].

It follows from the properties of co-associativity and symmetry of J, together
with the fact that § is a map of co-cubical objects, that

(ian Q bt @ idD7n’)(6n,m & 6n’7m’) o 6n+m7n'+m’
= (6n,n’ & 5m,m’) o 5n+n’,m+m’ © D(ldﬂ X Tm,n/ X idm’):
where 7, s 1 M X n’ — n/ x m is the symmetry in Cube, and t,, is the symmetry

n+m+n’+m’

in C. Composing on the right with 7,7 yields the identity

(idIZI” & tm,n’ ® idDm/)((gn,m ® 6n’,m’) o §n+m,n/+m’ o ﬂ_zﬂm+n’+m’
= (_1)mn/(5n,n’ ® 5m,m’) © 6n+n’,m+m’ o WX?;"H_n e
The identity
(feng)e (f @ng) = (-1 ff o gg'

follows directly from this.

One shows by a similar argument that, for f € Home(X ® OP,Y)A ¢ ¢
Home (X' @ 09, Y")A | we have

tyy o (f®og) = (=) (g®o f) o (tx,x ®idge+a),

completing the proof. ([
Remark 1.14. One could hope that the operations ® would define at least a monoidal
structure on (C,®,0*,¢), but this is in general not the case. In fact, as we noted

in the proof of proposition 1.13, sending f, g to f®g does satisfy the Leibniz rule,
but we do not have the identity

(fB9) o (f'&g') = (~1) %848 f'gq’
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in general: the cubes on the two sides of this equation are in a different order.

In spite of this, the operation ® does extend to an action of C on (C,®,*,4d).
Consider C as a DG category with all morphisms of degree zero (and zero differen-
tial). Define

®:C®(C,®,00) — (C,®,0*,6)

to be the same as ® on objects, and on morphisms by

® : Home (A, B) @ Home(X @ O")Y) — Home(A® X @ 0", BRY)

2. COMPLEXES OVER A DG CATEGORY

We review a version of Kapranov’s construction [12] of complexes over a DG
category.

2.1. The category Pre-Tr(C).
Definition 2.1. Let C be a DG category. The DG category Pre-Tr(C) has objects
& consisting of the following data:

(1) A finite collection of objects of C, {E;, N <i < M} (N and M depending
on £).

(2) Morphisms e;; : E; — E; in C of degree j —i+ 1, for N < j,i < M,
satisfying

(71)id6ij + Zeikekj =0.
k

For £ .= {FE;,e;;}, F := {F}, f;i}, a morphism ¢ : £ — F of degree n is a collection
of morphisms ¢;; : F; — Fj; in C, such that ¢;; has degree n+j—i. The composition
of morphisms ¢ : £ — F, ¢ : F — G is defined by

(Vo p)ij ==Y ik © Prj-
k

Given a morphism ¢ : £ — F of degree n, define
8.7:,5(30) S HomPre—Tr(C) (57 ]_-)n—O—l

to be the collection dr ¢(y);; : E; — F; with
Or&(9)ij == (—1)'d(¢i;) + D> fikry — (=)™ Y piner;-
k k

Remark 2.2. We take the opportunity to give a detailed, although tedious, verifi-
cation that Pre-Tr(C) is indeed a DG category, filling a much needed gap in the
literature.

Lemma 2.3. 8%78 =0.

Proof. Take ¢ := {p;; : E; — F;} of degree n. Then

0%()ij = (—1)'d(09)ij + Y fir(dp)k; — (=1)" Y _(9p)irer;-
k k
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We have
(—1)'d(9p)i; = (~1)'d[(~1)'dei; + Z fuery — (=1)"puey]
DS ldfagn + (1) fudey; — (1) dgpie;
I
— (=)' pudey;]

=- Z fir frioy; — Z(_l)lfild@lj — (=1t Z dpsier;
Ik [

l

+ E Pileik ey,
Lk

> fik00)k; =Y (=D findeors + > fxfrer; — (=)D fwpresj,
P k ol

k.l

and
1)n+1 Z(aSD)ikekj == (*1)n+i Z dcpikekj + (*1)“ Z filgolkekj — Z gailelkekj,
k k k,l L,k

which proves the result. O

Lemma 2.4. For ¢: € — F, and ¥ : F — G, we have

de.g(W o @) = 0rg(¥) oo+ (—1)%%¥4) 0 O £ ().

Proof. Write € = {E;,e;;}, F ={F;, fi;}, G = {Gi, gij}, and suppose ¢ has degree
n and v has degree m. Then

D,(1 0 p)ij = (=1)'d(W o )is + Y _ gin(tr o @)y — (1) Z o @)iker;-
k

We have

(~D)'d(y 0 9)ij = (~1)'d(Y_ vugij)
l

= Z(_l)idwil@lj + (1) Mapydgy.
I
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Thus

Oeg(hop)ij = Z(*l)id%z@lj + Zgikwkupzj - (=" Zl/h‘kfkumj

l k,l k,l

D™ i fren + > (1) udey
!

—(=prm Z Yipiker;

k,l

= (=1)'doa + Z gik Vi — Z Vik frl et
I
Z Yal(—=1) dpr; + Z fiwor; — (—1)" Z Viker;]
%
= Z o)l + Zwu 0¢)ij
]

=[0rg(W)op+(—1 )degwiﬁ 0 Jg 7 (0)lij
O

With the help of these two lemmas, it is straightforward to show that Pre-Tr(C)
is a DG category.

Remark 2.5. Suppose that C is an additive category, which we consider as a DG
category with all morphisms in degree zero, and zero differential. Let £ = {E;, e;;}
be in Pre-Tr(C). Since e;; has degree j — i + 1, the forces e;; = 0 unless i = j + 1.
Writing d’ := e;41,;, the condition (—1)'de;; + > eixer; = 0 is just &/ Hd? =0,
so € is just a complex, in the usual sense, with differential d’ : E; — Ej 1.

Similarly, Hom(&, F)P reduces to the usual group of degree p maps of complexes:
© = {p™ = onn} and the differential is the standard one:

dp=drop—(=1)"pods.

Thus, Pre-Tr(C) = C*(C), the category of bounded complexes in the additive cate-
gory C.

Remark 2.6. Let C be a DG category. Call C non-positive if Home(X,Y)P = 0 for
p > 0. If C is non-positive and {E;, e;;} is in Pre-Tr(C), then the degree restriction
forces e;; = 0 unless j < 4. Similarly, if ¢ : £ — F is a degree p morphism in
Pre-Tr(C), and we decompose ¢ into its components ¢;; : & — F;, then i > j +p
for ¢;; # 0. In particular, for a degree zero morphisms ¢, we have ¢;; = 0 if
i < j. Bondarko has used these properties to define a weight structure on Pre-Tr(C);
concretely, the conditions imposed on the objects and morphisms in Pre-Tr(C) by

the non-positivity of C allow one to define the “stupid truncation” as a functor on
Pre-Tr(C). See §2.7 for details.

For E in C, we have the object io(E) with ig(F)o = E, ig(E); = 0 for i # 0 and
ego = 0. For a degree p morphism f: E — F in C, define io(f) : ig(E) — io(F') by
10(f)oo = f. This defines a fully faithful embedding of DG categories

ip : C — Pre-Tr(C).
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2.2. Translation and cone sequence. For £ = {E;,¢;; : E; — E;} in Pre-Tr(C),
and n € Z, define E[n] by

(E[nl)i = Eign, enlij = (=1)"€itn jn : (En]); — (E]n))s.
For ¢ € Hom(&, F)P, define ¢[n] € Hom(E[n], F[n])? by setting
plnli; = (€ln]); — (Fnl):

equal to (—1)"P@; 1y jyn. It follows directly from the definitions that (&£,¢) —
(E[n], ¢[n]) defines a DG autoisomorphism with inverse the shift by —n.

Let ¢ : £ — F be a degree 0 morphism in Pre-Tr(C) with d¢ = 0. We define the
cone of ¢, Cone(yp), as the object in Pre-Tr(C) with

Cone(p); == F; & Ejq1

and with morphisms Cone(y);; : Cone(p); — Cone(yp), given by the usual matrix

(; )
Pij  —Cij

The inclusions F; — F; @ E;11 define the morphism i, : 7 — Cone(y) and the
projections F; @ E; 1 — E;1; define the morphism p,, : Cone(y) — £[1]. Note that
d(iy) = 0= 0(py,). This gives us the cone sequence in Z'Pre-Tr(C):

&8 Fle Cone(p) 2% £[1].

2.3. Tensor structure. Now suppose that (C,®) is a DG tensor category. We give
Pre-Tr(C) a tensor structure as follows. On objects & = {E;,e;;}, F = {F;, fi;},
let £ ® F be the object with terms

((9 & f)z = @kEk & Fifk
and maps g;; : (6 ® F); — (€ ® F); given by the sum of the maps
(=1)EF e @ idy, or (=1)Fidg, ® fom.

Lemma 2.7. Given £ = {E;,e;;}, F = {F, fi;} in Pre-Tr(C), the collection of
objects (£ ® F); = @&rEr @ Fi_i and maps ¢;5 : (E @ F); — (€ @ F); the direct
sums of the maps (—1)F+Dney; @idp, and (—1)¥idg, ® fmn does in fact define
an object of Pre-Tr(C).
Proof. We compute: Since

(_1)(lfk+1)n+n _ (_1)(l7q+1)n . (_1)(q7k+1)n

we have

d((il)(lkarl)nekl ® ian) _ (71)(l7k+1)n+k+1 Z €hqCal ® ian
q

_ (_1)n+k>+1 Z[(_l)(q—k-i-l)nekq ® ian] ° [(_1)(l—q+1)neql ® ian].
q

Similarly,
d((~1)¥idg, @ fin) = (DY I(-D)Fds, © fig)] © [(-1)"idp, © fon))-
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Finally, there are two compositions of terms of the form (—1)""*+n¢;; ®@idp, and

(—=1)*idg, ® fun that define maps from E; ® F, to E ® F,, with k > [ and m > n,
namely

[(—1) = HDmey @ idp, ] o [(—1)idE, ® finn]
and
[(_1)k1dEk ® fmn] o [(_1)(l_k+1)n€k[ ® ian].

These are both +eg; ® finn, the first one having sign (—1)(1_]““‘1)’”‘” and the second
having sign (—1)(—k+Dntkt(m—nt1)(I=k+1) = Agq these two signs are opposite, these
terms cancel. These three computations yield the identity

dgij = (—1)i+1 Zgingj
q
as desired. 0

We also need to define a cup product map
U: Hom(&,F) @ Hom (&', F') — Hom(E @ &', F @ F')

For this, suppose & = {E;, e;;}, F = {F;, fi;}, € = {Ej,e};}, F' = {F], f];}. Given
©ij : Ej — E] of degree j — i+ p, ¢ : F1 — F}, of degree | — k + ¢ (the degree
taken in C), define

ij Uth = (—1) VPR 0 @ gy B; © Fy — Ej @ F.
Taking the sum over all components defines the graded map
U : Hompye-1y(c) (€, F) @ Hompye 1v(0) (€', F') — Hompyeme(c)(E @ E, F @ F').
Lemma 2.8. The map U is a map of complexes.

Proof. Since the structure maps in £ ® £ and F ® F’ both involve two different
types of maps, we have in total five terms in the differential in the Hom-complex
Homp,e.mv(c) (€ ® €', F @ F'). As the computation is rather involved, we handle
each term separately. We compute with given morphisms ¢ = {¢;;} € Hom(&, F)?
and ¥ = {¢Y;} € Hom(&, F)?. We denote with subscript ij, kI the component of a
map £ ® F — &' @ F' that maps E; ® F] to E, ® Fj.
First we look at the terms involving the differential in C. In the ij, kl-component,
this is
(=1 dlpi; U ]
= (<) @ )
— (_1)i+k+(j7i+p)k+qj [dpij © Y + (_1)j7i+p%j ® dippi]

(—1)itktG—itp)kta) (=1)7 PR+ oo U iy

+ (71)i+k+(jfi+p)k+qj+j7i+p(71)(jfi+p)k+(q+1)j80ij U dbr;

= [(=1)dei;] U trs + (=1)Pepij U [(— 1) dapyy].
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Next, the terms involving composition on the right with the maps f... In the
1j, kl-component, this is a sum of terms of the form

—(=1)P* 9, Unhgr o ((—1)idg, ® fin)

= (_1)(j—i+p)k+(q+1)j+p+q((pij ® thrr) 0 (idEj ® fi1)
7(71)(j7i+p)k+(q+1)j+p+qs0ij @ (Yrrr © fin1)

= —(—=1)P" ;5 U (¢rrr © fir1)

= (=DPlpij U (=(=1) " © firr)].

The ij, kl-component of the terms involving composition on the right with the maps
€xx ATE

_(_1)p+q(%j, U i) © ((_1)j*j/+1)lej/j ®idp)
- _(_1)(j/_i+p)k+qj’+(j—j/+1)l+p+q(%.j, ® yy) 0 ((—1)j—j’+1)lej/j ®idp)
- _(_1)(j’—z‘+p)k+qj’+(j—j/+1)l+p+q(_1)(l—k+q)(j—j/+1>%j,ej,j ® Vit
—(=1)U'—ttPktai tptat (k+a) (-3 +1)

Pijrejri @ Y
—(=1)U' —ttPktas gt (k) (=3 +1) (1) (G —i+pt1)k+a)

[—(=1)Pijrej] U

pijreji U

For left composition with the maps f.,, the ij, kl-component is a sum of terms
of the form

(=1)'idg, ® fr) o (i Utre)
(—1)U=HRIH i d g @ f1) 0 (i @ Yrk)
(-1)
(1)
(1)

1)Poi; U frp o i

(j—i+p)l’+qj+z’(_1)(1’—k+1)(j—z‘+p)%j ® fry o ik
(

j—i+p)l’+qj+i(_1)(1/—k+1)(j—z‘+p)(_1)(j—i+p)k+(q+1)j<pij U fiy o Yy

Finally, left composition with the maps ¢., has ij, kl-component a sum of terms of
the form

(_1)j/—i+1(e;j/ ®idp,) o (%,j Utpy) = (_1)j,—z’+1(_1)(j—j/+P)k+qjeij, 0 Qi @ Py
— (,1)(jfi+p+1)k+qj6ij, 0 Qi @b

= eijrpjrj Uk

Putting these five computations together gives

Ocar.erar (PUY) =0 7(p) Ut + (—=1)980 U der £ (1),

as claimed. O

Lemma 2.9. We have (p U)o (' UY') = (—Ddegw‘deg“’/(@ o )U (o).
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Proof. Tt suffices to check for ¢, ¢’ 1 and 1)’ each consisting of a single component.
Suppose ¢, ¢, ¥ and 9’ have respective degrees p,p’, ¢ and ¢’. Then

(Pim Uthkn) © (¢, Utp)

(-1 (m—i-‘rp)k-‘rqm-‘r(j—m+p’)n+q/j(goim ® pn) © (@;nj ® w;[)

)

1)(m=itp)ktam+(j—m+p )ntd'j+(n—k+q)(j—m+p)
)
)

/ /
PimPmj & wknwnl
Jj—i+p+p")k+(q+q")j+qp’

Pim CP;nj @ d)knw%l

(_
(-1
(-1 qp/‘PimSDImj U Yknibyy-

O

Finally, we need a commutativity constraint. Let tg r: F ® F' — F' ® E be the
commutativity constraint in C. Define

TeF EQF - F®E
as the collection of maps
(-1)"tp,p: Bi® F, — F,® E;.
Lemma 2.10. 1. The collection of maps {(—1)'tg, g} does in fact define a mor-
phism e r 1 EQF = F®E
2. For ¢ € Hompe.1y(c)(E,E')P, ¥ € Homp,emv(c) (F, F')?, we have
YUpoter = (—1)M1er 700U,
3. We have T¢, rgg = (idF UTe g) o (1e, 7 Uidg).
Proof. The first assertion follows from the identities
(—D'idr, @ e55) 0 (=1)"t5, 1) = (=)'t 1) o (1) Ve @idp,)
(=D fy @idg,) o (=1)"tm, 1) = (1) 8, rm) 0 (-1)idg, © frr).
For the second, we have
(=1)P17 0 i Uthpy = (=1)P1(=1) (=)0~ P4 o (035 © i)
while
(Y Upij) o7 = (—1)UFH0ipl (1)l () @ ;1) te; R
= (~)UTRHOEPI ) UmER D 5o (i © Yr)

The result follows easily from this.
Finally, since the maps 7r, ¢, send F; ® G; to G; ® F;, we have

idp, U (te,g)ir = (-1)™dp, ® tg,
and similarly
(re.7)ij Uidg, = (—1)7tp, p, ®ida,, (e 7e0)iik = (—1)'V™tg, e,
Since

tEi7Fj®Gk = (idFk ® tEth) o (tEhFj ® ide)’
this proves (3). O

‘We have shown
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Proposition 2.11. Let (C,®) be a DG tensor category. Then the operations
(E,F)— EQRF, (p,¥) — @U and commutativity constraints Ty, makes Pre-Tr(C)
into a DG tensor category.

Remark 2.12. The tensor structure is compatible with the translation functor, in
that one has identities
El@F =(E®F)[1]
elJuy = (e Uy)[]
Using the commutativity constraint gives us a canonical isomorphism
-1

TF,.e[l]” ToTe Fl1
e Tes,

E® F1] (€@ F)1]

Remark 2.13. Let C be a tensor category, which we consider as a DG tensor category
with all morphisms in degree zero. Then Pre-Tr(C) is equal to the category of
bounded complexes C®(C), and the tensor structure we have defined on Pre-Tr(C)
is the standard one on C°(C) arising from the tensor structure on C.

Remark 2.14. If C is a DG tensor category, the DG functor ig : C — Pre-Tr(C) is a
tensor functor.

2.4. The category K°(C).
Definition 2.15. Let C be a DG category.

1. The DG category C®(C) is the smallest full subcategory of Pre-Tr(C) containing
10(C), and closed under translation, isomorphism and the operation u — Cone(u).

2. The additive category K°®(C) to be the homotopy category of Pre-Tr(C):
K®(C) := HPre-Tr(C).

Remark 2.16. Suppose that C is a DG tensor category. Then C®(C) is a tensor
subcategory of Pre-Tr(C).

Theorem 2.17. Let C be a DG category.

1. The translation functor on C°(C) induces a translation functor on K°(C). Defin-
ing a distinguished triangle in K°(C) to be a triangle that is isomorphic to the image
of a cone sequence in C°(C) makes K®(C) into a triangulated category.

2. If C is a DG tensor category, the induced tensor structure on C°(C) defines
a tensor structure on K°(C), making K*(C) a tensor triangulated category.

3. Let F : C — C' be a DG functor. Then K'F : K*(C) — K®(C') is exact.
If F is a DG tensor functor of DG tensor categories, then K°F is an exact tensor
functor.

The reader may find proofs of these facts in [14, Part 2, Chap. II, proposition
2.1.6.4, proposition 2.1.7 and theorem 2.2.2]. The context in [14] is slightly different,
as there we work with DG categories having a translation structure. This is a device
that allows one to avoid keeping explicit track of all the signs that turn up in the
approach used here. However, the proofs cited from [14] go through without any
essential change to prove theorem 2.17.
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Remark 2.18. If C is an additive category, then K®(C) is the usual homotopy cate-
gory of the category of bounded complexes over C.

2.5. Unbounded complexes. One can extend the construction of Pre-Tr(C) by
relaxing the finiteness condition, if one imposes a “local finiteness” condition for
the structure maps e;; and morphisms ¢;;.

Definition 2.19. For a DG category C, let Pre-Tr>°(C) be the DG category with
objects
E = {E“Z € Z,Bij ZEj — El', dege,;j :] *Z‘i’l}
such that
(1) There is an integer Ng such that e;; =0if j —i+1 > Ng.
(2) For each i,j, (—1)'de;; + >, einer; = 0.
Note that (1) implies that the sum in (2) is finite.

For E={FE;,e;;}, F ={F;,i € Z, f;;} and n € Z, let Hom(E, F)" be the subset
of the product H” Home (Ej, ;)= consisting of collections ¢;; : E; — Fj such
that there is an integer N, such that ¢;; =0 for j —i+n > N,.

Make Hom(E, F)* a complex by defining the differential Op g as

Or,e(@)ij = de(pij) + Z finprj — (—1)de8® Z Pikek;
e %

Note that the sums are all finite and N, < max(Ng, Ng,1)+ N, so in particular,
the differential is well-defined.
The composition law

Hom(F,G)* @ Hom(E,F)* — Hom(E,G)*
is given by

(o @)ij =Y ik 0 prj
k
Note that sum is finite and Nyo, < Ny + N, so the composition law is well-defined.

The fact that Pre-Tr*°(C) is a DG category follows by verifying the same iden-
tities that show that Pre-Tr(C) is a DG category. Similarly, the expressions for the
translation functor and cone sequence in Pre-Tr(C) extend directly to Pre-Tr>(C).

Definition 2.20. Let Pre-Tr*(C) be the full DG subcategory of Pre-Tr>(C) with
objects those E = {E;, e;;} such that there is an iy with E; = 0 for i < iy; define
the full DG subcategory Pre-Tr™ (C) similarly as having objects E = {Ej, e;;} such
that there is an ig with E; = 0 for i > 4.

Remark 2.21. If A is an additive category, then Pre-Tr*°(A) is the category of
unbounded complexes C(A). Similarly Pre-Tr"(A) = C*T(A) and Pre-Tr™ (A) =
C~(A). If Ais a tensor category, these last two identities are identities of DG
tensor categories.

The translation functor and cone sequences on Pre-Tr>?(C) restrict to give these
structures on Pre-Tr*(C) and Pre-Tr™ (C). If C is a DG tensor category, then the
same expressions used to define the tensor product of objects and morphisms make
Pre-Tr"(C) and Pre-Tr™ (C) into DG tensor categories

To unify the notation, we sometimes denote Pre-Tr(C) by Pre-Tr’(C).
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2.6. The total complex. There is a total complex functor
Tot : Pre-Tr(Pre-Tr(C)) — Pre-Tr(C)

defined as follows: if £ = {&}, okl : €8 — £F}, where & = {Eﬁ,eéj : E; — E!} and
oM = {cpfjl : Eé — EF}, then Tot(€) is given by the collection of objects

TOt(g)n = @j+l:nE§',
together with the morphisms Tot(€)my @ Tot(€), — Tot(E),, defined as the sum
of terms (fl)leéj and cpf]l

Using exactly the same formulas, the total complex functor extends to

Tot : Pre—Tr(Pre—Tr? €)) — Pre-Tr’ €); 7=+4,—,0

and to

Tot™ : Pre-Tr™ (Pre-Tr*(C)) — Pre-Tr" (C);

Tot™ : Pre-Tr™ (Pre-Tr™ (C)) — Pre-Tr™ (C),
which is an equivalence of DG categories with inverse the evident extension of
the inclusion functor ig. If C is a DG tensor category, then Tot is a DG tensor
equivalence for 7 = +, —.

In particular, if A is an additive category, we have an equivalence of DG cate-

gories

Tot : Pre-Tr(C*(A)) — CE(A).
Proposition 2.22. Let C be a DG category.

1. For ? = b,+,—, 00, the functor Tot : Pre-Tr(Pre-Tr’(C)) — Pre-Tr’(C) is
an equivalence of DG categories. The quasi-inverse is the inclusion functor ig :
Pre-Tr’(C) — Pre-Tr(Pre-Tr’(C)). Similarly, the functors Tot™ are equivalences of
DG categories.

2. Tot, Tot™ and Tot™ intertwine the respective translation functors, and send
cone sequences to cone sequences.

3. Suppose that C is a DG tensor category. Then for ? =b,+, —
Tot : Pre-Tr(Pre-Tr’(C)) — Pre-Tr’(C)

is a tensor functor, and is in fact an equivalence of DG tensor categories, with
quasi-inverse ig. The same is true for Tot™ and Tot™.

Proof. One checks by direct computation that Tot is a DG functor. The compo-
sition Tot o ig is the identity, so to complete the proof of (1), we need to con-
struct a natural isomorphism id & ig o Tot. If & = {&€,o* : & — &K}, where
&= {Eﬁ,eéj : E; — E!} and oM = {gof]l : E; — EF}, then Tot(&), = ®iri=nEL.
Define the map
P g o Tot(£)? — &F
in Pre-Tr(C) to be the collection of maps
pfjo : ’L.() o TOt(g)g) = @H»n:jEfl — E,Lk

with pf) = 0 if k + 4 # j, and with p} the projection on the summand E} if
k+1i = j. Then p is a degree zero map in Pre-Tr(Pre-Tr(C)) with dp = 0. The
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inverse A to p is given by the collection of inclusions A%, : El,_| — @pypiznEf.
It is easy to check that p and A are natural.

A direct computation shows that Tot intertwines the translation functors an
maps a cone sequence in Pre-Tr(Pre-Tr(C)) to a cone sequence in Pre-Tr(C), and
that Tot is a tensor functor if C is a DG tensor category. This completes the proof
of (1)-(3); (4) follows directly, noting that both Tot and iy are compatible (up to
isomorphism) with translation and cone sequences. ([l

2.7. Non-positive DG categories and truncation functors. Recall the canon-
ical truncation 7<,, operation on the category C(A) of complexes over an abelian
category A:
cm form <n
(T<nC)™ =<0 form >n
ker(d" : C™ — C"*t1)  for m = n.

For f € Z"Homc(a)(C,C"), we let 7<p f : 7<pC — 7<,C’ be the map induced by

I

We have the evident inclusion 7<,C — C, giving a natural endofunctor <,
of Z9C(A), which descends to a natural endofunctor of K(A). Since 7<,C — C
induces an isomorphism on H™ for m < n, 7<, passes to an endofunctor on the
derived category D(A).

If A is an abelian tensor category, then for complexes C,C’, the map 7<,C ®
T<nC' — C ® C’ induced by the inclusions 7<,C — C, 7<,,C" — C' factors
through 7<, 4/ (C ® C") — C ® C'; this follows from the Leibniz rule for degcr.

Now let C be a DG category. We let 7<oC be the DG category with the same
objects as C, and with the Hom-complexes given by

Hom,_,c(X,Y) := T<oHome (X, Y).
The composition law for 7<(C is given by the commutative diagram
T<oHome(Y, Z) @ r<oHome (X, Y)—— Home(Y, Z) @ Home(X,Y)

roHom(X, Z)C » Home(X, 2)

Remark 2.23. For C an arbitrary DG category, the inclusion 7<(C — C is universal
for DG functors of a non-positive DG category C’ to C.

If C is a DG tensor category, then 7<(C is a DG tensor subcategory, similarly
universal for DG functors from a non-positive DG tensor category to C.

Let C be a non-positive DG category. We have the functor of “stupid” truncation
o<y on Pre-Tr(C): For Y = {Y? e;; : Y7 — Y'}, o<nY is the object given by the
collection {Y*,i < N,e;j,i,j < N}. We define o< on morphisms similarly (but
note that o<y is not compatible with the differential). It is easy to check that o<y
is a well-defined endofunctor of the underlying graded additive category, and the
evident collections of identity maps and zero maps defines a natural transformation

WSN(Y) Y — USNY

with <y o m<pr = m<pr 0 <y = m<n for N < M. Similarly, we have the stupid
truncation in the other direction ¢=2™Y, and natural transformation

2NY) 02Ny - Y.
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with (2M 0 (2N = ;2N o 2M — 2N for N > M.

Remark 2.24. Beware that o<y and 0= do not define DG functors, and hence do
not pass to functors on the homotopy category.

Remark 2.25. Let C be a non-positive DG category. Take Y = {Y",¢;;} € Pre-Tr(C),
and suppose that Y = o<yY. Then the collection of maps eyn; : Y7 — YN, for
j < N, give rise to a map
eNs<N 1 O0<N_1Y — YN[1 — N]
in Z9C, with Y is isomorphic to Cone(ey «<n)[—1]. By induction on N, this shows
that Pre-Tr(C) = C*(C).
This motivates the following definition:

Definition 2.26. For a DG category C, let C°°(C) be the smallest full DG subcat-

egory of Pre-Tr>*(C) that contains Pre-Tr*(7<¢C) and is closed under translation,

isomorphism and taking cones. Let CT(C) and C~(C) be similarly defined closures

of Pre-Tr" (7<¢C) and Pre-Tr™ (7<oC) in Pre-Tr™(C) and Pre-Tr™ (C), respectively.
For ? = b, +, —, 00, let K*(C) be the homotopy category of C*(C).

Remark 2.27. C*(C) and C~(C) are also the “closures” of Pre-Tr(7<(C) and

Pre-Tr™ (7<oC) in Pre-Tr>(C).

The analog of theorem 2.17 remains true for C*(C), ? = oo, +, —. The proofs are
exactly the same as in the bounded case. For reference purposes, we record this
result here:

Theorem 2.28. Let C be a DG category, ? = b, +, —, 00

1. The translation functor on C*(C) induces a translation functor on K*(C). Defin-
ing a distinguished triangle in K*(C) to be a triangle that is isomorphic to the image
of a cone sequence in C*(C) makes K*(C) into a triangulated category.

2. If C is a DG tensor category, then for 7 = b,+, —, the induced tensor structure
on C*(C) defines a tensor structure on K'(C), making K*(C) a tensor triangulated
category.

3. Let F : C — C' be a DG functor. Then K'F : K’(C) — K*(C') is exact.
If F is a DG tensor functor of DG tensor categories, then K°F is an exact tensor
functor for 7 =104+, —.

Similarly, we have

Proposition 2.29. For? =b,+, —, 00, the equivalence Tot : Pre—Tr(Pre—Tr? <€) —
Pre-Tr’(C) induce an equivalence
Tot : C*(C*(C)) — C*(C)

with quasi-inverse iy : C*(C) — C®(C*(C)). If C is a DG tensor category, and
?7 = b,+,—, then Tot is an equivalence of DG tensor categories. The analogous
statements hold for

Tot* : CH(CF(C)) — CF(C)
Tot™ : C~(C~(C)) — C~(C)

Q
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Corollary 2.30. Let C be a DG category, A an additive category, and
F:C— C'(A)

a DG functor, 7 =b,+,—,00. Then F defines a canonical exact functor

K'(F) : K*(C) — K" (A);
if F is a DG tensor functor, then K*(F) is an evact tensor functor for ? = b, +, —.
Proof. F induces the exact (tensor) functor

K'(F) : K*(C) — K'(C?(A));

we apply the exact functor (exact tensor functor for ? = b, 4, —)

Tot : K°(C*(A)) — K'(A)
to give the result. O

2.8. Homotopy equivalence of DG categories.

Definition 2.31. A functor of DG category F : C — (C’ is called a homotopy
equivalence if

(1) H°F induces an isomorphism Obj(H°C)/Iso — Obj(H°C")/Iso.
(2) For each pair of objects X,Y € C, the map

F :Home(X,Y)" — Home (F(X),F(Y))"
is a quasi-isomorphism.
Lemma 2.32. LetC be a non-positive DG category. ForY inPre-Tr*(C), lim o<nY

and lim _ZNY both exist, and the natural maps
—N

Y - limo<yNY; limezNY -V
N N

induced by the <y and =N are isomorphisms. In addition, we have a natural
short exact sequence

0 — R'lim H" " (Hompye.myoe () (X, 0<n'Y) — H" (Hompe.1e (0) (X, Y)*)
N
— 1&1’1 H”(Hompre_Troo(c) ()(7 (JSNY)*) — 0.
N

The analogous result holds for lim  o<y(—) in Pre-Tr*(C) and lim o=N(=) in
Pre-Tr™ (C).
Proof. For all X € Pre-Tr*°(C),

HomPre—TrOC(C)(X,USNY)n = H HomC(Xj’Yi)jleHz
i<N,j

and hence the maps m<y induce an isomorphism

Homp,e. 1y (¢) (X, Y)" — lim Homprpge ) (X, (0<nY)"
N



26 MARC LEVINE

Thus Y represents the projective limit. In addition, the maps in the projective
system of Hom-complexes are just projections, hence satisfy the Mittag-Leffler con-
ditions for a projective system of complexes. This gives us the short exact sequence

0— R' lﬂl H" ! (HomPre—Tr‘x’ ©) (Xa (O-SNY)) — H" (HOInPlre—TlrOo ©) (X7 Y)*)

N
— lim H" (Homp,e 1y () (X, (0<nY)") — 0,
N
The proof for the colimit of the ¢ZNY is similar. ([

Lemma 2.33. Let F : C — C' be a homotopy equivalence of mnon-positive DG
categories. Then for 7 =b,4,—, 00

K'(F): K'(C) — K'(C')
is an equivalence of triangulated categories.

Proof. We first give the proof for ? = +. We first show that K (F) is fully faithful.
Take X,Y € Pre-Tr*(C). By translating, may assume that X = {X?,i > 0, fii}s
Y ={Y%i>0,e;}. If X,Y are in C, then by assumption
F
HomK+(C)(X[—n], Y[—m]) — HOHIK+(C/) (}‘—‘(AXV)[—TL]7 F(Y)[—m])

is an isomorphism for all n, m. In general, since we may express o<y X, and o<nY
as cones (see remark 2.25)

o< X =2 Cone(farwens o<1 X — XM[1 — M])[-1]
o<nY 2 Cone(en cn : 0<n—1Y — YV[1 — N])[-1]
By induction on N, M, it follows that F’ induces a quasi-isomorphism
Hompeme+ 0y (0<m X, 0<NY)" = Hompeqe+ e (0<m F(X), o<y F(Y))"
for every N, M. Additionally, the map
T<m(X)™ : Hompye et (o) (0<u X, 0<nY)" — Hompye vt ) (X, 0<nY)"
is an isomorphism for M > N — n, and similarly in Pre-Tr"(C), so F' induces a
quasi-isomorphism
HomPre-Tr+(c)(Xa o<nY)" — Hompre-Tr+(c')(F(X)a oc<nF(Y))"
for every N. Applying lemma 2.32 shows that F' induces a quasi-isomorphism
Hompyee+ ) (X, Y)" — Hompre i+ ey (F(X), F(Y))"

as desired.

It remains to show that I’ induces a surjection on isomorphism classes. Take
X ={X' f;j : X? — X'} in Pre-Tr" (C’); we may assume that X" = 0 for n < 0.
By assumption, F induces an isomorphism from the isomorphism classes in H°C
to those in HC’, so there is a Y € C with F(Y?) = X0 in HC’. Assume by
induction that we have an integer N > 0, and for 0 < n < N, we have an object
Y,, in Pre-Tr* (7<¢C) and a map ¢, : F(Y,,) — 0<, X such that

a. Yn = U§NYN and Pn = T<nPN-
b. ¢, is an isomorphism in K°(C’).
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Choose an object YN+ in C with an isomorphism ¥ +! : F(YN+L) — XN+1 i
HOC'. We have the map

f= fnrieansrioen X — XNTH-N]
in Z°Pre-Tr(C’) and the isomorphism
o<ny1X = Cone(fyi1eany1)[—1].
Since Kt (F) is fully faithful, there is map
e =eNt1eacnt1: Yy — YV N]
in Z'Pre-Tr(C) such that
PN H=NJo F(e) = fopn

in K+(C').
We lift this relation to an identity in Pre-Tr(C’). There is a degree -1 map

a: F(Yy) — XNH=N]
in Pre-Tr(C’") with
da= fooy— @V TH=N]o F(e)
Let Y41 := Cone(e)[—1]. Define the degree 0 map
ont1: F(YN1) = o<y X
via the matrix
_ (N 0
PN+1 = a <pN+1[—N— 1]
where we make the identification
Hom(F(Yn) XN T =N —1))° = Hom(F(Yy) XV T[N

Now, for any degree map ® : F(Yy41) — o<n+1X given as a matrix

d 0
¢ = ( CJJV <I>N+1>
with ®x : F(Yn) — F(Yy), ®N*1 . F(YNTH[-N — 1] — XN+ [-N — 1] and
G : F(Yn) — XNT—N — 1] degree zero morphisms, we have

5 o 0By 0
o<N1 X, F(YNny1) ™ — oG + f ody — PN+ o F(G) HPN+1

Thus
9 _ don 0
PNEL = 90— oNFU-N —1] o F(e) + fopn (N [-N —1])

0 0
- (—fosDNJrsoN“[—N— o F(e)+ fopn — VT =N —1]o F(e) 0)
0

$0 on4+1 : F(Yn41) — 0<n4+1X defines a morphism in K (C’).
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By construction, we have o< nyYn4+1 = Y and o<ypn+1 = ¢n. In addition, we
have the diagram in Pre-Tr(C’)

F(i F(rn41 (e

¢N+1[N1]J SDN‘*’I\L LPN\L l‘PN-H[N]

XNH ———— ocnv i1 X —— 0y X —— XV N
ix = N+l = f

The left-hand and middle squares are commutative, while the right-hand square
commutes up to the homotopy given by the degree -1 map a. Thus, the above
diagram yields a commutative diagram in K°(C’), with rows distinguished triangles
(up to sign). Since N1 and ¢ are isomorphisms in K*(C’), it follows that oy 1
is also an isomorphism in K?(C’), and the induction goes through.

Let Y = {Y%i > 0,e;;}. Then Yy = o<nY for all N > 0, and the se-
quence of maps ¢n : F(Yn) — o<nX give a well-defined map ¢ : F(Y) — X
in Z%Pre-Tr"(C’), such that

O<NP = YN
for each N > 0. We claim that ¢ is an isomorphism in K*(C’). For this, take an
object Z = {Z'} in K*(C’) and suppose Z* = 0 for i < ig. For each N > 0 we have
the commutative diagram

F(Y)—2 s x

F(TFN)\L JTI’N

and the map ¢ is an isomorphism in K*(C’). Thus, we have the commutative
diagram

R! liLIlN Hnil(HOm(Z, F(O’SNY))*) W R! liLnN H”fl(Hom(Z, USNX)*)

H"(Hom(Z, F(Y))")

H"(Hom(Z,X)*)

©x
lim  H"(Hom(Z, F(o<nY))*) ———— lim  H"(Hom(Z, 0<n X)")
0 0

with exact columns (see lemma 2.32). Since gy, is an isomorphism, this verifies
our claim. This completes the proof in case 7 = +.

The proof for ? = b is the same, but easier, as we can omit the limit argument.
For 7 = —, we use a dual proof, replacing the system of projections m<,y with the
system of inclusions (=" .
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Now consider the case ? = oo. Take X,Y € C*°(C). From the case ? = —, F
induces a quasi-isomorphism

'HomKoo(c)(USNX, USNY) - HomKoc(C/)(USNF(X),O'SNF(Y»

for all N. Arguing as in the case 7 = +, we see that F' is fully faithful.

Take X € C*(C'). From the case ? = —, there is a Yy € C7(C) and an
isomorphism ¢ : Yy — 0<oX. Arguing as in the case ? = 4, we construct a
sequence of compatible objects Yy in C~(C), and maps ¢n : F(Yn) — o<y X)
which are isomorphisms in K~ (C"). Taking the limit gives us a Y € C*°(C) and a
map ¢ : F(Y) — X which is an isomorphism in K*°(C’), completing the proof. O

Theorem 2.34. Let F': C — C’ be a homotopy equivalence of DG categories. Then
for?7=5b,4,— 00

K'(F): K'(C) — K'(C')
1s an equivalence of triangulated categories. If C and C' are DG tensor categories
and F : C — C' is a homotopy equivalence and a DG tensor functor, then K*(—)
is an equivalence of tensor triangulated categories for 7 =b,+, —.

Proof. The statement for a DG tensor functor follows from the assertion for a
homotopy equivalence.

Define the full additive subcategory K’ (C)x of K*(C) inductively, with K*(C)o =
K*(1<0C), and K*(C) n having objects those Y € K’ (C) that fit into a distinguished
triangle

Y1 —-Y, —-Y — Yi[1]
in K*(C), with Y;,Y5 in K?(C)n_1. Define K*(C')x similarly. Since

K?(C) = UNK?(C)N
it suffices to show that K’ (F)y : K*(C)xy — K?(C')n is an equivalence of additive
categories for each V.

The case N = 0 follows from lemma 2.33, so take NV > 1 and assume the result
for N — 1.

It follows easily by induction on N that K'(F)y is fully faithful. If X is in
K’(C")n, choose a distinguished triangle X ER Xy, — X — Xy[1] with X; €
K*(C"\x_1, i = 1,2. By induction, there is a morphism Y; LY, in K*(C)n—1 and
a commutative diagram in K7 (C')y_1

F(g9)
F(Y1)g —2 F(Ya)

X1 f)XQ

with 1, g isomorphisms. Complete Y; 2L Y, to a distinguished triangle Y; EN
Y2 — Y — Yi[1] and extend the commutative diagram to a commutative diagram

FOY) 2 P(Yy) —— F(Y) —— Vi[1]

X, X X X1[1]
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Then ¢ is an isomorphism, and hence K’ (F)y is a bijection on isomorphism classes.
Thus, the induction goes through. ([

2.9. Cohomologically non-positive DG categories.

Definition 2.35. A DG category C is cohomologically non-positive if for all XY
inC

H"(Home(X,Y)*) =0
for n > 0.

Proposition 2.36. Let C be a cohomologically non-positive DG category. Then the
inclusions T<oC — C induces an equivalence of triangulated categories K*(1<oC) —
K*(C) for ? =b,+,—,00. If C is a DG tensor category, then K'(1<oC) — K*(C)
is an equivalence of tensor triangulated categories for 7 =b,+, —.

Proof. This follows from theorem 2.34. (]

3. SHEAFIFICATION OF DG CATEGORIES

We show how to construct a DG category RI'C out of a presheaf of DG categories
U +— C(U) so that the Hom complexes in RI'C compute the hypercohomology of
the presheaf of Hom complexes for C.

3.1. Sheafifying. Fix a Grothendieck topology 7 on some full subcategory Opng
of Schg; we assume that Opng is closed under fiber product over S, that 7 is
subcanonical, and that 7 has a conservative set of points Pt,(S). Let Sh,(S) be
the category of sheaves of abelian groups on Opng for the topology 7, and PSh,(S)
the category of presheaves on Opng. We let

i J[ Ab-— Sh(S)
z€Pt,(S)
be the canonical map of topoi, i.e, we have the functor * : Shr(S) — [[,cp;, (s) (the
factor i¥ sends f to the stalk f, at z) and the right adjoint of i*, i, : HmePtT(S) —
Sh,(S). Let G := i, oi*, G" := (G°)". Combining the unit € : id — 4,i* and
the co-unit 7 : i*i, — id of the adjunction gives us the cosimplicial object in the
category of endofunctors of Sh,(S):

G’ —g'

—

Ll

with augmentation e : id — G°. For a sheaf F, we let
FSGF
be the augmented complex associated to the augmented cosimplicial sheaf n —

G™(F); we extend this construction to complexes by taking the total complex of
the associated double complex.

Lemma 3.1. For each complex of sheaves F, the augmentation € : F — G*(F) is
a quasi-isomorphism, and G"™(F) is acyclic for the functor R"T'(S, —).
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Thus, we have a functorial I'(S, —)-acyclic resolution for complexes of sheaves of
abelian groups on S. In addition, ¢* is a tensor functor, and the isomorphism

(14 (A) ®14(B)) — i"is(A) @ i"i.(B)
followed by the co-unit
i (A) @i, (B) - A® B

induces a natural transformation i.(A) ®i.(B) — i.(A®B). This gives us a natural
map

GF) @G F) - G (FeF')

and thus by iteration a map of cosimplicial sheaves

i [n— G F) @G F)] = [n— GN(F @ F)].
We have the Alexander-Whitney map

AW : G*(F) @ G*(F') — [n— G"(F) & G"(F)]*
sending GP(F) @ G1(F') — GPTU(F) @ GPT4(F') by G(i¥'?) @ G(i5?), where

1 {0,...,pt—{0,...,p+q}; H1:{0,...,q} = {0,....p+ ¢}
are the maps
i) =4, i510) =7 +p

The composition

Wrp = po AW : G (F) @ G*(F') = G (F & F')

makes F — G*(F) a weakly monoidal functor, i.e., we have the associativity

Hrer Fn 0 (Hr p @ idge(Fr)) = Wr Frgrn 0 (idg(7) ® pr F).

These facts enable the following construction: Let U — C(U) be a presheaf of
DG categories on Opng. For objects X and Y in C(S), we have the presheaf

[f + U — 5] = Homew)(f*(X), f*(Y));

we denote the associated sheaf by Hom;(X,Y).
Let RI'(S,C) be the DG category with the same objects as C(5), and with Hom-

complex
Hompr(s,c)(X,Y)" := G"(Home (X, Y))(S).

Our remarks on the Godement resolution show that the composition law for the
sheaf of DG categories C defines canonically an associative composition law

o: HO’ITLRF(S’C)(Y, Z)* ® Home(S,c) (X, Y)* — HomRF(&C)(X, Z)*
for RT'(S,C), making RI'(S,C) a DG category. In addition we have

Proposition 3.2. Let C be a presheaf of DG categories on Opng. Then for each
pair of objects X,Y of C(S), we have a canonical isomorphism

HH(ST,M(X, Y)) = H”(Home(&C) (X, Y))

Indeed, since F — G*(F) is a I'(.S, —)-acyclic resolution of F for any complex of
sheaves F, we have a canonical isomorphism H"(S,,F) & H"(G*(F)(S)) for any
complex of presheaves F on Opng.
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3.2. Thom-Sullivan co-chains. Suppose now that we are given a presheaf of DG
tensor categories U +— C(U) on Opng. The Alexander-Whitney maps gives us a
natural associative pairing of Hom-complexes

® : Homprs,c)(X,Y)" @ Hompgrs,c)(X',Y')* — Homprse) (X @ X', Y @ Y')*

satisfying the Leibniz rule and compatible with the tensor product operation on
C(S), however, this map is not commutative. For this, we need assume that U —
C(U) is a sheaf of Q-DG category; we can then modify the construction of RT'(S,C),
giving a homotopy equivalent DG category RT'(S,C)® with a well-defined DG tensor
structure. The construction uses the Thom-Sullivan cochains; we have taken this
material from [7].

Let |A,| be the real n-simplex

[An| = {(to, ... ta) €ER™ | Y £, =1,0 < t;},
i=0
and let A, be the simplicial set Homa (—, [n]) : A°? — Sets. For f : [m] — [n] in
A, let |f|: |An] — |Ay| denote the corresponding affine-linear map.

For a cosimplicial abelian group G, we have the associated complex G*, and the
normalized subcomplex, NG*, with NGP the subgroup of those g € G([p]) such
G(f)(g) = 0 for all f : [p] — [g] in A which are not injective. The inclusion of
NG* — G* is a homotopy equivalence. In particular, we have the complex of
(simplicial) cochains of A,,, and the subcomplex of normalized cochains Z*(A,,).

Let Q*(|A,|) denote the complex of Q-polynomial differential forms on |A,,|:

X (JAn]) =g, )/ 50 ti-1-
Sending [n] to Z*(Ay), Q*(]Ay|) determines functors
Z*: A°? — C20(Ab), QF:A°? — C2%(Modg),
where CZ%(Modyg) is the category of complexes of Q-vector spaces concentrated in

degrees > 0, and CZ°(Ab) is the integral version. There is a natural homotopy
equivalence

/:Q*—>Z*®Q

Jo = [ o

for w € Q™(]A,]) and o an m-simplex of A,,.
We have the category Mor(A), with objects the morphisms in A, where a mor-
phism f — g is a commutative diagram

defined by

f
—

e— o
o—— @

—
g9

For functors F : A°® — CZ%(Ab) and G : A — Ab, we have the functor
F(domain) ® G(range) : Mor(A) — C=°
£+ P(domain(f)) @ G(range(f));
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let F'® G be the projective limit

-
Mor(A)

F®G:= lim F(domain)® G(range).
- (
)m

Explicitly, an element € of (F® G)™ is given by a collection p — €, € F™([p]) ®

G([p]) such that
F(f) @ G(id)(e) = F(id) ® G(f)(eq)
for each f : [q] — [p] in A. The operation ® is functorial and respects homotopy

equivalence.
For a cosimplicial abelian group G, we have the well-defined map e : Z*® G —

NG™ defined by sending € := (...¢,...) € (Z*®@G)? to ¢ (idyy) € G([g]). In [7,

Lemma 3.1] it is shown that this map is well-defined, lands in NG*, and gives an
isomorphism of complexes. Thus, we have the natural homotopy equivalences

/@id:Q*@G—>NG*®Q—>G*®Q.

The operation of wedge product makes 2* into a simplicial commutative dif-
ferential graded algebra. Suppose we have two cosimplicial abelian groups G, G’ :
A — Ab, giving us the diagonal cosimiplicial abelian group G® G’ : A — Ab. We
have the map

U:("2G) 2 (0 eG) — 2" 2(GeG")
induced by the map
wogeWegd)—(wrw)®(@geyd),

for w® g € QA @ G([p]), W @ g € Q7 (|A,]) ® G([p]). Tt is easy to check
that this gives a well-defined functorial product of cochain complexes and that U
is associative and commutative, in the evident sense.

We have as well the product map

Uaw : GF @ G" - (Ge G')*
induced by the Alexander-Whitney maps } : [p] — [p+¢|, i : [¢] — [p+ q]
(g€ G @ (g € G") = G(if)(9) @ G'(i3)(g') € G"T" @ G

It follows easily from the change of variables formula for integration that the dia-
gram

(3.1) (RG22 (VeG) Y  O(Geq)

f®fl lf

G"@Qe (" eQ) g2 (Ged)eQ

commutes.
We extend the operation Q* ®(—) to functors G* : A°® — C*T(Ab) by taking
the total complex of the double complex

LRGSO RG — L.

All the properties of Q* ®(—) described above extend to the case of complexes.
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3.3. Sheafifying DG tensor categories. Let U — C(U) be a presheaf of Q-DG
tensor categories on Opnyg.
Define

Hompr(s,cye (X, Y)" 1= Q" @G"(Home (X, Y))(S)

Using the functoriality of the Godement resolution, the composition law for U —
C(U) together with the product U defined in §3.2 defines a composition law

o: Hompgrs,cye (Y, Z)" @ Hompgrs,cye (X, Y)" — Hompgrs,cye (X, Z)”
giving us the DG category RI'(S,C)®. By the commutativity of (3.1) the maps

/@ id : Hompgr(s,c)e (X,Y)" — Hompgrs,e)(X,Y)"

define a DG functor
/ . RT(S,C)® — RI(S,0)

which is a homotopy equivalence.
Finally, the tensor product operation on C gives rise to maps of cosimplicial
objects

® : G"(Home (X, Y))(S) @G" (Home (X', Y"))(S) — G*(Home (X @ X', Y @Y))(S)
Applying the Thom-Sullivan cochain construction gives the map
& : Hompr(s,cye (X,Y)* @Homprscye (X', Y')* = Homprs,cye (XX, YRY')*

that makes RI'(.S,C)® a DG tensor category, with commutativity constraint induced
from C(S).

Remark 3.3. Let U — C(U) be a presheaf of Q-DG tensor categories on Opng.
The homotopy equivalence [ : RI'(S,C)® — RI(S,C) induces an equivalence of
triangulated categories

Kb(/) . KY(RT(S,C)®) — K"(RT(S,C))

(theorem 2.34). In addition, the DG tensor structure we have defined on RT'(S,C)®
endows CP(RI'(S,C)®) with the structure of a DG tensor category, and makes
K*(RI'(S,C)®) a triangulated tensor category.

3.4. Idempotent completion. Recall that an additive category A is pseudo-
abelian if each idempotent endomorphism admits a kernel and cokernel. If A is
an additive category, one has the idempotent completion A — A of A, which is the
universal functor of A to a pseudo-abelian category; A" has objects (M, p), where
M is an object of A and p: M — M is an idempotent endomorphism,

Hom 4:((M, p), (N, q)) == p*¢Hom (M, N) = q.p"Hom4(M, N) C Hom4(M, N),

and the composition law in A is induced by that of A. If A is a tensor category,
AP inherits the tensor structure, making A — A% is a tensor functor.

One extends the definition to DG categories and DG tensor categories in the
evident manner: if C is a DG category, then C? has objects (M, p) with p: M — M
an idempotent endomorphism in Z°C The Hom-complex is given by

Home: ((M,p), (N, q))" :=p*¢Home(M, N) = q.p*Home (M, N).
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A theorem of Balmer-Schlichting [1] tells us that, for A a triangulated category,
AP has a canonical structure of a triangulated category for which A — A is exact;
the same holds in the setting of triangulated tensor categories.

4. DG CATEGORIES OF MOTIVES

Let S be a fixed base-scheme; we assume that S is a regular scheme of finite
Krull dimension. Let Sm/S denote the category of smooth S-schemes of finite
type, Proj/S C Sm/S be full subcategory of Sm/S consisting of the smooth pro-
jective S-schemes. We form the DG category of correspondences dgCorg from a
cubical enhancement of the category of finite correspondences C'org, using the al-
gebraic n-cubes as the cubical object; restricting to smooth projective S-schemes
gives us our basic DG category dgPrCorg. We sheafify the construction over S,
then take the homotopy category of complexes over the sheafified DG category
to form the triangulated category K°(RT(S, dgPrCor.)). Taking the idempotent

completion gives us our category of smooth effective motives SmM oteH(S); in-
verting tensor product with the Lefschetz motive gives us the category of smooth
motives SmMot(S).

We also have a parallel version with Q-coefficients; using alternating cubes en-
dows everything with a tensor structure.

4.1. DG categories of correspondences. We begin by recalling the definition
of the category of finite correspondences.

Definition 4.1. For X,Y € Sm/S, Corg(X,Y) is the free abelian group on the
integral closed subschemes W C X xg Y such that the projection W — X is finite
and surjective onto an irreducible component of X.

Now let X,Y and Z be in Sm/S. Take generators W € Corg(X,Y), W’ €
Corg(Y,Z). As in [17, Chap. V], each component T of the intersection W xg Z N
X xs W' C X xgY Xg Z is finite over X Xg Z and over X (via the projections)
and the map

T—-X
is surjective over some irreducible component of X. Thus, letting pxy, pyz, etc.,

denote the projections from the triple product X xgY Xxg Z, and -xyz the inter-
section product of cycles on X xXgY Xg Z, the expression

WoW':=pxz.(0xy (W) xvz Py z(W))
gives a well-defined and associative composition law
0:Corg(X,Y)® Corg(Y,Z) — Cors(X, Z),

defining the pre-additive category C'org. Corg is an additive category, with disjoint
union being the direct sum, and product over S makes Corg into a tensor category.

Sending X € Sm/S to X € Corg and sending f : X — Y to the graph of f,
I't C X XgY, defines a faithful embedding i¢s : Sm/S — Corg. Making Sm/S
a symmetric monoidal category using the product over S makes ig a symmetric
monoidal functor.

Set Ok = (A4, 0g,1g). For each n =0,1,..., we have the n-cube 0% := (O!)",
giving us the co-cubical object LI,

n
n'—>Ds.
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Indeed, we send p; to the ith projection p; : 0% — Dg_l, Mn,i,e tO the e-section to
pi (e =0,1), 7, to the involution of 0% sending the ith coordinate t; to 1 —¢; and
acting by the identity on the other factors, and having the permutation group X,
act on (" by permuting the factors.

In fact, O0% extends to a functor

0% : ECube — Sm/S
by sending the multiplication map u : 2 — 1 to the usual multiplication
ps 0% — Og; ps(a,y) = y.

Define the co-multiplication ¢ : 0§ — 0% ® 0% by taking the collection of
diagonal maps §" := dg~ : 0% — 0% xg 0%. One easily verifies the properties of
definition 1.9.

Definition 4.2. Let dgCorg denote the DG category (Corg, ®,0%, ). We denote
the DG tensor category ((Corsg, ®, 0%, ), @) by dgCorf‘glt.

Proposition 4.3. 1. The DG categories dgCorg and dgC’orf‘glt are non-positive.

2. The functor dgC’or'fglt — dgCorgq is a homotopy equivalence.

Proof. Indeed, (1) is obvious, and (2) follows from proposition 1.12. O

Definition 4.4. Let dgPrCorg be the full DG subcategory of dgCorg with ob-
jects X € Proj/S. ngrCorg}t is similarly defined as the full DG subcategory of
dgCorgwlt with objects X € Proj/S.

Note that ngrCorglt is a DG tensor subcategory of dgCorg“, and the func-

tor ngrCor?glt — dgPrCorgg induced by dgC’orgglt — dgCorgq is a homotopy

equivalence.

4.2. Functoriality. Let f : S’ — S be a k-morphism of regular schemes. We have
the well-defined pull-back functor f* : Cors — Corg:, with f*(X) = X xg 5’
for X € Sm/S and using Serre’s intersection multiplicity formula to define the
pull-back of cycles

[ :Corg(X,Y) — Cors/ (f*(X), f*(Y))

Note that the cycle pull-back is always well-defined for finite correspondences, using
the isomorphism

(X xg8") xg (Y xg8) 2 (X x58) x5Y.

Since f*(X) xg 0% = f*(X xg 0O%), the pull-back extends to the map of
complexes

" Homagcors (X,Y) — Homagoor,, (f*(X), f5(Y)),

defining the functor S — dgCorg from regular schemes to DG categories. We have
as well the sub-functor S — dgPrCorg.
A similar construction defines the functor S +— dgCoert, from regular schemes

to DG tensor categories, and the subfunctor S +— ngrCor‘qut.
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4.3. Complexes and smooth motives.

Definition 4.5. Let S be a regular scheme. We have the Zariski presheaf ngrCorS,
defined by

U+ dgPrCor (U) := dgPrCory.
The DG category of smooth effective motives over S, dgSmM ot%ff, is defined as
dgSmMots .= C*(RT(S, dgPrCor.)).

The triangulated category of smooth effective motives over S, SmMot°T(S), is
defined as the idempotent completion of the homotopy category

K*(RT(S,dgPrCor")) = HdgSmMotg".

The Zariski presheaf, ngrC’oert, is defined by

U ngrCorzlt(U) .= dgPrCor?".
The DG tensor category of smooth effective motives over S with Q-coefficients,
ngmMot%%, is defined as
dgSmMotgy, := C*(RT(S, dgPrCory")®).

The triangulated tensor category of smooth effective motives over S with Q-coefficients,
SmMot®®(S)q, is defined as the idempotent completion of the homotopy category
K*(RL(S, ngmMotglt)®) = H%gSmM ot

Proposition 4.6. The functor ngrC’ori}t — ngrC’orS®Q defined by the natural
functors

dgPrCor3* — dgPrCory,; @ Q

gives rise to a functor of DG categories
RT(S,dgPrCor®")® — RI(S,dgPrCor ) ® Q,

which in turn induces an equivalence of SmMoteH(S)Q with the idempotent com-
pletion of SmMotEH(S) ® Q, as triangulated categories.

Proof. This follows from proposition 4.3 and remark 3.3. (]

Remark 4.7. We note that the DG categories RI'(S, dgPrCor ) and dgSmM ot

are functorial in the regular scheme S, as is the triangulated category SmMot°T(S).
The same holds for the DG tensor categories RT'(.5, ngrCor;;,lt)@, ngmMotg% and

the triangulated tensor category SmMot°(S)qg.
4.4. Lefschetz motives. In Proj/S, we have the idempotent endomorphism « of
IP’% defined as the composition

pL 2, g t=, pL.

Since Corg is a tensor category, we have the object L := (P4,1 — ) in C’orhs, as
well as the nth tensor power L™ of L and, for each X € Sm/S, the object X @ L".
We thus have these objects in the DG categories of correspondences clgPrC'orF9 and
RT'(S, ngTC’orS)h.
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Definition 4.8. The DG category of Lefschetz motives over 5, dgLC’or%ﬂ7 is de-
fined to be the full DG subcategory of RI'(S, ngrCorS)tl with objects L4, d > 0.

The DG category of effective mixed Tate motives is
dgT Mot .= C*(dgLCordh).

The triangulated category of effect mixed Tate motives over S, DT M oteff(S), is
the homotopy category K®(dgLCors') = HOdgT Mot%'.

We have parallel definitions of DG tensor categories and a triangulated tensor
category with Q-coefficients. The DG tensor category of Lefschetz motives over S
with Q-coefficients, dgLCoreS%7 is the full DG subcategory of RI'(.S, ngmMotglt)‘g’h
with objects finite direct sums of the L%, d > 0, The DG tensor category of effective
mixed Tate motive with Q-coefficients is

dgTMotg% = C’b(dgLCorg%),

and the triangulated tensor category of effect mixed Tate motives over S with ,
DT Mot°™(S)g, is the homotopy category Kb(dgLC’org%) = HodgTMotg%.

5. DuALITY

In section 6, we will give an extension of the moving lemmas of Friedlander-
Lawson to smooth projective schemes over a regular, semi-local base. Before we do
this, we give in this section the applications apply this to define a twisted duality
for Hom-complexes in RT(S, dgSmMot S), and extend this to a duality in various
categories of motives.

In this section S will be a regular scheme over a fixed base-field k.

5.1. Equi-dimensional cycles.

Definition 5.1. Let X and Y be smooth over S, » > 0 an integer. The group
zesqui(Y, r)(X) is the free abelian group on the integral subschemes W C X xg VY
such that the projection W — X dominates an irreducible component X’ of X,
and such that, for each x € X, the fiber W, over x has pure dimension r over k(z),
or is empty.

We let zfqui(Y, r)f(X) c zfqm.(Y, r)(X) be the submonoid of effect cycles, that

is, the free monoid on the generators W for zfqui(Y, r)(X) described above.

For an S-morphism f : X’ — X, and for W € z5,,,(Y,7)(X), the pull-back
cycle (f x idy)*(W) is well-defined and in qum‘(Ya r)(X’). Thus zfqui(Y, r) is a
presheaf on Sm/S. For z € X € Sm/k, and for W € 25, ,,(Y,7)(X), we denote the
pull-back (W) by the inclusion i, :  — X by W,.

Suppose Y is projective over S, with a fixed embedding ¥ — IP’{SV . Then we have
a well-defined degree homomorphism

deg: 25 (Y,r)(X) — H*(Xzar, Z)

equi
which sends a cycle W € z5,,,(Y,r)(X) to the locally constant function on X

x — deg(Wy),
where deg(W,) is the usual degree of the cycle W, in PV.
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For each integer e > 1, we let zeqm(Y, (X)) c zeqm(Y, ) (X) be the subset

of zeqm(Y, 7)°f(X) consisting of those W with deg(W/) the constant function with
value e on X. We set

Pq’LLl(Y T) (X) = H1<€'<€Z§qui(y T)eff(X)'

Welet 25, (Y, r)<e(X) C (Y, r)(X) be the subgroup generated by 25

Thus we have the presheaves of abelian monoids z Y, 7)< (X) and 25

equi (Y7 r)egﬂe(X)'
Y€ (X),

equz

equz( equz (

and the presheaf of abelian groups z, Y, r)<e(X).

equz(

Definition 5.2. For X,Y in Sm/S, define the cubical Suslin complex C'°(Y,r)*(X)
as the complex associated to the cubical object

ns 25 (Y, r) (X xg O%),

equt
i.e.

CoY,r)"(X) ==
For f: X' — X, define

eqm(Y r)(X xgOg"™)/degn.
[P0 (X) — C3(Y ) (X)
via the pull-back maps
(f xidgn)* : 2z (,qm(Y r) (X xO") — (Y, r)(X' xO");

this defines the presheaf of complexes C¥(Y,7) on Sm/S.

Suppose that Y is in Proj/S and we are given an embedding Y — ]P’fgv over S.
Let C%(Y,1)<.(X) € C5(Y,7)(X) be the subcomplex corresponding to the cubical
abelian group

equz

nis 25 (Y, r)<e(X xs O%) C 25

equi (K T)(X Xs Dg)
Remarks 5.3. 1. Suppose that Y is in Proj/S. Then
C3(Y,0)*(X) = Homagcor, (X, Y)*,

and C*(Y,0) is the presheaf Homggcors(—,Y)* on Sm/S.

equi

2. Let f : Y — Y’ be a proper morphism. Push-forward by the projection
idx f: X xO"xY — X x[O" x Y’ defines the map of complexes

Fo(X) : O3 (Y, r)(X) = C5 (Y, r)(X)
giving us the map of presheaves f, : C%(Y,7) — C%(Y’,r). Thus Y — C3(Y,r)

defines a functor from Proj/S to complexes of sheaves on Sm/S.

3. Correspondences act on z5,;(
travariantly). Thus sending (Y, X) to 25

Y, r)(X) both in Y (covariantly) and in X (con-
(Y, r)(X) extends to a functor

equi
zesqui(—,r)(—) :Corg x Cory® — Ab

We have a similar extension of the complexes C°(Y,7)(X) to

C5(—,r)(=) : Corg x Cory — C~(Ab)

As Ab is abelian, the bi-functors zeqm( ,7)(—) : and CS(—,T)( ) extend to the
idempotent completion of C'org; in particular, the presheaves z w(Y ®@L™ r) and
C%(Y @ L",r) are defined.
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Now take Y, X € Sm/ S with X — S equi-dimensional of dimension p over
S. Each integral W e zeqm(Y, r)(U xg X) gives us an integral subscheme W of
U xg X Xg Y which is equi-dimensional of relative dimension r 4+ p over some
component of U. This defines the map of complexes

/ L C(Y,r)(U xg X) — C%(X xg Y,r 4 p)(U)
b

We can now state our main result, to be proven in §6.

Theorem 5.4. Let S be a regular semi-local k-scheme, essentially of finite type over
k. Then for all X, Y € Proj/S, U € Sm/S, with X — S of relative dimension p,
the map

/ :C5(Y, 1) (U x5 X) — C%(X xg Y,r +p)(U)
X
is a quasi-isomorphism.

In addition, we will need a computation of C.(Y x P" r) for r > n. Fix linear
inclusions ¢; : P/ — P*, § =0,...,n. For each i, 0 <7 <n < r, define the map

a; 1 C3(Yyr = j)(X) = C3(Y x P",r)(X)
by sending W C Y xg X x 0" to (1; x id).(P7 x W).

Theorem 5.5. Let S be a reqular semi-local k-scheme, essentially of finite type
over k. Then for all X,Y € Proj/S, and for r > n, the map

ZaJ: OS5 (Y, — )(X) = C5(Y x P",r)(X)

s a quasi-isomorphzsm.
Theorem 5.5 will also be proven in §6. As consequence, we have

Corollary 5.6. Let S be a regular semi-local k-scheme, essentially of finite type
over k.
1. ForY € Proj/S, X € Sm/S and n >0, let

@: C2(Y,r)(X) = C5(Y @ L", 7+ n)(X)
be the map sending W C X x O" xg Y to W x (P})" C X x (P)" x O%Y. Then
¢ is an isomorphism in D~ (ADb).
2. ForY,Z € Proj/S, X € Sm/S, with Y of dimension d over S, there are
natural isomorphisms in D~ (Ab)

CY xg Z,7)(X)=C%(Z L, r)(X xgY).
For Z = S xy, Zy, with Zy € Proj/k, we have an isomorphism
CHZ L4, r) (X xsY) = C*(Zy @ LY, 1) (p.(X x5 Y)).

3. For X € Sm/S, Y € Proj/S and r > n > 0 integers, there are natural
isomorphisms in D~ (ADb)

Co(Y,r) (X ® L") = C3(Y,r + n)(X).
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Proof. For (1), the isomorphism
C3(Y @L™ r+n)(X) = Co(Y,r)(X).
follows by induction and the projective bundle formula (theorem 5.5). Indeed, it
suffices to define a natural isomorphism
(5.1) CS5(Y @L",r+1)(X) — C¥(Y @ L" 1 7)(X).

Since the projection P! — Speck is split by the inclusion i, : Speck — P!, we get
a direct sum decomposition

CS(Y x P r)y = Co(Y,r) @ Co(Y @ L, 7)

By induction, we have a similar direct sum decomposition of C¥(Y x (P')",7) for
all n; this reduces the proof of (5.1) to showing that

COY x (PHY" '@ L,r+1)(X) = Co(Y x (P!, r)(X),
which reduces us to the case n = 1. Comparing with the isomorphism
ap+ay:Co(Y,r+ 1)@ Co(Y,r) — C5(Y x P r+1)
and noting that p, o a3 = 0, p, 0 ap = id, we see that oy gives an isomorphism
a;:C5(Y,r) - CY(Y @L,r +1),

completing the proof of the first assertion.
The first isomorphism in (2) follows from the first assertion and theorem 5.4:

CHZ QL r)(X xgY) =2 C¥Y x5 Z@LY, d+r)(X) = C(Y x5 Z,7)(X).
For the second isomorphism, C°(Z @ L, 7)(X xgY) = C*(Zy @ L4, r)(X x5 Y),
since we have the isomorphism of schemes (over Spec k)

T x5 (S % Zo) x5 P = p, T xp, Zo i P

for all S-schemes T'.
For (3), it suffices to prove the case n = 1. By theorem 5.4, we have the quasi-
isomorphism

cCO(Y, ) (X x PYY — C5(Y x P, r + 1)(X).
P1
Since Y xP!2Y &Y ®L in Corg., and similarly for X x P!, we have the quasi-
isomorphism
OV, ) (X)) e CO(Y,r) (X @L) — C3(Y x P!, r 4+ 1)(X).

P1
Since L = (P!, 1 — isp), the summand C*(Y,7)(X ® L) of C°(Y,7)(X x P!) is
the image of id — p*i%_, which is the same as the kernel of i’ . Similarly, the map
C3(Y,r)(X) — C3(Y,r)(X x P!) is defined by p*. Using the flag 0 C P! to define
the quasi-isomorphism of theorem 5.5,

ag+ay: Co(Y,r + 1)(X) @ C5(Y,r)(X) — C¥(Y x PLr +1)(X),

the inverse isomorphism (in D~ (Ab)) is given by the map of complexes
CS(Y X P74 Dy oo (X) 22=h 08 (v 1 4 1)(X) @ C5(Y, ) (X).
composed with the inverse of the quasi-isomorphism
COY X P+ 1)y woo(X) = CF(Y x P r 4+ 1)(X).
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We note that the image of [;, lands in C9(Y x P',7 4+ 1)y xoo(X), and sends
C5(Y,r)(X ® L) to keri%, and C5(Y,r)(X) to kerp,. Thus p, o [5, defines a
quasi-isomorphism

peo | C(Y,r) (X QL) — Co(Y,r+1)(X),
]P)l

as desired. O

Remark 5.7. For later use, we extract from the proof a description of the isomor-
phism in corollary 5.6(2,3). In (2), the isomorphism is the composition of

/ O Z QL) (X xgY) — CO(Y x5 Z@ L, r + d)(X)
Y

with the inverse of
—x (PY": C¥(Y x5 Z,r)(X) = C5(Y xg Z@ L% r + d)(X).

To describe the map in (3), let p: Y x PL — Y be the projection. We have the

composition
CS(Y,r)(X x BY) L5 05y x BY,r + 1)(X) 25 O3 (¥, r + 1)(X).
Then the restriction of p,o 5, to the summand C¥(Y,r)(X ®L) of C%(Y,7)(X xP'),
po [ 1SV OL) - OO+ (X),
]P)l
is the isomorphism in (3). Iterating, we have the map
poo [ 17 CS VX 9L — COFor 4 m)(X),
P1

giving the isomorphism in (3).

For Y,Z € Proj/S, X € Sm/S, we have the natural map

%52 1 250 (V) (X) = 25, (Y x5 Z,7)(X x5 Z)
defined by sending a cycle W on X XgY to the image of W in X xg Z xgY XgZ
via the “diagonal” embedding X xgY — X Xg Z xgY xXg Z. This gives us the
map
xsZ : C%(Y,r)(X) — C3(Y x5 Z,r)(X x5 Z).
Taking Z = P! and extending to the pseudo-abelian hull gives the map
QL:C%(Y,r)(X) = C5(Y @ L,r)(X ®L),

sending W C X xO" xgY to W x Apr C X x P! x 0" xg Y x PL.

Corollary 5.8. Let S be a reqular semi-local k-scheme, essentially of finite type
over k. For X,Y € Proj/S, the map ®L : C*(Y,r)(X) — C*(Y @ L,r)(X ® L) is
a quasi-isomorphism.

Proof. By the projective bundle formula (theorem ??), the map W +— W x P! gives
a quasi-isomorphism

—x P C(Y,r)(X) - CF(Y @L,r + 1)(X).
By corollary 5.6(3) and remark 5.7, the map

peo [ CHY QL r)(X®L)— C¥(Y L, +1)(X)
Pt
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is a quasi-isomorphism. Now, for W € C(Y,7)(X), we have

p*O/ (W®]L):p*o/ (W x Ap1) = W x P!,
Pt Pt
hence
QL : C%(Y,r)(X) - C5(Y @ L,r)(X ® L)
is a quasi-isomorphism. ([
5.2. Duality for smooth motives. The duality results of the previous section

extend to the category SmMot(S) and defines a duality on the tensor triangulated
category SmMot(S)g.

Proposition 5.9. Let S be a reqular scheme, essentially of finite type over a field
k. For X € Proj/S, the natural map

dy\* d *
HomngrCori, (Xa L ) - HomRF(S,ngmI\/Iots)h (X? L )
is a quasi-isomorphism.

Proof. Let p,X € Sm/k denote the scheme X, considered as a k-scheme via the
structure morphism p : S — Speck. We have a canonical isomorphism

HOm g prcors (X, LY = Hom g prcors (pX, L),
induced by the isomorphisms
(P1)§ x5 0§ x5 X = (PL)? x OF xx puX.
On the other hand, the complex HomngTCm,i (p«X,L9)* is just a cubical version

of the weight d Friedlander-Suslin complex of the k-scheme p,X, hence we have
isomorphisms [16]

Hn(HomngrCori(p*Xv ]Ld)*) = H2d+n(X,Z(d)) ~ CHd(X, —’fl).

Since the higher Chow groups of smooth k-schemes satisfies the Mayer-Vietoris
property for the Zariski topology [2], the presheaf of complexes on S

U — HomngrCorﬁj(X Xs U,Ld)*

satisfies the Mayer-Vietoris property on Sz,,. Thus, by Thomason’s theorem [15],
the natural map

HomngrCor”s (X, Ld)* — RI(S,[U — HomngrCorgj (X xs U, Ld)*])
is a quasi-isomorphism. Since RIT(S,[U — HomquTCOT?J(X xg U, LY)*]) is by

definition equal to HomRF(S,ngmMots)u (X,1L%)*, the result is proven. a

Following remark 1.14, the tensor structure on Corg extends to an action of
Corg on the presheaf of DG categories ngmMOL‘S7 giving us an action of Corg on

the DG categories RI'(.S, ngmMotS)h and ngmMotth. Thus, we have an action
of Corlig on the triangulated category SmMotEH(S):
® Corg ® SmMot™(S) — SmMot°T(S).
In particular, each object A € C’orhs gives an exact functor
(=) ® A : SmMot*®(S) — SmMot™(S)
sending a morphism f: X — Y in SmMotEH(S) to fRId: X®A—-Y ®A.



44 MARC LEVINE
Theorem 5.10. Let S be a reqular scheme, essentially of finite type over a field k.

1. Let X,Y and Z be in Proj/S, d = dimgY. Then there is a natural quasi-
isomorphism

Homgr(s,dgsmatot ) (X, Y X5 Z)" = Hompr(s,agsmnot ): (X X5V, Z @ L%)*

2. Let X and Y be in Proj/S, d = dimgY, and take Z in Proj/k. Then there is
a natural quasi-isomorphism

Hompr(s.dgsmitot ) (X, Y Xk Z2)7 2= Homy g0 (Po(X X5 Y), Z @ L)
3. Let X andY be in Proj/S. Then the map

®L s Hompr(s,dgsmarot ) (X, Y)" = Hompr(s agsmaror s (X © L, Y @ L)
1S a quasi-isomorphism.

Proof. For X, Y € Proj/S, let HomngmMots (X,Y) denote the Zariski sheaf on S
associated to the presheaf

*,

U+— HomngmMotU (XU,YU) )

extend the notation to define the sheaf Hom gy, prote (X, Y @ L), etc.
SIS

From corollary 5.6 and remark 5.7, we have isomorphisms in D~ (Sh5™)
Homagsmarot (X,Y x5 Z)" = Homyygpmrors (X x5Y,Z @ LY)*

and
®L : Homagsmot (X, V)" — HomngmMotuS (X®LY®L)*
These induce isomorphisms (in D(Ab)) after applying I'(S,G*(—)) = RI'(S, —),

proving (1) and (3). (2) follows from (1), noting that we have the isomorphism of
HomdggmMotS (X x5Y,8 %}, Z®L%)* with the constant sheaf (on Sz, ) with value

HomngmMoti (p«(X x5Y),Z®L%)*, and that for a constant sheaf of complexes
F on Sz,., the natural map

I'(S,F) — RI(S,F)
is an isomorphism in D(Ab). O

Definition 5.11. The DG category of motives over S, dgSmMotg, is the DG
category formed by inverting ®IL on dgSmM otgﬁh. The triangulated category of
motives over S, SmMot(S) is the triangulated category formed by inverting QL
on SmMot®(S) (we will see in corollary 5.14 below that SmMot(S) has a natural
triangulated structure).

Explicitly, dgSmMotg has objects X @ L™, n € Z, X in clg,S’mMotth7 with
Homagsmarors (X L™, Y @L™)" i= B Hom o g, oo (X @ LV Y @ LVH™)*
N

Similarly, SmMot(S) has objects X @ L™, n € Z, X in SmMot°™(S), with

Homgmuor(s) (X @L",Y @L™)* = lim Hom g, ropert(s) (X @ LN, Y @ LYF™)",
N
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Remarks 5.12. We can also invert ®L on ngrC’or?J for all open U C S, giv-

ing us the presheaf ngrCor‘hs[@L_l] on Sz, and the associated DG category

RI'(S, ngTCorhS[@)L_l}). We have an isomorphism of DG categories
RT(S,dgPrCor’[@L~"]) 2 RI(S,dgPrCor ,)*[2L™")).

2. Inverting ®L on the various Lefschetz/Tate categories of definition 4.8 gives
us full sub-DG categories dgLCorg, dgT Mot(S) of RI'(S, ngrC’org[@I[fl]) and
dgSmMotg, resp., with

dgTMot(S) = C*(dgLCoryg),
and the full triangulated subcategory DT Mot(S) of SmMot(S).
With Q-coefficients we have the analogous DG tensor sub- categories dgLC’orgl(fl,,
dgT Motgg of RT(S, ngmMotz}t)‘m[@L_l]), dgSmMotg, resp., with
dgTMotggy = C’b(dgLC'orglé),
and the full tensor triangulated subcategory DT Mot(S)g of SmMot(S)g.
Theorem 5.13. For XY € ngmMotgﬁh, the natural map
HomngmMotchfu (X,Y)" — Homagsmmots (X, Y)"
s a quasi-isomorphism, and the natural map
Homg,,, propert () (X, Y[n]) — Homg,nron(s) (X, Y[n))
is an isomorphism for all n. Furthermore, the isomorphism
H"HomngmMotgffu (X, Y)" = Homg,, propert (52 (X, Yn])
induces an isomorphism
H"Homagsmors (X @ LP)Y @ L™)" = Homg,, amot(s) (X @ LP, Y ®@ L™[n]).
for each n,m,p € Z.

Proof. For XY € Proj/S, the first assertion is theorem 5.10(2). Since dgSmM ot&
is generated by Proj/S by taking translation, cone sequences and isomorphisms,
the first assertion for X,Y € dgSmM otfgﬂ follows; this immediately implies the
result for dgSmM otgﬁh.
Since cohomology commutes with filtered inductive limits, we have the isomor-
phism
HnHomngmMotS (X, Y)* = HomSmMot(S) (X, Y[n])

as claimed. Thus the first assertion implies the second. O

As immediate consequence we have

Corollary 5.14. 1. SmMot(S) is equivalent to the idempotent completion of
HdgSmMotg. In particular, SmMot(S) has the natural structure of a trian-
gulated category.

2. The canonical functor SmMotEH(S) — SmMot(S) is an exact fully faithful
embedding.
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Remark 5.15. We can similarly invert ®L on the DG tensor categories dgC’oerth,

RI'(S, ngrC’orglt)@’h and dgSmM otg%, and on the tensor triangulated category
SmMot®®(S)q. Setting

dgSmMot g := ngmMotZ%[@L_l}, SmMot(S)g := SmMot°®(S)g[eL 1],

this gives us the DG tensor functor dgSmM otg%h — dgSmMotgg, and the ex-
act tensor functor SmMot°®(S)g — SmMot(S)g. The analogs of theorem 5.13
and corollary 5.14 hold in this setting. Similarly, the analog of theorem 5.13 and
corollary 5.14 hold for the respective subcategories of Tate motives.

5.3. Chow motives. We recall the definition of the category of Chow motives over

S.

~ eff
Definition 5.16. Let S be a regular scheme. Let ChMot ~ (S) be the category with
the same objects as Proj/S, and with morphisms (for X — S of pure dimension
dx over 5)

HOch,hMoteff(S) (X, Y) = Cde (X Xg Y)
The composition law is the usual one of composition of correspondence classes: for
W e Hom, 5/ et (X,Y), W'e HomChMoteff(S)(Y, Z), define

W oW = p13.(p12(W) “xvz p3s(W')),
where p;; is the projection of X xgY xg Z on the ij factors. The operation of

~ eff
product over S makes ChMot (S) a tensor category. Sending f: X — Y to the
graph of f defines a functor

mg : Proj/S — C’hMotEH(S).

The category ChM oteH(S) of effective Chow motives over S is the idempotent

completion of ChMotEH(S). We let L = (P!, 1 — i, op), and define the category of
Chow motives over S as

ChMot™(S) == ChMot™ (S)[=L Y.
Take X,Y € Proj/S. By theorem 5.10 and [16], we have the isomorphism
HOmSmMoteff(S) (X, Y) = HOHomRF(&ngmMots) (X, Y)*

=~ HOHomagsmmot, (p«(X x5 Y),L™)* = H*™ (X x5 Y, Z(dy))
= Cde (X XS’ Y) = HomChMOteff(S) ()(7 Y)

which we denote as
ox,y  Homgp, propere(9) (X, Y) = Homeppropere () (X, Y).
Lemma 5.17. .. respects the composition: for X,Y,Z € Proj/s,
f € Homg,, poper () (X, Y), g € Homg,, properr () (Y, Z),

we have

ox,z(go f) = v,z(g) o vxy(f)
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Proof. If f is in the image of z5 .(V,0)(X) — Homg,,, prorert(y(X,Y) and g is in

equt

the image of z5,,(Z,0)(Y) — Homg,,properr(s)(Y, Z), the result is obvious, so it

equt
suffices to show that

251 (Y, 0)(X) — Homg,, proerr () (X, Y) = CHgy (X x5 Y)

equi

is surjective for all X, Y € Proj/S; this is lemma 5.18 below. O

Lemma 5.18. Take X € Sm/S of dimension dx over S. ForY € Proj/S, , the
map
quuv(}/ﬂ T)(X) - CHdX‘H“(X X5 Y)a

sending a cycle W on X xgY to its cycle class, is surjective for all r > 0.

Proof. Take a locally closed immersion X Xg Y in a projective space ]P’ff and let
TC IP’,ZCV be the closure of X xgY. Let v be a dimension dx 471 cycle on X xgY and
let 4 be the closure of v on T. By [8, theorem 1.7], ¥ is rationally equivalent to a
cycle 4’ such that each component of 4’ intersects the cycle z x Y properly on T, for
each point z € X (note that x x Y is closed on T}, and is contained in the smooth
locus of Tj,)). Thus, the restriction v" of 4" to X xg Y is rationally equivalent
to v and is in the image of z5 .(V,7r)(X) — CHg, (X x5 Y), completing the

equi

proof. O

Thus, we have shown

Proposition 5.19. 1. There is a fully faithful embedding ¥°% : ChMot°®(S) —
SmMot*®(S), such that the diagram

Proj/S —— ChMot*(S)
\ lweff
SmMot°T(S)
commutes, and such that
(X, Y) : Homgy, pypper (X, Y) — Homig,,, a5y (X, Y)

is the inverse of the isomorphism px y.
2. °% extends to a fully faithful embedding ¢ : ChMot(S) — SmMot(S).

3. The maps Y and 1) are compatible with the @ action of Corg. Also, the maps
Vet - ChMot™(S) — SmMot®™(8)q, v : ChMot(S) — SmMot(S)q induced by
T and 1 are tensor functors.

Lemma 5.20. For X € Proj/S, there are maps
ox LT X®X; éix : XX QLY
in SmMot®®(S) such that the composition
XQL4 ¥, yoxox X¥ g x I, X 9 L¢

is the identity.
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Proof. By proposition 5.19, it suffices to construct dx and éx in ChMot(S). Iden-
tifying Homeparot(s) (L4, X ® X) with the appropriate summand of CHg((P')? ®
X xg X), dx is represented by the cycle 0 x Ax. Similarly

éx € Homepnron(s) (X ® X, L%) € CHag(X x5 X x (P1)%)

is represented by the cycle Ax x (P!)4; the desired identity is a straightforward
computation. (I

Finally, we have the duality theorem:

Theorem 5.21. Sending X € Proj/S of dimension d over S to XP := X @ L=¢
extends to an exact duality

D : SmMot(S)g — SmMot(S)qg.
Proof. For X € Proj/S, the maps 6x and éx define maps
Ox 8 = X@(XQL %), ex: (XL H®X — 8.

The identity of lemma 5.20 tells us that (X ® L™¢ dx,ex) defines a dual of X
in SmMot(S)g. Since SmMot(S)q is generated by the Tate twists of objects in
Proj/S (as an idempotently complete triangulated category), this implies that
every object of SmMot(S)g admits a dual (see e.g. [14, Part I, Chap. IV, theorem
1.2.5]). Since a dual of an object in a tensor category is unique up to unique
isomorphism, this suffices to define the exact tensor duality involution D. ([l

6. MOVING LEMMAS

We proceed to extend the Friedlander-Lawson-Voevodsky moving lemmas to the
case of a semi-local regular base scheme, and use these results to prove theorem 5.4
and theorem 5.5.

6.1. Friedlander-Lawson-Voevodsky moving lemmas. The Friedlander-Law-
son moving lemmas [8] are applied in [9] to prove the main moving lemmas and
duality statements for the cycle complexes of equi-dimensional cycles. This involves
a two-step process: one moves cycles on P™ by one process (which we will not need
to recall explicitly) and then one uses a variation of the projecting cone argument
to extend the moving process to a smooth projective variety. The main result
following from the first step is

Theorem 6.1 (]9, theorem 6.1)). Let k be a field, and n,r,d, e integers. Then there
are maps of presheaves abelian monoids on Sm/k

H(:Jt : Zécqui(]anr)(U) - chscquz(PnaT)(U X Al)

such that

(1) There is an integer m > 0 such that
iy o Hif = (m+1) idos  n )
ZS oH; =m- idzfqm(ﬂ»"m)(U)

where ig : U — U x Al is the zero-section.
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(2) Let iy : Speck’ — U x Al \ {0} be a k'-point of U x Al \ {0}, where
k' D k is some extension field of k. Then for each W € 2z .(P", s)‘%‘cfi(k’),

equi

Z ezt (P”,r)%ﬁe(U), with 0 < r,s < n, r+s > n, the cycles 2*(HE (Z))

equi
and W intersect properly on P},.

The second step involves the projecting cone construction, which enables one to
go from moving cycles on P™ to moving cycles on a smooth projective X C PV of
dimension n. We first recall the situation over a base-field k.

Let Dy, ..., D, C PN bedegree f hypersurfaces, with defining equations Fy, ..., F,.
If XNDyN...NnD, =0, then

Fi=(Fy:...: F,):PN\nyD; —P"
restricts to X to define a finite surjective morphism
Fy: X —P"

For Z an effective cycle of dimension r on X, we thus have the effective cycle
F%(Fx«(Z)), which can be written as

Fx(Fx«(2)) = Z + Rr(2)

for a uniquely determined effective cycle Rp(Z) of dimension r. Sending Z to
Rp(Z) thus gives a map

Rp: 28 (X, r)°T(k) — 28 (X, )" (k).

equi equi

Let Ux(d) be the open subscheme of H°(PY O(d))" consisting of Dy, ..., D,
such that N, N X = (. It is easy to see that the complement of Ux(d) in
HO(PN O(d))"™ is a hypersurface (in fact, the defining equation of this comple-
ment is exactly the classical Chow form of X, whose coefficients give the Chow
point of X in the Chow variety of dimension n, degree degX effective cycles on
PN).

For F € Ux(f), let ramx(F) C X be the ramification locus of Fx. Choose
integers fo,...,fn, > 1 and let Rx(ds) C ] oUx(d;) be the open subscheme
consisting of those tuples (FO,..., F"), F':= (F¢:...: F!) € Ux(d;) for which

N oramy (F*) = (.

Remark 6.2. Tt follows from Bertini’s theorem that, if d; > 2 for all ¢, then R x (d.)
is a dense open subscheme of [ Ux(d;) (even in positive characteristic).

The next moving result is a translation of [8, proposition 1.3 and theorem 1.7].

Proposition 6.3. Let X C PY be a smooth closed subscheme of dimension n. Fix
dimensions 0 < r;s < n with r +s > n and a degree e > 1. Then there is an
increasing function
G = GT75,N7€,X N — N,
depending on X and the integers r,s, N and e, and, for each d. := (do,...,dn),
there is a closed subset Bx (ds,e,r,s)) of Rx(d«), such that the following holds: Let
k' be a field extension of k, and take F°,..., F™ € Rx(d.)(k') \ Bx (d«,e,r,s)(K).
Suppose that dg > G(e) and d; > G(d?_, -e) fori=1,...,n. Then
(1) For each pair of effective cycles Z, W on Xy with Z of dimension r, W of
dimension s and both having degree < e, the cycles W and Rx(F™)o...0
Rx(F°)(Z) intersect properly on Xy .
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(2) Let Z,W be a pair of effective cycles on Xy with Z of dimension v, W of
dimension s and both having degree < e. Then for every j =0,...,n, the
cycles W and (FY'F%,) o...o (F¥FY,)(Z) intersect properly on Xy .
Remark 6.4. If we have two closed subsets B (d.,e,r,s), B%(ds,e,r,s) satisfying
the conditions of proposition 6.3, clearly the intersection B (d., e, r, $)NB% (d«, e, 7, 5)
also satisfies proposition 6.3. Thus, without loss of generality, we may assume that
Bx (d.,e,r) is the minimal closed subset of Rx(d.) satisfying the conditions of
proposition 6.3.
Assuming this to be the case, we have the following description of Bx (d.,e,r):

Bx (dy,e,r) ={F* := (F°,...,F") € Rx(d.) | 3 an extension field ¥’ D k(F*),
Z € zequi(X, r)%ﬁe(k’), W € zequi(X, s)‘;ﬁ;(k’) such that either
1. Wand Rx(F™)o...0 Rx(F°)(Z) do not intersect properly on
Xk-/
or

2. W and Z intersect properly on Xy and Z -x,, W is in
Zequi(X, 7+ 5 —n)°T(k’), but this is not the case for
W and (F{FJ,)o...0 (FYFY,)(Z) for some 5,0 < j < n.}

To see this, it suffices to see that the set described is closed; for this it suffices to
see that this set is closed under specialization. This follows from the fact the the
Chow varieties parametrizing effective cycles of fixed degree and dimension on X
are proper over k.

6.2. Extending the moving lemma. We now consider the two moving lemmas
in the setting of a smooth projective scheme over a regular base-scheme B. The
extension of the first moving lemma is a direct corollary of theorem 6.1.

Corollary 6.5. Let k be a field, and n,r,d,e integers, B a reqular k-scheme,
essentially of finite type over k. Then there are maps of presheaves of abelian
monoids on Sm/B

HE 28 (Ph )T (U) — 28 (Ph, )T (U x AY)

equi
such that
(1) Letip : U — U x Al be the zero-section. There is an integer m > 0 such
that

ip o Hyy = (m+1) -idae  en )

ui

ZS e} HE =m:- idzelfq (P, ) (U)-

(2) Leti : T — U x A'\ {0} be a morphism of B-schemes. Then for each
We:zh, (Phs)8(T), Z € 25,,,(P*,r) 8 (U), with0 <r,s <n,r+s>n,

the cycles z*(H(jJE(_Z)) and W intersect properly on P7..

Proof. First of all, it suffices to prove the result if B is of finite type over k. Let
p : B — Speck be the structure morphism and p, : Sm/B — Sm/k the base-
restriction functor, p* : Sm/k — Sm/B the pull-back functor p*(Y) := Y x; B.
Then we have the evident identifications

Zg]ul( Téa T)(U) = chscquz(P;claT)(p*U)7
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induced by the canonical isomorphism U x p P = p, U x;, P}}. Thus the maps H. i U
given by theorem 6.1 give rise to maps

HE 2B (Ph r)(U) — 28 .(Ph, r)(U x Al)

equi equi

which clearly satisfy our condition (1).

For (2), if we have two cycles A € 25, (P}, r)*"(T) and A’ € 25 (P}, 5)°"(T)
such that, for each point ¢ € T, the fibers t*(A),¢*(A’) intersect properly on P},
then A and A’ intersect properly on T'x pP and A- A is in 28, (P, r+s—n)*(T).

This, together with theorem 6.1(2), proves (2). O

Take X € Proj/B with a fixed embedding X < P¥ over B. For each b € B,
let Cx, (d) = P(HO(PY,0(d)))" ™! \ Ux,(d). Let V C Proj g(p.O(d))" ™! x PV be
the incidence correspondence with points {(fo : ... : fa,2) | © € NP (fi = 0)}.
Let Cx(d) = p1(VNpy ' (X), and let Ux (d) = P(p.O(d)))" '\ Cx(d). Then clearly
Cx(d) C P(HY(PY,0(d)))"*! is a closed subset with fiber Cx, (d) over b € B, hence
Ux (d) has fiber Ux, (d) over b € B.

Let Fy : Ux(d) xp X — Ux(d) x g P" be the Ux (d)-morphism parametrized by
Ux(d), e, Fy((fo: -t fa)yx) :i=((fo:-oo: fn) (folx) : ..., fu(z))). We have
the ramification locus ramyx (F')y C Ux(d) xp X.

For a sequence d, := (dy, ..., d,), let

Z/{X(d*) = Z/{X(do) XB...XRB Ux(dn)
let p; : Ux (di) — Ux (d;) be the projection, and let Fx(d.) C Ux(d.) xp X be the
intersection N7 (p; x idx )~ (ramx (Fy, )y ). Finally, let ¢ : Ux (di) x5 X — Ux (d.)
be the projection and set
Rx(di) :==Ux(di) \ q(Fx (ds))

Clearly Rx(d.) is an open subscheme of Ux (d.) with fiber Rx, (d.) over b € B.
Each F € Ux (d.)(B) thus determines a finite B-morphism

Fx:X — P,
and gives rise to the map
Ry 2B(X,r)T — 2B (X, )t
with
Fx(Fx«)(Z) = Z + Rp(Z)
for each Z € 2B(X,r)°t.

Lemma 6.6. Fix integers e, r, s and a sequence of integers dy, . .., d,, with d; > 2,
0<rs<n,r+s>nande>1. For each b € B, we have the closed subset
Bx,(ds,e,7) of Rx,(ds) C Rx(ds) given by proposition 6.3; we assume following
remark 6.4 that Bx, (d«,e,r) is minimal for each b. Let

Bx(dy,e,r,s) = UpepBx, (ds, €,1,5).
Then Bx (d.,e,r,s) is closed in Rx(dx).

Proof. Let b — b’ be a specialization of points of B, x a point of By, (d«,e,r), and
xr — 2’ an extension of b — b’ to a specialization of z to a point of Rx,, (d.). It
follows from the description of Bx (d«, e, 7, s) in remark 6.4 that =’ is in Bx,, (d«, e, 1),
proving the result. ([



52 MARC LEVINE

Recall the function G, s ne x : N — N from proposition 6.3, defined for X &
Proj/k, with a given embedding X — }P’kN, and integers r,s,e. If now we have
X € Proj/B with a given embedding over B, X — P¥ let by,... b, be the
closed points of B and define

Grs.Nex (m) := maxi{Gr s N.e.x,, (M)}

Proposition 6.7. Let B be a semi-local regular k-scheme, with k an infinite field.
Take X in Proj/B of relative dimension n over B, with a fixed closed immersion
X — }P’g over B. Fix dimensions 0 < r,s < n and a degree e > 1 withr+s > n and
let G := GrsNex- Then for all tuple of integers do, ..., d, with dg > G(e), d; >
G(d?_,-€) fori=1,...,n, there is a point (F°,..., F") € Rx(d.)(B)\Bx(d.)(B).

Proof. We note that the fiber of Rx(ds) over b € B is Rx,(d.) and similarly
for Bx(ds). Then Rx(d) \ Bx(d.) — B is an open subscheme of the product
of projective spaces []\_, Proj z(p«Opn (d;)) over B; by proposition 6.3, the fiber
Rx(dy) \ Bx(d«)p is non-empty for each closed point b of B. As k is assumed
infinite, B has infinite residue fields over each of its closed points. Thus, for each
closed point b of B, there is a k(b)-point F} in Rx(d.)y \ Bx(ds)s. Since B is
semi-local, there is a B-point F™* of [[!_, Proj g(p«Opn (d;)) with F*(b) = F; for
each closed point b; F* is automatically a B point of R x (d.) \ Bx (d.), using again
the fact that B is semi-local. O

Remark 6.8. Take (F°,...,F") € Rx(d.)(B) \ Bx(d.)(B) as given by proposi-
tion 6.7. Then for each B-scheme T" — B, and each pair of cycles

Z € P(X, I (T), W e 2P (X,s)8(T),

the cycles W and Rx(F™)o...o Rx(F°)(Z) intersect properly on X7 and the
intersection W -x, Rx(F™)o...0 Rx(F°)(Z) is in 2B(X,r + s — n)*H(T).

Indeed, this follows from the fact that the operation Rx(F') is compatible with
taking fibers, hence, for all t € T', the cycles W; and Rx, (F{*)o...o Rx,(F)(Z:)
intersect properly on X;. Thus W and Rx (F")o...oRx(F°)(Z) intersect properly
on X7 and the intersection W -x.. Rx(F™)o...0 Rx(F°)(Z) is equi-dimensional
(of dimension r 4+ s — n) over T

Similarly, if W and Z intersect properly on Xr and W -x,. Z is in 2B(X,r +
s —n)°T(T), then for each j = 0,...,n, W and Z; := (FL'FL,) o (F¥FY,)(Z)
intersect properly on Xp and W - Z; is in 2B(X,r + s — n)*H(T).

We can now prove our extension of [9, theorem 6.3].

Theorem 6.9. Let k be a field, B a regular k-scheme, essentially of finite type
over k, X € Proj/B of dimension n over B with a given embedding X — PY. Let
r,s,e,d be given integers with e > 1, 0 < r,s < n, r+s > n. Then is a map of
presheaves

Hxy:2B (X, r)(U) — 2B .(X,r)(U x A'); U € Sm/B,

equi equi
such that

(1) Letig:U — U x A be the zero-section. Then ify o Hx v =id,5 (x .y )-
equi 4

(2) Leti:T — U x A\ {0} be a morphism of B-schemes. Then for each W €
zglm(X,s)%ffe(T), 7 e zfqm(Xm)eSffe(U), with 0 <r,s <mn,r+s>n, the

cycles i*(Hx y(Z)) and W intersect properly on Xp and i*(Hx v(Z))-x;, W
is in zB (X, r 4+ s —n)T(T).

equi
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(3) Leti:T — U x A' be a morphism of B-schemes and take
W e 28 (X, s)%(T),

equz

Ze2B (X,T)egﬁe(U),

equi
with 0 <r,s <n, r+s > n. Suppose that (pyoi)*(Z) and W intersect prop-
erly on Xp and (py 0i)*(Z) -x, W is in 25,,,(X,r+s—n)*T(T). Then the
cycles i*(Hx y(Z)) and W intersect properly on X¢ and i*(Hx u(Z))-x;, W
is in zB (X, r 4+ s —n)H(T).

Proof. The proof follows that in [9] and [8]. If k is a finite field, we use the fact that
k admits a infinite pro-l/ extension k; for every prime [ prime to the characteristic,
plus the usual norm argument, to reduce to the case of an infinite field. We may
assume that B is irreducible. Thus for each b € B, the embedded subscheme
Xy C IP’{)V has degree dx independent of b.

We denote the maps

+
HUz

equz(

(P, 1) (U) = 2gui (P, 1) (U x A)

equi equi

given by corollary 6.5 by H, (f (d), noting explicitly the dependence on the degree d.
Similarly,we write m(d) for the integer m that appears in corollary 6.5(1).

Choose some F* € Rx(d.)(B) \ Bx(d.)(B), as given by proposition 6.7. Let
pu : U x A — U be the projection. We have the maps of presheaves

F)l(* . equi(X T)d - Zequz(IPm )eff
F)l(*: equz(Pn )ZH - Zequz(X ’r)d"ed

and similarly without the degree restrictions. Also, for W € 28 (X, s)"(U),
Z € z8 (P, 1) (U), W-vx,x F§(Z) is defined and is in 25,,;(X, s+r—n)°T(U)
if and only if Fi,(W)-ux zpy Z is dgﬁned and is in fozm- (PR, s+r— n) f(U). Finally,
we note that, for Z € 28, ,(X,7)§(U), Rpi(Z) is in 25,,(X, r)g?d%_l)(U).

We now define a sequence of maps of presheaves on Sm/B,

HE 28 (X ) (U) — 2B (X, ) (U x A'); U € Sm/B.

equz(
equz equi
Define the integers d; inductively by dp = e, and

65 = (m(dj-1) + 1)dj'ed; 1
for 7 > 1. These numbers have the property that, if Z is in 22

equi(Xv T)%fgj (U)7 then
(m(8;) +1) - Rps (Z) is in 25,,(X, 7)., (U). For Z € 2[},,(X,r)*"(U), define

equi
H§,U,O(Z) = FX o H§(5O) o F?(*(Z)-
For j=1,...,n, let
Hy p,(Z) = F o H (8)) 0 Fy,(Rpi-1 0.0 Rpo(Z)).
Finally, we let
H;)U)nH(Z) =pl(Rpno...0 Rpo(Z))
and Hy ;.01 (Z) = 0. Set

n+1

Hxy(2) =Y (1) (H% ;, (Z) = Hy 1;(2)).
j=0
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Thus, U — Hx y defines a map of presheaves on Sm/B

HX : equz(X 7‘) equz(X T)((_) X Al)
We have
F)";O ) FS{*(Z) for j =0
io(HY y;(Z2)=Hx y;(Z2)) = S F{ o F%,(Rps-10...0Rpo(Z)) forj=1,...,n
Rpno...0oRpo(Z) for j =n+1.

Since F' o F}, =id + Rpj, and i o (H; — Hy;) = id, this implies that
28 o HX,U(Z) =7
for all Z € z8,,;(X,r)(U). This verifies the property (1).
For (2), let i : T — U x A'\ {0} be a morphism of B-schemes, take W €
eqm(X 8)°<He( )and Z € 2 X,r)cgﬁe(U)7 with 0 < r,s < n, r+s > n. Take
j=0,...,n. By corollary 6.5 and our remarks above, the cycles z*(H)i( U (7)) and
(X, 7r+s5—n)F(T).

equz(

W intersect properly on X and 2*(H§UJ(Z)) xp Wisin 25, ,;

By remark 6.8, the same holds for j = n + 1. This proves (2).
For (3), under the given assumptions for Z and W, it follows from remark 6.8

that W and Z; := i* o pj; (F4 F%,) o (F¥ F%,)(Z) intersect properly on X7 for all

j=0,...,n. Since H;U)j(Z) is effective and if o HY v,;(Z) plus some effective
cycle is a multiple of F¥ FJ.) o (F¥F%,)(Z), (3) follows from (2). O

Fix a field extension &’ of k, and let Y C P be a closed subset. Let Cy (s, €) be
the Chow scheme parametrizing effective cycles of dimension s and degree < e on
Y. For L D k' an extension field and W an effective dimension s cycle on PY of
degree < e, and with support in Y7, we let chow(W) € C(s,e)(L) denote the Chow
point of W.

For Y C P, we have the relative Chow scheme Cy/B(s,e) — B, with (reduced)
fiber over b € B the Chow scheme of Y} C ]P’{,V.

Definition 6.10. For a fixed regular noetherian base-scheme B, take Y € Proj/B
and fix an embedding Y < P} over B. Let C C Cy,p(s,e) be any collection of
locally closed subsets of Cy (s, e).

Let
Zequi(Vs7)e(X) C 25,:(Y, ) (X)
be the subgroup generated by integral closed subschemes Z C X xp Y such that,
(1) Zis in 28 ,,(Y,r)(X).

(2) Take W € 28 (Y, s)egffe(X) and suppose that, for each z € X, the cycle
iy (W) on Yy, (,) has Chow point chow( )in C(k(z)). Then the intersection

(Y, r+s—n)(X).

(Y, r). The subpresheaves

W -xxzv Z is defined and is in 2B
This defines the subpresheaf 22

equi

(Y, 7)c of 2B

equi
equz(Y 7ﬂ)C,Se - Zequz(Y 7‘)<ea eB;uz(Y; T)C,SC c Zquul(}/’ T)Sm

etc., are defined similarly.
Welet CB(Y,7)c(X) € CB(Y,r)(X) be the subcomplex associated to the cubical
object

equi

n — Y, r)e(X xO")

equz(
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This gives us the presheaf of subcomplexes CEB (Y, r)c € CB(Y,r). The subcomplex
CB(Y,r)e,<e C CB(Y,r)< is defined similarly.

Theorem 6.11. Let B be a semi-local reqular scheme, essentially of finite type over
some field k. Take X € Proj/B of relative dimension n over B, and integers r, s, e
withe >1,0<r,s <n, r+s>n. Fiz an embedding X — PY. Let C C Cx(s,e)
be a collection of locally closed subsets. Then the inclusion CB(X,r)e € CP(X,r)
is a quasi-isomorphism.

Proof. Since
CB(X,T’)C = Uezch(X, r)C,Se; CB(X, 7“) = Uezch(X; T)Se,
it suffices to show that the map

L CB(er)Se N CB(X’T)
' CB(X,T)C,SG CB(Xﬂ")c
induced by the inclusions CB(X,7)c <. C CB(X,r)c and CB(X,r)<. C CP(X,r)

gives the zero-map on homology.
Let

HX : Zg]ui(X7 T) - Zquui(X7T)((_) X Al)
be the map given by theorem 6.9 for the given values of r, s, e. By theorem 6.9(3),

Hx restricts to a map

. B
HX : zequi

(X,7)e — 2B (X, 7)((—) x AM)e

equt
By theorem 6.9(2), i7 o Hx defines a map

. B B
GX . Zequi(Xa T) - Zequi

and by theorem 6.9(1), if o Hx = id.
Identifying U x A! x g X x 0" with U x g X x O via the exchange of factors

UxAlxg X xO" > Uxpg X xO"x A =U xp X x O,

(Xv T)C

(=1)"Hx gives us maps

hy": CB(X, T — CB(X,r)™ 1, hyl: C’B(X,T);ZC — CB(X,r) "t

and thus induces a degree -1 map

CB(X,r)<e CB(X,7r)
— —

CP(X,r)<ec  CP(X,r)c

which gives a homotopy between the map ¢ and the zero-map, completing the
proof. O

hx

Theorem 6.11 allows us to prove theorem 5.4:

Corollary 6.12. Let B be a semi-local reqular scheme, essentially of finite type
over some field k. Take X, Y € Proj/B, U € Sm/B and let p = dimpX. Then
for 0 <r < dimgY, the map

/ cCB(Y,r)(U xp X) = CB(X xgY,r+p)(U)
X

is a quasi-isomorphism.
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Proof. Let s = dimpY. Fix embeddings of Y, X into some P¥, with Y of degree
e. The Segre embedding PY x PV — PM gives us an embedding of X xp Y in PY¥
such that 2 x Y has degree e for each 2 € X. Take C C Cxx,y/B(s,€) to be the
family of cycles x x Y, € X. Note that the map fX identifies zequi(Y,7)(U x5 X)
with 2zequi(X x5 Y,r 4+ p)c(U), and thus gives an isomorphism

/X :CE(Y,r) (U xp X) — CP(X xgY,r+p)c(U).
Since r+p+s>p+s=dimgX xp Y, we may apply theorem 6.11 to conclude
that the inclusion
CB(X xpY,r+p)c(U) c CB(X xpY,r+p)(U)
is a quasi-isomorphism, completing the proof. [l
To complete this section, we prove the projective bundle formula.

Proof of theorem 5.5. We proceed by induction on n. Let m : Y X P* — Y be the
projection. By theorem 6.11, the inclusion

CP(Y x P, r)(yxpn-13 CCP(Y x P 1)

is a quasi-isomorphism for 7 > 1 Here P"~! C P" is the hyperplane X,, = 0. We
have the intersection map

Z’ﬁ;n—l . Zeq'u,i(Y X ]Pm77’){y><pn—1} — Zequi(Y X IP’"_l,r — ].)
and the cone-map
Co (=)t Zequi(Y X P71 — 1) — 2egui (Y X P™,7) (y xpr-1}

where pg := (0:...,0:1). Let ip : Speck — P™ be the inclusion of the point pg
and let 7 : P" — Speck be the projection. Let

i P x (A1 {0}) — P”
be the multiplication map
w((zo sy i@y, t) = (2ot oo Tyt ETy).
We have as well the natural transformation
Hy ¢ Zequi(Y X P™, 1) (y xpn-1}(U) = Zequi(Y X P™,7) gy ypn-13(U x A')

which sends a cycle Z € zequi(Y X P", 1)y xpn-13(U) to the closure of y*(Z). One
checks that this is well-defined and satisfies

ZI [e) HU = idzequi(YXP"’T){YXpn—l}(U); ’LS o HU = CPO o Z’]}Zn—l + Qp O Ty,
where g = ip«. As in the proof of theorem 6.11, the maps
hy = (=1)"Hy : CF(Y x P™,r) iy sxpn-13(U) — f+1(Y X P", 1) (v xpn-13(U)

define a homotopy between the identity and Cp, o ig,_1 + g 0 7.

On the other hand, since pg NP~ = 0§, ipn—1 is the zero map on the image of
ag. Also, since 7(Cp,(Z)) has dimension < dimpZ for any equi-dimensional closed
subset Z of Y x g P"71, 7, is zero on the image of Cj,. Finally,

Ty 0 g = 1id; ipn_1 0 Cp, =1id
hence, for r >n > 1,
ag+ Cpy : CEBY,r —n) @ CB(Y x P r —1) = CB(Y x P, 1)y xpn-1}
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is a homotopy equivalence. By induction

n—1

Zaj:C’B(Y,r—j—l)—>C’B(Y><IP”_1,7”—1)
§=0

is a quasi-isomorphism; since Cp, o @j = aj41 (where we use py and the subspaces
Cpo(P7 C P"71) for the flag of linear subspaces of P} needed to define the maps
), the induction goes through. (Il

7. SMOOTH MOTIVES AND MOTIVES OVER A BASE

Cisinski-Déglise have defined a triangulated tensor category of effective motives
over a base-scheme S, DM EHT(S), and a triangulated tensor category of motives
over S, DM (S), with an exact tensor functor DM®T(S) — DM(S) that inverts
®L. In this section, we show how to define exact functor

p s SmMot*t(S) — DM (S), ps : SmMot(S) — DM(S)

which give equivalences of SmMot°T(S), SmMot(S) with the full triangulated sub-
categories of DM eﬂr(S ) and DM (S) generated by the motives of smooth projective
S schemes, resp. the Tate twists of smooth projective S-schemes. Working with
Q coefficients, we have the same picture, with pesff7 ps replaced by exact tensor
functors

pfgf(f@ : SmMot™(8)g — DMeH(S)(g, psq : SmMot(S)g — DM(S)FQ,
giving analogous equivalences.

7.1. Cisinski-Déglise categories of motives. We summarize the main points
of the construction of the category DM®(S) of effective motives over S, and the
category DM (S) of motives over S, from [4]. Although S is allowed to be a quite
general scheme in [4], we restrict ourselves to the case of a base-scheme S that is
separated, smooth and essentially of finite type over a field.

Define the abelian category of presheaves with transfer on Sm/S, PST(S), as
the category of presheaves of abelian groups on Corg. We have the representable
presheaves Z (Z) for Z € Sm/S by Z%(Z)(X) := Cors(X, Z) and pull-back maps
given by the composition of correspondences.

One gives the category of complexes C(PST(S)) the Nisnevich local model struc-
ture (which we won’t need to specify). The homotopy category is equivalent to the
(unbounded) derived category D(Sh¥:.(S)), where Shi,.(S) is the full subcategory
of PST(S) consisting of the presheaves with transfer which restrict to Nisnevich
sheaves on Sm/S.

The operation

Z5(X) ®§ 2§ (X') = Z§ (X x5 X')
extends to a tensor structure ®% making PST(S) a tensor category: one forms the
canonical left resolution L(F) of a presheaf F by taking the canonical surjection

Lo(F) = b 78 (X) 2% F
XeSm/S,seF(X)
setting F1 := ker oy and iterating. One then defines
F @9 G :=Ho(L(F) @§ L(G))
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noting that £(F) ®% L£(G) is defined since both complexes are degreewise direct
sums of representable presheaves.

The restriction of ®% to the subcategory of cofibrant objects in C(Shi(S9))
induces a tensor operation ®% on D(Sh{j,(S)) which makes D(Sh{;;(S)) a trian-
gulated tensor category.

Definition 7.1 ([4, definition 10.1]). DM®T(S) is the localization of the triangu-
lated category D(Shiyi.(S)) with respect to the localizing category generated by
the complexes Z% (X x A') — ZI7(X). Denote by mg(X) the image of Z% (X) in
DM T(S).

Remark 7.2. 1. DM°®T(S) is a triangulated tensor category with tensor product
®g induced from the tensor product ®§ via the localization map

Qs+ D(She(S)) — DM(S),
and satistying mg(X) ® s mg(Y) = mg(X xgY).

2. One has the model category C'(PST 41(S)), with underlying category C(PST(S)),
defined as the left Bousfield localization of C'(PST(S)) with respect to the following
complexes

(1) For each elementary Nisnevich square with X € Sm/S:
We— X'

g

We——X
one has the complex
ZG(X'\W) = Z§(X \W) & Z§ (X') — Z§ (X)
Recall that the square above is an elementary Nisnevich square if f is
étale, the horizontal arrows are closed immersions of reduced schemes and

the square is cartesian.
(2) For X € Sm/S, one has the complex ZI' (X x A') — ZI(X).

The homotopy category of C(PST1(S)) is equivalent to DMT(S).
Definition 7.3. Let T?" be the presheaf with transfers
T" := coker(Z% (S) =% Z4 (PY))
and let Zg(1) be the image in DM®T(S) of T [-2]. Let
QT : C(PST(S)) — C(PST(S))
be the functor C' +— C @4 T

Let Spt,:(S) be the model category of T spectra in C(PST:1(9)), i.e.,
objects are sequence E := (Ey, E1,...), E, € C(PST(S)), with bonding maps

€n: B @ T — B,y

Morphisms are given by sequences of maps in C(PST(S)) which strictly commute
with the respective bonding maps.

The model structure on the category of T'"-spectra is defined by following the
construction of Hovey [11]. The weak equivalences are the stable weak equivalences:
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for each E € Spty« (S) there is a canonical fibrant model E — E7, where E/ :=
(Eg, Elf, ...) with each EJ fibrant in C(PST4:(S)) and the map

Bf — Hom(T', Ef, )
adjoint to the bonding map Ef @4 T — EJ_ | is a weak equivalence in the model
category C(PST 1(95)).
Definition 7.4. The category of triangulated motives over S, DM (S), is the ho-
motopy category of Spty:.(.5).
We will use the following results from [4].

Theorem 7.5 ([4, section 10.3, corollary 6.12]). Suppose that S is in Sm/k for
a field k, take X in Sm/S, and let my(X), ms(X) denote the motives of X in
DM(k), DM(S), respectively. Then there is a natural isomorphism

Hompas(sy(ms(X), Z(n)[m]) = Homp sy (me(X), Z(n)[m])
In addition, the natural map

lim Hom et ) (ms(X) & Z(N), Z(n + N)[m]) — Hompas(s)(ms(X), Z(n)[m))
N

is an tsomorphism. Finally, the cancellation theorem holds in this setting: the
natural map

Hom p prere () (mg(X),Z(n)m])] — Hom py pyerr gy (ms(X) @ Z(1), Z(n + 1)[m])
is an isomorphism.

Remarks 7.6. 1. By [16] Homp s (k) (mi(X), Z(n)[m]) is motivic cohomology in the
sense of Voevodsky [17, chapter V], that is

Hom pps(ry (me(X), Z(n)[m]) = H™ (X, Z(n)) = CH" (X, 2n — m).

In fact, this follows immediately from [16] in the case of a perfect field; the general
case follows by using the usual trick of viewing a field k£ as a limit of finitely
generated extensions of the prime field kg, and the fact that, for a projective systems
of schemes S, with affine transition maps, the functor

Sa — Hompyy(s)(ms, (Xs,,), Z(n)[ml])
transforms the projective limit lim S, to the inductive limit (see [5, prop 4.2.19]).
2. The isomorphisms in theorem 7.5 are proven as follows: Let p : S — Speck
be the (smooth) structure morphism. The limit argument mentioned above re-

duces us to the case of k a perfect field. The restriction of base functor induces an
exact functor

py : DMT(S) — DM (k)
and the pull-back X +— X X S induces an exact functor
p* : DM (k) — DM°T(9),

right adjoint to py. In addition, one has p*(Z(n)) = Z(n), and py(ms(X)RZ(N)) =
my(p«X) ® Z(N) for X € Sm/S, N € Z. We have similar functors on DM (S),
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DM (k). Thus, we have
HOmDMetf(S)(mS(X) ®Z(N) Z(?’L+N)[ ])
= Homp pyete () (ms(X) @ Z(N), p*Z(n + N)[m])
Z(

= Hom p pperr (1) (P (ms(X) @ Z(N)), Z(n + N)[m])
= Hom p pett ) (M (ps X) @ Z(N), Z(n + N)[m]),

and similarly with DM replaced by DM. This already proves the first iso-
morphism. For the next two, the above isomorphisms reduce us to the case of
S = Speck. Also, DM°¥(k) is a full subcategory of DM®®. Finally, Voevodsky’s
identification of motivic cohomology with the higher Chow groups [16], together
with the projective bundle formula, gives the limited version of the cancellation
theorem we need to finish the proof.

7.2. Tensor structure. The tensor structure on C(PST(S)) induces a “tensor
operation” on the spectrum category by the usual device of choosing a cofinal
subset N C N x N, ¢ — (n;,m;), with n;41 + m;y1 = n; +m; + 1 for each i: each
pair of T spectra E := (Fo, F1,...) and F := (Fy, Fy,...) gives rise to a T'"
bispectrum

ERY F:=|... EofF

with vertical and horizontal bonding maps induced by the bonding maps for E
and F', respectively. The vertical bonding maps use in addition the symmetry
isomorphism in C(PST:(S)). Finally, the choice of the cofinal N C N x N converts
a bispectrum to a spectrum.

Of course, this is not even associative, so one does not achieve a tensor operation
on Spt(S), but X% (on cofibrant objects) does pass to the localization DM (.S),
and gives rise there to a tensor structure, making DM (S) a tensor triangulated
category. We write this tensor operation as ®g, as before.

Remark 7.7. One can also define a “Spanier-Whitehead” category DM S'W(S) by
inverting the functor — @ T*" = —®Zg(1)[2] on DM (S); this is clearly equivalent
to inverting — ® Zg(1). Concretely, DMV (S) has objects X(n), n € Z, with
morphisms

Hom p pps-w () (X (n), Y (m)) = lim Homp perr 6y (X @ Zg(N +n),Y ® Zs(N +m)).
N

Sending X to X (n) clearly defines an auto-equivalence of DM5VW(S).

DM S'W(S ) inherits the structure of a triangulated category from DM ePf(S ), by
declaring a triangle 7 in DMV (S) to be distinguished if 7(N) is the image of a
distinguished triangle in DM (S) for some N >> 0. One shows that the symmetry
isomorphism Zg(1) ® Zs(1) — Zs(1) ® Zg(1) is the identity, which implies that
DM5W(S) inherits a tensor structure from DM°T(S).

Since — ® T*" is isomorphic to the shift operator in DM (S), this functor is
invertible on DM (S), hence DM®T(S) — DM(S) factors through a canonical
exact functor g : DMSW(S) — DM(S). Giving DM(S) the tensor structure
described above, it is easy to see that ¢g is a tensor functor.
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7.3. Motives and smooth motives. For X € Sm/S, we have the presheaf U —
C5(X,0)(U), giving us the object C5(X) in C~(Sh¥:(S)). As C9(X)° = 24 (X),
we have the natural map

ix 1 ZE(X) — C9(X)
Lemma 7.8. vx is an isomorphism in DM (S).

Proof. Let Z%'(X)* be the complex which is Z% (X) in each degree n < 0, and with
differential d" : Z&(X)" — ZI(X)"*! the identity if n is even and 0 if n is odd.
The projection Z% (X x O") — Z%(X) gives a map of complexes

7 C%(X) — Z"(X)*.

As 2 (X xO0") — Z%(X) is an isomorphism in DM®®(S) for all n, it follows that
7 is an isomorphism. Since 7t is a homotopy equivalence, ¢ is an isomorphism as
well. (|

Let G% : C~(Shiis(S)) — C(Shiis(S)) be the Godement resolution functor,
with respect to Sza,. Concretely, for F € Sh{ (5), G%(F) is the sheaf

GY(F)U) =[] F(U @5 Os).
ses

where we define F(U ®g Og,s) as the limit of F(U ®g V), where V runs over
the Zariski open neighborhoods of s in S. We have the natural transformation
id — Gg induced by the inclusion F — G%F. Since F — G%F is a Zariski local
weak equivalence, this map induces an isomorphism in D(Shyy). Thus, lemma 7.8
gives

Lemma 7.9. For each X € Sm/S, the composition

ZE(X) 25 05 (X) — Gu09(X)
define an isomorphism mg(X) = G5CS(X) in DM%(S).
Remark 7.10. Since S has finite Krull dimension, say d, Grothendieck’s theo-
rem [10] tells us that S has Zariski cohomological dimension < d. Thus, for
F € C~(Sh¥(S)), Gs(F) is cohomologically bounded above. Therefore, the com-
position of G'g with the quotient functor C(Shi(S)) — D(Sh¥..(S)) factors (up
to natural isomorphism) through a modified Godement resolution

Gg : C7(Shyis(8)) — D™ (Shyie(S))-
We now proceed to construct an exact functor

ps : SmMot* () — DM (S).

For this, consider the presheaf of DG categories dgCor g on Szar
U — dgCory.

Recall that dgCory; has objects X € Sm/U, and the full subcategory with objects
X € Proj/U is our category dgPrCor;. We have the “Godement extension”
RT'(S, dgCorS) with objects X € Sm/S, containing RT'(S, ngrCorS) as the full
DG subcategory with objects X € Proj/S.

Take X € Sm/S. By construction, the presheaf on Sm/S of Hom-complexes

U~ HomRF(&dgCorS) (U7 X)*
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is just G5C®(X). Thus, for X,Y € Sm/S, the composition law in RI'(S, dgCor )
defines a natural map
PXy : HomRF(S’MS)(X, Y)* — HomC(Sh%S(S))(GECS(X), G5O (V).
This defines for us the functor of DG categories
p: RE(S.dgCor ) — O(Sh,.(5)).
Applying the functor K® and composing with the total complex functor
Tot : K"(C(Shyis(S))) — K (Shyis(9))
and the quotient functor
K (Shys(8)) — DM*(S)
gives us the exact functor
K"(p) : K*(RT(S,dgCor ;) — DM(S)
If we restrict to the full subcategory K*(RI(S,dgPrCor)) of K*(RI(S,dgCor ))

and extend canonically to the idempotent completion, we have defined an exact
functor

o SmMot*®(S) — DMT(S).
with p (X) = G5C%(X) for all X € Proj/S. The natural isomorphism mg(X) —
G5C3(X) in DM®™(S) constructed in lemma 7.9 shows that the diagram

Proj/S —— SmMot*(9)

off
X‘ lps

DM (S)

commutes up to natural isomorphism.
We note that p&f(IL) = T'", hence the composition

SmMot*®(S) 25 DM (S) — DMSW(S)

sends — ® L to the invertible endomorphism — ® T*" on DM W(S), hence this
composition factors through a canonical extension

PV SmMot(S) — DMV (S).
Let
ps 1 SmMot(S) — DM(S).
be the composition of p>W with the canonical functor DMV (S) — DM (S).

Remark 7.11. Tt is easy to check that the restriction of p‘gﬂ to HdgCorg is a tensor
functor. By the surjectivity of the cycle class map (lemma 5.18) this shows that
the composition

pd oyt . ChMot*®(S) — DM (S)
is a tensor functor. Similarly,

ps ot : ChMot(S) — DM(S)

is a tensor functor.
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Theorem 7.12. Let X,Y,Z be in Proj/S, d = dimgsY, and take A, B in DM (S).
Then for every n € Z, there is a natural isomorphism
Hom p pperr gy (ms(X), ms(Y) @ ms(Z)[n])
= HOmDMeff(S) (ms(X) (9 ms(Y), ms(Z) ® Z(d)pd + ’I’L]),
and a natural isomorphism

Hom p s (s) (A, ms(Y) @ Bln]) = Homppy(s) (A ®@ mg(Y), B® Z(d)[2d + n))

Proof. Since Y € ChMot(S) has the dual (Y ®L™%, 6y, ey ), it follows that mg(Y) =
psws(Y) has the dual (ms(Y)(—d)[—ZdLpsws((Sy),psws(ey)) in DM(S) This
gives us the second isomorphism. For the first, we have the limited cancellation
theorem (see theorem 7.5), giving isomorphisms

Hom p prerr gy (ms(X), ms(Y) @ mg(Z)[n])
= Homp s (s)(ms(X), ms(Y) @ ms(Z)[n])
Hor e ) (ms(X) ® ms (Y), ms(Z) ® Z(d)[2d + n])
= Hompy(s)(ms(X) @ ms(Y),ms(Z) @ Z(d)[2d 4 n])

so the duality in DM (S) yields the desired isomorphism of Hom-groups in DM ().
O

Corollary 7.13. The functors
s SmMot®(S) — DM (S)
ps : SmMot(S) — DM(S).

are fully faithful embeddings.

Proof. We give the proof for pfgﬂ; the proof for pg is the same.
Take X,Y € Proj/S, let d = dimgY. By theorem 7.12, we have the duality
isomorphism

Hom p et 5y (mis (X), ms (Y)[n]) = Homp prerr () (ms(X) © mg(Y), 2" (d)[2d + n])

As the construction of the duality isomorphism arises from the duality in ChMot(S),
the diagram

HOmSmMOteff(S) (X, Y[n]) ;) HomSnLMOte“(S) (X Xg Y, Ld [n])

o ff o ff
pS l J/fs

Hom p prert () (ms(X), ms(Y)[n]) — Homp pperr () (ms (X x5 Y), Z*(d)[2d + n])
commutes. But by theorem 7.5 and remark 7.6, we have
Hom p yzerr gy (ms (X x5 Y), 2" (d)[2d + n])
= Hom e gy (mi(pe X x5 Y), Z!7(d)[2d + n])
=~ F0(p, X x5 Y, Z(d)).
It is easy to check that the natural map
H*™"(p, X x5 Y, Z(d)) = H"(C*(LY)(p(X x5 Y))
= H"(C*(LY)(X xs5Y)) — Homp et (s)(ms(X x5 Y),Z" (d)[2d + n])
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inverts this isomorphism, from which it follows that the composition
H*™ (X x5 Y,Z(d)) = H"(CML)) (p«(X x5 Y)) = H*(C*(LY)(X x5Y))
— HomSmMoteff(S) (X xsY, Ld[n}) L HOInDMeff(S)(mS (X Xs Y), Z”(d) [Qd + n])
& Hom p ppe () (M (o X x5 Y), Z¥ (d)[2d + n]) = H** (X x5 Y, Z(d))
is the identity. Therefore,
Pt Homg,,, propert () (X xsY, L[n]) — Hom p pyerr gy (ms(X xsY), Z' (d)[2d + n))
is an isomorphism. [

Definition 7.14. Let DTM(S) be the full triangulated subcategory of DM (S) gen-
erated by the Tate objects Z4 (n), n € Z, and let DTM®?(S) be the full triangulated
subcategory of DM (S) generated by the Tate objects Z% (n), n >0

As immediate consequence of corollary 7.13, we have

Corollary 7.15. The restriction of ps to
p&e . DTMot(S) — DM(S)

is a fully faithful embedding, giving an equivalence of DT Mot(S) with DTM(S).
The version with Q-coefficients

pite . DTMot(S)g — DM(S)g

defines an equivalence of DT Mot(S)q with DTM(S)q as tensor triangulated cate-
gories.
Similarly, we have the equivalences

pdtTate . DT Mot (S) — DTM®T(S)

and
parTete . DT Mot™(S)q — DTM(S)q
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